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Abstract: Let C be a closed convex subset of a reflexive and strictly convex Banach space E and F = {T'(¢);t > 0}
be a non-expansive semigroup on the C' with the nonempty set of their common fixed points. The purpose of
this paper is to study a new viscosity iterative method for a non-expansive semigroup and weakly contraction
mappings. And it is proved that the new iterative approximate sequences converge strongly to the solution of a
certain variational inequality. These results improve and extend some recent results of the other authors.
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1 Introduction

Let C be a closed convex subset of Hilbert space H
and 7" be a nonexpansive mapping from C' into itself.
We denote by F'(T) the set of fixed points of 7. Let
F(T) be nonempty and u be an element of C'. In 1967,
Halpern [1] firstly introduced the following explicit
iterative scheme (1) in Hilbert space,

Tnt1 = apu+ (1 — o) Ty, (1)
where {«,,} is a real sequence and «,, € [0,1]. He
pointed out that the control conditions

©)  Jliman=0
and
(Cq) Z ap = 00
n=1

are necessary for the convergence of the iterative
scheme (1) to a fixed point of 7.

In 1992, Wittman [2] showed that the strong con-
vergence of the iteration scheme (1) under the control
conditions (C1), (C) and

o
Z loy, — apt1] < 00

n=1

(C3)

in the Hilbert space. After that, Shioji and Takahashi
[3] extended Wittman’s results to a uniformly convex
Banach space with a uniformly Gateaux differentiable
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norm. In 2004, H. K. Xu [4] proposed the following
viscosity iterative process {z }:

Tn+1 = O‘nf(l‘n) + (1 - an)TfL'm ()

where 0 < ap, < 1, T : C — (' is a nonexpan-
sive mapping with F(T) # 0, and f : C — C'is
a fixed contractive mapping. He showed that {x,}
strongly converges to a fixed point ¢ of 7" in a uni-
formly smooth Banach space.

Recently, Chen and Song [5] introduced the
following implicit and explicit viscosity iteration
processes defined by (3) and (4) to nonexpansive
semigroup case,

Tn = Oénf(xn)

t
+(1 - Oén)i/o T(s)xds,n > 1, 3)
Tnt1 = anf(xn)
t
+(1 - an)i/o T(s)xds,n > 1, 4)

and showed that {x,,} converges to a same point of
Ni>o Fiz(T(t)) in a uniformly convex Banach space
with a uniformly Gateaux differentiable norm.

Note however that their iterate z,, at step n is con-
structed through the average of the semigroup over the
interval (0 , t). Suzuki [6] was the first to introduce
again in a Hilbert space the following implicit itera-
tion process:

Ty = apu + (1 — ap)T(ty)xn,n > 1, )
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for the nonexpansive semigroup case.
Benavides, Aceda and Xu [7] proved that if

F={T(t):t>0}

satisfies an asymptotic regularity condition and o,
fulfills the control conditions (C) and (C3) and

Qp

lim =1

(C4)

in a uniformly smooth Banach space, then both the
implicit iteration process (5) and the explicit iteration
(6) converge to a same point of F'izx(F),

Tnt1 = apu + (1 — apn)T(tn)xn,n > 1. (6)

Song and Xu [8] introduced the following implicit
and explicit viscosity iterative schemes, respectively:

(7
®)

They proved that the two iteration processes strongly
converges to a same point ¢ of Fixz(F) which is a
solution of certain variational inequality in a reflex-
ive and strictly convex Banach space with a uniformly
Gateaux differentiable norm.

Motivated and inspired by the above results, in
this paper, we study the strong convergence of the
viscosity iterative processes {z,,} and {x,} by re-
spectively equations (9) and (10). We consider the
case T'(t)(t > 0) is a noexpansive semigroup with
Neso F(T'(t)) # 0, f : C — C is a weakly contrac-
tive self-mapping, and define the implicit viscosity it-
erative method and explicit viscosity iterative method
as follows

Tp = Oénf(xn) + (1 - O‘n)T(tn)xna n>1,
Tnt1 = nf(xn) + (1 —apn)T(ty)xn,n > 1.

Zm = amf(xm) + (1 - am)T(tm)Zmam > 17 )
and
Tn+1 = O[nf(xn) + /ann
+(1 — Op — 5n)T(tn)yn7
Yn = VYnTpn + (1 - ’Yn)T(tn)SUnyn > 1. (10)

where {a, }, {5, } are two sequences in (0,1) with
Qp +/Bn < 1(” > 1)7

and {ou, }, {7n} are two sequences in [0,1]. In a re-
flexive and strictly convex Banach space with a uni-
formly Gateaux differentiable norm, we will prove
that {z,, } and {z,,} strongly converge to some point

pe [ F(T®),

t>0
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where p is a solution to the following variational in-
equality:

{(f = D, j(x —p)) < 0,5z € [ F(T(t)).

t>0

So, our results extend and improve some related re-
sults considered by Song and Xu [8], Xu [9], Wu,
Chang and Yuan[10] and the other authors.

2 Preliminaries

Throughout this paper, let F be a reflexive and strictly
convex Banach space and C be a closed convex subset
of E. Let J denote the normalized duality mapping
from F into 2 given by

J(x) ={f € E% (z, f) = =|lf],
[zl = II£1}, Ve € E,

where E* denotes the dual space of E and (.,.) de-
notes the generalized duality pairing. We shall de-
note the single-valued duality mapping by j. When
{z,} is a sequence in E, then x,, — x (respectively
T, — x,r, — x) will denote strong (respectively
weak, weak™®) convergence of the sequence {x), } to .

A Banach space F is said to be strictly convex if

[z + yll
— <1
2

for
Izl = lyll = 1,2 # y;

the function ¢ : [0, 2] — [0, 1] is said to be the modu-
lus of convexity of Banach space E, where

0 =inf{l — ||z —yl||/2:
lzll < L llyll < 1z =yl > e}

FE is said to be uniformly convex if for each §. > 0.
Let
S(E)={x € E: |z| =1}.

The norm of Banach space F is said to be Gateaux
differentiable, if the

tull —
ety [
t—0 t

exists for each x,y € S(F). Moreover, if for each
y € S(F), the limit exists uniformly for z € S(FE),
we say that the norm of E is uniformly Gateaux dif-
ferentiable. It is well known that each uniformly con-
vex Banach space F is reflexive and strictly convex
and if E is reflexive and smooth, then the duality map-
ping J is single valued (see [11-13]).
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Definition 1 Ler C' be a nonempty subset of a Banach
space E and T : C' — C a mapping. T is called a
Lipschitzian mapping if there exists a constant L >
0 such that

[Tz = Tyl < Lz -yl

forall x,y € C, and L is called Lipschitz constant
of T. T is called nonexpansive mapping if L = 1, T
is called contraction mapping if L € [0, 1).

Definition 2 [12] An operator T with domain D(T)
and rang R(T) in a Banach space E is said to be
weakly contraction, if

[Tw =Tyl < [l = yll = & (lz —yl), Ve, y € C,

where 1) : [0,00) — [0, 00) is a continuous and non-
decreasing function such that 1»(0) = 0, (t) > 0 for
all t > 0 and limy_, o, ¥ (t) = oo.

Remark 3 If ¢(t) = kt for all t > 0, where k €
(0,1), then T is a contraction with Lipschitz constant
1 — k. It is obvious that the class of contraction map-
pings is a subclass of the class of weakly contraction.

Definition 4 A family F = {T'(t) : t > 0} of map-
ping of Cinto itself is called nonexpansive semigroup
of C, if it satisfies the following conditions:

(1) T(t1+t2)x = T(t1)T(t2)x, for each ti,ty >
Oandx € C;

(2) T(0)x = z, for each x € C;

(3) limy_o T(t)x = x, forx € C;

(4) for each t > 0, T'(t) is nonexpansive, that is,

[Ttz =Tyl < ||z —yll,Va,y € C.

We shall denote by F the common fixed point set of F,
that is,

F:=Fig(F)={zeC:T{t)xr =z,t >0}
- () Fia(T (1)),

where Fix(T) = {x € C : Tx = z} is the set of
fixed points of a mapping T'.

Definition 5 F is said to be uniformly asymptotically
regular (in short,u.a.r) on C if for all h > 0 and any
bounded subset K of C,

limsup ||T(h)(T(t)x) — T(t)x| = 0.

t—oo,xeK
Let i be a continuous linear functional on [*°
and let (ap,a1,---) € (>, we use fm,(ay,) instead
of u((ag,ay,---)), we call u a Banach limit when

w satisfies ||u|| = um(1) = 1 and pp(ams1) =
tm (am,) for each (ag,aq,---) € 1°°.
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Lemma 6 [14] Let C be a nonempty closed convex
subset of a Banach space E with a uniformly Gateaux
differentiable norm, and {x,,} a bounded sequence of
E, let zg be a element of C and yu be a Banach limit.
Then

pm | m — 20l|* = min i [ ylI%,
if and only if
:um<y - ZOaj(xm - ZO)> S O,Vy eC.

Lemma 7 [15] Let {x,} and {yn} be bounded se-
quences in a Banach space E and let {3} be a se-
quence in [0,1] with

0 < liminf 8, < limsup 8, < 1.
n—oo

n—oo

Suppose

Tn4+1 = ﬂnxn + (1 - /Bn)yn

for all integers n > 0 and

lim sup(||yn+1 — Ynll = l[Tng1 — zal[) <0.
n—oo
Then
Jim |y, — zn|| = 0.

Lemma 8 [12] Let {u,} and {vy,} be two sequences
of nonnegative real numbers such that lim,,_, Z—’; =
0 and >" uy, = oo. Let {\,,} be a sequence of nonneg-
ative real numbers satisfying the recursive inequality:

A+l < Ay — upd(An) + vy, Vn € N,

where ¢ : [0,00) — [0,00) is a continuous and non-
decreasing function such that ¢(0) = 0 and ¢(t) > 0
forallt > 0. Then {\,} converges to zero.

3 Main Results

Theorem 9 Let E be a real reflexive strictly convex
Banach space with a uniformly Gateaux differentiable
norm, C' a nonempty closed convex subset of E, and
{T'(t)} a u.a.r nonexpansive semigroup from C' into
itself such that

F = Fix(F) = () Fiz(T(t)) # 0,
t>0

and f : C — C a weakly contractive mapping with
function . Suppose limy, o0 ty, = 00 and o, €
[0, 1] such that limy, o0 0, = 0. If {2} is defined
by

Zm = o f(zm) + (L — an)T(tm) 2m, m > 1.
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Let z1 € C. Then as m — oo, {2y} converges
strongly to some common fixed point p of F such that
p is the unique solution in F to the following varia-
tional inequality:

(f(p) —p,j(x —p)) <0,Vx € F. (11)

Proof: We first show that the uniqueness of solution
to the variational inequality (11) in F'. In fact, suppose
p,q € F satisfy (11), we have that

(f(p) —p,jlg—p)) <0
and
(f(e) —q,5(p—q)) <0.

Combining the above two inequalities, we have

lg—pl* <IIf() = f(@)lllg—pl
< (llp —qll = ¥(lp —al))llg — pll-

Thus,

lg —pll < llp—qll — ¥ (llp — qll),

we can obtain that p — ¢ = 0, or p = q.

Next we show the boundedness of {z,,}. Indeed,
for any fixed y € F', we have

Hzm - yH = Hamf(zm) + (1 = an)T(tm)zm — Y|
< amll f(zm) =yl + (1 = am) | T (tm)zm — yll
< aml[f(zm) = F) + amllf(y) =yl
+(1 — am)|lzm — Y|
< amllzm = yll — am([|zm —yll)
tamll f(y) = yll + (1 — am)llzm — yll
= |lzm — yll — am®(llzm — yll)
+am | f(y) — yll-

So, we obtain that

Y(llzm —yll) < 1f(y) —yll.

Suppose {z,, — y} is not bounded. Then there exists
a sequence {my,} in (0, co) with my, — coas k — oo
such that

|l zm, — yll > k,Vk € N. (12)

Since ) is nondecreasing and lim;_, o, ¥(t) = oo, it
follows from (12) that

(k) < dllzme —yll) <[ (y) -l

a contraction.
Thus {z,,} is bounded, and so are {T'(t,,)zm}
and { f(zy,)}. This implies that

lim ||zp — T(tm)zml|
m—0o0

= Jlim_ o[ T(tm)2m = f(zm)]| = 0.
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Since {7'(t)} is w.a.r nonexpansive semigroup and
lim,,, o0 t = 00, then for all A > 0,

iy o0 [|T(R)T (tn) 2 — T(tm) 2|
< limsup [ T(A)T (tm)z — T(tm)z| = 0,

m—oorEK

where K is any bounded subset of C' containing { z, }.
Hence,

=T(h)zm| < l|zm — T(tm)2ml|
HT (tm)zm — T(R)T (tm)2m||
HIT(R)T (tm)2m — T'(h)zm||

< 2||lzm = T(tm)zmll

+H| T (tm)zm — T(h)T (tm)zm|| — 0,
m — 00.

[

That is, for all h > 0,

lim |z — T(h)zm]| = 0. (13)

m—0o0

We claim that the set {z,,} is sequentially com-
pact.
Define the function ¢ : C' — R by

o(x) = | 2m — xHQ,m e C.
Since FE is reflexive,

lim —g([lz]) = oo,
=00

and ¢ is continuous convex function, we have that the
set

M:={y e C: p(y) = nf p(z)}, (14)

which is nonempty closed convex and bounded. Fur-
thermore, M is invariant under 7'(¢) (for all ¢ > 0). In
fact, for each y € M, we have

p(T(t)y) = pmllzm — T )yl
< b T ()2 — T(E)ylI?
< timllzm = yl* = ¢(y).-
Hence, T'(t)y € M. As y is arbitrary, then
T(t)(M) C M. Letu € F, since every nonempty
closed convex subset of a strictly convex and reflex-

ive Banach space is a C'hebyshev set (see [13]), there
exists an unique p € M such that

Ju—pll = inf ual,
since T'(t)u = uwand T'(t)p € M,

lu =T@)pl = [T (#)u = T@)p| < [lu—pl.
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Hence T'(t)p = p by the uniqueness of p € M. Since
t is arbitrary, it follows that p € F'. Using Lemma 6
together with p € M, we obtain that

pm(z — p, j(zm —p)) < 0,Vz € C.
In particular
tin (f(p) — P, J(zm — p)) < 0. (15)
Since f is weakly contraction, we have
l2m = plI? = (zm — f(2m), j(2m — D))
+{f(zm) = f(p),j(zm — p)) + (f(P) = P, §(2m — P))
< (zm — f(2m), i (2m — p))
+f zm) = F@)2m — 2l + (f(p) = P, 3 (2m — P))
< (zm — f(zm), (2m — ) + |2m — plI?
—llzm = pllY(llzm = pll) + (f(p) = P, 5 (2m = P));
1zm = plle(lzm — pl)
< (zm = f(2m), 3 (zm = p)) + (f(p) = P, 3 (2m = D)),
(16)
and

(tm)zm — f(z2m), j(2m — p))
)Zm—Zm—l-Zm—f(Zm),j(Zm _p)>’

<Zm - f(Zm s J(Zm _p)>

< 20 (Tt ) 2 — 2ms § (2m — D))

< L (1) 2 — Tt )+ — 2ms§(om — D))
<0.

Hence, we get

(zm — f(zm),j(zm —p)) <0,Ym e N.  (17)

Together with above inequalities (15), (16), (17), we
obtain that

=l (llzm — pl) <0,

therefore, there exists a subsequence {zp,, } of {zn}
such that z,,,, — p(i — 00).

Next we show that p is a solution in F' to the vari-
ational inequality(11).

Since the duality map j is a single-valued and
norm topology to weak™ topology uniformly continu-
ous on bounded subset of F, and z,,, — p, (i — 00),
we have ||(I — f)zm — (I — f)p|]| — 0, (i — o0), and
for all z € F', we observe that

pon || Zm

|y — f(2my), 3 (2m; — ) — (0 — f(p),j(p — 2))]
= [(zm; — f(2m;) — (0 — f(P)), 3 (2m; — 2))
+(p— (), j(2m; —x) — j(p — x))]
< |lzm; = f(zm;) — (0 = fF@)I2m; — 2]
+[{p — f(p), j(2m; — ) — j(p —x))| = 0,
Z — OQ.
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It follows from (17) that

(fp) = p,j(z —p))
= Zg%(f(zml) - mej(x - zmz)> < 0.

That is, p € F' is a solution of (11). Hence p = ¢
by uniqueness. In a similar way, it can be show that
each cluster point of the sequence {z,,} is equal to q.
Therefore, z,, — p as m — oo.

Corollary 10 Let E be a real reflexive strictly con-
vex Banach space with a uniformly Gateaux differ-
entiable norm, C' a nonempty closed convex sub-
set of E, and {T(t)} a w.a.r nonexpansive semi-
group from C' into itself such that F' := Fix(F) =
Neso Fiz(T(t)) # 0, and f - C — C afixed contrac-
tive mapping with contractive coefficient § € [0,1).
Suppose lim,,_,o0 ty, = 00 and o, € [0, 1] such that
limy, 500 i, = 0. If {2, } is defined by

Zm = amf(zm) + (1 — am) T (tm)2m, m > 1.

Let zy € C. Then as m — oo, {zm,} converges
strongly to some common fixed point p of F such that
p is the unique solution in F' to the variational in-

equality(11).

Theorem 11 Let C be a nonempty closed convex sub-
set of a real reflexive strictly convex Banach space
FE with a uniformly Gateaux differentiable norm, and
{T(t)} a u.a.r nonexpansive semigroup from C' into
itself such that

F = Fix(F) = (| Fiz(T(t)) # 0,

t>0

and f : C — C a weakly contractive mapping
with function 1. Suppose limy,_ o t, = o00. Let
{an}, {Bn} be two sequences in (0,1) with o, + 5, <
1(n > 1), and {v,} a sequence in [0,1]. The se-
quence {xy,} is given by (10). Let x1 € C and assume
that {an}, {Bn}, {1}, ¥ satisfy the following condi-
tions:
(i) limy, o0 oy = 0;
o0

(it) > an = oo;
n=1
(iii) 0 < llgggfﬁn

< limsup 8, < 1;

n—oo
(iv) f{Y([|lzn — qll)/llzn — g
N} =0 >0forqe€ F;
(v) nh_)ngo [Yn+1 — Y| = 0 and liggig.}f’yn > 0.
Then as n — oo, {x,,} defined by (10) converges
strongly to some common fixed point p of F such that
p is the unique solution in F' to the variational in-

equality (11).

ST, F q,n €
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Proof: The proof is divided into five steps.
Step 1. We show that {x,,} is bounded. Take ¢ € F.
It follows that

—q|| < anllf(zn) = gll + Bullzn — 4l
+(1 — Op — ﬁn)”T(tn)yn - QH

< Oén”f(xn) - f(Q)H + O‘an(Q) - QH
+Bnllzn — qll + (1 — an — Bn)llyn — 4|
< anll@n — ql| = ant([lzn —ql)
+anl[f(q) = qll + Bullzn — 4l

+(1 = an = Ba)llyn — 4l

= (o + Bn)llzn — gll — antp(llzn — qll)

|Zn1

+anl f(q) = all + (1 — an — Ba)llyn — al,
and
lyn —all = [[ym(@n —q)

+(1 - ')’n)(T(tn)xn - Q)”

< Ynllzn — gl + (1 = vn)l|zn — 4|

= ||z — ql|.
Since 0 < ¢ = inf{¥(||zn — ql)/|lzn — ¢|| :

T 75 q,n € N}7

and together with the above two inequalities, we have

_qH < Hwn - QH - O‘n(stn - QH
+anl| f(q) —q|
= (1 — and)||zn — q| + anllf(g) — 4l

By induction,

|Zn+1

[2n — gl < max{[lz1 — q]|

1
75!\f(q) —q|l},n > 1,

consequently, {z,} is bounded, and so are
{yn} AT (tn)an}, {T(tn)yn} and {f (xn)}.
Step 2. We show that lim,,_, |[Zn+1 — zn] = 0.

Indeed, define a sequence {z,} by

Tp4+1 = 5nxn + (1 - Bn)zna n>1,

and we have

Zn+1 — 2n
_ xn+2718n+lxn+1 _ Tn41— —fBnn
o 1=PBn+1 1—Pn
— ant1f(Tnt1)+ (1= Oéng1 Bt )T (tni1)yn+1
_ anf($n)+(1_an_Bn)T(tn)yn
= T (@) = 12 f (@)
1 n n
+ Oi +/31 £ T (Ut 1)Ynt1

1_
:nf’;:;f<wn+l> - 125 (2n)
+%ﬁm(T(tn+1)yn+l - T(tn+1)yn)
+M(T(tn+l)yn — T(tn)yn)

]- n n —Gn—"PMn
+( Oi+5ln+El 1 1a_ﬁnﬁ )T(tn)yn,

_l-an—Pn nﬂnT( ) Un
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and

||yn+1 - yn”

= [[¥n41%n11 + (1 = Y1) T (En1) Tt
—YnTn — (1 - ’YH)T(tn):EnH

< Yr1llZot1 — ol + Vs — Yalll2n |
+(1 = Yt DT En1)Tng1 — T(tn1) o |
+(1 = W) T (tng1) 2z — T(tn) ||

FHYnt1 = Wl | T (tn)zn |
< |@nt1 = zoll + [n+1 — Wlllznll
(1 = Yt )T (Fnr1)Tn — T(tn) 2|

1 = Yl T (En) 20|

Together with the above two inequalities, we obtain
that

llzna1 = znll = |Tne1 — 20|
< 22| (g | + 124 f ()|

+%”T(tn+l)yn+l = T(tn+1)ymll
—i—%HT(t"‘H)yn — T (tn)ynl|

+|1—an+1—5n+1 _ 1= O‘" fB"|||T( )ynH

1_/8n+1
—[|Zng1 —
Qn
A Hf(fﬂn+1)H + 125 f ()l
1 n n
PR e AU N
1 = ol lznll + 1T () zal])

+(1 = Y ) | T (1) 2 — T(tn)2n]|]
G | (8, Yy — Tt )|

| g — IS T (1 )y

—Nznt1 — znll

= sl @ae) | + 1251 f (20)]
+(M = Dllzns1 — x4l

R e E"“ [nt1 = wl([zall + T (En)znl)
(1 = Yt DT (1) — T(tn)znll]

1-— n —Pn
I Bt | 7, g — T ()

1— n —FMn 1— n—Pn
ettt LB 71, )y, .

Ift,+1 > t,, by (u.a.r), we have

1T (tn41)n

= ||T(tnt1 — tn)T(tn)xn — T(ty)xn|| — 0.

= T(tn)znl
(18)

Ift,4+1 < ty,interchange ¢,, 1 and ¢,,, we also can
obtain

| T (tnt1)xn — T(tn)znl — 0,
and similarly, we get
HT( n-‘rl) T( )ynH — 0. (19)
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Thus it follows from the conditions (i), (iii), (v) and
(18), (19), we obtain that

limsup(lznt1 — 2l — [#ns1 - 2al)) < 0
n—oo

Hence, by Lemma 7, we have

nh_{go lzn — @ =0,
which imply that
Tim [[@ns1 — 2] = 0. (20)
Step 3. For each t € (0,00), | T(t)xy, — x| — O.

Indeed, we have that

|Zn41 — T(tn) s

< Nznt1 = Ttn)yn + T(tn)yn — T (tn) sl
<Nzn+1 = TE)ynll + lyn — znll

= |[Znt1 — T(tn)ynll + (1 — v |20 — T'(tn) 0|
< znr = T(tn)ynll + (1 = ) [[2n+1 — |

+(1 = yn)l[Tns1 — T(tn)wal|-
So
1
||5Un+1 - T(tn)xn” < 7||$n+1 - T(tn)yn”
Tn
1 —
=21 — zall-
n
And as

[Zn+1 — T(tn)ynll = llanf(n) + Bns

+(1 = an = Bp)T(tn)yn — T(tn)ynll

< apllf(zn) = Tn)ynll + Ballzn — T (tn)ynll
< oyl f(zn) = T(tn)ynll

+Bnl|Tn — Tn1|

+BnllTnt1 — T(tn)ynll,

(1= Bu)l|lzns1 = T(tn)ynl|

< anllf(@n) — T(tn)ynll + Ballzn — Tni1l|
Zn+1 — T(tn)ynll
(zn) = T(tn)ynll + 1 ||$n Tyl

by (1), (iii), (v), (20) and together w1th above inequal-
ities, we get

|xn — T (tn)zn| — 0, (n — o0). (21)

Let K be any bounded subset of C' which contains the
sequence {z, }. It follows that
1T (@)2n — znll <||T ()20 =TT (n)wnl|

HITOT (tn)wn — T(tn)znll + T (En)zn — 20l
< 2|\,
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So we have
T (t)zy,, — xn|| — 0, (n — o0). (22)
Step 4. We show that

limsup((I — f)p, j(p

n—oo

— Zny1)) < 0. (23)

Let
Zm = am f(2m) + (1 — am)T (tm) 2m,

where t,,, and o, satisfies the conditions of Theorem
9. Then we have that

lim z,, =p.
m—)oom p

From the definition of 1, we know that

Sim (12 — pll) = $(0) = 0.
Since

| 2m — xn+1||2

= am(f(2m) = Tnt1, 7 (2m — Tnt1))

+(1 - am)<T(tm)2m - l'nJrl’j(zm - $n+1)>

= (1 = am)(T(tm)zm — T(tm)Tnt1, 3 (2m — Tnt1))
(1 = am)(T(tm)Tnr1 — Tnt1, 5 (2m — Tnt1))
+am(f(zm) — f(p) + f(p) + 2m

—Zm +P—D— xn«Ha](Zm - $n+1)>

< (1 = am)llzm = zpial?

+(1 - am)<T(tm)$n+l - xn—i—laj(zm - xn+1)>
+am(f(zm) - f(p) — Zm +p7j(zm - xn—&—l))
+am(f(p) = p,j(2m — Tnt1))
Fom(Zm — Tng1,J(Zm — Tnet))
<|lzm = Zns1l?

+(1 = am){T(tm)Tns1 — Tnt1, 5 (2m
+am<f(p) - pvj(zm - xn+1)>
Fam([[f (zm) = @)+ lzm — Pl 2m — Tnga |l

- xn+1)>

so, we can obtain that

(f(p) = p,j(Tny1 — 2m))
< %"T(tmﬂn—kl — Tnt1|l|zm — Tnsi ||

+(2”Z{n = pll = ¥llzm — pl)lzm — znal
< Ml%nanT(tm)anrl - l'nJrlH

+2Mi ||z — pll = ¥ (l|zm — pll) Mi
< %”T(tm)wn—f—l — Znt1]|
+2Mi||zm — pll = ¥ (|2m — pl|) M,

where M is a constant such that

[#n41 — 2ml| < M.
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Firstly, we take limit as n — oo, and then as m — oo
in above inequality (using (22))

lim sup lim sup(f(p) — p, j (¥n1 — 2m)} < 0.

m—o0 n—o0

On the other hand, since J is single-valued and
norm topology to weak™ topology uniformly continu-
ous on bounded set of £ and

Jim o =
we get

li

mgnoo(xn—l—l - zm) = Tp4+1 — P-

Therefore, we have

(FP)=p,i(@nt1=2m)) — (f(P) =P, j(@nt1-P)):

Thus, given € > 0, there exists N > 1, such that if
m > N, for all n, we have

(f(p) = p,j(Tns1 —p))

<(fP) =P j(Tng1 — 2m)) +€. (24)

Therefore, by taking upper limit as n — oo firstly,
and then as m — oo in both sides of (24)

limsup,, . (f(p) — p, j(xn+1 — P))

< limsuplimsup(f(p) — p,j(Tn+1 — 2m)) + €.
m—00 n—o0
Since ¢ is arbitrary, we obtain(23).
Thus, there exists a sequence {e,} in (0, 0c0)
which lim,, , €, = 0 such that

(I = f)p,j(p— znt1)) < en,Vn e N.

Step 5. lim,,_, ||zn, — p|| = 0. Indeed, we have

Zn+1 —p||2

= (an(f(zn) — p) + Ba(Trn — p)

+(1 = an = Bp)(T(tn)yn — p), j(@nt1 — p))
= (an(f(zn) — f(p)) + Bn(2n — p)

+(1 = an = Bo)(T(tn)yn — p)s J(Tn+1 — P))
+an(f(p) =, j(Tnt1 — p))

< lan(f(zn) = f(p)) + Bu(®n — p)

+(1 = an = Bu)(T(tn)yn — P)|ll|lzn+1 — pll
+apen

< ol f(zn) = ) + Bullzn — pll

+(1 = an = Bu)[|T(tn)yn — pll]llzns1 — pl|
+apen
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< lanllzn — pll — anto(lzn — pll)
+Bnlln — pll

+(1 = an = Bu)llyn — pllllZn+1 — Dl
+anen

< [(an + Bu)llzn — pll = an(llzn — )
+(1 = an = Bo)llym(Tn — p)

+(L =) (T (tn)2n — p)||][[#n+1 — pll
+aneEn

< [[lzn = pll = antp(lan — pIDI[@n+1 — 2|
+anén

SI%[H% = pll = ent([lzn — pl))?
+§Hxn+1 _p||2 + Qpén.

So,

lzn+1 — I

< lzn = plI* = 2000 (|20 = pl) |2 — |
+ap (Y([lzn = pll))? + 2ane,

< lzn = plI? = 200 (|20 = pl) |2 — ]
+0431(7/)(M))2 + 2apen,

for some M > 0. Since {||x,, — p||} is bounded, thus,
for A\, = ||z, —p||?, we obtain the following recursive
inequality:

A+l < A — an¢()\n) + Wn,

where
Wn = an[an(¢(M))2 + 2¢e)

and

() = Ntyp/t).

So {x,,} converges strongly to p by Lemma 8. 0
If v,, = 1, the following result is clearly gained.

Corollary 12 Let C' be a nonempty closed convex
subset of a real reflexive strictly convex Banach space
FE with a uniformly Gateaux differentiable norm, and
{T'(t)} a u.a.r nonexpansive semigroup from C' into
itself such that

F:= Fiz(F) = (| Fiz(T(t)) # 0,
t>0

and f : C — C a weakly contractive mapping
with function . Suppose lim, ., t, = oo. Let
{an}, {Bn} be two sequences in (0,1) with o, + 5y, <
1. The sequence {x,,} is given by

Tntl = anf(l'n) + 5nxn + (1 — Op — Bn)T(tn)l'n

Let z1 € C and assume that {a, }, {Bn}, ¢ satisfy the
following conditions:
(i) lim a, =0,
n—oo

. S
(ii) Z Ay = 00;
n=1
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(iii) 0 < l1mlnfﬁn < hmsupﬁn <1
(iv) lnf{w(Hxn - (JH)/H% Zall:
Tn #q,n€N}=§>0,Vq € F.

Then as n — oo, {x,} converges strongly to some
common fixed point p of F such that p is the unique
solution in F' to the variational inequality (11).

Corollary 13 Let C' be a nonempty closed convex
subset of a real reflexive strictly convex Banach space
FE with a uniformly Gateaux differentiable norm, and
{T(t)} a u.a.r nonexpansive semigroup from C' into
itself such that

F := Fix(F) = | Fiz(T(t)) # 0,

t>0

and f : C — C a fixed contractive mapping with con-
tractive coefficient 3 € [0, 1). Suppose limy,_, o t, =
oo. Let {an},{Bn} be two sequences in (0,1) with
an + Bn < 1(n > 1), and {y,} a sequence in [0,1].
The sequence {x,} is given by (10). Let x1 € C and
assume that {ow, }, {Bn}, {1}, ¥ satisfy the following

conditions:
0 Jim e =0
(i) 32 o = oo
(m) 0 < hmmfﬁn < hmsupﬁn <1
(iv) nf ([ — ql))/I}n — ]

Tn#qneN}=0>0,forqe F,

(v) lim h/n-i-l
n—00

Then as n — oo, {xy} converges strongly to some

common fixed point p of F such that p is the unique
solution in F to the variational inequality (11).

— Y| = 0 and lim inf ~,, > 0.
n—oo

Corollary 14 Let C' be a nonempty closed convex
subset of a real uniformly convex Banach space E
with a uniformly Gateaux differentiable norm, and
{T(t)} a u.a.r nonexpansive semigroup from C' into
itself such that

F = Fig(F) = (| Fiz(T(t)) # 0,

t>0

and f : C — C a weakly contractive mapping
with function .  Suppose lim, ., t, = oc.
Let {an},{Bn} be two sequences in (0,1) with
an + Bn < 1(n > 1), and {v,} a sequence in [0,1].
The sequence {xy} is given by (10). Let x1 € C and

assume that {cu, }, {Bn}, {1}, ¥ satisfy the following
conditions:
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o0
Z Qp = 0OQ;
(iii) 0< hmmfﬁn < hmsupﬁn <1

(i) it {20 — ql)/ [0 —qll :
Tn #q,n€N}y=06>0,forq € F;

(ii)

(i) lim oy =0;

(v)  lim [yn41
n—oo

Then as n — oo, {xy} converges strongly to some

common fixed point p of F such that p is the unique
solution in F to the variational inequality (11).

— Y| = 0 and liminf ~,, > 0.
n—oo

Remark 15 When {a, }, {6n}, {n}, ¥ satisfy differ-
ent conditions, the results in this paper extend and im-
prove some related results considered by Song and Xu
[8], Xu [9], Wu, Chang and Yuan[10] and the other
authors.
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