WSEAS TRANSACTIONS on MATHEMATICS

Guanghua He, Liping Wen

Dissipativity of /-methods and one-leg methods for nonlinear
neutral delay integro-differential equations

Guanghua He

Zhejiang Yuexiu University of Foreign Languages

Department of Mathematics
Kuaiji Road 428, Shaoxing
China
hegh2003@126.com

Liping Wen
Xiangtan University

School of Mathematics and Computational Science

Xiangtan, Hunan
China
Ipwen@xtu.edu.cn

Abstract: In this paper we study the dissipativity of a special class of nonlinear neutral delay integro-differential
equations. The dissipativity of three kinds of important numerical methods, the linear §-methods, one-leg 6-
methods, and the one-leg methods is obtained when they are applied to these problems. Numerical experiments

are presented to check our findings.

Key—Words: Linear §-methods, One-leg #-methods, One-leg methods, Nonlinear neutral delay integro-differential

equations, Dissipativity, Absorbing set

1 Introduction

Many dynamical systems possess a bounded absorb-
ing set, which all trajectories enter in a finite time and
thereafter remain inside. These dynamical systems are
called dissipative [2]. When numerical methods are
used to solve them, we hope that the methods inherit
the dissiapativity.

Since the pioneer work [3] of Humphries and
Stuart which studied the dissipativity of Runge-Kutta
methods for initial value problems (IVPs) of ordinary
differential equations (ODEs) in 1994, many results
about dissipativity of numerical methods for ODEs
have been found [4, 5, 6, 7]. Huang [8] gave a suf-
ficient condition for the dissipativity of theoretical so-
lution, and investigated the dissipativity of (k,[) al-
gebraically stable of Runge-Kutta methods for the de-
lay differential equations (DDEs) with constant delay.
Then, some results about the dissipativity of linear 6-
methods, G(c, p, 0)-algebraically stable one-leg meth-
ods and multistep Runge-Kutta methods were also ob-
tained [9, 10, 11]. Tian [12] investigated the dissipa-
tivity of DDEs with a bounded variable lag and the
dissipativity of 8- methods in 2004. And Wen [13, 14]
studied the dissipativity of Volterra functional differ-
ential equations.

Recently, Gan [15, 16, 17] studies the dissipa-
tivity of f-methods for integro-differential equations
(IDEs), nonlinear Volterra delay-integro-differential
equations (VDIDEs) and pantograph equations, re-
spectively. In addition, Zhen and Huang [18], Wen
[19] and Wang [20] consider the dissipativity for non-
linear neutral delay differential equations (NDDEs).
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Wu and Gan [21] consider the dissipativity for a class
of nonlinear neutral delay integro-differential equa-
tions (NDIDEs).

In this paper, we study the numerical dissipativity
of a special class NDIDEs which arise widely in the
fields of applied sciences, such as physics, biology,
medicine, economics and so on [1]. Different from
the above equations, our NDIDEs have two different
constant delay variables. To our best knowledge, there
is not any result on the numerical dissipativity of this
kind of equations.

The paper is organized as follows. In section
2, the description of the problem class is given and
a sufficient condition is presented to ensure that the
NDIDE:s is dissipative. In section 3 and section 4,
the dissipativity of #-methods and one-leg methods is
studied respectively. And in section 5, numerical ex-
amples are presented to verify our findings.

2 Description of the problem class

Let (-, -) be inner product in C and || - || be the corre-
sponding norm. Consider the nonlinear neutral delay
integro-differential equations NDIDEs

d

@[y(t) — Ny(t—n)] =

Ft)ylt —m), /

t—1o

t
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where 71, 79 are positive constants, 7 = max{r, 72 }.
N € %4 is a constant matrix satisfying ||N|| < 1,
@ : [-7,0] = C%is a continuous function and f :
C?x C%x C? — C?is alocally Lipschitz continuous
function, g : [0, +00) x [—7, +00) x C¢ — C?is
a continuous function, f and g satisfy the following
conditions,

Re{u — Nv, f(u,v,w)) <
v+ allul? + Bllv]* + wllw|?,
u,v,w e C%, (2)
lg(t,0,9)| < clsll,
forallt > 0,t—m <0<t seC? (3)

where 7, «, B, w, c are real constants and S > 0,y >
0,w > 0.

Definition 1. The problem (1)-(3) is said to be dissi-
pative in C%, if there exists a bounded set B C C%,
such that for any given bounded set ® C C¢, there
is a time t* = t*(®), such that for any given initial
function ¢ € C[—T,0] with ¢(t) contained in ® for
all t € [—1,0], the values of the corresponding solu-
tion of the problem are contained in B for all t > t*.
Here B is called an absorbing set of the problem.

In order to prove the dissipativity of (1)-(3), we
introduce the Generalized Halanay inequality [14].

Lemma 2. (Generalized Halanay inequality[14]) If
u(t), w(t) > 0fort € (—oo0,+00),

u'(t) < R(H) + A(u(t) + B(t) max w(f),

t > to,

w(t) < Gu(t) + H(t) max w(§),

1—7<E<t
t> tO?

and

Go
B B L e

where A(t) is a continuous function satisfying A(t) <
Ao with constant Ay < 0. A(t),B(t),G(t) and
H(t) are nonnegative continuous functions satisfying
G(t) < Go, H(t) < Hy with constants Gy > 0,0 <
Hy < 1 fort € [ty,00). T > 0 is a constant, and if
there exists 0 < p < 1 such that

Go
PAQ) + 1 7

B(t) <0,V > tg,

then we have

- *
u(t) < ——1 4 pexp(—ut(t —ty)),t >t
()_(1—p)Ao pexp(—p*(t —to)) 0
Go -
w(t) <
()_1—H0(1—p)A0
G0 4 (—p*(t —tg)), t >t
1— Hyel' Xpl—p 0)), t = to.
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where

¢= max u(f), ~v= max R(¢)

—oo<g<ty to<€<oo
and p* > 0 is defined as

Goe“(t)T

pt = inf{u(t) : p(t) + A(t) + B(OW =0}

Theorem 3. Suppose y(t) is the solution of (1)-(3)
with a < 0. If there exists 0 < p < 1 such that

4 2 2 2
po + ﬁw\f”?(ﬂ — aHNH +WTQC ) < O,
and t > tg, we have following two results.
(i)
2 -
2
y@? <
WO = T 5Np @ pa
1-2|N|? ‘
Wﬁs exp(—p*(t — o))
ith ¢ = t)||? and
with¢ = max ()] an
poo= mf{p(t) s p(t) +o+ (5 - o NP2
4et@)T
+wrdc?) c =0}

1 — 2 N|2er0r

where t > tg and p* > 0.
(ii) For any € > 0, the problem (1)-(3) is dissipa-
tive and there exist a absorbing set

2 —
B = B(0, +¢€).
( %1—%qu—ma :

Proof: Define functions

u(t) = { () = Ny(t = )|t 2 to,
LU= 2N @2, to—7 <t <t

w(t) =y, t=to— 7.

‘We have
W(t) = L(y(t)— Nyt —m),y(t) — Nyt —m))
= 2Re(y(t) — Ny(t — 1), f(t,y(t), y(t — 11),
tfgmamoma>
2@+ym@W+ﬁma—nw2
Yol [ gtEy(©)de)P)

t—To

2(y 4+ aw(t) + Pw(t — )

IN

IN

2 2
a.
twe'ry m ax Stw(f))
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and

u(t) < 2(|ly@) + 1Nyt - m)]%)

< 2(w(t) + [|N[Pw(t - m)),

when t > t;. Therefore

2w(t) > u(t) — 2||N||2w(t — ).
For o < 0, we have

u'(t) < 2y +au(t) +2(8 — ol N|?
+wcrd) tﬂf??gtw(g)’ t>ty. (4)

On the other side, we can get

ly@I = lly(t) = Nyt — 1) + Ny(t —n)||
< ly(t) = Ny(t =)l + [Nyt =7l
which follows that
w(t) < 2u(t) + 2| N|2w(t — ). (5)
From (4) and (5), we have

u'(t) <2y +au(t)+ B sup w(§),
t—r<e<t

w(t) < 2u(t) +2|N||? sup w(€),t> to,
t—7<E<t

where B(t) = 2(8 — o||N||* + wc?7Z). Then we
get the conclusion immediately from Generalized Ha-
lanay inequality [14].

3 Dissipativity of the /- methods

3.1 Dissipativity of the one-leg /- methods
Consider the following ODE

y'(t) = ft,y(t),

y(to) = yo,t > to.

It can be solved by the one-leg 6- method leading to
the following form

Ynt+l = Yn+ hf(etrﬁ-l + (1 - g)tnv
OYn+1+ (1 —0)yn)

Or equivalently,
Y™ =y, + hOf(t, + 0h, Y,
Yni1 = Yn + hf(tn +0h,Y™), (6)

where h > 0 is the integration step, t,, = tg +nh, and
Yn, YV approximate to y(t,), y(t, + 0h) respec-
tively.
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Applying (6) to (1)-(3), we have

yn) _ Ny )
= yp — N + h0f (Y™ v G,
Yn+1 — N:’jn+1

= yp — Ny, + hf(y(n)7 ?(n)’ G(n)),
(N

where y,, Y™ 7, Y  G® approximate to
y(tn), y(tn + OR), y(tn — 1), y(tn + Oh —
1), ti":::_m g(tn, + 0h,& y(§))dE respectively.
When n < 0, we have y, = ¢(¢,). And when
tn + 0h < 0, we get YV = o(tn + Oh). If we
let = (m1 — 51)}1, Ty = (m2 — 52)h , then Y(n)’ Un
and G can be described by interpolation as

Y = g ymmt (g -5 )y(mmm) (g)
gn = 51yn—m1+1 + (1 - 61)yn—m1a (9)

where m1, mo are integers and my,mg > 1, 41,09 €
[0,1). When mg > 2, we can obtain

G

i 2
= Wg(tn + Oh, ty—m, + Oh, Y (772))
2

SHe%) 5 %) 400t g + O, Y20
mo—2

+h Y gltn + O, by + 01, Y"70)
k=1

+gg(tn + 0h, t, + 0h, Y ™). (10)

While mg = 1, we get

2
2
+(1 4 62)g(tn + Oh, t, + 0k, Y ™)), (11)

el [(1 = 62)g(tn + Oh, tn_1 + 0k, YD)

Definition 4. When a method is used to solve the
problem (1)-(3) with step h, there is a constant v such
that, for any function ¢(t), there exist an no(p,h),
g= sup ip(t)| saisfying

—7<t<0

HynH < T, n = ng.
This method is said to be dissipative.

Theorem 5. Assume that method (7) satisfies 0 €
[%, 1], and problem (1)-(3) satisfies a+B+wTic? < 0.
Then the method is dissipative.

Proof: Taking the inner products of each hand side of
(7) with themselves, and noting that 6 € [%, 1] and the
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condition (2), we obtain

[yn+1 = Ny
< llyn = Ngall? + 2]y + o] Y2
+BIY P + wl|GM?).

By deducing, we can easily obtain

1Yn — NG ? 1
< llyo — Nﬂo”2 + 2hny + 2ha Z Hy(j)H2
7=0
n—1 ) n—1 '
j=0 =0

(12)
Based on equation (8), we have
)2 ,
STV UTmMED |2 4 (1= 62y U2
+61(1 = 80) ([[Y U7 H |2 4 [y Umma))2)
= YU 4 (1= ) [y U
(13)

IN

Notice that

h(1=35)* | h(2—63) L
2 T 9 + (ma Vh + 5 T
Then, we have
[teils
h(1—69)?
S TQ(%”g(tn_FHh,tn%Q_i_gh’ Y(Tr’ﬂlz)”?)
h(2—62
v 5 2) |g(tn+0h, trmy41+0h, Y (72 |12
mo—2
k=1

h
+ G lgltn + 0h.tn + 0R.Y )|).

when mo > 2, by taking the inner product of (14)
with itself and using Cauchy-Schwarz inequality. By
using (3), we obtain

IGD)?
h(1 — §5)2 .
< 7202(‘( D) 2 [y U=m2)|?
h(2 — 63)
t—
mo—2

. h o ..
+h Y [YUTPR Iy O)R). a4
k=1

[y G2

E-ISSN: 2224-2880 408

Guanghua He, Liping Wen

Putting (13) and (14) into (12), we have
lyn — Nn?
< (L+[INID*@? + 20y + (2118 + w3 )@

n—1
+2h(a + B+ wrc?) Y [YD2, (15)
=0

When mg = 1, we can get the same result as (15).
When v = 0, by using (10) and o + 3 + wrac? <

0, we have

lim |70 = o,

n—oo

lim [|Y ]| =0,

n—o0

which means for all ¢ > 0, there exists no(@,e) > 0,
such that

Y™ < e [[F™]] < e, |G™]| < erae,n > np.

Let
L= sup |f(u,v,w)|, u,v,we C%
ull<e
"y
We have
lyn = Ngnll < hLO+ (1+[[N)e

= Ry, n > ny,

from (7). Then, we can deduce that

Ry "X (1-6)|IN] .,
nll < —_—
ol < e 2 e
(1= 6)IN || g
g0 > ng (16

When v > 0, using the method of [8, 10], we
obtain

2(1+ (218 + wr3c?) Ry

—|—4(m1 + 1)h’}/
= Rn>m

Hyn - A@ﬂ”2 <

14| N )2 +(2 3
Where ny = (( +|I ”) +(2;}Y/B+WT20

By deducing, we can easily get

e | 2(my + 1).

R " (1=a)|N],,
< e A LA LR Y 2
ol < s 2 i)
1 -6V .. _
Notice that |N| < 1, (11:”5])\,“”]:5[1” < land @ €

[2,1]. Obviously, one-leg §- method is dissipative.
This completes the proof of Theorem 4.
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3.2 Dissipativity of the linear - methods

In this subsection, we consider the dissipativity of the
linear 6- method for solving problem (1)-(3). It can be
written in the following form

Yn+1 — NYn+1
= yp— Nyp+ hgf(ynJrly Yn+1, Gn+1)

where y,,, Un, and G,, approximate to y(t,), y(t, —
71), and f;"_m 9(tn, &, y(€))dE respectively. When
n < 0, we have y, = @(t,). If we let 1 =
(m1 — (51)h,7’2 = (mQ — 52)h , Un,Gp can be de-
scribed by interpolation as

Yn = (51yn—m1+1 + (1 - (51)yn—m17 (19)

where m1, mo are integers and my,ms > 1; 41,09 €
[0,1). When mg > 2

h(1 — 6)?
2)g(tna tTL*TfLQ?yTL*ﬂ”LQ)

h(2 — 2
+(22)g(tnatn—m2+l7yn—m2+l)

G, =

mo—2

+h Z g(tnvtn—lmyn—k)
k=1

h
+§g(tnatnayn)- (20)

While mo =1

i,
G, = g[(uag)g(tn,tn,yn)

+(1 - 52)g(tna tn—1, yn—l)]'

Theorem 6. Assume that the method (18)-(21) sat-
isfies 0 € [%,1] . The problem (1)-(3) satisfies
a+ B+ w72202 < 0. Then the method is dissipative.

2D

Proof: From (18), we have

—hef(ymﬂm Gn) - yn—l - Ngn—l
+h(1 = 0)f(Yn—1,Tn—1,Gn-1). (22)

Taking the inner products of each hand side of (22)
with themselves, noting that § € [%, 1] and condition
(2)-(3), we obtain

|yn — Ngn”2 + h292||f(yn,37m Gn)H2

< |[lyn-1 — Ngn—lnz
+h292Hf(yn—1a Yn—1, Gn—l)H2
+2hy + 208 (allya|? + Bl7nll* + wl|Gnll?)
+2h(1 = 0)(allyn|® + Bl gn—1]?
+w||Gr][).

yn_Ngn
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By deducing we can easily obtain

Hyn - NgnH2 + h292”f(yna Yns Gn)||2
< llyo — Nol|* + 1*6%(| f (yo, Yo, Go)I*

n—1

+2nhy + 2ha Y ly;lf?
j=1

n—1 n—1
+208 ) (195117 + 2hw Y |Gyl
j=1 j=1

+2h00lyn | + 2k (1 — 6)allyol®
+2h08|1Gn|1* + 2h(1 — 0) 870
+2h0w|| G |2 + 2h(1 — 0)w||Gol|?. (23)

Next, from (19) and (20) we obtain

175 1% < 0ullyj—mia |* + (1= 0D)|lyj—m, I*, (24)

-
h(1 —
<m0y, e
h(2 — 63)

e [

mo—2

h
03 sl + Sl 25)
k=1

When mo > 2, from (23)-(25) we have
”yn - Afgn”2 + h292||f(yn,17n, Gn)H2
n—1
< 2h(a+ B +wr3c®) Y |yl
=0

+Lo + 2hny + [2871 + wrac?

+2h(1 — 0)(B + wric?)]do, (26)
where
Lo= sup  ([lu=Nv|*+h%6?| f(u,v,w)|?),
lull<y/do
vl <+/dg
|[wl|<T2ev/do
do = (,52.

We can easily prove that (26) is still valid for the case
of mo = 1.

When v = 0, it follows from (28) and o + 8 +
wric? < 0 that

[ynll < &,n > no

which shows that for any ¢ > 0, there exists ng(g, €),
such that

lynll <€, n > ng. 27
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For the case of v > 0, using the techniques simi-
lar to that presented in [8], we can conclude that there
are 7 > 0 and positive integer g > 0 such that

[y — Nijn||> < 7,n > g (28)
and
W20\ f (Y U, G| < 7m0 > g,
where
7 =2(L1 + [26m +wrfe?

F2h(1 ~ 0)(8 + wr3))ds ) + driy + 6l
% _ Lo+[26871+wr3c?+2h(1-0) (B+wr2c?)])do

2hy
+2mq +1
di — 4(mi+1)y
1= —a+B4wric?
Li=  sup  ([lu=No|>+h%6?||f(u,0,w)]?).
llull<v/dy
lloll <y/dy
( [wll<r2ev/dy
When mq = 1 ,from (18) and (28) we obtain

lynll < VF+ING1yn + (1= 61)yn-1)|l,
n > . (29)

From (29), we deduce that

e (1—6)|N]||
< + —11
n > ng.

Then, we have

Vr
[ynll < d1 + ——=77, 1 = no- (30)
L—[IN]

When mq > 2, from (18) and (28) we have

lynll < V7 + SN Yn—rmy 1]l
+(1 = )N l[yn—m, I, n = 10

By deducing, we can prove that (30) is still valid. A
combination of (30) and (27) shows that the method is
dissipative, which completes the proof of Theorem 5.

4 Dissipativity of the one-leg meth-
ods

4.1 Description of the one-leg methods

One-leg method for solving

y'(t) = f(ty(t),
y(to) = y(),t Z to.

E-ISSN: 2224-2880
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is
P(E)yn = hf(o(E)tn, o(E)yn),

where E denotes the shift operator, Ey, = ynt1.
Polynomial

k
= Z ai‘fza U(é)
j=0
satisfy compatibility condition

p(1) =0,0'(1) = o(1) = 1,p(¢),0(8),

and they have no common factor.

In order to solve (1)-(3) ,we let h = nTTllv Ty =
(mg — d2)h throughout of this section 4, where o €
[0,1) and m; > k,mg > 1 are given positive con-
stant. By complexification quadrature formula ,we ob-
tain

k
=D B
=0

P(E)(Yn — NYn—m,)
= hf(o(E)Yn, 0 (E)Yn—my,Gn), (1)

where  y,,G, approximate to y(t,) and

o(E)ty
fa((E))tn—TZ g(tn’ s y(S))dS
t, € [—T,0], we can get y,, = p(ty,). Define

respectively. If

h(1 — §2)?

G, = 5

g(O'(E)tn, U(E)tn—m27

_ 52
oY) + B o)1,

U(E)tn—m2+1v U(E)yn—mz-H)

mo—2

+h Z g(o(E)ty, o

h
+§Q(U(E>tna o(E)tn, 0(E)yn).
Definition 7. A method is said to be G-stable, if
there exist a symmetric positive definite matrix G =
(gij)ﬁjzl,for all xg, ...,z € R, such that

)tn—lm U(E)yn—k:)

xrax, — XFGxy < 20(E)zop(E)xo,

where X; = (x4, ..., 2i15-1)7,i=0,1.
By [22] ,we know G-stable is equivalent to A -
stable.

4.2 Dissipativity of the one-leg methods

In order to prove our main conclusion , we introduce
a lemma [23].
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Lemma 8. Suppose that the polynomial
r .
P(2)=) pya Li=1...r
j=1

form a basis for the space of polynomials of degree not
more thanr — 1 and that § = (61 ,...,60)T € RP" is
given. Then the system of equations

r

Zpl-juj 2(51',1': 1,...,?"

j=1

possesses a unique solution u = (ul, ... ul)T. Fur-
thermore, if P is the r X r matrix with entries p;;,
then there is a constant C = C(P) such that any
u=(ul,...,ul)T € RP" obeying the inequality

» T

T
> lpiusll < lgill

j=1
for all i, also satisfies
[ell.00 < Cllgll 00,

where g = (gif,...,g;r)T € R and ||u|s00 =

max <<y [|uil]-

For simplicity, we suppose that (31) has unique
solution for any sufficiently small step h.

Theorem 9. Assume the method (31) is A-stable and
the problem (1)-(3) satisfies o+ 3 + w7'2202 < 0. Then
the method is dissipative.

Proof: Let {y, }°, are a sequence of solutions. De-
fine G-norm of H,, is

kook
IHAlE = i Wntio1s Ynssio1)

i=1 j=1

where H,, = (y;{,...,y7{+k71)T and Z, = H, —
N H,,_,,. From the definition of G-stable we have

1 Zn41llE = 121
< 2Re(p(E)(yn — Nyn—m,);
o(E)(Yn — NYyn—m,))
= 2hRe(f(0(E)Yn, 0 (E)Yn—m,,Gn),
o(E)(Yn — NYn—m,))
< 20(y + al|lo(E)yal?
+Bllo(B)yn—m[I” +wllGal?).  (32)
When ~ # 0, we define
F = sup

ull2, [ol12 <ak~/ — (ot B+wrde?)
lw]|2<72c24ky/—(a+B+wTIc?)

1] (w; v, w)]

E-ISSN: 2224-2880
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and
¢= sup |o(E)yl.
—m<:<
Let
L_Tw + 261 + ngCQ
S =
2kT1y
2 2\\ =2 2
e+ BN+ 2l
2]?7‘1")/ ’
and
M = kmqs,

where |x] means the largest integer part of x. The
sum of (32) fromn =1ton =M —1is

1Z & = 112012
M-1

< 2Mhy+2ha Y |o(E)yil

i=0
M—1 M-
+ 208 ) o (E)yim, | +20w Y 1G] *33)
i=0 i=0
According to (3) and (31), we can get
et
h(1 — 99
< 7202(#”0(]5)%7%”2
h(2 — 52)
+T2”‘7(E)yn—mz+1uz
mo—2

h
+ by ||U(E)yn—k|!2+§HO’(E)ynHQ)-(34)
k=1

Putting (34) into (33), we have

120l 120l
< 2Mhvy+ (26711 + ng’c )@

M-1
+2h(a+B +wrsc®) > |lo(E)yill?. (35)
=0

Similarly, the sum of (32) from O to M — m is

1 Zar—mi [1& = 1120117
< 287 + w7'2302 —2n(a+p
+w72262)]g52 + 2(M — mq)hy
M—-m1—1
+2h(a+B+wric®) Y [lo(B)yil*. (36)

i=—m1
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Therefore, by (35) and (36), we obtain

1Zat-mn % + 1 Z0al%

< 2| Zol|Z + (4M — 2my)hy
+2[2871 + w7§’c2
—71(a + B+ wric?)]@?

+2h(a + B+ wric?)
M-1

X Y (llo(B)yill® + o (BE)yi—m, I7),
i=0
which contains
M—1

> o (E)yill® + o (E)yi—m |*)

i=0
4 M~
—(a+ B+ wric?)
4kmq sy
—(a+ B+ wric?)

<

(37

We rewrite (37) to the following form

s—1 mq(H1)-1 k(1)1

> 2 2 Ue®)

=0 j=mq1 I=kj
4kmysy
—(a+ B +wric?)

il *+ o (E)yi—m, |I°)

(38)

So there exist an iy € [0, s — 1], such that

mi (ioH )1 k(1)1
o Y Ule®wl® + lo(E)ym II*)
j=miio  I=kj
4kmy
—(a+ B+ wric?)

Furthermore, there exist a jo € [m1ig, m1(ig+1)—1],
such that

k(jo+1)—1

> Ulo(Bwmll? + o (E)yiml*)

l=kjo
4k
—(a+ B +wric?)

Therefore , we have

4k
—(a+ B+ wric?)

lo(B)ynll* + llo(E)yn—m, [I* <

and
lp(E)(yn — Nynﬂm)”z
= B2 f(0(E)Yn: 0 (E)Yn—my, Gn,)|I”
< h2F?
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for all n € [kjo,k(jo + 1) — 1]. Based on the fact
that the method is A-stable and p(E), o(E) have no
common factor, we conclude that o(E) is a poly-
nomial with degree k. Then, {z'p(2),z0(2),i =
0,...,k — 1} constitute a basis for the space of poly-
nomials of degree not more than 2k — 1. Let r =

2k, yj = kjo» - - - > Yk(jo+2)—1)" and

where

4k
= hE'}.
n maX{\/—(a—{—ﬁ—FWTgCQ)’ }

By using lemma 7 on (36) and (37), we find out there
exist a constant C'; and a coefficient which depends
only on p(z), o(z), such that

— NYyn—m, || < Cin.

||yn

Furthermore , we can prove that || Hy;,|| < Rop when
kjo < M.
Next we will prove that { H,,}2° , enter an open

ball B(0, Ry) after at least M steps, where
—71y + R? + 271 (B + wrac?) ( Aky

TR |

5= 2k7’1’y

and

M = km;s.
Let N = kjg. From (38), we have

5—1mi1(i+1)=-1k(G+1)-1

2 2 2 ()

j=mii l=kj
+HU( YYN-+1-m [°)
4kmqsy
—(a+ B +wric?)

yN+1”2

So there exist an j; € [mqi1,m1(i1 + 1) — 1], such

that
k(jitH)-1
> UleByynul®+llo(E)ynm|*)
I=Fkj1
4k~
—(a+ B +wric?)

Furthermore, there exist a j; € [mqyi, my (i1 +1)—1]
such that

k(j1+1)-1
> UoE)ynll® + o (B)yn-si-mi [1%)
I=Fkj1
4k~

< .
T —(a+ B+ wric?)
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Therefore , we have

4k~
—(a+ B8+ w7'2202)

lo(B)ynll* + llo(E)yn—m, |I* <

and

[p(E)(yn — Nyn—m1)H2
= hQHf(U(E)ym U(E)yn—mlan)HQ
< h’F?

for all n € [N + kji, N + k(j1 — 1)]. Therefore
H, — NH,_,,, will enter an open ball B(0, R) after
at least N + kj; steps, where

HHn - NHn—m1 HG S ﬁ

foralln € [N, N + kj1).
By the similar method in proving the Theorem 4
and 5, we obtain

| Hall < By, (39)
When v = 0, we have
lim [lo(B)ya ] =0
according to (34) and a+ B+ wTt4c? < 0. This reveals
that there exist an no(@, €) > 0, such that
lo(E)ynl| < e.
For e > 0, if we let

FO = Sup ||f(U,U,’lU)||
[Jull,llv]| <e
lw|| <race

then

HP(E)(yn - Nyn—’rm)”
= h[|f(o(E)yn, o (E)Yn—m, Gn)|l
< hF,.

By deducing, we know that there exist a constant
C1 which depends only on the method itself, such that

|Yn = Ntyn—m, || < 615

for all n > ng. Hence, according to the equivalence

principle of the norm, there exist a constant Co, such
that

|Hy — NHpy o, |l < Coe.
Furthermore, we obtain

|Hylle < Che. (40)
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In summary, (39) and (40) show that the one-leg
method is dissipative, which completes the proof of
Theorem 7.

Remark Problem (1)-(3) is a very general one. (i)
Gan [16] obtained the dissipativity of §-methods for
(VDIDESs) which is a special case of problem (1)-(3)
by taking N = 0 and ; = 79. Theorem 5 and 6
can be directly applied to such problems. (ii)) When
equation (1) does not contain integral item, problem
(1)-(3) is reduced to NDDEs which was considered in
[19]. Theorem 5 and 6 can also be directly applied
to such problems. (iii) When N = 0 and equation
(1) does not contain integral item, problem (1)-(3) is
equal to (DDEs). From the result of our paper, we can
get the same conclusion as Huang[8].

5 Numerical examples

In this section ,we will consider a given nonlinear neu-
tral delay integro-differential equation

L (1)~ 0.13(1 — 1)
= —4y,(t) + sinya(t) siny; (t — 1)

t
+0.6/ sinty;(0)dd + sint,t > 0,
t—2

%[W(t) —0.2y1(t - 1)]
= —5ys(t) — cos yi (t) cosya(t — 1)

t
—1—0.4/ costya(0)do + cost,t > 0,
t—2

yl(t) = Sint7
ya(t) = cost,—2 <t < 0. 41)
Here and later, we let v = 2.15, a« = =3, f =

0.64, w = 033, ¢ = 1, m» = 2, so the equation
(41) satisfies (2) and (3) with a + 3 + wr2c? < 0.

First, we use one-leg #-method (11) to solve (41)
where we take =1, h = 0.05. From figures 1 and 2,
we can see that the solution is oscillating, but it enters
into an absorbing set after some time. This reveals the
method is dissipative.

Second, we use linear 6-method (18) to solve (41)
where we take 6=0.5, h = 0.05. From figures 3 and
4, we can see that the method is also dissipative.

At last, we use one-leg method as follows

3 _
§(yn+2 — NYni2)
_ 1 _
= 2(yn+1 - Nyn—f—l) - §(yn - Nyn)

+hf(yn+27 Yn+2, Gn)
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to solve (41) where h = 0.05. Figures 5 and 6 show
the dissipative of the method again.

0.8

Figure 1: The numerical solution curve of one-leg # m
method while h = 0.05 and 6 = 1

0.8 B

0.6 - B

0.4 B

y2()

—0.2 B

—0.4 . . . I ; .
—0.4 -0.3 -0.2 -0.1 o 0.1 0.2 0.3
yi®

Figure 2: The phase space curve of one-leg #- m method
while h =0.05and § =1

0.8

Figure 3: The numerical solution curve of linear 6- m
method while h = 0.01 and 6 = 0.5

6 Conclusion

In this paper, we discuss a special class of nonlinear
neutral delay integro-differential equations which has
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0.8 B

y2()

0.2 4

a4 " " " R . "
-0.4 -0.3 -0.2 -0.1 [o] 0.1 0.2 0.3

Figure 4: The phase space curve of linear - method while
h=0.0land 0 =0.5
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! 1
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Figure 5: The numerical solution curve of one-leg method
while h = 0.05
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y2(t)

-0.2r 1
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Figure 6: The phase space curve of one-leg method while
h =0.05
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two different constant delay variables. At first, we
prove the dissipativity of the problem itself. Then,
we prove that one-leg f-methods, linear #-methods,
one-leg methods are dissipative with some given con-
ditions when they are used to solve our problem.

Our present work has mainly focused on these
three methods. In fact, it could also be extend to
other numerical methods, such as Runge-kutta meth-
ods, multi-step methods. This research is ongoing.
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