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Abstract: The level-k FLS (r1, . . . , rk)-circulant matrix over any field is introduced. The diagonalization and
spectral decomposition of level-k FLS (r1, . . . , rk)-circulant matrices over any field are discussed. Algorithms
for computing the minimal polynomial of this kind of matrices over any field are presented by means of the
algorithm for the Gröbner basis of the ideal in the polynomial ring, and two algorithms for finding the inverses
of such matrices are also presented. Finally, an algorithm for the inverse of partitioned matrix with level-k FLS
(r1, . . . , rk)-circulant blocks over any field is given by using the Schur complement, which can be realized by
CoCoA 4.0, an algebraic system, over the field of rational numbers or the field of residue classes of modulo prime
number.
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1 Introduction

With the development of the mathematics research,
multilevel circulant matrix had been defined. And
it has been used on network engineering, approx-
imate calculation and Image processing [1-4]. W.
F. Trench [5, 6] considered properties of unilevel
block circulates and multilevel block α-circulates. S.
Zhang, Z. Jiang and S. Liu [7] gave Algorithms for
the minimal polynomial and the inverse of a level-
n(r1, r2, · · · , rn)-block circulant matrix over any field
are presented by means of the algorithm for the
Gröbner basis for the ideal of the polynomial ring
over the field. M. Morhac, V. Matousek [8] presents
an efficient algorithm to solve a one-dimensional as
well as n-dimensional circulant convolution system.
M. Rezghi, L. Elden [9] defined tensors with diago-
nal and circulant structure, and developed framework
for the analysis of such tensors. S. Georgiou and C.
Koukouvinos [10] presented a new method for con-
structing multilevel supersaturated designs. Z. Jiang
and S. Liu [11] introduced the level-m scaled circulant
factor matrix over the complex number field, and dis-
cussed its diagonalization and spectral decomposition
and representation. A. J. H. Block [12] considered the
property of circulates of level-k. J. Baker discussed
the structure of multi-block circulates in [13]. More
details on multilevel circulant matrix see [14, 15].

This paper is devoted to study the level-k FLS
(r1, . . . , rk)-circulant matrix over any field, and it is
organized as follows.

In Section 1, a level-k FLS (r1, . . . , rk)-circulant
matrix over any field is introduced, and its alge-
braic properties are given. In addition, the diago-
nalization and spectral decomposition of level-k FLS
(r1, . . . , rk)-circulant matrices over F are discussed.

In Section 2, we show that the ring of all level-
k FLS (r1, . . . , rk)-circulant matrices over a field is
isomorphic to a factor ring of a polynomial ring in
k variables over the same field, and then present an
algorithm for the minimal polynomial of a level-k
FLS (r1, . . . , rk)-circulant matrix by mean of the al-
gorithm for the Gröbner basis for a kernel of a ring
homomorphism.

In Section 3, we give a sufficient and neces-
sary condition to determine whether a level-k FLS
(r1, . . . , rk)-circulant matrix over a field is singular
or not and then present an algorithm for finding the
inverse of a level-k FLS (r1, . . . , rk)-circulant matrix
over a field.

In Section 4, an algorithm for finding the inverse
of partitioned matrix with level-k FLS (r1, . . . , rk)-
circulant blocks over a field is presented by using the
Schur complement and the Buchberger’s algorithm.

We first introduce some terminologies and no-
tation used in the sequel. Let F be a field and
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F[x1, . . . , xk] the polynomial ring in k variables over
a field F. By Hilbert Basis Theorem, we know that ev-
ery ideal I in F[x1, . . . , xk] is finitely generated. Fix-
ing a term order in F[x1, . . . , xk], a set of non-zero
polynomials G = {g1, . . . , gt} in an ideal I is called
a Gröbner basis for I if and only if for all non-zero
f ∈ I, there exists i ∈ {1, . . . , t} such that lp(gi)
divides lp(f), where lp(gi) and lp(f) are the leading
power products of gi and f , respectively. A Gröbner
basis G = {g1, . . . , gt} is called a reduced Gröbner
basis if and only if, for all i, lc(gi) = 1 and gi is re-
duced with respect to G − {gi}, that is, for all i, no
non-zero term in gi is divisible by any lp(gj) for any
j ̸= i, where lc(gi) is the leading coefficient of gi.

In this paper, we set A0 = I for any square
matrix A, and < f1, . . . , fm > denotes an ideal of
F[x1, . . . , xk] generated by polynomials f1, . . . , fm.

2 Diagonalization and spectral de-
composition of level-k FLS
(r1, . . . , rk)-circulant matrices

We define ℵr as the basic FLS r-circulant matrix over
F, that is,

ℵr =


0 1 0 . . . 0 0
0 0 1 . . . 0 0
. . . . . . . . . . . . . . . . . .
0 0 0 . . . 0 1
r 1 0 . . . 0 0


n×n

(1)

It is easily verified that the polynomial g(x) =
xn − x − r is both the minimal polynomial and the
characteristic polynomial of the matrix ℵr if r ̸= 0

and rn−1 ̸= (1−n)n−1

nn . In addition, ℵr is nonsingular
nonderogatory and

ℵnr = rIn + ℵr.

Let ℵri be basic FLS ri-circulant matrix over F
and let Ini be the ni×ni unit matrix for i = 1, 2, . . . , k
and N = n1n2 . . . nk. Set

Πi = In1 ⊗ . . .⊗ Ini−1 ⊗ ℵri ⊗ Ini+1 ⊗ . . .⊗ Ink
,

ri ̸= 0 and rn−1
i ̸= (1−n)n−1

nn for i = 1, 2, . . . , k,
where ⊗ is a Kronecker product of matrices.

Definition 1 An N × N matrix A over F is called a
level-k FLS (r1, . . . , rk)−circulantmatrix if there

exists a polynomial

f(x1, . . . , xk)

=
n1−1∑
i1=0

n2−1∑
i2=0

. . .
nk−1∑
ik=0

ai1...ikx
i1
1 . . . xikk ∈ F[x1, . . . , xk]

such that
A = f(Π1, . . . ,Πk)

=

n1−1∑
i1=0

n2−1∑
i2=0

. . .

nk−1∑
ik=0

ai1...ikΠ
i1
1 . . .Πik

k (2)

where the polynomial f(x1, . . . , xk) will be called
the representor of a level-k FLS (r1, . . . , rk)-
circulant matrix A and the coefficients ai1...ik , ij =
1, 2, . . . , nj , j = 1, 2, . . . , k are just the entries of the
first row of A.

Obviously, if k = 1, then we obtain the FLS r-
circulant matrix [25].

By the property of the Kronecker product of ma-
trices, the level-k FLS (r1, . . . , rk)- circulant matrix
A can be also expressed as

A =

n1−1∑
i1=0

n2−1∑
i2=0

. . .

nk−1∑
ik=0

ai1...ikℵ
i1
r1 ⊗ ℵ

i2
r2 ⊗ . . .⊗ ℵikrk .

For matrix A over F, if
∏k

i=1 ri ̸= 0, then A is a level-
k FLS (r1, . . . , rk)-circulant matrix if and only if A
commutes with the ℵr1 ⊗ ℵr2 ⊗ . . .⊗ ℵrk , that is,

A(ℵr1⊗ℵr2⊗ . . .⊗ℵrk) = (ℵr1⊗ℵr2⊗ . . .⊗ℵrk)A.

In addition to the algebraic properties that can be
easily derived from the representation (2), we mention
that level-k FLS (r1, . . . , rk)-circulant matrices have
very nice structure. The product of two level-k FLS
(r1, . . . , rk)-circulant matrices is also a level-k FLS
(r1, . . . , rk)-circulant matrix. Furthermore, level-k
FLS (r1, . . . , rk)-circulant matrices commute under
multiplication and A−1 is a level-k FLS (r1, . . . , rk)-
circulant matrix, too.

The following we consider diagonalization and
spectral decomposition of level-k FLS (r1, . . . , rk)-
circulant matrices over F.

In this section, let εi,0, εi,1, . . . , εi,ni−1 be ni dis-
tinct roots of gi(xi) = xni

i − xi − ri in its splitting
field over F, and Vri = V (εi,0, εi,1, . . . , εi,ni−1) de-
notes the Vandermonde matrix of the εi,j’s. Then

V −1
ri ℵriVri = Dgi

= diag(εi,0, εi,1, . . . , εi,ni−1), i = 1, 2, . . . , k (3)
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Theorem 2 Let A = f(Π1, . . . ,Πk) be a level-k
FLS (r1, . . . , rk)-circulant matrix over F, where

f(x1, . . . , xk)

=
n1−1∑
i1=0

n2−1∑
i2=0

. . .
nk−1∑
ik=0

ai1...ikx
i1
1 . . . xikk ∈ F[x1, . . . , xk].

Then

(Vr1 ⊗ Vr2 ⊗ . . .⊗ Vrk)
−1A(Vr1 ⊗ Vr2 ⊗ . . .⊗ Vrk)

= f(Dg1 , Dg2 , . . . , Dgk)

= diag(f(ε1,0, ε2,0, . . . , εk,0), . . . ,
. . . , f(ε1,n1−1, ε2,n2−1, . . . , εk,nk−1)).

Proof: By equations (2), (3) and the property of Kro-
necker product of matrices, we have

(Vr1 ⊗ Vr2 ⊗ . . .⊗ Vrk)
−1f(Π1, . . . ,Πk)

(Vr1 ⊗ Vr2 ⊗ . . .⊗ Vrk)

= (Vr1 ⊗ Vr2 ⊗ . . .⊗ Vrk)
−1

(
n1−1∑
i1=0

. . .
nk−1∑
ik=0

ai1...ikΠ
i1
1 . . .Πik

k )

·(Vr1 ⊗ Vr2 ⊗ . . .⊗ Vrk)

=
n1−1∑
i1=0

. . .
nk−1∑
ik=0

ai1...ik [(Vr1 ⊗ . . .⊗ Vrk)
−1

·(ℵi1r1 ⊗ . . .⊗ ℵikrk)(Vr1 ⊗ . . .⊗ Vrk)]

=
n1−1∑
i1=0

. . .
nk−1∑
ik=0

ai1...ik(V
−1
r1 ℵ

i1
r1Vr1 ⊗ V −1

r2 ℵ
i2
r2Vr2

⊗ . . .⊗ V −1
rk
ℵikrkVrk)

=
n1−1∑
i1=0

. . .
nk−1∑
ik=0

ai1...ik(D
i1
g1 ⊗Di2

g2 ⊗ . . .⊗Dik
gk
)

= f(Dg1 , Dg2 , . . . , Dgk)

= diag(f(ε1,0, ε2,0, . . . , εk,0), . . . ,
f(ε1,n1−1, ε2,n2−1, . . . , εk,nk−1)).

⊓⊔

Corollary 3 Let A = f(Π1, . . . ,Πk) be a level-k
FLS (r1, . . . , rk)-circulant matrix over F. Then

(a) A is a level-k FLS (r1, . . . , rk)-circulant ma-
trix over F if and only if

(Vr1 ⊗ Vr2 ⊗ . . .⊗ Vrk)
−1A(Vr1 ⊗ Vr2 ⊗ . . .⊗ Vrk)

is a diagonal matrix.
(b) The eigenvalues of A are given by

λj1j2...jk =

n1−1∑
i1=0

n2−1∑
i2=0

. . .

nk−1∑
ik=0

ai1...ikε
i1
1,j1

εi22,j2 . . . ε
ik
k,jk

,

where jl = 0, 1, 2, . . . , nl − 1, l = 1, 2, . . . , k.

By equation (3), the basic FLS ri-circulant matrix
ℵri over F is written as

ℵri = VriDgiV
−1
ri , i = 1, 2, . . . , k.

We now let

Ωji = diag[0, . . . , 0, 1, 0, . . . , 0],

ji = 0, 1, . . . , ni − 1, i = 1, 2, . . . , k, where 1 occu-
pies the (ji + 1)th entry. Then

ℵri =
ni−1∑
ji=0

εi,jiB
ri
ji
, i = 1, 2, . . . , k,

where

Bri
ji

= VriΩjiV
−1
ri , ji = 0, 1, . . . , ni−1, i = 1, 2, . . . , k,

and then {Bri
0 , Bri

1 , . . . , Bri
ni−1} is the spectral basis,

that is,

ni−1∑
ji=0

Bri
ji

= Ini , B
ri
ji
Bri

li
= δjiliB

ri
ji
,

ji, li = 0, 1, . . . , ni − 1, i = 1, 2, . . . , k. Moreover,
one can easily express the basis {Ini ,ℵri , . . . ,ℵni−1

ri }
in terms of the basis {Bri

0 , Bri
1 , . . . , Bri

ni−1} by

ℵsri =
ni−1∑
ji=0

εsi,jiB
ri
ji
, i = 1, 2, . . . , k.

Furthermore, {Br1,r2,...,rk
j1j2...jk

, ji = 0, 1, . . . , ni − 1, i =

1, 2, . . . , k} is the spectral basis, that is,

n1−1∑
j1=0

n2−1∑
j2=0

. . .

nk−1∑
jk=0

Br1,r2,...,rk
j1j2...jk

= In1n2...nk
,

Br1,r2,...,rk
j1j2...jk

Br1,r2,...,rk
l1l2...lk

= δj1j2...jkl1l2...lkB
r1,r2,...,rk
j1j2...jk

,

ji, li = 0, 1, . . . , ni − 1, i = 1, 2, . . . , k,

where

Br1,r2,...,rk
j1j2...jk

= Br1
j1
⊗Br2

j2
⊗ . . .⊗Brk

jk

= Vr1r2...rk(Ωj1 ⊗ Ωj2 ⊗ . . .⊗ Ωjk)V
−1
r1r2...rk

and

Vr1r2...rk = (Vr1 ⊗ Vr2 ⊗ . . .⊗ Vrk).

We summarize our discussion in the following.

WSEAS TRANSACTIONS on MATHEMATICS Zhaolin Jiang

E-ISSN: 2224-2880 376 Issue 4, Volume 12, April 2013



Theorem 4 A level-k FLS (r1, . . . , rk)-circulant ma-
trix over F can be represented as

A =

n1−1∑
i1=0

n2−1∑
i2=0

. . .

nk−1∑
ik=0

ai1...ikΠ
i1
1 . . .Πik

k

=

n1−1∑
i1=0

n2−1∑
i2=0

. . .

nk−1∑
ik=0

ai1...ikℵ
i1
r1 ⊗ ℵ

i2
r2 ⊗ . . .⊗ ℵikrk

= V −1
r1r2...rk

f(Dg1 , Dg2 , . . . , Dgk)Vr1r2...rk

=

n1−1∑
j1=0

n2−1∑
j2=0

. . .

nk−1∑
jk=0

λj1j2...jkB
r1,r2,...,rk
j1j2...jk

,

where

Vr1r2...rk = (Vr1 ⊗ Vr2 ⊗ . . .⊗ Vrk),

λj1j2...jk =

n1−1∑
i1=0

n2−1∑
i2=0

. . .

nk−1∑
ik=0

ai1...ikε
i1
1,j1

εi22,j2 . . . ε
ik
k,jk

,

and

Br1,r2,...,rk
j1j2...jk

= Br1
j1
⊗Br2

j2
⊗ . . .⊗Brk

jk

= Vr1r2...rk(Ωj1 ⊗ Ωj2 ⊗ . . .⊗ Ωjk)V
−1
r1r2...rk

.

3 Efficient algorithms for finding
the minimal polynomials of level-k
FLS (r1, . . . , rk)-circulant matrices

Let

F[Π1, . . . ,Πk] = {A|A = f(Π1, . . . ,Πk),

f(x1, . . . , xk) ∈ F[x1, . . . , xk]}.

It is a routine to prove that F[Π1, . . . ,Πk] is a commu-
tative ring with the matrix addition and multiplication.

Theorem 5 F[x1, . . . , xk]/⟨xn1
1 −x1−r1, . . . , x

nk
k −

xk − rk⟩ ∼= F[Π1, . . . ,Πk].

Proof: Consider the following F -algebra homomor-
phism

φ : F[x1, . . . , xk] → F[Π1, . . . ,Πk]

f(x1, . . . , xk) 7→ A = f(Π1, . . . ,Πk)

for
f(x1, . . . , xk) ∈ F[x1, . . . , xk].

It is clear that φ is an F -algebra epimorphism. So we
have

F[x1, . . . , xk]/⟨ker φ⟩ ∼= F[Π1, . . . ,Πk].

We can prove that

ker φ = ⟨xn1
1 − x1 − r1, . . . , x

nk
k − xk − rk⟩.

In fact, for i = 1, 2, . . . , k,

xni
i − xi − ri ∈ kerφ,

because
Πni

i −Πi − ri = 0.

Hence

ker φ ⊇ ⟨xn1
1 − x1 − r1, . . . , x

nk
k − xk − rk⟩.

Conversely, for any f(x1, . . . , xk) ∈ ker φ, we
have

A = f(Π1, . . . ,Πk) = 0.

Fix the lexicographical order on F[x1, . . . , xk] with
x1 > x2 > . . . > xk. xn1

1 − x1 − r1 dividing
f(x1, . . . , xk), there exist

u1(x1, . . . , xk), v1(x1, . . . , xk) ∈ F[x1, . . . , xk]

such that

f(x1, . . . , xk) = u1(x1, . . . , xk)(x
n1
1 − x1 − r1)

+v1(x1, . . . , xk),

where v1(x1, . . . , xk) = 0 or the largest degree of x1
in v1(x1, . . . , xk) is less than n1. If v1(x1, . . . , xk) =
0, then

f(x1, . . . , xk) ∈ ⟨xn1
1 −x1− r1, . . . , x

nk
k −xk − rk⟩.

Otherwise, xn2
2 − x2 − r2 dividing v1(x1, . . . , xk),

there exist

u2(x1, . . . , xk), v2(x1, . . . , xk) ∈ F[x1, . . . , xk]

such that

v1(x1, . . . , xk) = u2(x1, . . . , xk)(x
n2
2 − x2 − r2)

+v2(x1, . . . , xk),

where v2(x1, . . . , xk) = 0 or the largest degree of x2
in v2(x1, . . . , xk) is less than n2. If v2(x1, . . . , xk) =
0, then

f(x1, . . . , xk) ∈ ⟨xn1
1 −x1− r1, . . . , x

nk
k −xk − rk⟩.

Otherwise, if the largest degree of x1 in
v2(x1, . . . , xk) is less than n1 because x1 does
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not appear in xn2
2 − x2 − r2. Continuing this

procedure, there exist

u1(x1, . . . , xk), u2(x1, . . . , xk), . . . , uk(x1, . . . , xk),

vk(x1, . . . , xk) ∈ F[x1, . . . , xk]
such that

f(x1, . . . , xk) = u1(x1, . . . , xk)(x
n1
1 − x1 − r1)

+ . . .+uk(x1, . . . , xk)(x
nk
k −xk−rk)+vk(x1, . . . , xk),

where vk(x1, . . . , xk) = 0 or the degrees of
x1, x2, . . . , xk in vk(x1, . . . , xk) are less than
n1, n2, . . . , nk, respectively. Since

f(Π1, . . . ,Πk) = 0

and
Πni

i −Πi − ri = 0

for all i = 1, 2, . . . , k, uk(Π1, . . . ,Πk) = 0. The co-
efficients of all terms in vk(x1, . . . , xk) are the en-
tries of the matrix vk(Π1, . . . ,Πk) because the de-
grees of x1, x2, . . . , xk in vk(x1, . . . , xk) are less
than n1, n2, . . . , nk, respectively. Therefore, the co-
efficient of each term in vk(x1, . . . , xk) is 0, i.e.,
vk(x1, . . . , xk) = 0. Thus

f(x1, . . . , xk) ∈ ⟨xn1
1 −x1− r1, . . . , x

nk
k −xk − rk⟩.

Definition 6 Let I be a non-zero ideal of the poly-
nomial ring F[y1, . . . , yt]. Then I is called an an-
nihilation ideal of square matrices A1, . . . , At, de-
noted by I(A1, . . . , At), if f(A1, . . . , At) = 0 for all
f(y1, . . . , yt) ∈ I.

Definition 7 Suppose that A1, . . . , At ∈
F[Π1, . . . ,Πk] are not all zero matrices. The
unique monic polynomial g(x) of minimum degree
that simultaneously annihilates A1, . . . , At is called
the common minimal polynomial of A1, . . . , At.

We give the special case of [16, Theorem 2.4.10]
here for the convenience of applications.

Lemma 8 Let I be an ideal of F[x1, . . . , xk]. Given
f1, . . . , fm ∈ F[x1, . . . , xk], consider the following
F - algebra homomorphism

φ : F[y1, . . . , ym] → F[x1, . . . , xk]/I
y1 7→ f1 + I

. . . . . . . . .

ym 7→ fm + I

Let K = ⟨I, y1 − f1, . . . , ym − fm⟩ be an ideal
of F[x1, . . . , xk, y1, . . . , ym] generated by I, y1 −
f1, . . . , ym − fm. Then

ker φ = K ∩ F[y1, . . . , ym].

Lemma 9 [19] Let A be a non-zero matrix over F, if
the minimal polynomial of A is:

p(x) = a0x
n + a1x

n−1 + a2x
n−2 + . . .+ an

and an ̸= 0, then

A−1 =
1

an
(−a0An−1 − a1A

n−2 − . . .− an−1I).

The following Lemma is the Exercise 2.38 of
[16].

Lemma 10 Let L1,L2, . . . ,Lm be ideals of
F[x1, x2, . . . , xk] and let

J = ⟨1−
m∑
i=1

wi, w1L1, w2L2, . . . , wmLm⟩

be an ideal of F[x1, x2, . . . , xk, w1, . . . , wm] gener-
ated by 1−

∑m
i=1wi, w1L1, w2L2, . . . , wmLm. Then

m∩
i=1

Li = J
∩

F[x1, x2, . . . , xk].

By the Theorem 5 and the Lemma 8, we can prove
the following theorem.

Theorem 11 The minimal polynomial of a level-k
FLS (r1, . . . , rk)-circulant matrix A ∈ F[Π1, . . . ,Πk]
is the monic polynomial that generates the ideal

⟨xn1
1 −x1−r1, . . . , x

nk
k −xk−rk, y−f(x1, . . . , xk)⟩

∩F[y], where the polynomial f(x1, . . . , xk) is the rep-
resenter of A.

Proof: Consider the following F - algebra homomor-
phism

ϕ : F[y]→ F[x1, . . . , xk]/⟨xn1
1 − x1 − r1,

. . . , xnk
k − xk − rk⟩ −→ F[Π1, . . . ,Πk]

y 7→ f(x1, . . . , xk)

+⟨xn1
1 − x1 − r1, . . . , x

nk
k − xk − rk⟩ 7−→

A = f(Π1, . . . ,Πk).

It is clear that q(y) ∈ ker ϕ if and only if q(A) = 0.
By Lemma 8, we have

ker ϕ = ⟨xn1
1 − x1 − r1, . . . , x

nk
k − xk − rk,

y − f(x1, . . . , xk)⟩ ∩ F[y].

By Theorem 11 and Lemma 9, we know that
the minimal polynomial and the inverse of a level-k
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FLS (r1, . . . , rk)-circulant matrix A ∈ F[Π1, . . . ,Πk]
is calculated by a Gröbner basis for a kernel of
an F -algebra homomorphism. Therefore, we have
the following algorithm to calculate the mini-
mal polynomial and the inverse of a level-k FLS
(r1, . . . , rk)-circulant matrix A = f(Π1, . . . ,Πk):

Step 1 Calculate the reduced Gröbner basis G for the
ideal

⟨xn1
1 − x1 − r1, . . . , x

nk
k − xk − rk, y

−f(x1, . . . , xk)⟩ ∩ F[y]

by CoCoA 4.0, using an elimination order with
x1 > x2 > . . . > xk > y.

Step 2 Find the polynomial in G in which the vari-
ables x1, x2, . . . , xk are not appear. This polynomial
p(x) is the minimal polynomial of A.

Step 3 By step 2, if an in the minimal polynomial of
A

p(x) = a0x
n + a1x

n−1 + a2x
n−2 + . . .+ an

is zero, stop. Otherwise, calculate

A−1 =
1

an
(−a0An−1 − a1A

n−2 − . . .− an−1I).

Example 12 Let A = f(Π1,Π2) be a level-2 FLS
(2, 5)-circulant matrix, where

f(x, y) = x3y2 + 3x3y + x2y2 + 7x3

+x2y + 2x2 + 3xy2 + 4y2 + 5xy + 2x+ 3y + 2.

and Π1 = ℵ2 ⊗ I3,Π2 = I4 ⊗ ℵ5 and

ℵ2 =


0 1 0 0
0 0 1 0
0 0 0 1
2 1 0 0

 ,ℵ5 =

 0 1 0
0 0 1
5 1 0

 ,

I3 =

 1 0 0
0 1 0
0 0 1

 , I4 =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 .

We can now calculate the minimal polynomial
and the inverse of A with coefficients in the field Z11

as following:

In fact, the reduced Gröbner basis for the ideal
⟨x4 − x− 2, y3 − y − 5, z − f(x, y)⟩:

G = {z12 − 4z11 + 3z10 − z9 − 5z8 + 4z6

+z5 + 3z4 + 5z3 + 3z2 − 3z + 1, x+ z11 + 3z9

−5z8 − 4z7 + 5z6 − 5z5 + 4z3 − z2 + 3z + 1,
y − z11 + z10 − 3z9 − 2z7 − 2z6 − z5

−4z4 − 2z3 − 2z2}.

So the minimal polynomial of A is

z12 − 4z11 + 3z10 − z9 − 5z8 + 4z6 + z5

+3z4 + 5z3 + 3z2 − 3z + 1,

and the inverse of A is

A−1 = −A11 + 4A10 − 3A9 +A8 + 5A7 − 4A5

−A4 − 3A3 − 5A2 − 3A+ 3I.

Theorem 13 The annihilation ideal of level-k
FLS (r1, . . . , rk)-circulant matrices A1, . . . , At ∈
F[Π1, . . . ,Πk] is

⟨xn1
1 −x1−r1, . . . , x

nk
k −xk−rk, y1−f1(x1, . . . , xk),

. . . , yt − ft(x1, . . . , xk)⟩ ∩ F[y1, . . . , yt],

where the polynomial fi(x1, . . . , xk) is the represen-
ter of Ai, i = 1, 2, . . . , t.

Proof Consider the following F - algebra homomor-
phism

φ : F[y1, . . . , yt]→ F[x1, . . . , xk]/⟨xn1
1 − x1 − r1,

. . . , xnk
k − xk − rk⟩ −→ F[Π1, . . . ,Πk]

y1 7→ f1(x1, . . . , xk) + ⟨xn1
1 − x1 − r1, . . . , x

nk
k

−xk − rk⟩ 7−→ A1 = f1(Π1, . . . ,Πk)

· · ·

· · ·

yt 7→ ft(x1, . . . , xk) + ⟨xn1
1 − x1 − r1, . . . , x

nk
k

−xk − rk⟩ 7−→ At = ft(Π1, . . . ,Πk).

It is clear that φ(g(y1, . . . , yt)) = 0 if and only if
g(A1, . . . , At) = 0. Hence, by Lemma 8,

I(A1, . . . , At) = kerφ = J ∩ F[y1, . . . , yt].

⊓⊔
According to Theorem 13, we give the follow-

ing algorithm for the annihilation ideal of level-
k FLS (r1, . . . , rk)-circulate matrices A1, . . . , At ∈
F[Π1, . . . ,Πk].
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Step 1 Calculate the reduced Gröbner basis G for the
ideal

⟨xn1
1 − x1 − r1, . . . , x

nk
k − xk − rk, y1

−f1(x1, . . . , xk), . . . , yt − ft(x1, . . . , xk)⟩

by CoCoA 4.0, using an elimination order with x1 >
. . . > xk > y1 > . . . > yk.

Step 2 Find the polynomial in G in which the vari-
ables x1, x2, . . . , xk are not appear. Then the ideal
generated by these polynomials is the annihilation
ideal of A1, . . . , At.

To calculate the common minimal polynomial of
A1, . . . , At, we first give the following Lemma.

Lemma 14 Let h(x) be the least common multiple of
p1(x), p2(x), . . . , pk(x). Then

k∩
i=1

⟨pi(x)⟩ = ⟨h(x)⟩.

Proof: For any

f(x) ∈
k∩

i=1

⟨pi(x)⟩,

we have
pi(x) | f(x)

for i = 1, 2, . . . , k. Since h(x) is the least common
multiple of p1(x), p2(x), . . . , pk(x), h(x) | f(x). So

f(x) ∈ ⟨h(x)⟩.

Hence
k∩

i=1

⟨pi(x)⟩ ⊆ ⟨h(x)⟩.

Conversely, pi(x) | h(x) for i = 1, 2, . . . , k,
because h(x) is the least common multiple of
p1(x), p2(x), . . . , pk(x). Therefore

k∩
i=1

⟨pi(x)⟩ ⊇ ⟨h(x)⟩.

By Lemma 14 and Lemma 10, If the minimal
polynomial of Ai is pi(x) for i = 1, 2, . . . , t, then the
common minimal polynomial of A1, . . . , At is the
least common multiple of p1(x), p2(x), . . . , pt(x). So
we have the following algorithm for the common min-
imal polynomial of level-k FLS (r1, . . . , rk)-circulant
matrices Ai = fi(Π1, . . . ,Πk) for i = 1, 2, . . . , t:

Step 1 Calculate the Gröbner basis Gi for the ideal
⟨xn1

1 −x1−r1, . . . , x
nk
k −xk−rk, y−fi(x1, . . . , xk)⟩

by CoCoA 4.0 for each i = 1, 2, . . . , t, using an elim-
ination order with x1 > . . . > xk > y.
Step 2 Find out the polynomial gi(y) in Gi in which
the variables xi, . . . , xk do not appear for each i =
1, 2, . . . , t.
Step 3 Calculate the Gröbner basis G for the ideal
⟨1−

∑t
i=1wi, w1g1(y), . . . , wtgt(y)⟩ by CoCoA 4.0,

using elimination with w1 > . . . > wt > y.
Step 4 Find out the polynomial g(y) in G in which the
variables w1, . . . , wt do not appear. Then the poly-
nomial g(y) is the common minimal polynomial of
Ai = fi(Π1, . . . ,Πk) for i = 1, 2, . . . , t.

Example 15 Let A1 = f1(Π1,Π2) and A2 =
f2(Π1,Π2) be both level-2 (11,14)-circulant matrices,
where Π1 = ℵ11 ⊗ I4,Π2 = I4 ⊗ ℵ14,

f1(x, y) = x3y3+2x3y2+x3y+3x3+7x2y3+4x2y2

+3x2y+2x2+xy3+7xy2+xy+6x+2y3+3y2+2y+5,

f2(x, y) = x3y3+x3y2+3x3y+2x3+6x2y3+5x2y2

+7x2y+x2+4xy3+3xy2+xy+4x+6y3+3y2+y+4,

and

ℵ11 =


0 1 0 0
0 0 1 0
0 0 0 1
11 1 0 0

 ,

ℵ14 =


0 1 0 0
0 0 1 0
0 0 0 1
14 1 0 0

 , I4 =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 .

We calculate the common minimal polynomial of
A1 and A2 in the field Z11 as following:

By CoCoa 4.0, we obtain reduced Gröbner basis
for the ideal
⟨x4 − x− 11, y4 − y − 14, z − f1(x, y)⟩ is

G1 = {z12 + 2z11 + 5z10 − 2z9 + 5z8 − 4z7 + 4z6

+3z5 + 2z4 − 3z3 + 2z2 + 5z + 1,
x2 − x− yz2 − 4yz − 4y − 5z11 − 2z10 + z9 + z8+

4z7 + 4z6 − z5 + z4 − z3 + 4z2 + 5z + 2,
xy + 5x+ 5yz2 + y + 3z11 − 3z10 + 3z9 − 2z8

−5z7 − 2z6 + 5z5 + 4z4 + z3 − 3z2 + 5z + 5,
xz + 4x− yz2 + 3yz − y + z11 + z10 + 5z9 − 5z8

−5z7 − z6 − 3z5 − 4z4 − 3z3 + 4z2 + 5z,
y2 + 2yz2 + 5yz − y + 5z11 + z10 − z9 − 5z8

−5z7 − z6 + 2z5 + 2z3 + 3z2 + 2z − 5,
yz3 − yz2 + 3yz − 4y + 3z11 + 5z10 − z9 − 5z7

−2z6 − 5z5 + 4z4 + z3 + 5z + 3}.
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So the minimal polynomial p1(z) of A1 is

z12 + 2z11 + 5z10 − 2z9 + 5z8 − 4z7

+4z6 + 3z5 + 2z4 − 3z3 + 2z2 + 5z + 1.

By CoCoa 4.0, we get the reduced Gröbner basis
for the ideal
⟨x4 − x− 11, y4 − y − 14, z − f2(x, y)⟩ is

G2 = {z15 − z14 − 2z13 − 3z12 + 2z11 − 2z10

+z9 − z8 + 2z7 + 3z6 + 2z5 + 5z2 − 5z,
x2 + x− 2z14 − z13 − z12 + z11 − 5z10 + 4z9

+4z8 − z7 − 4z5 + 2z4 + 4z3 + 5z2 + 2z,
xz − 3x+ 2z14 + 3z13 + 2z12 + 5z11 + 2z10 + 3z9

−4z8 + 5z7 + 2z6 + z5 + 3z4 − z3 − 4z2 + 5z,
y + 3z14 − 3z12 + 3z11 + 2z10 − 3z9 + 4z8 − 3z7

−3z6 − 5z5 − z4 − 5z3 − z2 + 3z − 2}.

So the minimal polynomial p2(z) of A2 is

z15 − z14 − 2z13 − 3z12 + 2z11 − 2z10

+z9 − z8 + 2z7 + 3z6 + 2z5 + 5z2 − 5z.

By CoCoa 4.0, we obtain the reduced Gröbner ba-
sis for the ideal ⟨1− u− v, up1(z), vp2(z)⟩ is

G = {u+ v − 1,
vz4 − 4vz3 − 5vz2 − 4vz + 3v − 5z22 − 3z21 + z20

−2z19 + 5z18 + 5z17 + z16 + 5z15 − 4z14

+5z13 − 2z12 + z11 + z10 − z9 − 4z8 − 2z7 + 3z6

+4z5 + 3z4 − 5z3 + 5z2 + z − 3,
z23 + 5z22 + 4z21 − 2z20 − 5z18 + 4z17 − 2z16

+3z15 + 3z14 − 4z13 + 2z12 + z11 + 2z10

+3z9 − z8 − z7 − 5z6 + z4 + 3z3 − 4z2 + 2z}.

So the common minimal polynomial p(z) of A1 and
A2 is

z23 + 5z22 + 4z21 − 2z20 − 5z18 + 4z17 − 2z16

+3z15 + 3z14 − 4z13 + 2z12 + z11 + 2z10

+3z9 − z8 − z7 − 5z6 + z4 + 3z3 − 4z2 + 2z.

4 Efficient algorithms for finding the
inverses of level-k FLS (r1, . . . , rk)-
circulant matrices

In this section, we discuss the singularity and the
inverse of a level-k FLS (r1, . . . , rk)-circulant matrix.

Theorem 16 Let A ∈ F[Π1, . . . ,Πk] be an N × N
level-k FLS (r1, . . . , rk)-circulant matrix. Then A is
nonsingular if and only if

1 ∈ ⟨f(x1, . . . , xk), xn1
1 −x1−r1, . . . , x

nk
k −xk−rk⟩,

where the polynomial f(x1, . . . , xk) is the representer
of A.

Proof. A is nonsingular if and only if

f(x1, . . . , xk) + ⟨xn1
1 − x1 − r1, . . . , x

nk
k − xk − rk⟩

is an invertible element in

F(x1, . . . , xk)/⟨xn1
1 − x1 − r1, . . . , x

nk
k − xk − rk⟩.

By Theorem 5, if and only if there exists

h(x1, . . . , xk) + ⟨xn1
1 − x1 − r1, . . . , x

nk
k − xk − rk⟩

∈ F[x1, . . . , xk]/⟨xn1
1 − x1 − r1, . . . , x

nk
k − xk − rk⟩

such that h(x1, . . . , xk)f(x1, . . . , xk)

+⟨xn1
1 − x1 − r1, . . . , x

nk
k − xk − rk⟩

= 1 + ⟨xn1
1 − x1 − r1, . . . , x

nk
k − xk − rk⟩

if and only if there exist

h(x1, . . . , xk), u1, . . . , uk ∈ F[x1, . . . , xk]

such that

h(x1, . . . , xk)f(x1, . . . , xk) + u1(x
n1
1 − x1 − r1)

+ . . .+ uk(x
nk
k − xk − rk) = 1

if and only if

1 ∈ ⟨f(x1, . . . , xk), xn1
1 −x1−r1, . . . , x

nk
k −xk−rk⟩.

⊓⊔
Let A ∈ F[Π1, . . . ,Πk] be an N × N level-k

FLS (r1, . . . , rk)-circulant matrix, by Theorem 16, we
have the following algorithm which can find the in-
verse of the matrix A:

Step 1 Calculate the reduced Gröbner basis G for the
ideal

⟨f(x1, . . . , xk), xn1
1 − x1 − r1, . . . , x

nk
k − xk − rk⟩,

where the polynomial f(x1, . . . , xk) is the representer
of A, by CoCoA 4.0, using a given term order with
x1 > . . . > xk. If G ̸= {1}, then A is singular. Stop.
Otherwise, go to step 2.

Step 2 By Buchberger’s algorithm for computing
Gröbner bases, keeping track of linear combinations
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that give rise to the new polynomials in the generating
set, we get h(x1, . . . , xk), u1, . . . , uk ∈ F[x1, . . . , xk]
such that

h(x1, . . . , xk)f(x1, . . . , xk) + u1(x
n1
1 − x1 − r1)

+ . . .+ uk(x
nk
k − xk − rk) = 1 (4)

Step 3 The variables x1, . . . , xk in the above formula
(4) are replaced by Π1, . . . ,Πk, respectively, we have

A−1 = h(Π1, . . . ,Πk).

5 Inverse of partitioned matrix with
level-k FLS (r1, . . . , rk)-circulant
matrix blocks

Let A1, A2, A3, A4 be level-k FLS (r1, . . . , rk)-
circulant matrices with the representer
f1(x1, . . . , xk), f2(x1, . . . , xk), f3(x1, . . . , xk),
f4(x1, . . . , xk), respectively. If A1 is nonsingular, let

Σ =

(
A1 A2

A3 A4

)
,

Γ1 =

(
I 0

−A3A
−1
1 I

)
, Γ2 =

(
I −A−1

1 A2

0 I

)
,

then

Γ1ΣΓ2 =

(
A1 0

0 A4 −A3A
−1
1 A2

)
. (5)

So Σ is nonsingular if and only if A4 − A3A
−1
1 A2 is

nonsingular. Since A1, A2, A3, A4 are all level-k FLS
(r1, . . . , rk)-circulant matrices, then the Ai commutes
with the Aj if i ̸= j. Thus

A1(A4 −A3A
−1
1 A2) = A1A4 −A2A3. (6)

By the equation (6), we conclude that Σ is non-
singular if and only if A1A4 − A2A3 is nonsingular.
Since

f1(x1, . . . , xk)f4(x1, . . . , xk)
−f2(x1, . . . , xk)f3(x1, . . . , xk)

is the representer of A1A4 −A2A3, then Σ is nonsin-
gular if and only if

1 ∈ ⟨f1(x1, . . . , xk)f4(x1, . . . , xk)
−f2(x1, . . . , xk)f3(x1, . . . , xk),
xn1
1 − x1 − r1, . . . , x

nk
k − xk − rk⟩.

In addition, if Σ is nonsingular, by the equation
(5), we have

Σ−1 =

(
I −A−1

1 A2

0 I

)
(

A−1
1 0

0 (A4 −A3A
−1
1 A2)

−1

)(
I 0

−A3A
−1
1 I

)
=

(
T1 T2

T3 T4

)
,

where

T1 = A−1
1 + (A1A4 −A2A3)

−1A2A3A
−1
1 ,

T2 = −(A1A4 −A2A3)
−1A2,

T3 = −(A1A4 −A2A3)
−1A3,

T4 = (A1A4 −A2A3)
−1A1.

Therefore, we have the following result.

Theorem 17 Let

Σ =

(
A1 A2

A3 A4

)
,

where A1, A2, A3 and A4 are all level-k FLS
(r1, . . . , rk)-circulant matrices with the representer
f1(x1, . . . , xk), f2(x1, . . . , xk), f3(x1, . . . , xk),
f4(x1, . . . , xk), respectively. If A1 is nonsingular,
then Σ is nonsingular if and only if

1 ∈ ⟨f1(x1, . . . , xk)f4(x1, . . . , xk)
−f2(x1, . . . , xk)f3(x1, . . . , xk),
xn1
1 − x1 − r1, . . . , x

nk
k − xk − rk⟩.

Moreover, if Σ is nonsingular, then

Σ−1 =

(
T1 T2

T3 T4

)
. (7)

where
T1 = A−1

1 + (A1A4 −A2A3)
−1A2A3A

−1
1 ,

T2 = −(A1A4 −A2A3)
−1A2,

T3 = −(A1A4 −A2A3)
−1A3,

T4 = (A1A4 −A2A3)
−1A1.

Theorem 18 Let

Σ =

(
A1 A2

A3 A4

)
,

where A1, A2, A3, A4 are all level-k FLS
(r1, . . . , rk)-circulant matrices with the representer
f1(x1, . . . , xk), f2(x1, . . . , xk), f3(x1, . . . , xk),
f4(x1, . . . , xk), respectively. If A4 is nonsingular,
then Σ is nonsingular if and only if

1 ∈ ⟨f1(x1, . . . , xk)f4(x1, . . . , xk)
−f2(x1, . . . , xk)f3(x1, . . . , xk),
xn1
1 − x1 − r1, . . . , x

nk
k − xk − rk⟩.
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Moreover, if Σ is nonsingular, then

Σ−1 =

(
T1 T2

T3 T4

)
, (8)

where
T1 = (A1A4 −A2A3)

−1A4,
T2 = −(A1A4 −A2A3)

−1A2,
T3 = −(A1A4 −A2A3)

−1A3,
T4 = A−1

4 + (A1A4 −A2A3)
−1A2A3A

−1
4 .

Proof. Since A4 is nonsingular, then(
I −A2A

−1
4

0 I

)
Σ

(
I 0

−A−1
4 A3 I

)

=

(
A1 −A2A

−1
4 A3 0

0 A4

)
. (9)

So Σ is nonsingular if and only if A1 − A2A
−1
4 A3 is

nonsingular. Since A1, A2, A3, A4 are all level-k FLS
(r1, . . . , rk)-circulant matrices, then the Ai commutes
with the Aj if i ̸= j. Thus

A4(A1 −A2A
−1
4 A3) = A1A4 −A2A3. (10)

By the equation (10), we conclude that Σ is non-
singular if and only if A1A4 − A2A3 is non-
singular. Since f1(x1, . . . , xk)f4(x1, . . . , xk) −
f2(x1, . . . , xk)f3(x1, . . . , xk) is the representer of
A1A4 −A2A3, then Σ is nonsingular if and only if

1 ∈ ⟨f1(x1, . . . , xk)f4(x1, . . . , xk)
−f2(x1, . . . , xk)f3(x1, . . . , xk),
xn1
1 − x1 − r1, . . . , x

nk
k − xk − rk⟩.

In addition, if Σ is nonsingular, by the equation
(9), we have

Σ−1 =(
I 0

−A−1
4 A3 I

)
(

(A1 −A2A
−1
4 A3)

−1 0

0 A−1
4

)(
I −A2A

−1
4

0 I

)
=

(
T1 T2

T3 T4

)
,

where
T1 = (A1A4 −A2A3)

−1A4,
T2 = −(A1A4 −A2A3)

−1A2,
T3 = −(A1A4 −A2A3)

−1A3,
T4 = A−1

4 + (A1A4 −A2A3)
−1A2A3A

−1
4 .

We have the following algorithm for determining
the nonsingularity and computing the inverse of Σ if
it is nonsingular.

Step 1 Calculate the Gröbner bases G1,G4 for the
ideals

⟨f1(x1, . . . , xk), xn1
1 − x1 − r1, . . . , x

nk
k − xk − rk⟩,

⟨f4(x1, . . . , xk), xn1
1 − x1 − r1, . . . , x

nk
k − xk − rk⟩,

respectively. If G1 ̸= {1},G4 ̸= {1}, Stop. Other-
wise, go to step 2.

Step 2. If G1 = {1}, find u1, . . . , uk,
h1(x1, . . . , xk) ∈ F[x1, . . . , xk] such that

h1(x1, . . . , xk)f1(x1, . . . , xk) + u1(x
n1
1 − x1 − r1)

+ . . .+ uk(x
nk
k − xk − rk) = 1.

Then h1(x1, . . . , xk) is the representer of A−1
1 , go to

step 4. Otherwise, go to step 3.

Step 3. If G4 = {1}, find u′1, . . . , u
′
k,

h4(x1, . . . , xk) ∈ F[x1, . . . , xk] such that

h4(x1, . . . , xk)f4(x1, . . . , xk) + u′1(x
n1
1

−x1 − r1) + . . .+ u′k(x
nk
k − xk − rk) = 1.

Then h4(x1, . . . , xk) is the representer of A−1
4 , go to

step 4.

Step 4. Calculate the Gröbner bases G for the ideals

⟨f1(x1, . . . , xk)f4(x1, . . . , xk)
−f2(x1, . . . , xk)f3(x1, . . . , xk),
xn1
1 − x1 − r1, . . . , x

nk
k − xk − rk⟩.

If G ̸= {1}, then A1A4 − A2A3 is singular, Stop.
Otherwise, go to step 5.

Step 5. Find v1, . . . , vk, h(x1, . . . , xk) ∈
F[x1, . . . , xk] such that

h(x1, . . . , xk)[f1(x1, . . . , xk)f4(x1, . . . , xk)

−f2(x1, . . . , xk)f3(x1, . . . , xk)]
+v1(x

n1
1 − x1 − r1) + . . .+ vk(x

nk
k − xk − rk) = 1.

Then h(x1, . . . , xk) is the representer of (A1A4 −
A2A3)

−1. Then we obtain
If A1 is nonsingular, then

Σ−1 =

(
T1 T2

T3 T4

)
;

if A4 is nonsingular, then

Σ−1 =

(
T5 T2

T3 T6

)
,

where
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T1 = h1(Π1, . . . ,Πk)[I + h(Π1, . . . ,Πk)A2A3],
T2 = −h(Π1, . . . ,Πk)A2,
T3 = −h(Π1, . . . ,Πk)A3,
T4 = h(Π1, . . . ,Πk)A1,
T5 = h(Π1, . . . ,Πk)A4,
T6 = h4(Π1, . . . ,Πk)[I + h(Π1, . . . ,Πk)A2A3].
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