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Abstract: Numerical solutions of boundary value problems for elliptic equations with discontinuities in the coef-
ficients and flux across immersed interface are of special interest. This paper develop a three order isoparametric
finite element method for 2D elliptic interface problems. To obtain a high order of accuracy presents some dif-
ficulty, especially if the immersed interface does not fit with the elements. For this purpose, based on an initial
Cartesian mesh, a body-fitted mesh optimization strategy is proposed by introducing curved boundary elements
near the interface, and a quadratic isoparametric finite element basis is constructed on the optimized mesh. Nu-
merical examples with immersed interval interface demonstrate that the proposed method is efficient for elliptic
interface problems with nonhomogeneous flux jump condition.
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1 Introduction
Interface problems often appear in fluid mechanics,
solid mechanics, electrodynamics, material science,
biochemistry, etc. It is the case when two distinct ma-
terials or fluids with different conductivities or densi-
ties or diffusions are involved. These interfaces could
be fixed or moving material interfaces, phase bound-
aries, flame fronts, physical boundaries, etc. When
partial or ordinary differential equations are used to
model these problems, the coefficients in the govern-
ing differential equations are typically discontinuous
across the immersed interface, and the source terms
may singular. Because of the low global regularity and
the irregular geometry of the interface, the solutions
to the differential equations are typically non-smooth,
or even discontinuous a result, the standard numerical
methods, such as finite difference and finite element
methods, may fail in giving satisfactory numerical re-
sults for such problems.

The elliptic problems with internal interfaces are
considered as standard benchmark problems. In many
simulation, such as in fluid dynamics, material sci-
ence, and biological systems etc, solving an elliptic
equation with discontinuous coefficients and singular
sources is the most expensive part.

A wide range of numerical methods have been
devised in the past few decades. Peskin [19] devel-
oped immersed boundary method (IBM) basically to

model blood flow in the heart. The immersed inter-
face method (IIM) posed by LeVeque and Li [4] is
a remarkable scheme that achieves the second order
accuracy and preserves the jump information at the
interface. In their method, a local correction is em-
ployed to incorporate the interface jump conditions.
On the other hand, a fast iterative immersed inter-
face method [5] (FIIM) is developed for elliptic in-
terface problems with piecewise constant coefficients.
Berthelsen [30] presents a decomposed immersed in-
terface method (DIIM). In this scheme, the numerical
discretization is well-defined by introducing a correc-
tion term to the standard central difference stencil, and
the coefficient matrix tends to be symmetric and pos-
itive definite. Alternatively, Maximum principle pre-
serving immersed interface method (MIIM) proposed
by Li and K. Ito [7] enforces the resulting coefficient
matrix to be an M-matrix.

The ghost fluid method (GFM) proposed by Fed-
kiw et al. [28] is relatively simple and easy-to-use
approach. A high-order method which combines the
merits of GFM and FIIM is the explicit-jump im-
mersed interface method (EJIIM) proposed by Wieg-
mann and Bube [29], in which the high-order jumps
at the intersections of the interface and the coordinate
directions are regarded as auxiliary unknowns.

The jump condition capturing finite difference
scheme proposed by Wang [26], develops a simple fi-
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nite difference scheme by using a body-fitted curvi-
linear coordinate system. Matched interface bound-
ary (MIB) method [16, 18] was initially introduced
for solving the Maxwell’s equation with material in-
terfaces, later generalized to the solution of elliptic
equations with discontinuous coefficients and singu-
lar sources [13, 14, 15, 17]. In order to employ the
standard finite difference scheme throughout the com-
putational domain, the fictitious values are used on ir-
regular points . Interface problems with only discon-
tinuous coefficients can apply the method of harmonic
averaging [1, 31], in which the accurate coefficients is
evaluated by taking the harmonic averages of them on
uniform grid. The coupling interface method (CIM)
introduced by Chern and Shu [22], derives a coupling
equation for the principal derivatives to avoid unnec-
essary one-side interpolation.

In finite element formulation, Babuška et al. [2,
3] developed the generalized finite element method.
In their method, local basis functions formed in an
element can capture important features of the exact
solution. The immersed finite element (IFE) meth-
ods [6, 8, 10, 12] also fall into this framework. Other
methods such as finite volume based methods [25],
the piecewise-polynomial discretization [24], integral
equation methods [23], and discontinuous Galerkin
techniques [27] have also generated much interest.

This paper is motivated by [9, 20]. The main
contribution of this paper contains: (i) we generate
a body-fitted mesh with curved boundary triangles
based on the locally modified Cartesian mesh [20], (ii)
we construct a quadratic isoparametric finite element
based on the optimized mesh, (iii) we use such curved
meshes and quadratic basis to solve elliptic interface
problem using isoparametric finite element method.
In our curved meshes, curved elements are used near
the interval interface, and the immersed interfaces are
discretized with piecewise quadratic curves, so we can
expect a good approximation of the curved internal in-
terface. As is known to all, to obtain a high order of
accuracy presents some difficulty, especially if the im-
mersed interface does not fit with the elements. The
curved mesh casts new light on high order finite el-
ement methods. Isoparametric finite element can re-
cover domains with piecewise quadratic boundary ex-
actly, approximate general domains with a few de-
grees of freedom. Therefore it is a good tool to ap-
proximate interface with piecewise smooth boundary.

An outline of the paper is as follows. In section
2, we give model equations and derive the weak for-
mulation from the given equations. In section 3, we
detail the mesh generation process and the construc-
tion of quadratic isoparametric finite element basis.
In section 4, we present numerical results. Finally,
in Section 5, we give a brief conclusion .

2 Finite element method for elliptic
interface problem

2.1 The model problem
Assume, Ω ⊂ IR2 is a bounded domain with its
boundary ∂Ω. The immersed interface Γ is a suf-
ficiently smooth curve separates Ω into two sub-
domains Ω−, Ω+ such that Ω− ∩ Ω+ = ∅, Ω =
Ω− ∪ Ω+ and Ω− ∩ Ω+ = Γ, where an overline de-
notes the closure; see the sketch in Fig.1. Without
loss of generality, we assume that Ω is a rectangular
domain.

Γ

Ω
−

Ω
+

Ω

n

Figure 1: A rectangular domain Ω with an immersed
interface Γ

In this paper, we consider the following elliptic
interface problem:

−∇ · (β−∇u) = f in Ω−, (1)
−∇ · (β+∇u) = f in Ω+, (2)
[u]Γ = 0, (3)[
β
∂u

∂n

]
Γ

= Q, (4)

u = g on ∂Ω. (5)

where n is the unit normal direction of the interface
pointing outward, ∂u

∂n is the normal derivative of the
solution u(x,y).

The jumps are defined as the difference of the lim-
iting values from each side of the interface. For exam-
ple, the jump in the flux [β ∂u

∂n ]Γ at a point P on the
interface is defined as[

β
∂u

∂n

]
P∈Γ

def
=(
β+ lim

x→P,x∈Ω+
∇u(x)−

β− lim
x→P,x∈Ω−

∇u(x)

)
· n,

= β+
∂u+

∂n
− β−

∂u−

∂n
, (6)
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2.2 The weak formulation
To derive the weak form of the interface problem (1)–
(5), we multiply both sides of the equations (1) and (2)
by a test function v(x,y) ∈ H1

0 (Ω), where H1
0 (Ω) =

{v ∈ H1(Ω) : v|∂Ω = 0}, and integrate over the
domains Ω+ and Ω− respectively∫∫

Ω+

[−∇ · (β∇u)]vdxdy =

∫∫
Ω+

fvdxdy, (7)∫∫
Ω−

[−∇ · (β∇u)]vdxdy =

∫∫
Ω−

fvdxdy. (8)

Applying Green’s formula in the domains Ω+ and Ω−

respectively, we obtain∫∫
Ω+

β∇u∇vdxdy +
∫
Γ
β+v+

∂u+

∂n+
ds

−
∫
∂Ω
βv
∂u

∂n
ds =

∫∫
Ω+

fvdxdy, (9)∫∫
Ω−

β∇u∇vdxdy −
∫
Γ
β−v−

∂u−

∂n+
ds

=

∫∫
Ω−

fvdxdy, (10)

where n+ = n is the unit normal direction of the
interface Γ pointing outward. By applying the zero
boundary condition v|∂Ω = 0 and adding (9) and (10)
together, we get∫∫

Ω+

β∇u∇vdxdy +
∫∫

Ω−
β∇u∇vdxdy

+

∫
Γ
β+v+

∂u+

∂n
ds−

∫
Γ
β−v−

∂u−

∂n
ds

=

∫∫
Ω+

fvdxdy +

∫∫
Ω−

fvdxdy. (11)

According to the definition of the jump in the flux:[
β
∂u

∂n

]
= β+

∂u+

∂n
− β−

∂u−

∂n
= Q, (12)

and the jump condition (3), we obtain∫∫
Ω
β∇u∇vdxdy =

∫∫
Ω
fvdxdy −

∫
Γ
Qvds,

for all v ∈ H1
0 (Ω). (13)

Let

a(u, v) =

∫∫
Ω
β∇u∇vdxdy (14)

⟨f , v⟩ =
∫∫

Ω
fvdxdy −

∫
Γ
Qvds. (15)

The weak form of the interface problem (1) – (5)
is to find u ∈ H1

0 (Ω) such that

a(u, v) = ⟨f , v⟩, for all v ∈ H1
0 (Ω). (16)

The weak form allows discontinuities in the coeffi-
cient and the normal derivatives of the solution.

We assume Vh is a finite dimensional subspace of
H1

0 (Ω), then the Galerkin method for approximating
the solution of problem (16) is to find a discrete solu-
tion uh ∈ Vh, such that

a(uh, vh) = ⟨f, vh⟩, for all vh ∈ Vh. (17)

Let (wk)
L
k=1 be a basis in the space Vh, then the

solution of problem (17) can be written as uh =∑L
k=1 ukwk, where the coefficients uk are solutions

of the linear system

L∑
k=1

a(wk, wl)uk = ⟨f, wl⟩, 1 6 l 6 L. (18)

The choices of Vh and its basis are very impor-
tant in finite element theory. From numerical stand-
point, a good choice of the basis is to make the result-
ing matrix possess as many zeros as possible. In the
following section, we will construct a quadratic finite
element based on a body-fitted mesh.

3 Construction of isoparametric fi-
nite element space

3.1 Generation of body-fitted mesh
The generation of a body-fitted triangulation with
curved boundary elements based on a locally modi-
fied mesh [9, 20] is the main part of our algorithm,
we detail the generation process in the following. For
the purpose of illustration, in Fig.2 we show a locally
modified mesh. For brevity, we omit the generation
processes of locally modified mesh but refer the read-
ers to [20] for the detail.

Assume that Th is a body-fitted triangulation gen-
erated from a Cartesian grid using algorithm in [9, 20],
associates with the step size h. We call a triangle el-
ement T ∈ Th interface element, if more than two
vertices of T are on the interface, and denote by TI
the union of all interface elements. To make a bet-
ter approximation of the immersed interface, we in-
troduce curved element. Firstly, find the intersections
of the midnormal of the interface edge and interface,
we call them as curved points below. Then, we apply
a quadratic curve passes through two endpoints of this
interface edge and the intersection replacing original
interface edge.
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Figure 2: A locally modified mesh with straight
boundary triangles.

For illustration, we detail the process in Fig.3.
Assume ∆ABC is a interface element, points B and
C are on the interface Γ (the solid arc BDC), l is the
midnormal of the line segment BC, and D is the in-
tersection of l and Γ. We apply a quadratic curve (the
imaginary arcBDC) passes through points B, C and
D replacing line segment BC. Then we get a curved
boundary triangle with two straight side: AB andAC,
and a quadratic curve edge: arc BDC (the imaginary
curve Γr). For the ease of reference, we still call it
interface element. The representation of the quadratic
curve and interface element will be discussed in the
next subsection.

C B

Γ

A

DΓr

l

Figure 3: The construction of curved boundary trian-
gle.

Fig.4 shows a optimized mesh derived from Fig.2.
It is easy to check that the new body-fitted curved
mesh Th satisfies the following properties:

◦ The closure of Ω is covered exactly by Th, i.e., Ω =
∪T∈ThT .

◦ If T1 ∩T2 = {x} for T1, T2 ∈ Th and some x ∈ IR2

then x is a vertex of both elements T1 and T2.

◦ If T1 ∩ T2 ⊇ {x,y} for T1, T2 ∈ Th and distinct
x,y ∈ IR2 then T1 and T2 share an entire side.

◦ For each T ∈ Th, the set T is closed and the interior
int(T ) is not empty.

Figure 4: A locally modified mesh with curved bound-
ary triangles.

◦ The interior of the elements is non-intersecting, i.e.,
int(T1)∩ int(T2) = ∅ for each distinct T1, T2 ∈ Th.

◦ The boundary ∂T of each T ∈ Th is Lipschitz-
continuous.

3.2 Representation of isoparametric ele-
ments

We assume that Ω is decomposed into finitely many
triangular domains by triangulation Th, denote by TI
the union of interface elements, and let TS be the
union of straight boundary triangles, such that Th =
TI ∪ TS . The curved edge of each element T ∈ TI
is a quadratic curve, which can be defined through a
quadratic reference parameterization. If A and B are
the endpoints of a curved edge E, and C is specified
on E, then E is given by

ΦE : Eref → IR2,

t 7→ A
t(t− 1)

2
+B

t(1 + t)

2
+ C(1− t)(1 + t),

where Eref = [−1, 1]. Obviously, the restriction of
ΦE to (−1, 1) is an immersion since A, B and C are
distinct. The endpoints of Eref are mapped to the end
points of E under the map ΦE as in Fig.5.

|

0
|

−1
|

1

B

A

C

t

ΦE

Figure 5: Immersion ΦE that parameterizes an edge
E defined through the points A,B,C.
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For the representation of any element T ∈ Th
with three prescribed vertices P (T )

1 , P (T )
2 , P (T )

3 , the
boundary ∂T consists of three smooth parameterized
curves. Each of those curves interpolates vertices
A = P

(T )
i and B = P

(T )
j , where i, j ∈ {1, 2, 3},

and a point C = P
(T )
ij . Without loss of generality, we

assume i<j. If both A and B are on the interface Γ,
C is a curved point obtained in section 3.1, otherwise
C is the midpoint of A and B, i.e.

P
(T )
ij = (P

(T )
i + P

(T )
j )/2. (19)

For a representation of the element T , we define
functions ψ1, ψ2, ψ3 ∈ H1(Tref ) and ψ12, ψ23, ψ13 ∈
H1(Tref ) such that each T ∈ Th is the image of the
map

ΨT : Tref → IR2,

ΨT =

3∑
j=1

P
(T )
j ψj +

∑
16i<j63

P
(T )
ij ψij , (20)

where ψi, i = 1, 2, 3 are the standard quadratic local

ΨT

P1

P1 2

P2

P1 3

P3

P2 3

A1

A1 3
A2 3

Tref

0

A2

1

A31

A1 2

T

Figure 6: Diffeomorphisms ΨT on the reference tri-
angle Tref onto a curved boundary triangle.

nodal basis functions associated with the vertices Ai

of Tref :

ψi = λi(2λi − 1), i = 1, 2, 3, (21)

ψij , are the standard quadratic local nodal basis func-
tions associated with the midpoint Aij :

ψij = 4λiλj , 1 6 i<j 6 3 (22)

λi, i = 1, 2, 3 in (21) and (22) are the barycentric co-
ordinates:

λ1(r, s) = 1− r − s, (23)
λ2(r, s) = r, (24)
λ3(r, s) = s. (25)

Specially, if T ∈ TS , (20) is equivalent to an affine
transformation

Ψ =
3∑

j=1

P
(T )
j λj .

The vertices of Tref are mapped to the vertices of T
under the mapping ΨT , see Fig.6. Fig.7 displays the
shape functions ψ1, and ψ12.
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0.2
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0.6

0.8
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Figure 7: Shape functions ψ1 (left), and ψ12 (right) on
the reference triangle.

3.3 Quadratic isoparametric finite element
space

With the help of the diffeomorphisms ΨT , and the
functions ψ1, ψ2, ψ3 and ψ12, ψ23, ψ13, we define a
discrete subspace Sh ⊆ H1(Ω) as follows. We de-
note by N the union of all vertices, curved points and
midpoints, i.e.

N := {z ∈ IR2 : ∃T ∈ Th, ∃j ∈ KT , z = P
(T )
j },

where
KT = {1, 2, 3, 12, 23, 13}.

Given a node z ∈ N , an element T ∈ Th and j ∈ KT ,
such that z = P

(T )
j ∈ T we define

Nz|T :=

{
ψj ◦Ψ−1

T , if z ∈ T ,

0, if z ̸∈ T .

One easily checks Nz ∈ H1(Ω). Thus, Sh consists of
all functions which are linear combinations of func-
tions Nz ,

Sh :=

{∑
z∈N

αzNz : ∀z ∈ N , αz ∈ IR

}
=

{
v ∈ H1(Ω) : ∀T ∈ Sh,∀j ∈ KT ,

∃βj ∈ IR, v|T =
∑
j∈KT

βjψj ◦Ψ−1
T

 .

Let K := N \ ∂Ω, the space Sh = Sh ∩H1
0 (Ω) is the

span of all Nz with z ∈ K,

Sh :=

{∑
z∈K

αzNz : ∀z ∈ K, αz ∈ IR

}
.
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then the solution of discrete problem (17) can be writ-
ten as

uh =
∑
z∈K

uzNz (26)

where uz are solutions of linear system∑
z∈K

a(Nz, Nz′)uz = ⟨f , Nz′⟩ for all z′ ∈ K. (27)

4 Numerical results
We present numerical experiments for the model
problem (1)–(5) using the proposed locally modified
mesh with curved boundary triangles and quadratic
isoparametric finite element space discussed in sec-
tion 3.3. Examples with known analytic solutions
are considered, so that we can compute the error and
check the convergence rate.

In the test problems below, the interface Γ being
the zero level set of the function ϕ(x,y) = 0. The
domain Ω = [−1, 1] × [−1, 1], is divided into two
subdomains: Ω− := {(x,y) ∈ Ω| ϕ(x,y) < 0} and
Ω+ := {(x,y) ∈ Ω| ϕ(x,y) > 0}. The exact solu-
tion u is a piecewise function

u(x,y) =

{
u−(x,y), (x,y) ∈ Ω−,
u+(x,y), (x,y) ∈ Ω+.

(28)

The jump conditions, boundary conditions and the
source terms are then determined from the exact so-
lution.

Example 1. This example is taken from [5]. We con-
sider the problem (1)–(5) with the interface Γ is a
circle centered at origin with radius r0 = 0.5. The
boundary condition and source term f are determined
from the exact solution.

ϕ(x,y) = x2 + y2 − (0.5)2,

β(x,y) =

{
β−, (x,y) ∈ Ω−,
β+, (x,y) ∈ Ω+,

u−(x,y) =
r2

β−
,

u+(x,y) =

(
r20
β−

− r40 − 0.1 log (2r0)

β+

)
+
r4 − 0.1 log (2r)

β+
,

where r =
√
x2 + y2.

Fig.4 shows a mesh grid for this problems. Fig.8
shows plots of numerical solution and the error when
β− = 1, β+ = 2. Tables 1–3 show the numerical
results for different β− and β+. In this tables, Eh =

u− uh is the error, where u is the exact solution and
uh is the numerical solution associate with the step
size h, ∥ · ∥∞ and ∥ · ∥2 are the standard L∞–norm
and L2–norm respectively.

Order =
log(∥ Eh ∥s / ∥ Eh/2 ∥s)

log 2
, s = 2, or ∞.
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0
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−4

Figure 8: The plots of −uh (Left) and error (Right)
with h = 1/10, β− = 1, β+ = 2 for example 1.

Table 1: A grid refinement analysis for example 1 with
β− = 1, β+ = 2.

h ∥ Eh ∥∞ Order ∥ Eh ∥2 Order

1/5 5.3684e-4 1.0525e-3
1/10 6.7633e-5 2.99 1.2927e-4 3.03
1/20 8.8465e-6 2.93 1.5961e-5 3.02
1/40 1.1584e-6 2.93 1.9822e-6 3.01
1/80 1.5667e-7 2.89 2.4744e-7 3.00

Table 2: A grid refinement analysis for example 1 with
β− = 1, β+ = 10000.

h ∥ Eh ∥∞ Order ∥ Eh ∥2 Order

1/5 3.5682e-4 1.5360e-4
1/10 5.4062e-5 2.72 1.1569e-5 3.73
1/20 6.9804e-6 2.95 1.1403e-6 3.34
1/40 1.0492e-6 2.73 1.2670e-7 3.17
1/80 1.1270e-7 3.22 1.0433e-8 3.60

From tables 1 – 3 we can see that the convergence
order of L∞ and L2 norm are all 3, which indicate
that numerical solution uh converges to the exact so-
lution with convergence rate O(h3) in both L∞ and
L2 norms.
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Table 3: A grid refinement analysis for example 1.
with β− = 10000, β+ = 1.

h ∥ Eh ∥∞ Order ∥ Eh ∥2 Order

1/5 1.1313e-3 2.1125e-3
1/10 1.2675e-4 3.16 2.5837e-4 3.03
1/20 1.7106e-5 2.89 3.1888e-5 3.02
1/40 2.3380e-6 2.87 3.9594e-6 3.01
1/80 3.1872e-7 2.87 4.9461e-7 3.00

Example 2. This benchmark test is quoted from [8].

ϕ(x,y) = x2 + y2 − r20,

β(x,y) =

{
β−, (x,y) ∈ Ω−,
β+, (x,y) ∈ Ω+,

u−(x,y) =
rα

β−
,

u+(x,y) =
rα

β+
+ (

1

β−
− 1

β+
)rα0

+ δ(r − r0),

where r =
√
x2 + y2, r0 = π/6.28, α = 3, β−, β+

and δ are constants.
Case 1. δ = 0, u(x,y) satisfies the following

jump conditions:

[u]Γ = 0,

[
β
∂u

∂n

]
Γ

= 0.
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0
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Figure 9: The numerical solution (Left) and error
(Right) for case 1 with β− = 1, β+ = 1000

The numerical solution and error plots are shown
in Fig.9. Numerical results for the cases β− =
1, β+ = 1000 and β− = 1000, β+ = 1 are listed
in tables 4 and 5, respectively.

Case 2. δ = 10, β− = 10000, β+ = 10, u(x,y)
satisfies the following jump conditions:

[u]Γ = 0,

[
β
∂u

∂n

]
Γ

= δβ+ = 100.

(Fig.10 and Table 6.)

Table 4: Numerical results for β− = 1, β+ = 1000
of case 1.

h ∥ Eh ∥∞ Order ∥ Eh ∥2 Order

1/5 8.5095e-4 3.1390e-4
1/10 9.8245e-5 3.11 3.8262e-5 3.04
1/20 1.2464e-5 2.98 4.9347e-6 2.95
1/40 2.1891e-6 2.51 6.3705e-7 2.95
1/80 2.8467e-7 2.94 7.9281e-8 3.01

Table 5: Numerical results for example 2 β− =
1000, β+ = 1.

h ∥ Eh ∥∞ Order ∥ Eh ∥2 Order

1/5 8.3152e-4 7.1782e-4
1/10 8.4075e-5 3.31 8.6136e-5 3.06
1/20 1.1675e-5 2.85 1.0393e-5 3.05
1/40 1.5816e-6 2.88 1.2674e-6 3.04
1/80 2.1393e-7 2.89 1.5784e-7 3.01

−1
−0.5

0
0.5

1

−1

−0.5

0

0.5

1
−10

−8

−6

−4

−2

0

−1
−0.5

0
0.5

1

−1

−0.5

0

0.5

1
−2

−1

0

1

2

x 10
−4

Figure 10: The plots of −uh (Left) and error (Right)
for case 2 with h = 1/10.

Table 6: Numerical results for case 2.
h ∥ Eh ∥∞ Order ∥ Eh ∥2 Order

1/5 1.5506e-3 2.3745e-3
1/10 1.9460e-4 2.99 2.8878e-4 3.02
1/20 3.0252e-5 2.69 3.4838e-5 3.05
1/40 6.2922e-6 2.28 4.2070e-6 3.05
1/80 9.6685e-7 2.70 5.2720e-7 3.00
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Example 3. This example is quoted from [17, 22, 26]:

ϕ(x,y) =

(
x

18/27

)2
+
( y

10/27

)2

− 1,

β(x,y) =

{
β−, (x,y) ∈ Ω−,
β+, (x,y) ∈ Ω+,

u(x,y) =

{
ex cosy, (x,y) ∈ Ω−,

5e−x
2−y2/2, (x,y) ∈ Ω+,

We show the cases for β+ = 1, β− = 10, 1000 as
those in [17, 22, 26].

Fig.11 gives a mesh with step size h = 1/10.
Fig.12 shows the plots of numerical solution and er-
ror for the case β− = 10, β+ = 1. Numerical results
are shown in tables 7 and 8.

Figure 11: The mesh of example 3 with h = 1/10.

Table 7: Numerical results for example 3 with β− =
10, β+ = 1.

h ∥ Eh ∥∞ Order ∥ Eh ∥2 Order

1/5 1.7024e-3 1.5917e-3
1/10 1.9040e-4 3.16 1.7149e-4 3.21
1/20 5.8409e-5 1.70 2.2345e-5 2.94
1/40 3.6575e-6 4.00 2.3508e-6 3.25
1/80 5.8367e-7 2.65 2.8662e-7 3.04

Table 8: Numerical results for example 3 with β− =
1000, β+ = 1.

h ∥ Eh ∥∞ Order ∥ Eh ∥2 Order

1/5 6.0616e-2 7.1417e-2
1/10 4.8892e-3 3.63 5.7293e-3 3.64
1/20 8.0854e-4 2.60 9.1360e-4 2.65
1/40 3.4316e-5 4.56 3.8466e-5 4.57
1/80 2.4770e-6 3.80 2.5913e-6 3.89
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Figure 12: The solution and error of example 3 with
β− = 10, β+ = 1.

Example 4. This benchmark test is quoted from [4,
22]:

ϕ(x,y) = r − 0.5,

β(x,y) =

{
1 + r2, (x,y) ∈ Ω−,
b, (x,y) ∈ Ω+,

u−(x,y) = r2,
u+(x,y) = (r4/2 + r2 + 0.1 log (2r))/b

−(0.54/2 + 0.52)/b+ 0.52,

f(x,y) = −8r2 − 4,

where r =
√

x2 + y2 and b is a parameter.

We show the results for b = 10, 0.001 and 1000
(Fig13,Tables 9, 10 and 11).
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Figure 13: The plots of −uh (Left) and error (Right)
for example 4 with h = 1/10, b = 10.

Table 9: Numerical results for example 4 with b = 10.
h ∥ Eh ∥∞ Order ∥ Eh ∥2 Order

1/5 3.5818e-4 1.8793e-4
1/10 5.2587e-5 2.77 1.7700e-5 3.41
1/20 6.7062e-6 2.97 1.9867e-6 3.16
1/40 1.0277e-6 2.71 2.3546e-7 3.08
1/80 1.0723e-7 3.26 2.6932e-8 3.13
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Table 10: Numerical results for example 4 with b =
0.001.

h ∥ Eh ∥∞ Order ∥ Eh ∥2 Order

1/5 9.7880e-1 1.0993e-0
1/10 8.2852e-2 3.56 1.3463e-1 3.03
1/20 1.1136e-2 2.90 1.6315e-2 3.04
1/40 1.5109e-3 2.88 1.9984e-3 3.03
1/80 2.3386e-4 2.66 2.4891e-4 3.01

Table 11: Numerical results for example 4 with b =
1000.

h ∥ Eh ∥∞ Order ∥ Eh ∥2 Order

1/5 3.6634e-4 1.5300e-4
1/10 5.4561e-5 2.75 1.1579e-5 3.72
1/20 7.0107e-6 2.96 1.1411e-6 3.34
1/40 1.0570e-6 2.73 1.2673e-7 3.17
1/80 1.1278e-7 3.23 1.0435e-8 3.60

5 Conclusion
In some applications one aims to approximate prob-
lems on rather general domains with a few degrees
of freedom. Therefore, the approximation of non-
polygonal domains is an important issue. Isoparamet-
ric finite elements can recover domains with piece-
wise quadratic boundary exactly and are therefore a
good tool to approximate elliptic problems on do-
mains with piecewise smooth boundary. In this pa-
per, we construct a body-fitted triangular mesh with
certain curved boundary triangles, which is generated
from a uniform Cartesian mesh, then we use such
mesh and isoparametric finite element method to solve
elliptic interface problems with nonhomogeneous flux
jump condition. A quadratic isoparametric finite el-
ement basis is discussed for computing the discrete
solution. Numerical tests indicate that the proposed
three order isoparametric finite element method is ef-
ficient and robust for solving elliptic interface prob-
lems, and has three order convergence in both L∞

and L2 norm. Compare to immersed finite element
method [6, 8, 10, 12], the proposed method is simple
and easy to use.
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