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Abstract: In the present paper, a linearized difference scheme with non-uniform meshes for semi-linear parabolic
equation is proposed. The scheme is constructed according to the change rule of the solution by travelling wave
solution theory for partial differential equation. The existence and uniqueness of the numerical solution are derived
by linear systems theory, and the convergence and stability of the difference scheme are proved by the discrete
energy method. Numerical simulations verify the theoretical analysis, the results show that the numerical solution
with non-uniform meshs is more accurate than that with uniform meshes in the sense of not costing much more

computing time. It is concluded that our scheme is effective.
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1 Introduction

The Semi-linear Parabolic Equations have wide appli-
cations in chemical reaction, neural conduction, bio-
logical competition and other fields. The studies on
these equations have been a hot topic in past decades.
It is of significance to explore theoretically and nu-
merically the solutions to these equations. There are
many available works contributed to investigation in
this field for instance see [1-3]. Ames in [4] gave a
large collection of physical problems having nonlin-
ear parabolic equations as models. Also the survey
lists various methods for exact, approximate and nu-
merical solutions for those examples. Based on these
equations, there had been some finite difference meth-
ods such as alternating direction iterative scheme,
predictor-correctors methods and the linearized two
or three level difference schemes [5-8]. Ramos in [9-
11] compared various finite difference schemes that
include explicit, implicit and linearized schemes. Be-
sides these finite difference schemes, Tang in [12]
studied finite element method of a nonlinear diffu-
sion system. All methods mentioned above have not
taken rule change of the analytical solution into ac-
count; the rule is that it changes quickly in some area,
and slowly in other area. In fact, this rule can be
deducted by travelling wave solution theory for par-
tial differential equation. According to this rule, the
traditional methods given above had a disadvantage.
When the exactness of numerical solution is required,
one has to refine grid by increasing grid points. This
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way causes increase of computing amount. To over-
come the drawback, the finite difference schemes with
non-uniform meshes have attracted great attention.
Mattheij and Smooke, Samarskij and his co-operators
investigated the stability and convergence of variable
step (space and time) algorithms in the solution of the
mixed initial-boundary problem of one-dimensional
parabolic equation

ou  9%u
-z _ " t
and two-dimensional parabolic equation
ou  0*u n 0%u L D
— = 1,7
ot 9%xy | O b

in [13-15] respectively. For the generalized non-linear
parabolic systems u; = A(z, t,u)uz, + f (2, t, u, uy),
Zhou constructed the general finite difference scheme
with non-uniform meshes and proved the existence
and 1st order convergence in L.-norm of the discrete
solutions for the difference scheme by the fixed point
technique in [16]. Yuan proved the unique solvabil-
ity and stability for the difference scheme constructed
in [16] by the energy method in [17, 18]. Their work
solved some unexpected phenomenon, but their proof
is very complex .Meanwhile, they had no numeri-
cal experiments to justify their theoretical analysis.
In order to solve the existed problem, Zhou and Hu
constructed an implicit difference schemes with non-
uniform meshes for the flame equation, and they prove
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the uniqueness, existence, convergence and stability
of difference solution of the implicit scheme in [21,
22]. The the scheme with non-uniform meshes for
space was constructed by a function transformation,
but the meshs for time is still uniform. The numerical
experiments were carried out to justify that the con-
vergence of the solution is Ist-order for time. These
results coincide with the previous theoretical analysis.
However, in order to get the solution to the implicit
scheme, the iteration method for non-linear equations
needs to be applied, which costs a quantity of time for
every time step. To overcome this drawback, we con-
structed a kind of linearized finite difference scheme
on the base of implicit scheme in [21, 22]

In this paper, we will investigate a linearized dif-
ference scheme with non-uniform meshes approxi-
mating to the following Dirichlet problem of a semi-
linear parabolic equation:

u 2u
gt = ng + f(u), (1)
u(z,0) = p(x), z € [a,b], (2)

u(a,t) = a(t), u(b,t) =p(t), te€[0,T],

) (3)
Let Qp = [a, b] x [0,T].

In order to prove some properties of the finite dif-
ference scheme, we impose the following conditions:

(I) The analytical solution of problem (1) satisfies
u(z,t) € C*3,and there exists a positive constant Cp
satistying [u] + [u] + [tta] + [ttz] < Co.

(I) Let f(s) be a two times continuous differen-
tiable function for s, there exist two positive constants
C1 and P satisfying {|f(s),[f"(s)],|/"(s)[} < Ch
when |s| < Cy + P.

(IIT) Boundary value functions «(t),3(t) are
continuous differentiable function for ¢, initial func-
tion ¢(x) is also continuous differentiable function
with respect to x, and we have a(0) = ¢(a), 5(0) =

o(b).

2 Difference Scheme and Notations

Let us divide the rectangular domain Qp = [a,b] x
[0, T'] into the small rectangular grids

- {a:w0<x1,...,<w1_1<x1:b, }
h— .

- O=to<ti <...,<tg=T

The ¢ + 1th domain on space is [z;, x;+1]. The mesh-

steps of space is h; L1 = Tip1 — T which are assumed
2

to be unequal. The traditional uniform meshes are ap-

plied for time

O=to<ti <ty...tx 1 <tg =T, T=1t—1)_1.
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We denote the maximum value of space meshsteps is

h = max {hi+§}’

0<i<I—1
the minimum of space meshsteps is

he = ogrz‘ngl?—1{hi+% I

the ratio of maximum and minimum of space mesh-
steps Rh, = hi So we denote discrete functions

up ={uf |i=0,1,2,...,1,k=0,1,2,..., K}

on Q7. The other notations are as follows:

k+1 k
E_ U T k 1 k k
Atui =t 5mui 1= 7(“#1 — Uy )7
T T3 1
i+3
1 h..1+h. 1
2k _ _ k 2) _ vh3 73
drup = el (0pu 1 53;“2-_%), h;” = 5
1

-1
2
oo = g (ual} ol = 3 sy

I-1

Icunll3 = 3 10st, P .
1=0

HéacuhHoo = Orgzagxl ‘(SUH_% ’,

By Taylor expansion, we construct the linearized dif-
ference scheme:

(1= 7f'(uf)) Aeuf = Gui™ + f(uf),

. (4)
1<i<I-1 0<k<K-1,

uw) = p(z;), 0<i<lI, (5)

nga(tk), ’U,I;:,B(tk),OSkSK, (6)

3 Existence and Uniqueness

Theorem 1 There exists unique difference solution
ub i =1,2,...,1 — 1,k = 1,2,..., K + 1 satis-

fying the difference scheme (4)-(6)
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Proof: Expanding the difference scheme(4)-(6), we
get

_ 27 bl
i—1
hi (b1 +hip 1)
27 10 kv, kel
+(1+ hh 7 (ui))u;
z—% i+;
_ 2T uk+1
1
hi+%(hi7% +hi+%) o

= (1 —f"(uf))uf +7f(uf),

1<i<I-1, 0<k<K-1,

Obviously, it is triangle linear systems. Let

= — 2T
v hy_y(h;_1+h, 1)’
2 2 2
_ 2 10,k
bz—l"i_h' 12_ 1 Tf (uz)7
=7 1+§
2T
Cp = — )
hipi(hi1+hiy1)

for i =1,2,...,I — 1. By ||[u¥||ec < Cy+ P(This
result can be gotten by mathematical induction in sec-
tion 3) and assumption (/]),when time step 7 < C%

we get 1 — 7f'(uF) > 1 — Cy7 > 0. Fetching the

(3
absolute value of by and ¢y,

2T
=1 — 1 f(uF
2 2
| | 2T 2T
C = =
U hs(hy +hs)  hshi +h3
2 2 2 2 2 5

we get |b1| > |c1]. Similarly we get |br—1| > |ar—_1].
Fori =2,3,...,1 — 2, summing up the absolute
value of a;, ¢c;, we get

adl + e &l

al 4ol =

' ' hzé%(h’ifé + hi+%)

n 2T
hipi(hi_1 +hig1)

_ 27(hyy1 + hifé) _ 27
hz—%hi—&-;(hi—% + hz‘+%) hi1higa ,

Comparing it with |b;| and by 1 — 7f/(u¥) > 0, we
get
[bi] > Jai] + i
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It implies that the coefficient matrix is the strictly row
diagonally dominant. Therefore, there are unique so-
lution v¥,i = 1,2,...,] — 1,k = 1,2,...,K to
the linear systems [23]. It implies that there exists
a unique numerical solution to satisfy the difference
scheme (4)-(6).

4 Convergence
In order to prove the convergence and stability of the
solution to the difference scheme (4)-(6), we import

four lemmas [16].

Lemma 2 For any up, = {u;|i = 0,1,2,...,1} and
vy, ={vili =0,1,2,...,1}, there are

-1 I
> ui(vigr —vi) = — 3 vi(u; — ui1)
i=0 i=1
—UpVy + Uy,

-1 -1

El Ui(5”¢+§ - 5%7%) == ZEO 5ui+%6vi+%hi+%

—updv1 + urdv,_1.
2 2

Lemma 3 For any up, = {w;|i = 0,1,2,...,1} de-
fined on the grid points {x;|i = 0,1,2,...,I} with
unequal meshsteps, there are relations:

1 1
lunlloe = —=llunllz, [ounlloc < \/TH(SUFLH?-

Lemma 4 For any up, = {w;|i = 0,1,2,...,1} de-
fined on the grid points {x;|i = 0,1,2,... I} ,there
are relations:

lunll3 < P[[6unl3 + 2fuol?,

here0 =xpg < a1 < ...<zxj1 <27 =1.
Theorem 5 For any uj, = {u;|i =0,1,2,...,1} de-
fined on the grid points{x;|i = 0,1,2,...,1} ,there
are relations:

lunl3 < b%||8unll3 +2(b — a)luol?,
herea =z <x1 <...<x7_1 <27 =0
Remark: The proof of Theorem 5 is completely same
as that of lemma 3 in [16].This result is only popular-
ized from [0,1] to general domain [a, b].
Lemma 6 Suppose the discrete function u™ =

{vuFlk = 0,1,2,...,K} defined on the grid
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points{tF|k = 0,1,2,..., K} with unequal mesh-
steps T = {TF =tFT1 —tF > 0|k =0,1,2,..., K —
1} satisfies recurring relation

Lk < APk 4 k) ¢ ok

U
then there is u* < 3AL" 0 + 2Ctke3‘4tk, where mesh-
steps 0 = 19 < th < ... < tK71 < tK = T are
sufficiently small that 2At < 1, A and C are con-
stants.

The convergence theorem and its proof are as fol-
lows:

Theorem 7 Suppose that the initial boundary prob-
lem of partial difference equations (1)-(3) satisfy as-

sumptions (I), (II) and (IIl), the meshsteps h, T, ﬁ

be sufficiently small and Rh. be boundary. We denote
the error of discrete solution e, = {e¥ = UF —u¥|i =
0,1,2,...,1;k =0,1,2,..., K} then there are esti-

mates

max_||ef 2,

e max[6.c2,

maxefoc,  max

0<k<K

K—1 1 K-1 _k+1_ _k
k+1 -

(3 lIszel+ i), ( 5 || H%T)

1= =

=O(T + h),
h%) where Uf =

and omax [6zef|loc = O(\/E’
($1atk)

Proof: By Taylor expansion at point (z;, t),we get

0
w(wi, tpar) = (i, ty) + 8716(1:“ tg)T

82u (1) (7)
+55 8t2 (xl’nzk ) )
where 772%) is between tj and g4 1.
It implies that
ou u(x;, t —u(x;,t
T
82U 1
_@(%, Uz(k))Tv (8)
From the notation, we get
Ou ko p()
where )
1 07u 1
B =P D
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For the diffusion part, we have

ou
w(@it1; tern) = w(@is thpr) + 5= (@i tepa) g 1

ox
+W($iatk+l)hi+% + @(Czk 7tk’+1)hi+%a
(10)
1o teen) = u(z, t O i tan)h
w(wi_1, tpg1) = w(wg, tpyr) — %(% k1)l 1
9%u PBu, (o
+@($i,tk+1)hf_% - @(Q(k),tkﬂ)h?_%,

(11)

is between x;

(2)

1) .
where Ci(k) is between x; and ;1 1, (};

and Ti—1.
Multiplying (10), (11) by h, 1, h; 1 respec-
2 2
tively, we get

hi_ru(@ivr, tepr) = hy_ (i, tyr)

82

ou
vh 1 — (T, tee1) + hz—lh12+2 e 2(xz,tk+1)

+hz—— i+l 20z

Pu
+hl,lh?+ a a..3 (Cl(li)’ tk‘-l-l)a

(12)

hi+%u(xi71, thg1) = hi+%u(9€z‘, tht1)

0%u

ou
+h,_1h, (xz,tk+1)+hz+1h2 153 (xl,tkﬂ)

i—5 i+ 2 0x

e gy T 1),
(13)
Adding dividing by
hi+% hi_

(12) to
3 (b

(13), then
%—FhH%),weget

1
1+

i—3

11—

i ) w(zi—1, th+1)

(i )

+ )U($i+1,tk+1)

2
9%u h;

H—— 83’&
= @(%’,tkﬂ) +

()
hiy+his 78 Gk 2 iet1)

h?l a

i—5 3(
h._% +hi+% ox

)

Cz(lf)? tk‘-i-l)v

(14)
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From the notation, we get

0%u

52 (s the1) (15)

= SUI 4 R,
where

O (1)
h 1+ ooy 928 ik tie)
2_5 Z+§

Pu (2)
h s + oy 08 Gk i)
2 3

For the reaction part, similarly by Taylor expansion,
we have

fu(@i trr) = flul@s ) + 7 (u(wi, )

7_2

ou . " e ou C@4)2
x5 (@iste) + - { £ (s ) (5 (i)

ot

@ Pu, @
+f (ula, nE) oz i) .
(16)

where 771(,3) is between ¢y and £ 1.

From the notation,we get

Fu(@s, trr) = FUF) + 7/ (U AUE + R,
(17)

2
G _ T Lo @ (U, (@)
Ry = S i) (5 i)
0%
2 2
-I—f'(u(l“mﬁgk)))@(ﬂﬁiﬂ?i(k))}

Substituting (9),(15) and (17) into initial problem of
Egs. (1)-(3), we get

(1 — 7 (UR)AUF = S2UF + F(UF) + R,
1<i<I-1 0<k<K-—1,

(18)
UP =p(z:), 0<i<lI, (19)
Us = alty), Up=80x), 0<k<K, (20)

where R, = RZ%) + Rl(i) + Rgg) = O(7T + h), so we
get the difference scheme with non-uniform meshes
(4)-(6).

Subtracting (4)-(6) from (18)-(20), we arrive at
the error equations:

(1 =/ (UF)Avef = 63ei ™t + F(UF) = f(uf)+

2

T[f(UF) = f/(uf)] Al + R,
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1<i<I—-1, 0<kE<K-—1, (21)
=0 0<i<I, (22)
k=0, k=0, 0<k <K, (23)

By the differentiability of f and the differential mean
value theorem, the second and the third term of (21)
are changed into
1
JOF) = ff) = fehel, (24)

where fl.(;) is between UF and u?.
The fourth term of (21) is changed to

TIF(UF) = F (b)) Ak = 7€) ek Al
—rfED kAU + 7 (€ el A UE
= T AUE — TR el Ave,
where 51-(,3) is between Uf and uf
Substituting (13)-(14) to (10),we get
(1= 7 (UF) Agek = 8241+ f(1))eb
+7 (€ E AL — T (ER) el Arel + Rig,
1<i<I—-1, 0<k<K—1.
(26)
By assumption (IT), we know |f'(UF)| < Cy. Tt im-
plies
1-7C1 <1~ Tf/(Uik) <1+ 7C,

when 7 < C%,

1 1 1
< < :
1+7Cy — 1—7f(UF) — 1-7Cy
Set ) )
C = —, = —,
2 1—7’01 3 1+7‘C1
we have
1

C3< ———— < Ch.
PSRy T

Therefore by (26), we get

(27)

ot
(1 =7f(Uf))

Atef = (5265“1 + f’(fi(;))ef—l—

T f§)>efAtUZ-’“ - Tf”(ff,f))efAtef + Rik)-
(28)
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Multiplying (28) by 5§ef+1h§2)7, and summing up
from 1to I — 1, we get

I-1
S 2kt ek — el
=1

I-1
T 1
= X T e e el

=1

TSR ek AUE —

(29)

By lemma 2 and the definition of norm, the left hand

of (29) can be written as
I-1

S ekt -

=1

2
e?>h§>:— 162513

1 k 1 k+1 k
31625113 — 510 (f ! = eh) I3

(30)
In fact, the left hand of (29) is as follows
I-1
Z (5261?“ — 02k + 5261?) (el-”l - ek) h?)
= 1
_252 Bl _ oky(ektl _ ')h@)
+ Z 52ek (et — eyl

—I+II

By the definition of the second order difference quo-
tient, lemma 2 and the definition of the first order dif-
ference quotient in 2-norm,we get

-1

_ k1 _ k
; 5x(ez‘+§ it
1=

k+1 _ k
)5(7,-&-7 ez‘+§)hi+§

k
= —[|da(e ™ — el

Similarly, we get

k’+1
25 6z+15 '+2)hi+§
it
:—Z(S e; 1(5 ek+1hz+1 + [16.¢F13
=1
1= k1 k)2
=3, {—2(56 1(56 (53?6”%)
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[—25 e, 15 e’CJrl ((5ref+%)2

1 ekl k2
52( £ deely) by
1 k 1 k

o 10ak3 — 5153

1 1

k k

= S} — IR+ gloeekl - Sloack 3
By 2-norm’s definition of two order difference divided
and inequality (27), the first term of right hand in (28)
satisfies

52e k+152 k+1h( )
Tf’ Uk) x ’L

TZ

*1

> Cyr|oZey I3, (31)

By (29),(30) and (31), we get

Cor 02513 + Z o2l L (£/(el))ek

f(U’“)

ATIEDNEBUE — 716Dk Bk + Rug )l

< —%IM e 3 + *H5x6ﬁ||§ *||5 (eh ™ —enl3
< 5 Il 3 + 5 15kl
By transposing, we get

*H5 e 3 - *H5 ehll3 + Carlaze 13

,—Tz

2 k1 ( pree()y K

TIER AU — T (€l ek ek + Rig ) B,

:
(32)
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Using Young’s inequality and inequality (27), the
right hand of (32) is changed to

_TZ ’Tf/ Uk) g f—i_l(f (f(l))

+7 (€ EF AU — 7" (65 ek Avel + Riy )bl

£ 037‘ 2027‘
< l6%el 113 + Zlf @)

+7 S (ER)eF AUF —

(33)

From the second term of the right hand in (33), we
get:

2027'
€20y

Z’f Vel + 7 f (€ ek AUF

—Tf"(ff,f))efAtef + Rik|h§2)

< ifgf{z (f (€D)et ) s

+Z<Tf// P kAtUk> h®

+Z<Tf" ik kAt@) +ZR h2)}

= Q1+ Q2+ Q3+ Qq,

(34)
where
8027‘ (2)
Ql 520 (f, > )
Q2 = iQCéT (Tf ek A Uk) h; 2),
8C: 2
Qs = 52(2; (Tf ek iel ) .

8027' (2)
Qs = 20, ZR h;

We now estimate Q;(i = 1,2, 3,4) as follows.
By (22), since

[€loe = 0, 1lloe < max, |6(z)| < Co.

E-ISSN: 2224-2880
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by induction hypothesis, there exist positive constant
P satisfying
!
max ||e <P.
0<I<k lefloo <

Therefore, we have ||e!||oc < P, [|t!]|oo < |[|U]loo +

P < Cy+ P when! = 0,1,2,...,k. Using as-
sumption (II), we get
80126’27 2 (2) _ SC’lCQT
Q1 < 20, ;(ei) h; 220, llex 13,

ST - UEY

_ 8ChyT
820, Z( T

i

8C CQTI ! 2 (9
< g 2 (P (IR + U) w
3 =1

3203C3Cor X, 1o, @)
< a0, > ()7

=1
32C3C3CyT
= 20 ”eh||27
e2C3
_ 80y ¢ ( k€§+1 - e§>2h(2)
£2C; T ¢

1601202]327 <« k+1\2 kN2 1, (2)
<o, o (@ (@)

=1

- 16C2Cy, P21

k k
S (el + ki),

and
Q4 < CutO(T + h)?,

where Cy depends upon ' and ratio constant Rh. of
meshsteps.
Let ¢ = 1. From (32), (34) and the inequalities

about 01, Q2, @3, Q4, we get

k k k
162el 13 — ll0uek (3 + Cor o213
k
< Cs(llef™ 13 + llefl13 + O(r + h)?)
k k k
< Cs(lleh ™13+ llekl13 + 1aeh™ 13 + 1 5uehlI3

+0(r + h)?),
(35)
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By lemma 4, formula (35) can be written as

k k
I62e5 13 — 1dzek 13 < Cor (llef ™13 + llef 13

+O(r + h)2).
By lemma 5, we get

max 18,efll2 < Cr(r +h),
where C'7 depends on C and the ratio constant Rh,
of meshsteps. Therefore,

max _lefllz, max [lef]lec, max [dzef]2,

Osk=K 0<k<K 0<k<K
K-1 bl 1 K-1 €k+1 ek %
2
(Z |62ek+ ”27) , (Z ‘hThHgT)
1=0 pard
< O(t+ h),
So, we have
max |2 < O(7 +h).
0<kRb<i<I
By lemma 3,we have
k < 1 k
o<kl 101 = T llowetls

< Cr(F +h2V/ER).

When \/7]'7* is sufficiently small and Rh, is boundary,

we have
-

1
omax {10 ehlloo = O(—7=, h?).

%

5 Stability

In order to prove stability of the difference scheme,
we import the initial boundary problem

o 0%

% 9.2 + f(v) + w(z,t), (36)
v(z,0) = p(z) + (), z€lab],  (37)

v(a,t) = a(t), v(bt) =pB(t), t€l0,1],
(38)

where w(z,t), ¥ (z) is smooth enough.

Problem (36)-(38) have unique solution v(z,t),
which satisfy the assumptions (I),(II) and (III). Sup-
posethatvf,i =0,1,...,I,k=0,1,..., K + 1 sat-
isfy the following difference scheme:

(1= 7f (vF) Al = 620 + f(oF) + wF,
1<i<I-1, 0<k<K -1,
(39)
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v = (i) +¢;,0 <i <1, (40)
vg = a(ty), v =Btk),0<k< K,  (41)
where wF = w(w;,tr),v; = ¥(x;),50 we have the

following stability theorem.

Theorem 8 Suppose u is the numerzcal solution of
the difference scheme (4 )-(6), v is the numerical so—
lution of the difference scheme ( 36)-(38),denote z

;
vk - u , then when h, T is sufficiently small, —— is

Vhi

sufficiently small too. Then
K-1 K-1
k+1 k k
I 13+ Y 162 B < C(lwl3+ Y [lwbI3r)),
k=0 k=0

where C doesn’t depend on h and T which is a con-
stant.

Proof: Subtracting (4)-(6) from (39)-(41) and by
mathematical treatment, we get

(L= 7f' () Doz = oz ™ + f(0F) = f(uf)
+7(f' () = [ () Dpuf + wf,
1<i<I-1, 0<k<K-—1,
(42)
20 =1;,0 <i <1, (43)
k=0, 2§#=0,0<k <K, (44)

By the differentiability of f and the differential mean
value theorem, the second and the third term of (42)
are changed to

FE) = fulft) = ek, (45)

where 51(,3) is between v¥ and u?.
Similarly the fourth term of(42) is changed to

b)) Al = fr(5)) 2 Ak
(46)
. Thus formula (42)

T(f'(vf) =

where fi( is between v and u
becomes into

(1= 7f/ (o)) Dozt = 6251 4 p(e) 20
(€D R Ak + Wk
1<i< T~

1, 0<k<K-—1, (47)
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Multiplying (47) by zf“hEQ)T, and summing up from
1tol —1, we get
-1

ST 7 (W) B (Y~ Ry

i=1

_7252 k+1 k—Hh +TZf’( k) p: k—i—lh()

4T Z f/(§ ) k k+1h( 4T E w k+1h§2),
0< k: g K -1,
(48)
By proper deformation, (48) is changed to

I-1
ILELE
=1

(2)_7252 k+1 k+1h 2)

I—1 I—1
7 X L€AY+ T e Y

+r z FIoF) R — 1 2 F(oF) ki

(49)
By the method in reference [21, 22], the left hand in
(49) is written as

-1
Z Zfﬂ(zfﬂ _ zk)h@)

S (( k+1)2 k+1 k)h(?)

Z:l (3 (A
= th+1H2 + E (— k+1 2F + (ZzHl)z

k
+(z9)2)n H W - 5th”§
1
k k
(H WM = 112k 13) + iHZhH — zill3,  (50)

By lemma 2 and the definition of 2-norm, the first term
of the right hand in (49) is written into

-1
T z 02 = 1S (0,257 Ry
i=1 2
= —lloz 13,
(51)
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By assumption (II) and the definition of 2-norm, the
fourth term of the right hand in (49) has estimation

P PR

I—1
<Cir ¥ (P = ovrllFE, (52)
=1

Using the mean inequality and the definition of 2-
norm, the second term, the third term, the fifth term
and the sixth term have estimations as follows

T E f’({lk) k k‘Hh < ClTZ

1
SCrrlah3

L O k12, (@)
50172(22‘ )*hi™ =

+5 C1THZ’““||2,

(53)
I-1 1
™ 5 FED AT < SOl
+3Cm 3 (54)
-1 1
-1 & () < SOraf3
+5Curll IR (55)
Z whzk Z» 7 < TZ h(2)
-1
1 k+1427,(2) 1o k1
a7 3 (R = Sl + 7l IS
i=1
(56)
Combining (50)-(56), we have
23 = 1215 + 162 137
< Cs7(llz I3 + 12513 + Il 113), (57)

where Cg is dependent on (', but independent of h
and 7. By discrete Gronwall’s inequality and lemma
2, we have

K-1
k k
I 13 + 3 oz e

K—1
< Cs(llvnl3 + P2y lwoh1I37). (58)
Therefore, the Theorem 8 is proved. g
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6 Numerical Experiments and Con-
clusion

Numerical example We apply the difference scheme
proposed in this paper to the following initial bound-
ary problem:

82
W—I—u

ou
1

" (1),

1

NI
l1+e2®

u(z,0) = € [-50, 50],

1

W = T e

w(50,t) = t € [0,10],

mv
. . 1
the classical solution is u(z,t) = —%
1 4 ¢Fo—bt
Firstly, we introduce the generation method of
non-uniform meshs. From the curve of initial func-
tion (see in Figure 1), we can see that the curve vary
quickly near « = 0, but it changes gently near the two
50 sinh(ag)
sinh(a)
used in [21], we transform the uniform grid nodes &;
n [—1, 1] to non-uniform grid nodes z; in [—50, 50].
From Figure 2, we see that the grid nodes are central-
ized near x = 0, the grid nodes are relative sparse on
the interval endpoints, the bigger the transformation
parameter « is, the more the grid nodes is centralized.

endpoints. Using the transformation x = as

initial function

0.2r q

Figure 1: the curve of the initial function

Secondly, we search the optimized transformation
parameter « for different grid partition. Here the opti-
mal parameter is the parameter that makes the numer-
ical solution’s error attains it minimum. In Figure 3,
numerical solution’s error is in the sense of L norm,
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50

40t
——f—— uniform mesh
30+ —- 6 — alpha=3

— —%— — alpha=10

20

10r

or AR 7
%ﬁw ®o®oeoe OF
—10} o 4
& )
/
20 ‘7' do
_30} Q 4
sfz
o
_aol & ng i
o
_5 .
- -0.5 [ 0.5 1

Figure 2: nonuniform grid nodes changed under trans-
formation with parameter o

when [ = 100, 7 = 0.25. This figure only is an ex-
ample. The similar results for other grid partition can
be obtained by the same method.

Error's 2-norm of Numerical Solution

5 10 15 20 25
Mesh Transformation Parameter

Figure 3: Variation of Error of the Numerical Solution
in Lo Norm

From Figure 3, we see that the error decays with
the increasing of the transformation parameter . It
implies that the more the grid nodes are centralized,
the less the error is. But this grid centralization can-
not be unlimited, this is because Rh, and \/%* may

be very big when the grid nodes are centralized to a
certain extent. As a result, they do not satisfy the con-
dition of Theorem 7 and Theorem 8§ in which these
two values are the boundary. The numerical oscilla-
tion appearing in the right hand of the curve can prove
this point. So the centralization parameter o must be
chosen exactly, that develops the exactness of the dif-
ference solution and ensures the stability and conver-
gence of the numerical solution. By this method, we
get the optimal transformation parameter o = 13.8.
Similarly, we can get the optimal transformation pa-
rameter of the other grid partition.
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Table 1: Numerical results

linearized uniform linearized non-uniform

implicit non-uniform

1 T o time TET 0o time TET oo time TET oo
100 1 11.7 0.0110 0.1270 0.0081 0.1231 0.2701 0.0649
100 172 11.7 0.0116 0.0556 0.0111 0.0435 0.5161 0.0438
100 1/4 11.7 0.0126 0.0224 0.0139 0.0184 1.0231 0.0170
100 178 11.7 0.0143 0.0067 0.0142 0.0070 2.0114 0.0067
200 1 15.9 0.0114 0.1326 0.0125 0.1288 2.6974 0.0696
200 12 159 0.0120 0.0619 0.0141 0.0578 5.3530 0.0521
200 1/4 15.9 0.0142 0.0289 0.0134 0.0244 10.643 0.0237
200 178 159 0.0157 0.0131 0.0198 0.0093 21.193 0.0090
400 1 20 0.0127 0.1346 0.0115 0.1318 20.758 0.0771
400 12 20 0.0139 0.0638 0.0375 0.0614 41.459 0.0559
400 1/4 20 0.0159 0.0307 0.0153 0.0284 80.521 0.0277
400 1/8 20 0.0194 0.0148  0.0200 0.0125 157.73 0.0123

The third is to get the minimum parameter of the
same space freedom degree and different time steps.
Although the transformation parameter « of different
grid partition can be applied to solve the numerical
solution and the errors are minimum, the convergence
order cannot be tested because of the different param-
eters. In order to test the convergence order for 7,
we get the minimum parameter by comparing the dif-
ferent optimized parameters, when space freedom de-
grees are same, time steps are in half in turn. The
parameters « are applied to numerical solving which
can justify the convergence order for 7. The value of
« and the computing results are listed in Table 1.

The L, norm of the errors for the chosen dif-
ferent o are listed in Table 1 when T = 10s,I =
100,71 = 200 and I = 400. From Table 1, we can
see that the linearized difference scheme with non-
uniform meshes put forward in this paper is more ac-
curate than that with uniform meshes. Meanwhile,
it costs less computing time than implicit difference
scheme with non-uniform meshes of [21,22] on con-
dition that the exactness of the numerical solution has
little difference. In addition, It is known that the con-
vergence order of the numerical solution is 1st order
and stable which is proved in Theorem 7 and Theo-
rem 8. Summarily, the linearized difference scheme
studied in this paper is effective.
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