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Abstract: A general class of stochastic volatility model is considered for modeling risky asset. This class of
stochastic volatility model contains most of those without jump component which are commonly used in research.
We obtain the minimal martingale measure and locally risk minimizing hedging strategy in these models, and
employ the results to the unit-linked life insurance contracts. Moreover, we also investigate the locally risk min-
imizing hedging strategy for unit-linked life insurance contracts in a Barndorff-Nielsen and Shephard stochastic

volatility model.
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1 Introduction

In the well known Black-Scholes model, volatility is
assumed to be constant, but this hypothesis is far from
being realistic, it does have known biases. Two em-
pirical phenomenons have received much attention re-
cently: the asymmetric leptokurtic features and the
volatility smile. We know, if the Black-Scholes model
is correct, then the implied volatility should be con-
stant. In reality, it is widely known that the implied
volatility curve resembles a “smile”. Over the past
decades, some different models are also provided to
incorporate the volatility smile” in option pricing.
For example, Scott [6], Hull and White [3], Wiggins
[2], Heston [12] and so on. In this paper, we consider
a finance market with a risky asset and a risk-free as-
set. The price process of the risky asset follows a gen-
eral class of stochastic volatility model, since there
are more than one source of randomness, the finance
market is incomplete. In a complete market, a contin-
gent claim can be replicated perfectly by a portfolio of
risk free bonds and the underlying asset. In an incom-
plete market, however, such a replication is not pos-
sible, we have to choose some approaches to hedge
derivatives . In this paper, we shall use the criterion
of risk minimization. The risk minimization concept
first discussed in Follmer and Sondermann [1] when
the asset price process is a martingale under the em-
pirical measure. This local risk minimization concept
was introduced in Schweizer [8]. Mgller [13] con-
sidered a model describing the uncertainty of the fi-
nancial market and a portfolio of insured individuals
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simultaneously, the risk-minimizing trading strategies
and the associated intrinsic risk processes are deter-
mined for different types of unit-linked life insurance
contracts. Chan [14] found a locally risk minimizing
strategy when the price process was driven by a gen-
eral Lévy process. Riesner [7] extended the Mgller
’s model in [13], supposed that the risky asset price
process was discontinuous as it followed a geometric
lévy process, and obtained the risk minimizing hedg-
ing strategy of life insurance contracts in a 1évy pro-
cess financial market. However, Vandaele and Van-
maele [10] pointed out that the result of Riesner [7]
was not correct, and found that the risk minimizing
hedging strategy was not the locally risk minimizing
hedging strategy under the original measure. Bi and
Guo [5] also considered the risk minimizing hedg-
ing problem for unit-linked life insurance contracts
in a financial market driven by a shot-noise process.
However, the above research papers haven’t involved
stochastic volatility models. In this paper, we suppose
that the risky asset follows a general class of stochas-
tic volatility model, and obtain a locally risk mini-
mizing hedging strategy for unit-linked life insurance
contracts.

The outline of this paper is as follows: the model
is developed in Section 2. Then the third section states
a review of risk minimizing. The main theorem is
derived in Section 4. Employing the results of Sec-
tion 4, the locally risk minimizing hedging strategy of
unit-linked life contracts is presented in Section 5. In
Section 6, we derive a locally risk minimizing hedg-
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ing strategy for unit-linked life insurance contracts in
a Barndorff-Nielsen and Shephard stochastic volatil-
ity model. Conclusions are stated in Section 7.

2 The model

In this section, the two basis elements of the model,
the financial market and a portfolio of individuals to
be insured, are introduced. Let the probability space
(Ql, G, (Gt)0<t<T1)> Pl) denote the financial market
and (QQ, H, (Ht)(ogth)7 Pg) be used to describe the
insurance portfolio. Define (Q, F, (Fy)(o<i<), P) as
a product space of the above two independent proba-
bility space. Moreover, the probability space is sup-
posed to satisfy the usual conditions of right continu-
ity and completeness.

2.1 The financial market

We consider a continuous time model with two pri-
mary traded assets, namely a stock with price pro-
cess S = (St)o<t<7 and a bank account with price
process B = (B)o<t<r. The asset price pro-
cesses are defined on a complete probability space
(2, (Gt)(0<t<1), P1) and are given by as following

dBt = TtBtdt,
S, = peSedt + Sf (Y)dWr, (1)
dv; = g(Yp)dt+ h(Y)dW2, )

for 0 <t < T, where f, g and h are measurable Lips-
chitz functions, y; and r; are time-dependent, strictly

positive and deterministic, W;!,W? are two standard

Brownian motions and Cov(dW,t, dW2) = pdt, here,
we assume that p € (—1,1). In this paper, we con-
sider a general class of stochastic volatility model,
which contains most of stochastic volatility models
without jump component. For example, if f(y) =
y,9(y) = 0,h(y) = o,p = 0, then this stochastic
volatility model reduces to Hull/White [3] volatility

model; if f(y) = /y,9(y) = k(0 —y),h(y) =
a./y, this stochastic volatility model becomes Hes-

ton [12] volatility model. Let §t denote the discount
~ t

risky asset price process, it means S; = Ste_mfo rudu,

Moreover, we define M; = fot Suf(Y,)dW} and

A = fg(,uu - ru)gudu. Notice that M is the lo-
cal martingale part of S and A is its predictable part.

We assume that Ep, [fg §12Lf2(Yu)du] < oo and
Ep, Ug §5(Hu—7“u)2du} < oofor0 <t T,

where Ep, [-] denotes the expectation under the statis-
tic probability measure P;. Hence, S becomes a
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square integrable semi-martingale with decomposi-
tion S; = M, + A,. Since Ep, {fot §3f2(Yu)du} <
oo for 0 < ¢t < T, then M; is not only a local martin-

gale but also a square integrable martingale and A, is
an increasing process.

2.2 The insurance portfolio

The insurance market is described on the probabil-
ity space (Q,H,(H¢)o<t<r), P2). where the filtra-
tion (Hy)(o<¢<) is the natural filtration generated by
It <y with i = 1,2, ..., N. The number N denotes
the number of individuals all of equal age = and with
i.i.d nonnegative lifetimes 77,75, ..., T. Their haz-
ard rate L 4, 1S given by

P = Py (Tl > .CU—|—t|T1 > J})

t
= eXp{—/ uz+7d7}-
0

The number of deaths until time ¢ is denoted by N/ =
NI (r;<y for 0 < ¢ < T'. In addition, we assume
that the P, martingale M! = (M] )o<t<T is defined
as

3

t
M} =N/ - / Auda, (4)
0

where Ay = (N — N/ )i+

3 A review of risk minimization

In this section we will introduce the definitions and
notations of risk minimization, for all unexplained no-
tations we refer the reader to Schweizer [9] and Jacod
and Shiryaev [4].

Definition 1 A couple ¢ = (£,n) is called a strat-
egy if € is a predictable process and ||| 125y =

1
<Ep UOT fﬁd[S]uD * < oo, n is an adapted pro-
cessandV = ¢& S+ n has right continuous paths and
Ep[V2] < oo for every t € [0,T), where P is the
statistic probability measure.

Definition 2 A martingale measure Q which is equiv-
alent to the statistical measure P will be called mini-
mal if

Q=P

and if any square-integrable P martingale that is or-
thogonal to the martingale part M of the semimartin-
gale S under P remains a martingale under Q).

Fo

on
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We define the cost process of a trading strategy
via

t ~
Colp) = Vi —/0 £.d3..

Note that a strategy is self-financing if and only if the
cost process is constant.

Definition 3 A strategy o is called pseudo locally
risk-minimizing if the associated cost process C(p)
is a martingale under P, and orthogonal to the mar-
tingale part M of the semi-martingale S.

Lemma 4 Assume that the semi-martingale S sat-
isfy the following conditions, then the pseudo locally
risk-minimizing strategy  is a locally risk-minimizing
strategy.

(Al): < M > should be P-almost surely strictly
increasing on the whole interval [0, T);

(A2): A is P-almost surely continuous,

(A3): A is absolutely continuous with respect to <
M > with a density « satisfying Ep [|a|log* |a|] <
oo, where M is the martingale part of the discount
asset price process S in the canonical decomposition
under P.

For (A3), a sufficient condition 1is that
Ep[<adM >] < oo. The interesting readers
can see it in Schweizer [9] or Vandaele and Vanmaele
[10].

Definition 5 The residual process of ¢ is defined by
Rilg) = Bp [(Cr(¢) = Cil9)* | 7]

4 Minimal martingale measure and
locally risk minimizing hedging
strategy

We shall consider the problem of hedging a con-
tingent claim. Since S is the only traded as-
set in the model, and Y is not traded, then our
market is incomplete, we have to add some crite-
rion to determine hedging strategies. In this pa-
per, we will use the criterion of risk minimiza-
tion. Suppose that U(S7) is a Fr measure claim

for which supyeo 71 Fo [(Bt—l\p(st)ﬂ <
where () is a risk-neutral martingale measure. Ac-
cording to risk-neutral valuation, the arbitrage-free
price ®(t, S, Y:) of the claim ¥(Sr) is given by
Eq [BiB7'¥(Sy)|F] for0 <t < T.
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Since the financial market is incomplete, there are
infinite equivalent martingale measures, we first pro-
vide a general equivalent probability measure which
is described by the following Girsanov density:

4Q
dP,

t —_—
. = Dt:1+/ DG (u, Sy, Yy)dW,}
t 0

t —
+ / Dy H(u, Sy, Y, )dW?. 6))
0

Using Girsanov’s theorem, we have that under the
risk-neutral measure )

N t
Wl = th—/ G(u, Sy, Yy )du
0
t
- p/ H(’LL, S’IMKI,)dua (6)
0
__ t
wW? = WE—/ H(u, Sy, Y,)du
0
t
- o[ Glws. Yo ™
0

are two standard Brownian motions, in addition

Cov(dW},dW2) = pdt. Therefore, S; can be ex-
pressed as

dSy = (jue — 1) Sydt + Sef (Y)W + Sef (Vo)

X G(t, S0, Yy)dt + pSpf(V)H(t, Sy, Yo)dt.  (8)

Then, forall 0 < ¢t < T, §t is a () martingale if and
only if the following condition is satisfied

pe+ f(YD)G(t, S, Yy) + pf (Y H(E, S, Vi) =14 (9)

Hence, under the measure (), risky asset price process
S, satisfies the following

dS, = S, f(Y)dW}.

From the above Eq.(9), we know that G(t, Sy, Y;) and
H(t,S;,Y:) are not unique. In the following, we will
obtain an especially equivalent martingale measure,
the minimal martingale measure. Before the problem
is discussed, we first consider an optimal hedge risk
strategy. In what follows, we provide the locally risk
minimizing strategy, first show the following theorem.

Theorem 6 Let V; = Eg [B:FI‘I’(ST)‘}}} =
B 1®(t,8,Y;), then
t o~
Vo= Vot [ (S Y)Su (V)W)
0

t
+ / B®, (1, o, Yo)h(Y,)dW?2,  (10)
0
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where ®.(t, Sy, Yy), ®o(t, St, Yi), ©y(t, St, Yy) denote
the first derivative of ®(t, S, Y;) with respect to vari-
able t, Sy and Yy respectively, ®,,(t,St,Y:) denotes
the second derivative of ®(t,Sy,Y;) with respect to
variable Sy, ®y(t,St,Y:) denotes the second mixed
derivative of ®(t,St,Y;) with respect to variable S,
and Y.

Proof: Using the It6’s formula, we get

dVi

+ o+

B ®,,(t, S, Y;)d < S >

1
§Bt_1¢>yy(t, S, Y)d <Y >,

-

B @, (t, S, Y)d < S, Y >,

B, (4, 81, Vi) (Suf (V)dW, + uSidt)

+ o+

B ®y (51, Y3) (R(V)dWE + g(Yi)dt)

_l’_

1.
5 B Paa(t, 51, Y1) S} £ (V) dt

1
5 Bi 1Oy (t, S0, Yi) R (Vo) dt
By @y (t, 81, Yi) pSi f (Yo h(Yr)dt,

+
+

together with equations (6) and (7), we may write

dv, =
B, (t, Sy, Yi) Sf (Ye)dW}

_lq)x (ta Sta }/t)Stf(th)(G(ta St7 }/t)
pH (t, Sy, Yy))dt + By ' ®,(t, Sy, Vi) h(Y;)dW?
By '@y (t, S, i) (V) (H (L, Sp, Y2)
pG(ta St7 )/%))dt + Bt_l(I):l‘(ta St7 1/vt),u’lf‘stdt
Bt_lq)y(tv St7 Y;f)g(Y;f)dt
1 __
5 B Paa(t, S, Y1) S} £ (Vi) dt
1

5B Ry (8, i, Y (Vi)

By '@y (t, S, i) pSef (Ya)h(Yz)dt.

+ o+ o+ o+ o+

Again, since V4 is a martingale, finally we obtain

‘I’t(t St, Yy) + @o(t, St, Ye) e St + @y (t, ¢, Ye) g(Ye)
ac t Sta}/;f)stf()/;f)( (t St,Yt) +pH(t,St,)/%))
(t,St,Yt) +pG(tvstv}/t))

1 1
5 Dt 1, V) S F2 (Vi) + 5 @yy (£, i, Vi) (V2)
(1

(t,
Dy (t, 5¢, Yo)h(Ye) (H

+ o+ 4+

(I)a:y(tv St7 Yt)PStf(Y;f)h(Y;t) = th)(t, Stu }/;f)
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Therefore, by the above equation, the proof is com-
pleted. (|

From the Definition 3, and suppose that ¢, =
(&w,mu) is pseudo-locally risk minimizing strategy.
Let

t o~
Ltzvt—vo—/ €udSy = Cilp) — Vo, (12)
0

then L; must satisfy the following two conditions
o L, is a P, martingale;

o L, is orthogonal to M; which is a local martingale
part of semimartingale decomposition S;.

Theorem 7 Suppose that Ep, [ fo f2 du} < o0

Jorall 0 <t < T, then the locally rzsk minimizing
hedging strategy o = (&, Vi — &St), where

«(t, 51, Yy) f(Y2)

Sef(Yy)
Ph(YD) B, @y (t, 51, Y1)

Sef (Y1)

5@

&t

(13)

The residual risk R(p) is

Ri(¢)

B, [ ST (3272 (V) (@, 50, 2

By ?h2(Y,)®2(u, Su, Vo)

20B; 1S, f (Yu)h(Yo) (@
Q) (u, Sy, Yu) )du‘]—}}.

- €U)2

w(t, Su, V) = &u)

X 4+ +

(14)

Proof: By equations (6), (7), (10) and (12), leads to

L vt—vo—/otﬁudﬁu

/t@ (u, S, Yi) Su f (V) AW,
0

/t O, (u, Su, Yu) By th(Y,)dW?
0

/ €8 (Y)W

x (
t

/0

(H(u, Su, Ya) + pG(u, S, Yu))du).

G(u, Su, Yy) + pH(u, Su, Yu))du>
(11, S, Y )(dﬁf

15)
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Due to ¢, = (&u,nw) is supposed as pseudo locally
risk-minimizing hedging strategy, L; is P, martingale,
that is, the drift coefficient of the above equation is 0
at any time ¢ € [0, 7. It implies that

Sif(Y0) (@u(t, 51, Y0) = &) (pH(E, 51, Y2)
+G(t5,Y0)) + Bl h(Y)®, (L, S, Vi)

x  (pG(t, S, Yy) + H(t, S, Yy)) = 0. (16)
Hence
/ (1, Sy, Yy) — £u)dW)
/ O, (u, Sy, Yo )dW2.  (17)
In addition,
/ S, F(Y.)diV,

combining the Eq.(17) and the above equation, we ob-
tain

[Lv M}t - /Ot §3f2(YU)(q)m(u7 Su, Yu) — &u)du
+ /0 t pSuB (Y )h(Y)®y (u, Sy, Yo )du.  (18)

Moreover, using It6’s formula of integration by parts,
we have

t
LMy = LoMo—l-/ Ls_dM;
0

t
/ M, dL,+[L,M],, (19
0

then L; M, is a P martingale if and only if at any time
u € [0,T],

— &)+ pSuB; !
) =0, P, — a.£20)

S2F2(Ya) (@4 (u, Sy, Ya)
X D@y(u, Sy, Yu) f(Yu)h(Yy,

Therefore, we have

fu:

Suf (Yu)Pp(u, Sy, Ya) + qujlh(Yu)

Suf(Ya)

Now, we prove that for the conditions (A1)-(A3) of
Lemma 4 are satisfied.
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o Al.

<M > =

t o~ —~—
</ Suf(YV)dW} >
0

t~
= /53f2(yu du
0

Hence < M > is Py almost surely strictly increas-
ing on the whole [0, T if and only if S2Y,, > 0 for
every u € [0,77, and this condition is satisfied.

2D

o A2. The finite variation part

t ~
At = / Su (,uu
0

is continuous.

o A3. Combining the Egs.(21) and (22), we can get

(22)

A — dAt - gt(ﬂt —’I“t)dt
TAd<M> @2yt
<M>  SpAYydt

_ e

Si f2(V)

Moreover, since Ep, [ fo P, )du} < oo, then

t
Ep, [< [ AudM,, >] = Ep, {j Nd< M >u]
0 0

[ lar)?
= Ep, [g‘ EI0) du} < 0.
Now, we will calculate the residual risk process
Ry(¢). From the Definition 3 and equation (12), we
obtain

Ru(¢) = Bp, [(Cr(p) - Cul)?| 7]
= Ep [ (Lp — Ly) ’ft:|
_ / Suf (V) (@4 (u, Su, V) — E0)dWL

B R(Y,)®,(u, S, Ye dWQ) ‘}}}

+l

T ~,
~ En| / (52720 (@a(u, S0y Vo) = &)
+ By 2R (Y,)®2(u, Sy, Ya) + 2085 S0 f (Ya)
X h(Yu)( x(uaSuaYu)*‘gu) y(uaSWYU )du‘}}}

Thus, we complete the proof. (|
We substitute the Eq.(13) into the Eq.(16), then
leads to the following condition, for all u € [0, 7],

(1= ) B h(Ya) @y (u, S, V) H (u, Su, Yu) = 0,
thus H(u, Sy, Yy) = 0, for Vu € [0,T]. We now re-
call the condition (9) and get G(u, Sy, Yy,) = %
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Theorem 8 Suppose that the condition
Ep, [fg %du} < ooforall 0 < t < Tis
satisfied. Let

Q| ! —
Bln =D = exp{/o G(u, Sy, Yy, ) AW
1 [t 5
- 5 [ s, virau),
where
Tu — WUy
G(u,Sy,Y,) = AR

Then, the probability measure Q is the minimal mar-
tingale measure.

Proof: Assuming that I' is a P;-martingale orthogo-

nal to the martingale part M of the semimartingale .S.
Since

t —~—
D=1 +/ DG (u, Sy, Y,)dW,},
0

we recall that under the measure P, M, is given by:

t o~ —~—
Mt :/ Suf(yu)dW1}>
0
then

t _
D, =1 +/ Dyt —Hu g
0 " Suf2(Ya)

We can now easily obtain

w "

¢ Ty — Hy
I', D], = / Dy=——"——d[I', M]

0 Suf?(Ya)
Suppose that the condition Ep, [ f(f %du} < o0
for all 0 < ¢ < T is satisfied, and note that I" is a P; -
martingale orthogonal to the martingale M, thus I is
also orthogonal to the martingale D. It means that
I" is still a martingale under the measure Q. Then,
according to the Definition 2, the measure Q is the
minimal martingale measure. Hence, we complete the
proof. D

S Locally risk minimizing hedging
strategy for unit-linked contracts

In this section, we employ the results derived in Sec-
tion 4 to the unit-linked life insurance contracts.
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5.1 The pure endowment

The total claim for /N pure endowment contracts is

N
H = B'W(S7) ) Iirsry = By W(ST)(N — Np).
=1

Let V;* = Eg+ [H|Fi], where Q* = Q x P, since
the independence of the financial market and the in-
surance portfolio, then

Vi = Egq [Br'¥(Sr)(N - Np)|F]
= Ep, [(N = N7)|Fi] Eg [B1 ' U(Sr)|F]
= (N=N)r—PoiVi.

By product rule yields

d((N - NSI)ufstJrs> = _ufsP:rJrdeSI-

Thus we have

T
Vio= Vo4 / (N — NL))p_ P,y cdV,
0

T
- / T—st+s‘/;dM§-
0

Due to
t
vt:vo+Lt+/ €udS,
0

and Eq.(17), we can obtain

T ~
ij = Vb* + / (N - NSI_)T—stJrstdSs

0
T ~
+ / (N = N ) Pay o8uf(Y2)
0

(@u(s, S5, Ys) = &)dW,

T
4 / (N = N )p_ o Py sh(Y,)BS!
0

X

__ T
X @y(s,ss,ys)dwf—/ T 5Py sVedMY!,
0

where M is defined in Section 2.

Therefore, the optimal portfolio invests & =
(N — NL)p_tPy & in the risky asset and 7} =
(N — NJ)1r_4PpytVi — &Sy in the riskless asset for
0 <t < T, the cost process is

t ~
Cile) = Vi+ /0 (N = N1 )ro oy a8 f(Ys)
(D4 (s, S5, Ys) — Eo)dW !

t
+ / (N = N )p_ Py sh(Yy) B!
0

X

X

_ t
@, (s, Ss, Ys)dW?2 — / 7Py sVedM!.
0
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The residual risk process is given by

T
Rile) = Be[ [ (V= NG P2,
(FO7)82(@as, 55, Ya) — &) + h(Y:)* B,
®2 (5, Ss, Ya) + 2pSa f (Vo) h(Y2) By 'y (s, Se, Vi)

X

X

X

T
(Pu(s, 85, Vs) — 53))d8 + /t T—sPa?—l—sVsQ

X

(N = N o sods| Fi].

5.2 The term insurance

The payment ¥(u, S,) is time-dependent but we as-
sume that the insurance company only pays out at time
T'. Thus the claim for a portfolio of NV term insurance
contract is

N
Hp = B;'» BrBp'U(T;, S)Iir<r)

=1

T
= / B, 'U(u, S,)dN!.
0

Again, we will apply the results of Section 4 to the
term insurance. For the term insurance, V; = V (¢, u),
with V(t,u) = Eg+ [By'¥(u,S,)|F] for all t <
u < T. Therefore, { becomes £(t,u) and L; becomes
L(t,u). Hence

t
Vi = Eq- [HylF) = / B (u, S,)dN]
0

T
+ Eg- [/ B, 'WU(u, S,)dN!
t

7
t T
= / B, 'W(u, S,)dN! + / V(t,u)
0 t
X (N = NNyt Posipizsudu.
Using the It6’s formula, V- can be rewritten as

dVip = By (s, S)dN! — By 1 (s, S5)

s

X (N = Ny ods
T
+ / <(N - Ng_)u_st+sux+udu)dV(s,u)
ST
+ / V(S’u)d«N_Nsl)ufstJrs)M:rJrudu-
Since we have

dV (s,u) = &(s,u)dSs + dL(s, u),
d<(N - NsI)ufstJrs> = *ufstJrdesIa
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then
t
Vir = V(fTJF/ B71W(s, Ss)dM!
0
t T _
+ // (N_Nsl)ufspz+sﬂx+u§(3a“)dUdSs
0 Js
t T
+ // (N—NSI_)u_stJrsuHududL(s,u)
0 Js

t pT
- / / V (8, 1)u—sPpy st rudud ML
0 Js

Define
T I
§(s,T) = /(N—NS_)u_st+s,u,r+uf(s,u)du,
t t T
Kt,T) = /leqf(s,ss)dMSf—// V(s,u)
0 0 S
t T
X u—sPotspoadud M + / / (N — Nb
0 Js
X y—sPrisporududL(s,u).
Therefore

t ~
Vip =Vor+ / (s, T)dSs + K(t,T). (23)
0

For 0 <t < T, the unique admissible locally risk
minimizing hedging strategy ¢*(£*,n*) for the term
insurance is given by

T
ST = /t (N — N )ut Pyt u(F, w)d,

t T
1) = [ Brewsavi+ [ view
0 t
X (N — Np)utPogtpiasudu — (£, T)S,.

According to the Definitions 3 and 4, and Eq.(23), the
residual risk process is

Rir(e") = Ep | (K(7) - K(e.1))'| 7]

— EP[/tT <B;1<I)(S,Ss) —/STV(&U)

2
X u—st+sﬂx+udU) (N - NSI)MQH_SdS

T T
+ / (/ (N - Ng)u—spx-‘,-sﬂx-l—udU)
t s

x (S22 (@a(5, 55, Y5) - £)°
+ B2h3(Ys)®y(s, Ss, Ys)® + 20B; f(Y5)
X (V)5 (@als, S5, Ya) = €)@y (s, 55, Ys) ) ds| 72 .

2
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6 Barndorff-Nielsen and Shephard
stochastic volatility model

In this section, we assume that the risky asset is evolv-
ing according to the stochastic volatility model pro-
posed by Barndorff-Nielsen and Shephard [11], where
the squared volatility is given by a non-Gaussian
Ornstein-Uhlenbeck process:

(1t + BYy)Spdt + \/Y; S dWy  (24)
—\Y;dt + dL(\t) (25)

as; =
dy; =

where /3, A are constant, ji is time-dependent, strictly
positive and deterministic, Wy is a standard Brow-
nian motion and L(t) is a pure-jump subordinator.
We let {F;},~, be the completion of the filtration

o(Ws, L(As); s < t) generated by the Brownian mo-
tion and the subordinator such that (Q, F, F;, P) be-
comes a complete filtered probability space. The
Lévy measure of the subordinator is denoted v(dy)
and satisfies by definition [ min(1,y)7(dy) < oco.
wu(dy, dt) and v(dy, dt) = v(dy)dt denote the jump
measure and its compensator, respectively. We refer
to Jacod and Shiryaev [4] with respect to the notation
used in this paper. From the Eq.(24), we have the fol-

lowing semi-martingale decomposition
ds; =

M; + A, (26)

where S is the discounted asset price process of S and
t ~ —
= [ VS,
0

t ~
At = / (,Ufu + /BYU - 74u)Sudu

0

27

Since the market is incomplete, there are infinite
equivalent martingale measures, we first define a mar-
tingale measure by the following

d0 _ ‘ o
hnd Dy=1 +/ G(u, Sy, Yy) DydW,
dP, 0

t
+ /(H(u,Su,Yu)—1)ﬁ(dy,du).(28)
0

By Girsanov’s theorem, under the new measure Q, we
know that W; = Wt fo (u, Sy, Yy)du is a standard
Brownian motion and the compensator v(dy, dt) =
H(t, S, Yi)v(dy)dt. Under the equivalent martingale
measure (), the discounted risky asset price process is
a martingale, we see easier that the following martin-
gale condition holds

e+ BY: —re +VYiG(t, S, V) =0, (29)
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Theorem 9 Ler V; = Ej [Bfl‘l’(ST)‘}—t} =
B{lfb(t,St,Yt), then

Vi

where ©.(t, S¢, Yy), Py

t
= Vo+/ B, (u, Sy, Yu )/ YuSudW,

Y

- (u_ﬂs’u*’Yu*))/ﬁ(d%du)a

U Sua Yy + y)

(t, S, Y1), @y(t, S, Yy) denote

the first derivative of ®(t, St, Y;) with respect to vari-
able t, Sy and Yy respcetively, V(St) is a Fr measure

claim.

Proof: By the Ito’s formula, we obtain

x + + I+ 4+ o+

_l’_

+ o+

dVy = =1 B ®(t, Sy, Yy)dt + B ®4(t, Sy, Yy )dt
B '®,(t, S, Y;)dS, + B, 1@y (t, S;, Y;)dYS

1
§B{1<I>m(t, Si,Y)d < 8¢ >,

BN (®(t, S, Vi) — B(t—, 5, Vi)
—r B ®(t, Sy, Yy)dt + B ®(t, Sy, Yy )dt
By 0, (t, 51, V) (1 4 BY;) St

B @, (t, Sy, Y)Y SidWy — B 1, (t, 54, V)

1
\Y;dt + 53;1@”(@ Sy, Y)Y S2dt

By (®(t, 5, Yy) — (t—, Si—, Vi)
—r B ®(t, Sy, Yy)dt + B ®(t, Sy, Yy )dt

By '@, (t, S0, Yy) (1 + BY:) Sedt

B 1®,(t, Sy, Y1) \V/Y S (th + G(t, S, Yt)dt>

1

By (t, Sy, Y)AYidt + 5 By Baa(t, 51, V) Yi

oo
Sfdt+/ B;l(q>(t, S, Yi_ +)
0
(I)(t_a Stfa Y;f*)) ﬁ(dyv dt)
| B (a5 v+ w)
0

D(t—, i, Yi-) ) (H(t, 50, Yi) = 1) (dy, db),

where S¢ and Y ¢ denote continuous parts of S and Y
respectively.

Then V; is a martingale only and only if the fol-

lowing condition is satisfied

ﬁth S, Yy)) st Dy (t, Sy, Y1) AY,

O(t, S, Vi +y) — (t—, 5, Y;))

S—
8
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x (H
- Tt(p(tvstan)

(u, Sy, Yy) — 1) v(dy, du)
Pt S VYT

Therefore

t
Vi = Vp+ / B, (u, S, Ya) /Yo Sud W

Y

— ®(u—, Sy, Yu_)>u(dy, du).

U Sua Y + y)

0

Theore_m 10 szeN locally risk minimizing strategy
01 = (&, Vi — &St), where
& = ®u(t, 5, Yy). (30)

The residual risk R(ip) is

Ri(p) = Epl[/tT/OOOB‘2

2
- @(u—,su_,yu_)) a(dy)du‘ft] 31)

@(U, SU7 Yu— + y)

t ~
‘/t - Vb - / gudsu
0
t - t proo
_ / B, (1, Su, Yo )/ Yo Sud W, +/ / B!
0 0 JO
x (cp(u, Su,Yue +1) —
t ~ ~ —
0
t ~ —
Ot o]
+ / / B,*

— D(u—, Sy, Vo) ) (u(dy, du) — (dy, du)

+//

— @(u—, Su, Yar) ) By Pi(dy, du)

q)(uv SU7 Y’LL— + y)
(u, Sy, Yy) —

t o~
_ / B (1, S, Y )/ VG Gi(1t, Su, Vi)l
0

t o~
- / Eu (,Uu + BY, — Tu) Syudu.
0
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We find that if we want L to be a martingale under P,
the drift term of L should be zero:

0= / (Bt 0. Vi +3) — Du, S Vi)
0
x Byt (H(u, Sy, Yy) — 1) 7(dy) — 4 (u, Sy, Yyy)
\/EguG(% Su, Yu) — gu (pu + BYy — 14) §u~(32)
Thus

t —~
Et = / ( (U SU7Y _f_u) \/?uguqu

o [
— B(u—, Su-, Yu_>) (1(dy, du) — D(dy, du)).

Combined the above formula and the Eq.(26), we get

U Sua Y,— + y)

t ~,
(L, M], :/ (@4 (u, Su, Yy) — &) YuSidu,
0
Finally, we recall that Definition 3 and obtain &, =

®,(u,Sy,Y,). Furthermore we obtain that the resid-
ual risk process is given by:

Ri(g) = Er [( 1) = Cul))’ |
- En(tr- 1]

= [ [ (@t siv) - &) VRS,
v /tT/OOOBgl(@(u,Su,Yu_er)

— (um Sum Vi) (uldy ) — Py, ) | |
T

Ep, [/t {ggYu((I)x(% SmYu) - EU)Z

+ /OOO B2 (@(u, S, Yo +1)

~ B, Su_,y_)fa (dy) }du‘}}}

[ [ m

. @(u—,Su_,Yu_)) a(dy)du’ft]

Hence, we complete the proof of above theorem. [J
Now recall the condition (29) and get
G(u,Sy,Y,) = M. We substitute it

YuSy
into the Eq.(32), then leads to the following condition

/ B ((I)(u, Sy Yur + ) — ®(u—, Sy_, Yu_)>
0
% (H(u, Sy, Yy) — 1) ¥(dy) = 0,%u € [0,T],

U SUa Y- + y)
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thus H(u, Sy, Yy) = 1,Vu € [0, T].

In the following, we consider the locally risk min-
imizing hedging strategy of unit-linked life contracts
when volatility satisfies Barndorff-Nielsen and Shep-
hard volatility model. We will adopt the similar pro-
cedure of Section 5.

For the pure endowment, we can get

T
Vi“k = %*+/O (N_Nslf)T—sPJ:—&-sts
T
- / TfsP:(:+sV:9dMsI
0
T —_ ~
= ‘/O*‘i‘/ (N—NSI_)T_st+sgsts
0
T —
- / (N = NL))p_ (P, cdLs
0
T
- /1TﬂRHJ@wﬁ.
0

Then the optimal portfolio invests & = (N -
N} )p_tPy & in the risky asset and 77 = (N —
NtI)T_thHVt — g‘;st in the riskless asset for 0 <
t < T, the cost process is

t
Ct(@*) = VO*+/0 (N_Nsl—)T—st+des
t
- / T—SP:E—&—s‘/deSI-
0

As to the term insurance, V; = V(t,u), with
V(t,u) = Eg- [By'W(u,S,)|F] forallt < u <
T. Therefore, { becomes &(t,u) and L; becomes
L(t,u). We can obtain, for 0 < ¢ < T, the unique
admissible locally risk minimizing hedging strategy
@*(&*,7*) for the term insurance is given by

T —
ET) = /t (N — N )ut Pyt su(t w)du,

t T
P(T) = / B0 (u, S,)dN, + / V(t,u)
0 t

X (N - Nt)ufthth,Uachudu - 5*(757 T)St-

7 Conclusion

We have discussed a general class of stochastic
volatility model which contains most of those without
jump component. The market considered is incom-
plete, we studied a locally risk-minimization strategy
of unit-linked life insurance contracts. Furthermore,
we also investigate the locally risk minimizing hedg-
ing strategy for unit-linked life insurance contracts in
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a Barndorff-Nielsen and Shephard stochastic volatil-
ity model.
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