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Abstract: The balanced Procrustes problem with X T — sX and XXT = aX + bI,, constraints are considered. By
one time eigenvalue decomposition or real Schur decomposition of the matrix product generated by the matrices
A and B, the constrained solutions are constructed simply. Similar strategy is applied to the problem with the
corresponding P-commuting constraints with given symmetric matrix P. And the methods are also suitable for
the least squares problem of the extended equations AX = B, XC = D with the same constraints. Numerical
examples are presented to show the efficiency of the proposed methods.
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1 Introduction

Given matrices A, B € IR™*", we consider the fol-
lowing matrix equation

AX =B (D

and its corresponding least squares problem (balanced
Procrustes problem)

min [AX — B[ 2
with X7 = sX and
XXT =aX +0l, 3)

constraints, where the unknown matrix X € IR™*"
and scalars s, a, b satisfy

a?+4b >0, for s =1;
a=0, b>0, for s =—1.

“)

And, nisevenif s = —1.

In the passed decades, the equation (1) with dif-
ferent constraints, together with its corresponding
least squares problem (2), has been interested widely,
more and more people have been attracted in this
topic [1, 2, 3,4, 6, 7, 8, 9, 10, 14, 16, 17, 18, 19].
For the equation (1) with reflexive and anti-reflexive
constraints, Peng and Hu transformed the constrained
equation to two independent unconstrained ones, with
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which they obtained the existence condition and de-
tailed structure of constrained solutions [13]. For the
equation (1) with X = X7 and XXT = I, con-
straints, Meng and Hu constructed its general solution
by four times singular value decompositions and one
eigenvalue decomposition of related matrices [12],
Qiu and Wang proposed a more efficient algorithm to
obtained the solution by one eigenvalue decomposi-
tion in [15]. For the equation (1) with X = —X7
and XXT = [, constraints, Meng, Hu and Zhang
obtained its general solution in terms of C-S decom-
position and Schur decomposition [11].

In this paper, we consider the balanced Procrustes
problem (2) with constraints (3), our ideas are based
on the following observations:

1) If the equation (1) is consistent, then its solutions
must be included in that of the problem (2) with
zero residual. Hence, the constrained equation
(1) can be regarded as the special case of the cor-
responding balanced Procrustes problem (2).

2) By selecting the suitable numbers of a, b in (3),

we can get the constrained problems in [12] and

[11] respectively. From this point, our problem

maybe is more general.

3) The selection of parameters a, bin (3) is to guar-

antee the unknown matrix X has two clusters of

different eigenvalues.
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Note that

|AX — B||% = trace(AX — B)T(AX — B) (5)
= trace(ATAXXT) — 2trace(XT AT B) + || B||%.

In [5], Golub & Van Loan constructed the general so-
lution of the problem (2) with orthogonal constraint
by a simple method: with the constraint, the equiv-
alent form of (5) is transformed to minimize a trace
composed by a linear mapping of unknown X, and the
constrained solution is obtained by one time SVD of
the matrix product of A and B. Motivated by this idea,
we consider the problem (2) with constraints (3) with
the same strategy. That is, the constrained problem
can be simplified as the following minimizing prob-
lem :

min trace(WX) (6)

XT=5X, XXT=aX+bl,

with W = aAT A — 2sA” B. Therefore, we ask for
the constrained solutions only by one time eigenvalue
decomposition or the real Schur decomposition of the
matrix product generated by A and B. Compared with
the existing methods in [11, 12], we have the follow-
ing improvements:

1) For the equation (1) with symmetric orthogo-
nal constraint which was considered in [12], we
continue along the same line of research of [15]
by Qiu and Wang, and generalize the constraint
from symmetric orthogonality to (3).

2) For the equation (1) with skew-symmetric or-

thogonal constraint which was considered in

[11], we regard it as the special case of the prob-

lem (2) with the same constraint and obtain its

constrained solution only by one real-Shur de-
compositions. By computing again and again,
we find our methods maybe are more efficient

(One can turn to Example 1 of section 5 for de-

tails).

3) Our conclusions can be generalized to the

corresponding P-commuting constrained least

squares problems and the extended matrix equa-
tions AX = B, XC = D with the same con-
straints.

The rest of paper is organized as follows. We
consider the problem (2) with constraints (3) in Sec-
tion 2. The corresponding P-commuting constrained
problems are discussed in Section 3. In Section 4, as a
special case of the problem (2), we consider the least
squares problem of the equations AX = B, XC =
D with the same constraints. Numerical examples are
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given in Section 5 to display the efficiency of the al-
gorithms.

Notations. In this paper, IR™*™ denotes the
space of real m X m matrix. For any matrix X =
(xi5) € R™*", trace(X) is its trace, || - || is the
Frobenius norm of matrix. If X is a square matrix
with order n,

(N

Dx = diag(z11, .- -, Tnn)

is the diagonal matrix composed by the diagonal ele-
ments of X. We also denote by I,, the identity matrix
with order n. The matrix O,,, %, iS m X n zero matrix,
O, is n X n zero matrix and sign(.) refers to the sym-
bolic function, respectively. Moreover, for b > 0, we
denote

V5 > ®)

- 0
Dy = ( Vb 0
2 Solutions to the balanced Pro-
crustes problem (2) with (3) con-
straints
With constraints (3),

trace(W X) = trace(XTWT)
= trace(sXW7) = trace(sW'X),

then
1
trace(WX) = itrace((W + sWTX).

Hence, the problem (2) with constraints (3) is equiva-
lent to

min

trace((W + sWT)X).
XT=sX, XXT=aX+bI,

9
21 Cases=1

If s = 1, the matrix (W + sW7) is symmetric. The
condition (3) is equivalent to

X% =aX +bl,. (10)
Let A be the eigenvalue of X, it satisfies
M —a\—b=0. (11)

Denote by A = a? + 4b. With (4), we have A > 0,
which implies equation (11) has two different roots

ai\/Z

A2 = 5

(12)
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So the constrained solution X has two clusters of
eigenvalues, we denote them by

A1 > Ao,

Let an eigenvalue decomposition of the symmetric
matrix W + W7 be

Ay
wH+wh=q A Qf, (13)
On—n—rz
where
Ay =diag(A], ..., AL,
Ay = diag(Ay, ..., AL),
r1 +ro = rank(W + W),
AT >0, A <0,
iZl,...,Tl, ]: 1,...,7“2,
QTQ = I,.
Set X = QT X Q and denote its element by
X = (%), 4,j=1,...,n. (14)
The constraint X X7 = a X + bI,, implies
XXT = aX +bI,,
SO
n
Y Fi=aZi+b, i=1,2,...,n (15)
k=1
Therefore
57121 < az;+0b,
that is
M<z; <A, i=1,...,n. (16)
Partition X by
3 X X2 Xus
X = Xo1 Xoo Xo3 |, (17)
X311 Xs2 Xss
then

trace((W + WT)X) = trace (A1X11 + A2X22) .
The question (6) is equivalent to

min trace (A1 X711 + A2 Xo9) .

X11,X22

With inequality (16), it is not difficult to verify
Dx,, = XoI,,, Dx,, = M1p,.

(18)

Together with (15), we have
X’Lj = 07 Z')] = 172737 17&.77
X11 = oLy, Xoo = Milp,y.

Thus, we have the following theorem.
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Theorem 1 Denote by W = aATA — 2AT B and
suppose an eigenvalue decomposition of the matrix
W+ W is

Ay
W+ wTl=Q Ay Q"
OTL—T‘I—’I"Q
where
Ay =diag(AT,..., \),
Ay = diag(A7,. .., )\;2),
r1 + 19 = rank(W + W7T),
AT >0, A7 <0,
’izl,...,Tl, jzl,...,’r‘g,
QTQ - In
The general solutions of problem (2) with
XT = X and XXT = aX +bI,
constraints are
)\2-[7“1
X=Q My, Q7 (19)

G

where \1, Ao are determined by (12), the matrix G €
IR "= T2 XTI gatisfies

GT =@, GGT = aG +bI,_r, 1,
and a® + 4b > 0.

Now we consider the two special cases of Theo-
rem 1. For a = 0, b = 1, the constraints are

xXT=Xx, xxT=1,, (20)

that is the symmetric orthogonal constraint, we have
the following corollary.

Corollary 2 Denote by W = —2A" B and suppose
an eigenvalue decomposition of the matrix W + W7T
is

Ay
waw'=qQ A Q"

Onfrl )
where

Ay = diag(\], ..., AL,

) T1
Ao = diag(Ay, ..., An),
r1 + 19 = rank(W + W7T),
AT >0, A\ <0,
izl,...,rl, jzl,...,rg,

QTQ = In

Issue 3, Volume 12, March 2013



WSEAS TRANSACTIONS on MATHEMATICS

The general solutions of problem (2) with symmetric
orthogonal constraint (see (20)) are
—1I,,
X=Q I, Q" 2D
G
where G € IR "1™ "2XNTT17T2 satisfies
Gl'=aG, GGT =1,y _r,.
For a = 1, b = 0, the constraints are

xXT=Xx, xxT =X, (22)

that is the symmetric idempotent constraint. And we
also have the following corollary.

Corollary 3 Denote by W = ATA — 2A"B and
suppose an eigenvalue decomposition of the matrix
W+ W is
Ay
wewT=qQ| A Q"

On—m )
where

Ay =diag(A], ..., AL,
Ag = diag(Ay, ..., L),

71 + 1o = rank(W + W7T),
AT >0, A\ <0,
i:1,...,T1, j:L...,T’Q,

QTQ = Ip.

The general solutions of problem (2) with symmetric
idempotent constraint (see (22)) are

Oy,
X=Q I, QT, (23)
G

where G € IR" "1 T2XMTT17T2 gqtisfies
G'=aG, GGT =G.

2.2 Cases= —1

Fors = —1, W = ATB and W — W7 is skew-
symmetric, we consider

i t W —-whHx). 24
o race(( )X) (24)

Let a real Schur decomposition of the matrix W — W7
be

W—WT:Q<C o, )QT, @5)
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where
C = diag(Ch ey C?")7
C; = 0 @ , ¢ >0,
—C; 0

2r = rank(W — WT), i=1,... n
QTQ = Ip.

Set X = QT XQ and denote
X = (i), 4,7=1,2,...,n.
We have
(W = WT)X)2i-12i-1 = cifizizi1
and
(W =W)X )gi0i = —ciFoi_1.2i

withi = 1,2,...,r. The constraints X = —X and
XXT = bI, imply

SO
n
Y dp=bi=12...,n (26)
k=1

To solve the equation (24), we have
Boi10i = Vb, i=1,2,...,m. 27)

Together with (26), the following equalities hold:

Dy
X = ,
Dy
G

where Dy is defined by (8), and G is arbitrary. Thus,
the following theorem holds.

Theorem 4 Denote by W = AT B and suppose a
real Schur decomposition of W — W7 is

T _ C T
w=w _Q< On—2r>Q,

where
C = diag(Cy,...,C)),
0 C; )
C’i_ —c; 0>7C’L>O7

2r = rank(W — W7), i=1,...,r,
QTQ = In-
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The general solutions of problem (2) with
X =-X" and XX* =01,

constraints are

where [)b is defined by (8) and G € IRV 272" sqt-
isfies

GT = -G, GTG = bl,.

Remark 5 1) In this problem, a = 0 is based on the
following observation:

xXxT = (xxhT
= (aX +0bI,)T
—aX + bl,,
which implies that a = 0.

2) For b = 1, the constraint is skew-symmetric
orthogonal.

3 Solutions to the balanced Pro-
crustes problem with correspond-
ing P-commuting constraints

In this section, we generalize the constraints to their
corresponding P-commuting constraints with given
symmetric matrix P, that is, we want to consider the
problem (2) with

PX =XP, XT =sX and XXT = aX +0I,

constraints.
Let an eigenvalue decomposition of P be
P =Vdiag(MIy,, -, Ay, )V, (28)
where VTV = I,, k; is the multiples of eigenvalues
\; satisfying ¥¥_, k; = n. Note that a matrix X satis-
fies
PX=XP
if and only if
X = Vdiag(Xy, -, X,) V7T, (29)

where

X; e RF¥F =1, p.
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If X is further required to satisfy X7 = sX and
XXT = aX + bl,, then all {X;}¥_, in (29) should
satisfy the same constraints too, that is,

xT

)

sX;, XiX] = aX;+bly,,
i = 1,...p.

Denote by W = VIWV with W = a AT A—2sAT B.
And partition the matrix

W = (W)

conforming to (29). So the constrained solutions are
represented by X = Vdiag(Xy,---, X,)VT, where
X, satisfies
min trace(X;(Wi; + sW1)),
XiTzsxi, X¢X?=aX¢+blki
1=1,...,p,

which can be solved by Theorem 1 and Theorem 4.
Hence, we have the following theorems.

Theorem 6 Denote by W = VIWV with W =
aAT A — 2AT B, and the matrix V' is determined by
(28). We partition the matrix W = (W;;) conforming
to (29), where

Wij S ]Rkix,cj .

Let an eigenvalue decomposition of the matrix W;; +
WL be

A
Wii + Wi = Qs Ag) 3
O o o
1 2
where
. _ o+ i)t
1
AP = diaghP ™. A0,

. N r2
TY) + rg) = rank(W;; + W),

/\y) >0, )\,(j) <0,

j= 1,...,7“@, k= 1,...,r§i).
Q7 Qi = I,
The solutions to the problem (2) with
PX =XP, X" =X and XXT =aX +bI,

constraints are

X = Vdiag(X1,---, X,)V7,
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Az iy
1
AL Q7
2
G;
A1, Ao are determined by (12), and the matrix G; €

R (k=i =r§?)x (ki —r{? =rf") satisfies

Gl =Gi, GG =aGi+bI,_ ) _ .
=T — Ty
Theorem 7 Denote by W = VIWV with W =
AT B, and the matrix V' is determined by (28). We
partition the matrix W = (W;;) conforming to (29),

where W;; € IR**%5 Let a real Schur decomposition
of the matrix Wy, — Wi be
)r
)

(4)
Wi — WE = Qi ( ¢ (30)

where

2r; = rank(Wg — Wii),
C.gl) >07 ,7: ].,...,’I“i,

QI Qi =1Iy,.
The solutions to the problem (2) with
PX =XP, XT=-X and XXT =0I,
constraints are
X = Vdiag(Xy,---, X,)VT
with

Xz‘ = Qidiag([)b, . ,Db, Gz) T

7

where Dy, is defined by (8) and G; € TR¥i—2rixki—2r:
satisfies

GT = -Gy, G:GT = by, _o,,.

4 The least squares problem of one
extended matrix equations with
the same constraints

In this section, we consider the least squares problems
of the extended matrix equations

AX =B, XC=D 31)
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with the same constraints, where matrices
A, BeIR™", C, DeR"P.

That is, we want to consider the following least
squares problem

min | ( 0%4 )?(T__%T ) I (32)
with
X' =sX and XTX =aX +0bI,
constraints. Note that (32) is equivalent to
min[|AX — B (33)

with

(&)-(5)

Hence, their constrained least squares solutions can
been obtained in terms of Theorem 1, Theorem 4,
Theorem 6 and Theorem 7 only by replacing A = A
and B = B in W, respectively. Therefore, we have
the following theorems.

Theorem 8 Denote by
W =a(ATA+cCT) - 2(ATB + CDT),

and suppose an eigenvalue decomposition of the ma-
trix W+ W7 is

Ay
w+wT =Q As QT,
On—m—rg
where
Ay =diag(A], ..., A,
Ay = diag(Ay, ..., A),
r1 + 19 = rank(W + WT),
A >0, Aj <0,
iIl,...,Tl, jIl,...,TQ,
QTQ = I,.
The general solutions of problem (2) with
XT =X and XXT =aX +bI,
constraints are
Aol
X=Q My, QY, (34

G

where A\, Ag are determined by (12), and the matrix
G € RMTT2XRTIITT2 gatisfies

GT =G, GGT = aG + bl )1,y
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Theorem 9 Denote by W = VI WV with
W =a(ATA+ cCT) - 2(ATB + cDT),

and the matrix V is determined by (28). We partition
the matrix W = (W;;) conforming to (29), where
Wi; € IRF %Ki Let an eigenvalue decomposition of
the matrix Wi; + W be

AP
Wi + Wik = Q; Agi) :
O, _,&_.o
1 2
where
i . it i) T
Ag) — dlag()\g) S ,)\5()1-) )7
1
A = diag( A\, .. J% );

TY) + réi) = rank(W;; + %Vg),
)\§-i)+ > 0, /\,(j)_ < 0,

] = 1,...,7‘9,]{7: 1,...,r§i).
QT Qi =1Iy,.

The solutions to the problem (2) with
PX =XP, X" =X, and XXT = aX +bI,,
constraints are
X = Vdiag(Xy,---, X,) VT,
where

Aol

X;=Q; M1 Q7,

G;

A1, Ao are determined by (12), and the matrix G; €
R(ki—rgz)—rél))x(ki—ry)—réz)

) satisfies
Gl =Gy, G,GT = aGi +bL, o) 0-
Theorem 10 Denote by W = ATB + CDT and

suppose a real Schur decomposition of the matrix
W —WT be

C
W—WT—Q< O s )QT,

where
C = diag(Cy,...,C)),
0 C;
C; = —¢; 0 ;¢ >0,
2r = rank(W — W7), i=1,...,r,
QTQ = In-
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Then the general solutions of problem (2) with
X" =-X and XX* =bI,
constraints are

X = leag(Db7 SRR bba G)QTa (35)

where Dy is defined by (8) and G € IR ~27*"=2" gqt.
isfies

G" = -G, GG" = bl,_o,.

Theorem 11 Denote by W = VIWV with W =
ATB+CDT, and the matrix V' is determined by (28).
We partition the matrix W = (W;;) conforming to
(29), where W;; € IRFi%ki. Let a Schur decomposi-
tion of the matrix W;; — W1 be

(1)
mrwﬁ—@<c Oh,)?,<m

where

0 = diag(C?, ..., ),

oo 0 &
J —cy) 0 ’

2r; = rank(Wy; — W),

A k23
>0, j=1,...,m,

QT Qi = Iy,
The solutions to the problem (2) with
PX =XP, X" =—-X and X*X =I,
constraints are
X = Vdiag(X1,- -, Xp) VT
with

Xz' = delag(bba ERE 7Dba GZ) 7

70

where Dy is defined by (8) and G; € TRFi—2rixki—2r:
satisfies

Gl = -Gy, GG} = by, o,

5 Numerical Examples

In this section, we present some numerical examples
to illustrate the effectiveness of our theorems. For

simplicity, we set m = n = p and restrict all matrices
A, B, C D, EcR™".
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All examples are performed by MATLAB 7.3 on
a personal computer of the Intel Core2 Duo CPU
T7250 with 2G memory.

Example 1. In this example, lets = —1,a =0,b =1
in (3). We compare the algorithm based on Theorem
4 and that in [11] for the equation (1) with

XT=_X and XXT =1,

constraints. The test matrices A, B are constructed

as follows:

A = Updiag(oy, -, 0.V,
B '707“)([%7 %]GO)T7

(37

Ugdiag(al, o
where
UO c IR,mXT, ‘/b c IRTLXT’ GO c ]RnXT’

are column orthogonal, Vj is the orthogonal comple-
ment of Vp, the principle submatrix with order r of Gg
is skew-symmetric, and the singular values 0;,7 = 1 :
7 are uniformly distributed in the interval (0, 1).

It is not difficult to verify: if A and B are set by

(37), then we have

BBT = AAT, ABT = —BAT,
so the equation (1) has a skew-symmetric orthogonal
(XT = —X and XTX = I, constraints) solution.
Therefore, the residual error | AX — B||r of an opti-
mal constrained least squares solution to the equation
(1) should be zero.

In Table 1, let numbers m = n be variant from
100 to 1000, » = 50, we list the experiment results
for different matrix sizes. For different n, the residual
error ||AX — B||r in both algorithms can also reach
10713, Both the skew-symmetric error || X7 + X ||
and orthogonal error || X X7 — I,,||  in Theorem 4 can
reach 10713, however those in [11] is only 107°. And
CPU time of Algorithm in [11] is almost 1.5 times as
that of Theorem 4. From the computing results, our
algorithm will be better in skew-symmetric error and
orthogonal error.

Example 2. Lets = 1,a = 1 and b = 2, we test
the algorithm based on Theorem 1 (Corollary 2) for
the problem (2) with X7 = X and X X7 = X +2I,,
constraint. The test matrix A with singular values are
set as follows,

[U, temp] = qr(1 — 2 x rand(n));
[V, temp| = qr(1 — 2 x rand(n));
d =rand(n, 1);

A = Udiag(d)V7T;
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that in [11] for the equation (1) with X7
—X, and XX7 = I, constraint

n algorithm CPU(s) lAX — Bl p
100 Theorem 4 0.031 1.03*10~13
algorithm in [11] | 0.078 2.32% 10713
200 Theorem 4 0.20 1911013
algorithm in [11] | 0.27 4.94%10~13
300 | Theorem 4 0.82 2.05% 10713
algorithm in [11] | 1.11 8.83% 10713
500 | Theorem 4 3.81 3.57% 1013
algorithm in [11] | 5.34 2.14% 10~13
700 Theorem 4 11.36 475%10~13
algorithm in [11] | 16.26 2.31% 10713
1000 | Theorem 4 31.33 6.27% 10~ 13
algorithm in [11] | 45.32 4.77% 1013
n algorithm I1XT + X\ I1XXT — Il
100 | Theorem 4 2.69% 10~ | 3.09% 1013
algorithm in [11] | 8.85% 1096 | 1.11* 1006
200 | Theorem 4 3.96% 10715 | 2.69% 10~ 1°
algorithm in [11] | 1.33*% 10796 | 1.69% 10796
300 | Theorem 4 5.11%107 1 | 5.58% 10~ 14
algorithm in [11] | 2.26* 10796 | 3.01% 10796
500 Theorem 4 6.84% 10715 | 1.41* 10~
algorithm in [11] | 1.20* 1079 | 1.53* 10~6
700 Theorem 4 8.25% 1015 | 2.23* 10~
algorithm in [11] | 1.59% 10-%6 | 2.07* 10~
1000 | Theorem 4 1.01%107 1 | 1.21* 10~
algorithm in [11] | 9.23*% 1079 | 1.18% 1079

and the matrix B are constructed by the following
rules,

c(l:n/2)=2;¢(n/2+1:n)=—-1
[U, temp| = qr(1 — 2rand(n));

X, = Udiag(c)UT;

B=AX,;

so the optimal residual will be zero.

We still let numbers m = n be variant from 100
to 1000. For different n, the residual precision || AX —
B||F can reach 10713, The symmetric error || X7 —
X || is zero always, and the error || X X7 — X —21I,|| »
can reach 10714, In Table 2, we list the CPU time,
|AX — B||r,and | X XT — X —2I,,||r , respectively.
Since || X7 — X|| are zero always, we omit it.

Example 3. In this experiment, we test the effi-
ciency of our algorithms when the coefficient matri-
ces have different condition numbers. We ask for the
least squares problem (2) with symmetric idempotent
constraint (X7 = X,and X X7 = X) by Theorem 1,
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Table 2: Solve the problem (2) with X7 = X and
XXT = X + 21, constraints based on Theorem 1.

n=m | CPU(s) lAX — Bllp | IXXT — X — 2L, ||
100 0.14 [ 2.57¥10~ ™ 9.91%10~ ™
200 0.45 | 5.25%¥10~ 4 1.87%10~14
300 0.95 | 7.91%¥10°13 3.03%10 14
500 1.24 | 1.62¥10713 1.73%10~14
700 3.20 | 1.89%10~ 13 7.94¥10~
1000 9.36 | 2.68*10~13 1.29%10~13

thatis s = 1, a = 1, b = 0. The test matrix A with
singular values are set as follows,

[U, temp] = qr(1 — 2 x rand(n));
[V,temp| = qr(1 — 2 x rand(n));
d=[1+rand(9+n/10,1);

107% % (rand(n/10,1) + 0.1)];
A = Udiag(d)V7T;

and, the matrix B are constructed by the following
rules,

¢ =rand(n,1) > 0.5;

[U, temp] = qr(1 — 2rand(n));
X, = Udiag(c)UT;
B=AX,;

where o > 0 is a constant that determines the mag-
nitudes of the condition number of A. In Table 3, we
list the experiment results for given n = 500. CPU
time almost remains unchangeable even the condition
number of A become bigger. The symmetric error
| XT — X||r keeps zeros always. The other items
listed are similar to the above example.

Table 3: Variant condition numbers for the problem
(2) with X7 = X and XX7 = X constraints, n =
500

Cond(A) CPU(s) € I1XxxT - X||p
1.94%10% | 5.37 | 1.95%10712 | 8.47*10~ 14
1.87%¥10% | 5.46 | 1.65%10'2 | 8.53*%10~14
1.84%10%* | 545 | 2.11*%10712 | 8.96%10~ 14
1.41%10° | 544 | 2.01*%10712 | 7.77%10~ 14
1.73%10% | 5.48 | 1.71*%10712 | 7.87*10~ 14
1.92%¥107 | 538 | 1.45%10'2 | 7.65%10~14
1.49%107 | 5.33 | 1.61*%10712 | 7.34*10~ 14
1.66%10% | 5.51 | 1.72*%107'2 | 6.68*%10~14
1.59%10° | 542 | 1.65%10712 | 6.65%10~ 14
1.83¥10'0 | 539 | 1.55%10'2 | 8.97*%10~ 14
1.15%10" | 551 | 1.21*¥10712 | 8.78*10~ 14
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Example 4. Finally we test our algorithm for the
least squares problem of AX = B, XC' = D with

PX=XP, XT=Xand XXT =1,

constraints. The symmetric matrix P with two differ-
ent eigenvalues is generated as follows:

[H,temp| = qr(1 — 2 x rand(n));

d = [repmat(1,[1,n/2]),
repmat(4,[1,n/2])];

P = Hdiag(d)HT.

The coefficient matrix A, C € IR™*" are constructed
by

[Ua, temp] = qr(1 — 2 * rand(n));
[Va, temp] = qr(1 — 2 * rand(n));
da =rand(n,1);

A = Uadiag(da)V{;

[Uc, temp] = qr(1 — 2 *x rand(n));
[Ve, temp] = qr(1 — 2 * rand(n));
do = rand(n, 1);

C = Ucdiag(do)VE;

and B, D are constructed by
B = AHdiag(X1, Xo)HT,

and
D = Hdiag(X, Xo)HTC,

where X;, ¢ = 1,2 are symmetric orthogonal matri-
ces generated by following rule:

[Ux;,, temp] = qr(1 — 2rand(n/2));
dx, =1 —2rand(n/2,1);
X; = Ux,diag(sign(dx;))U¥;-

The numerical results in Table 4 show that our algo-
rithm is effective for this constrained problem.

6 Conclusion

In this paper, we consider the balanced Procrustes
problem with X = sX” and XXT = aX + bl,
for given numbers a, b. By one time eigenvalue de-
composition or real Schur decomposition of the ma-
trix product generated by the matrices A and B, we
construct the constrained solutions simply. We also
generalize these conclusions to the problem with cor-
responding P-commuting constraints with given sym-
metric matrix P and the extended equations AX = B,
X C = D with the same constraints.
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Table 4: The PX = XP, X7 = X and XXT =1,
constrained solutions to the least squares problem of

AX =B, XC=D

n | CPU(s) n(gjﬁé)nF IXT = X
100 0.15 | 1.49%10~1% [223*107 14
200 0.79 | 3.78%10~1% | 1.43*107 14
400 536 | 6.35%10714 | 1.65*107 14
600 | 1545 | 7.39%10~ | 1.78*107 4
800 | 37.11 | 2.55*10713 | 1.54*10™

n CPU(s) I1XXT — Ll IPX — XP||p
100 0.15 | 243*%10~ 1% [ 242%10° 13
200 0.79 | 5.64%1071% | 3.54*10~13
400 536 | 1.34*1074 | 3.66%10713
600 | 1545 | 5.53*10~1 | 5.68*1013
800 | 37.11 | 8.89*10713 | 3.64*10~ 12
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