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1 Introduction
There is a lot of work dealing with the determinant
of several special matrices involving some famous
numbers. Jaiswal evaluated some determinants of cir-
culant whose elements are the generalized Fibonacci
numbers [1]. Lind presented the determinants of cir-
culant and skew-circulant involving Fibonacci num-
bers [2]. Lin gave the determinant of the Fibonacci-
Lucas quasi-cyclic matrices in [3]. Shen considered
circulant matrices with Fibonacci and Lucas numbers
in [4]. By constructing the transformation matrices,
he presented the following results:

(i) Let An = Circ(F1, F2, . . . , Fn) be circulant
matrix, then

detAn = (1− Fn+1)
n−1

+Fn−2
n

n−1∑
k=1

Fk

(
1− Fn+1

Fn

)k−1

,

where Fn is the nth Fibonacci number.
(ii) Let Bn = Circ(L1, L2, . . . , Ln) be circulant

matrix, then

detBn = (1− Ln+1)
n−1 + (Ln − 2)n−2

×
n−1∑
k=1

(Lk+2 − 3Lk+1)

(
1− Ln+1

Ln − 2

)k−1

,

where Ln is the nth Lucas number.
The determinant problems of the row first-minus-

last right (RFMLR) circulant matrices and row last-
minus-first left (RLMFL) circulant matrices involving

the Fibonacci, Lucas, Pell and Pell-Lucas sequences
are considered in this paper. The explicit determinants
are presented by using some terms of these sequences.
The techniques used herein are based on the inverse
factorization of polynomial. Firstly, we introduce the
definitions of the RFMLR and RLMFL circulant ma-
trices, and properties of the related famous numbers.
Then, we present the main results and the detailed pro-
cess.

Definition 1. [5] A row first-minus-last
right (RFMLR) circulant matrix with
the first row (a1, a2, . . . , an), denoted by
RFMLRcircfr(a1, a2, . . . , an), is meant a square
matrix of the form

A =


a1 a2 . . . an
an a1 − an . . . an−1
...

...
. . .

...
a3 a4 − a3 . . . a2
a2 a3 − a2 . . . a1 − an


It can be seen that the matrix has an arbitrary first

row and the any other row obtained from the previous
one according to the following rule: Get the (i + 1)-
st row by subtracting the last element of the i-th row
from the first element of the i-th row, and then shifting
the elements of the i-th row (cyclically) one position
to the right. Obviously, the RFMLR circulant matrix
is determined by its first row.

Note that the RFMLR circulant matrix is a xn +
x − 1 circulant matrix [6], which is neither an exten-
sion nor special case of the circulant matrix [7, 8].
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They are two completely different kinds of special
matrices.

We define the matrix Θ(1,−1) as the basic RFMLR
circulant matrix, that is,

Θ(1,−1) =


0 1 0 . . . 0
...

. . . . . . . . .
...

...
. . . . . . . . . 0

0 . . . . . . 0 1
1 − 1 0 . . . 0


= RFMLRcircfr(0, 1, 0, . . . , 0).

Both the minimal polynomial and the characteristic
polynomial of Θ(1,−1) are g(x) = xn + x − 1,
which has only simple roots, denoted by εi (i =

1, 2, . . . , n). Furthermore, Θ(1,−1) satisfies Θj
(1,−1) =

RFMLRcircfr(0, · · · , 0︸ ︷︷ ︸
j

, 1, 0, · · · , 0︸ ︷︷ ︸
n−j−1

) and Θn
(1,−1) =

In − Θ(1,−1), then a matrix A can be written in the
form

A = f
(
Θ(1,−1)

)
=

n∑
i=1

aiΘ
i−1
(1,−1) (1)

if and only if A is a RFMLR circulant matrix, where
the polynomial f(x) =

∑n
i=1 aix

i−1 is called the rep-
resenter of the RFMLR circulant matrix A.

Since Θ(1,−1) is nonderogatory, then A is a
RFMLR circulant matrix if and only if A commutes
with Θ(1,−1), that is, AΘ(1,−1) = Θ(1,−1)A. Because
of the representation (1), RFMLR circulant matrices
have very nice structure and the algebraic properties
also can be easily attained. Moreover, the product of
two RFMLR circulant matrices and the inverse A−1

are again RFMLR circulant matrices.

Definition 2. [5] A row last-minus-first left (RLMFL)
circulant matrix with the first row (a1, a2, . . . , an),
denoted by RLMFLcircfr(a1, a2, . . . , an), is meant a
square matrix of the form

B =


a1 . . . an−1 an
a2 . . . an − a1 a1
... . . .

...
...

an−1 . . . an−3 − an−2 an−2

an − a1 . . . an−2 − an−1 an−1

 .

It can be seen that the matrix has an arbitrary first
row and the any other row obtained from the previous
one by the following rule: Get the (i + 1)-st row by
subtracting the first element of the i-th row from the
last element of the i-th row, and then shifting the ele-
ments of the i-th row (cyclically) one position to the

left. Obviously, the RLMFL circulant matrix is deter-
mined by its first row.

Let A = RLMFLcircfr(a1, a2, . . . , an) and B =
RFMLRcircfr(an, an−1, . . . , a1). By explicit com-
putation, we find

A = BÎn, (2)

where În is the backward identity matrix of the form

În =



1

0 1
. . .

1 0
1

 . (3)

The Fibonacci and Lucas sequences {Fn} and
{Ln} are defined by

Fn+1 = Fn + Fn−1, n ≥ 1, (4)

Ln+1 = Ln + Ln−1, n ≥ 1, (5)

with the initial condition F0 = 0, F1 = 1 and L0 = 2,
L1 = 1.

The Pell and Pell-Lucas sequences {Pn} and
{Qn} are defined by [10]

Pn+1 = 2Pn + Pn−1, n ≥ 1, (6)

Qn+1 = 2Qn +Qn−1, n ≥ 1, (7)

with the initial condition P0 = 0, P1 = 1 andQ0 = 2,
Q1 = 2.

The first few members of these sequences are
given as follows:

n 0 1 2 3 4 5 6
Fn 0 1 1 2 3 5 8
Ln 2 1 3 4 7 11 18
Pn 0 1 2 5 12 29 70
Qn 2 2 6 14 34 82 198

Recurrences (4) and (5) involve the characteristic
equation x2 − x− 1 = 0 with roots α = (1+

√
5)/2,

β = (1 −
√
5)/2. Moreover, the Binet form for the

Fibonacci sequence is

Fn =
αn − βn

α− β
, (8)

and the Binet form for Lucas sequence is

Ln = αn + βn. (9)

Recurrences (6) and (7) as well imply the characteris-
tic equation x2 − 2x− 1 = 0 with roots γ = 1+

√
2,
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δ = 1−
√
2. Furthermore, the Binet form for the Pell

sequence is

Pn =
γn − δn

γ − δ
, (10)

and the Binet form for the Pell-Lucas sequence is

Qn = γn + δn. (11)

2 Main Results
By Proposition 5.1 in [6], we deduce the following
lemma.

Lemma 3. Let A = RFMLRcircfr(a1, a2, . . . , an).
Then the eigenvalues of A are given by

λi = f(εi) =

n∑
j=1

ajε
j−1
i , i = 1, 2, . . . , n,

and the determinant of A is given by

detA =
n∏

i=1

λi =
n∏

i=1

n∑
j=1

ajε
j−1
i .

Lemma 4. Suppose εi (i = 1, 2, . . . , n) are the roots
of the characteristic polynomial of Θ(1,−1). Then

n∏
i=1

(aε2i + bεi + c) = cn + an−1(a+ b+ c)

+ c
(
xn−1
1 + xn−1

2

)
− (xn1 + xn2 ) , (12)

where a, b, c ∈ R and

x1 =
−b+

√
b2 − 4ac

2
; x2 =

−b−
√
b2 − 4ac

2
.

Proof: Since εi (i = 1, 2, . . . , n) are the roots of the
characteristic polynomial of Θ(1,−1), g(x) = xn+x−
1 can be factored as

xn + x− 1 =
n∏

i=1

(x− εi). (13)

If a = 0, then we have

n∏
i=1

(bεi + c) = (−b)n
n∏

i=1

(
−c
b
− εi

)
= (−b)n

[(
−c
b

)n
− c

b
− 1
]

= cn + c(−b)n−1 − (−b)n.

Obviously, the equality (12) holds when a = 0.

If a ̸= 0, then we deduce

n∏
i=1

(
aε2i + bεi + c

)
= an

n∏
i=1

(
ε2i +

b

a
εi +

c

a

)

= an
n∏

i=1

(x1
a

− εi

)(x2
a

− εi

)
where

x1 =
−b+

√
b2 − 4ac

2
; x2 =

−b−
√
b2 − 4ac

2
.

By the factored form (13), we have

n∏
i=1

(
aε2i + bεi + c

)
= an

[(x1
a

)n
+
x1
a

− 1
] [(x2

a

)n
+
x2
a

− 1
]

= cn + an−1(a+ b+ c)

+ c
(
xn−1
1 + xn−1

2

)
− (xn1 + xn2 ) .

The proof is completed. ⊓⊔

2.1 Determinants of the RFMLR and
RLMFL Circulant Matrix Involving
Fibonacci Numbers

Theorem 5. Let C = RFMLRcircfr(F1, F2, . . . , Fn)
and n ≥ 3. If n is even, then

detC =
(1− Fn+1)

n + Fn−1
n

−Ln−2 + 2

+
(1− Fn+1)

(
yn−1
1 + yn−1

2

)
− yn1 − yn2

−Ln−2 + 2
,

and if n is odd, then

detC =
(1− Fn+1)

n + Fn−1
n

−Ln−2

+
(1− Fn+1)

(
yn−1
1 + yn−1

2

)
− yn1 − yn2

−Ln−2
,

where

y1 =
−Fn−1 +

√
F 2
n−1 − 4Fn (1− Fn+1)

2
, (14)

y2 =
−Fn−1 −

√
F 2
n−1 − 4Fn (1− Fn+1)

2
. (15)
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Proof: Obviously, C has the form

C =


F1 F2 . . . Fn

Fn F1 − Fn . . . Fn−1
...

...
. . .

...
F3 F4 − F3 . . . F2

F2 F3 − F2 . . . F1 − Fn

 .

If n = 1, then detC = 1.
If n = 2, then

C =

(
1 1
1 0

)
and detC = −1.

If n ≥ 3, then we have

detC =
n∏

i=1

(
F1 + F2εi + · · ·+ Fnε

n−1
i

)
=

n∏
i=1

(
α− β

α− β
+
α2 − β2

α− β
εi

+ · · ·+ αn − βn

α− β
εn−1
i

)
=

n∏
i=1

Fnε
2
i + Fn−1εi + 1− Fn+1

αβε2i − (α+ β)εi + 1
.

owing to Lemma 3 and the Binet form (8). By Lemma
4 and the Binet form (9), we obtain

n∏
i=1

(
Fnε

2
i + Fn−1εi + 1− Fn+1

)
= (1− Fn+1)

n

+ Fn−1
n + (1− Fn+1)

(
yn−1
1 + yn−1

2

)
− yn1 − yn2

where y1, y2 are defined by (14) and (15), and

n∏
i=1

[
αβε2i − (α+ β)εi + 1

]
= −Ln−2+(−1)n+1.

Therefore, if n is even, then

detC =
(1− Fn+1)

n + Fn−1
n

−Ln−2 + 2

+
(1− Fn+1)

(
yn−1
1 + yn−1

2

)
− yn1 − yn2

−Ln−2 + 2
,

and if n is odd, then

detC =
(1− Fn+1)

n + Fn−1
n

−Ln−2

+
(1− Fn+1)

(
yn−1
1 + yn−1

2

)
− yn1 − yn2

−Ln−2
.

The proof is complete. ⊓⊔

Theorem 6. Let D = RFMLRcircfr(Fn, . . . , F1). If
n is even, then

detD =
Fn
n + Fn+2 − Fn

(
yn−1
3 + yn−1

4

)
− yn3 − yn4

−Ln+1
,

and if n is odd, then

detD =
Fn
n + Fn+2 + Fn

(
yn−1
3 + yn−1

4

)
+ yn3 + yn4

Ln+1 + 2
.

where

y3 =
Fn+1 − 1 +

√
(Fn+1 − 1)2 − 4Fn

2
, (16)

y4 =
Fn+1 − 1−

√
(Fn+1 − 1)2 − 4Fn

2
. (17)

Proof: The matrix D has the form

D =


Fn Fn−1 . . . F1

F1 Fn − F1 . . . F2
...

...
. . .

...
Fn−2 Fn−3 − Fn−2 . . . Fn−1

Fn−1 Fn−2 − Fn−1 . . . Fn − Fn−1

 .

According to Lemma 3 and the Binet form (8), we
have

detD =

n∏
i=1

(
Fn + Fn−1εi + · · ·+ F1ε

n−1
i

)
=

n∏
i=1

(
αn − βn

α− β
+
αn−1 − βn−1

α− β
εi

+ · · ·+ α− β

α− β
εn−1
i

)
=

n∏
i=1

−ε2i + (1− Fn+1) εi − Fn

ε2i − (α+ β)εi + αβ
.

Using Lemma 4 and the Binet form (9), we obtain

n∏
i=1

[
−ε2i + (1− Fn+1) εi − Fn

]
= (−Fn)

n

+ (−1)nFn+2 − Fn

(
yn−1
3 + yn−1

4

)
− yn3 − yn4 ,

where y3, y4 are defined as (16) and (17), and
n∏

i=1

[
ε2i − (α+ β)εi + αβ

]
= −Ln+1 + (−1)n − 1.

Consequently, if n is even, then

detD =
Fn
n + Fn+2 − Fn

(
yn−1
3 + yn−1

4

)
− yn3 − yn4

−Ln+1
,
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and if n is odd, then

detD =
Fn
n + Fn+2 + Fn

(
yn−1
3 + yn−1

4

)
+ yn3 + yn4

Ln+1 + 2
.

The conclusion is obtained. ⊓⊔

Theorem 7. Let E = RLMFLcircfr(F1, F2, . . . , Fn)
and y3, y4 be given by (16) and (17). If n ≡ 0
(mod 4), then

detE =
Fn
n + Fn+2 − Fn

(
yn−1
3 + yn−1

4

)
− yn3 − yn4

−Ln+1
.

If n ≡ 1 (mod 4), then

detE =
Fn
n + Fn+2 + Fn

(
yn−1
3 + yn−1

4

)
+ yn3 + yn4

Ln+1 + 2
.

If n ≡ 2 (mod 4), then

detE =
Fn
n + Fn+2 − Fn

(
yn−1
3 + yn−1

4

)
− yn3 − yn4

Ln+1
.

If n ≡ 3 (mod 4), then

detE =
Fn
n + Fn+2 + Fn

(
yn−1
3 + yn−1

4

)
+ yn3 + yn4

−Ln+1 − 2
.

Proof: The matrix E has the form

E =


F1 . . . Fn−1 Fn

F2 . . . Fn − F1 F1
...

. . .
...

...
Fn−1 . . . Fn−3 − Fn−2 Fn−2

Fn − F1 . . . Fn−2 − Fn−1 Fn−1

 .

From the relation (2), we have

E = D În,

where În is the backward identity matrix of the form
(3). Thus,

detE = detD det În,

and
det În = (−1)

n(n−1)
2 .

Define y3 and y4 as (16) and (17). According to The-
orem 6, we can obtain the following results: If n ≡ 0
(mod 4), then

detE =
Fn
n + Fn+2 − Fn

(
yn−1
3 + yn−1

4

)
− yn3 − yn4

−Ln+1
,

If n ≡ 1 (mod 4), then

detE =
Fn
n + Fn+2 + Fn

(
yn−1
3 + yn−1

4

)
+ yn3 + yn4

Ln+1 + 2
.

If n ≡ 2 (mod 4), then

detE =
Fn
n + Fn+2 − Fn

(
yn−1
3 + yn−1

4

)
− yn3 − yn4

Ln+1
.

If n ≡ 3 (mod 4), then

detE =
Fn
n + Fn+2 + Fn

(
yn−1
3 + yn−1

4

)
+ yn3 + yn4

−Ln+1 − 2
.

The proof is complete. ⊓⊔

2.2 Determinants of the RFMLR and
RLMFL Circulant Matrix Involving
Lucas Numbers

Theorem 8. Let F = RFMLRcircfr(L1, . . . , Ln)
and n ≥ 3. If n is even, then

detF =
(1− Ln+1)

n + 3Ln−1
n

−Ln−2 + 2

+
(1− Ln+1)

(
yn−1
5 + yn−1

6

)
− yn5 − yn6

−Ln−2 + 2
,

and if n is odd, then

detF =
(1− Ln+1)

n + 3Ln−1
n

−Ln−2

+
(1− Ln+1)

(
yn−1
5 + yn−1

6

)
− yn5 − yn6

−Ln−2
,

where

y5 =
Ln−1 + 2−

√
(Ln−1 + 2)2 − 4Ln (1− Ln+1)

−2
,

(18)

y6 =
Ln−1 + 2 +

√
(Ln−1 + 2)2 − 4Ln (1− Ln+1)

−2
.

(19)

Proof: The matrix F has the form

F =


L1 L2 . . . Ln

Ln L1 − Ln . . . Ln−1
...

...
. . .

...
L3 L4 − L3 . . . L2

L2 L3 − L2 . . . L1 − Ln

 .

If n = 1, then detF = 1.
If n = 2, then

F =

(
1 3
3 −2

)
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and detF = −11.
If n ≥ 3, then we have

detF =
n∏

i=1

(
L1 + L2εi + · · ·+ Lnε

n−1
i

)
=

n∏
i=1

[
α+ β + (α2 + β2)εi + · · ·

+(αn + βn)εn−1
i

]
=

n∏
i=1

Lnε
2
i + (Ln−1 + 2)εi + 1− Ln+1

αβε2i − (α+ β)εi + 1

from Lemma 3 and the Binet form (9).
Using Lemma 4 and (9), we obtain

n∏
i=1

[
Lnε

2
i + (Ln−1 + 2)εi + 1− Ln+1

]
= (1− Ln+1)

n + 3Ln−1
n + (1− Ln+1)

×
(
yn−1
5 + yn−1

6

)
− yn5 − yn6 ,

where y5, y6 are defined as (18) and (19), and

n∏
i=1

[
αβε2i − (α+ β)εi + 1

]
= −Ln−2 + (−1)n + 1.

Hence, if n is even, then

detF =
(1− Ln+1)

n + 3Ln−1
n

−Ln−2 + 2

+
(1− Ln+1)

(
yn−1
5 + yn−1

6

)
− yn5 − yn6

−Ln−2 + 2
,

and if n is odd, then

detF =
(1− Ln+1)

n + 3Ln−1
n

−Ln−2

+
(1− Ln+1)

(
yn−1
5 + yn−1

6

)
− yn5 − yn6

−Ln−2
.

The proof is complete. ⊓⊔

Theorem 9. Let G = RFMLRcircfr(Ln, . . . , L1). If
n is even, then

detG =
(2− Ln)

n + Ln+2

−Ln+1

+
(2− Ln)

(
yn−1
7 + yn−1

8

)
− yn7 − yn8

−Ln+1
,

and if n is odd, then

detG =
(2− Ln)

n − Ln+2

−Ln+1 − 2

+
(2− Ln)

(
yn−1
7 + yn−1

8

)
− yn7 − yn8

−Ln+1 − 2
,

where

y7 =
Ln+1 + 1 +

√
L2
n+1 − 2Ln−2 + 9

2
, (20)

y8 =
Ln+1 + 1−

√
L2
n+1 − 2Ln−2 + 9

2
. (21)

Proof: The matrix G has the form

G =


Ln Ln−1 . . . L1

L1 Ln − L1 . . . L2
...

...
. . .

...
Ln−2 Ln−3 − Ln−2 . . . Ln−1

Ln−1 Ln−2 − Ln−1 . . . Ln − Ln−1

 .

According to Lemma 3 and the Binet form (9),
we have

detG =

n∏
i=1

(
Ln + Ln−1εi + · · ·+ L1ε

n−1
i

)
=

n∏
i=1

[
αn + βn + (αn−1 + βn−1)εi

+ · · ·+ (α+ β)εn−1
i

]
=

n∏
i=1

−ε2i − (Ln+1 + 1) εi + 2− Ln

ε2i − (α+ β)εi + αβ
.

Using Lemma 4 and (9), we obtain

n∏
i=1

[
−ε2i − (Ln+1 + 1) εi + 2− Ln

]
= (2− Ln)

n

+(−1)nLn+2+(2−Ln)
(
yn−1
7 + yn−1

8

)
−yn7 −yn8 ,

where y7, y8 are defined as (20) and (21), and

n∏
i=1

[
ε2i − (α+ β)εi + αβ

]
= −Ln+1 + (−1)n − 1.

Consequently, if n is even, then

detG =
(2− Ln)

n + Ln+2

−Ln+1

+
(2− Ln)

(
yn−1
7 + yn−1

8

)
− yn7 − yn8

−Ln+1
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and if n is odd, then

detG =
(2− Ln)

n − Ln+2

−Ln+1 − 2

+
(2− Ln)

(
yn−1
7 + yn−1

8

)
− yn7 − yn8

−Ln+1 − 2
.

Theorem 10. Let H = RLMFLcircfr(L1, . . . , Ln)
and y7, y8 be defined as (20) and (21). If n ≡ 0
(mod 4), then

detH =
(2− Ln)

n + Ln+2

−Ln+1

+
(2− Ln)

(
yn−1
7 + yn−1

8

)
− yn7 − yn8

−Ln+1
.

If n ≡ 1 (mod 4), then

detH =
(2− Ln)

n − Ln+2

−Ln+1 − 2

+
(2− Ln)

(
yn−1
7 + yn−1

8

)
− yn7 − yn8

−Ln+1 − 2
.

If n ≡ 2 (mod 4), then

detH =
(2− Ln)

n + Ln+2

Ln+1

+
(2− Ln)

(
yn−1
7 + yn−1

8

)
− yn7 − yn8

Ln+1
.

If n ≡ 3 (mod 4), then

detH =
(2− Ln)

n − Ln+2

Ln+1 + 2

+
(2− Ln)

(
yn−1
7 + yn−1

8

)
− yn7 − yn8

Ln+1 + 2
.

Proof: The matrix H has the form

H =


L1 . . . Ln−1 Ln

L2 . . . Ln − L1 L1
...

. . .
...

...
Ln−1 . . . Ln−3 − Ln−2 Ln−2

Ln − L1 . . . Ln−2 − Ln−1 Ln−1


and can be written as

H = G În,

where În is the backward identity matrix of the form
(3). Thus,

detH = detG det În,

and
det În = (−1)

n(n−1)
2 .

Define y7 and y8 as (20) and (21), respectively. Ac-
cording to Theorem 9, we have the following results:
If n ≡ 0 (mod 4), then

detH =
(2− Ln)

n + Ln+2

−Ln+1

+
(2− Ln)

(
yn−1
7 + yn−1

8

)
− yn7 − yn8

−Ln+1
.

If n ≡ 1 (mod 4), then

detH =
(2− Ln)

n − Ln+2

−Ln+1 − 2

+
(2− Ln)

(
yn−1
7 + yn−1

8

)
− yn7 − yn8

−Ln+1 − 2
.

If n ≡ 2 (mod 4), then

detH =
(2− Ln)

n + Ln+2

Ln+1

+
(2− Ln)

(
yn−1
7 + yn−1

8

)
− yn7 − yn8

Ln+1
.

If n ≡ 3 (mod 4), then

detH =
(2− Ln)

n − Ln+2

Ln+1 + 2

+
(2− Ln)

(
yn−1
7 + yn−1

8

)
− yn7 − yn8

Ln+1 + 2
.

The proof is complete. ⊓⊔

2.3 Determinants of the RFMLR and
RLMFL Circulant Matrix Involving Pell
Numbers

Theorem 11. Let J = RFMLRcircfr(P1, . . . , Pn). If
n is even, then

det J =
(1− Pn+1)

n + Pn−1
n

−4Pn−1 + 3

+
(1− Pn+1)

(
zn−1
1 + zn−1

2

)
− zn1 − zn2

−4Pn−1 + 3

and if n is odd, then

det J =
(1− Pn+1)

n + Pn−1
n

−4Pn−1 − 1

+
(1− Pn+1)

(
zn−1
1 + zn−1

2

)
− zn1 − zn2

−4Pn−1 − 1
,
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where

z1 =
−Qn +

√
Q2

n+1 − 16Pn

4
, (22)

and

z2 =
−Qn −

√
Q2

n+1 − 16Pn

4
. (23)

Proof: Obviously, J has the form

J =


P1 P2 . . . Pn

Pn P1 − Pn . . . Pn−1
...

...
. . .

...
P3 P4 − P3 . . . P2

P2 P3 − P2 . . . P1 − Pn

 .

According to Lemma 3 and the Binet form (10),
we have

det J =
n∏

i=1

(
P1 + P2εi + · · ·+ Pnε

n−1
i

)
=

n∏
i=1

(
γ − δ

γ − δ
+
γ2 − δ2

γ − δ
εi + · · ·+ γn − δn

γ − δ
εn−1
i

)

=

n∏
i=1

Pnε
2
i + (Pn+1 − Pn)εi + 1− Pn+1

γδε2i − (γ + δ)εi + 1
.

Furthermore, by straightforward computation, we
can obtain the following identities:

Pn+1 − Pn = Pn + Pn−1 =
1

2
Qn, (24)

Qn+1 −Qn = Qn +Qn−1 = 4Pn. (25)

From Lemma 4, (11) and (24) follows that

n∏
i=1

[
Pnε

2
i + (Pn+1 − Pn)εi + 1− Pn+1

]
= (1− Pn+1)

n + Pn−1
n

+ (1− Pn+1)
(
zn−1
1 + zn−1

2

)
− zn1 − zn2 ,

where z1, z2 are defined as (22) and (23).
According to Lemma 4, the Binet form (11) and

the identity (25), we have

n∏
i=1

[
γδε2i − (γ + δ)εi + 1

]
= Qn−1 −Qn + 2 (−1)n + 1

= −4Pn−1 + 2 (−1)n + 1.

Therefore, if n is even, then

det J =
(1− Pn+1)

n + Pn−1
n

−4Pn−1 + 3

+
(1− Pn+1)

(
zn−1
1 + zn−1

2

)
− zn1 − zn2

−4Pn−1 + 3

and if n is odd, then

det J =
(1− Pn+1)

n + Pn−1
n

−4Pn−1 − 1

+
(1− Pn+1)

(
zn−1
1 + zn−1

2

)
− zn1 − zn2

−4Pn−1 − 1
.

The proof is complete. ⊓⊔

Theorem 12. Let K = RFMLRcircfr(Pn, . . . , P1).
If n is even, then

detK =
2Pn

n +Qn+1

−8Pn − 2

+
Pn

(
zn−1
3 + zn−1

4

)
+ zn3 + zn4

4Pn + 1
,

and if n is odd, then

detK =
2Pn

n +Qn+1

8Pn + 6

+
Pn

(
zn−1
3 + zn−1

4

)
+ zn3 + zn4

4Pn + 3
,

where

z3 =
Pn+1 − 1 +

√
(Pn+1 − 1)2 − 4Pn

2
, (26)

z4 =
Pn+1 − 1−

√
(Pn+1 − 1)2 − 4Pn

2
. (27)

Proof: The matrix K has the form

K =


Pn Pn−1 . . . P1

P1 Pn − P1 . . . P2
...

...
. . .

...
Pn−2 Pn−3 − Pn−2 . . . Pn−1

Pn−1 Pn−2 − Pn−1 . . . Pn − P1

 .

According to Lemma 3 and the Binet form (10),
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we have

detK =
n∏

i=1

(
Pn + Pn−1εi + · · ·+ P1ε

n−1
i

)
=

n∏
i=1

(
γn − δn

γ − δ
+
γn−1 − δn−1

γ − δ
εi

+ · · ·+ γ − δ

γ − δ
εn−1
i

)
=

n∏
i=1

−ε2i + (1− Pn+1) εi − Pn

ε2i − (γ + δ)εi + γδ
.

Considering Lemma 4, (11), (24) and (25), we obtain
n∏

i=1

[
−ε2i + (1− Pn+1) εi − Pn

]
= (−Pn)

n + (−1)n(Pn+1 + Pn)

− Pn

(
zn−1
3 + zn−1

4

)
− zn3 − zn4

= (−Pn)
n + (−1)n

Qn+1

2

− Pn

(
zn−1
3 + zn−1

4

)
− zn3 − zn4 ,

where z3, z4 are defined as (26) and (27), and
n∏

i=1

[
ε2i − (γ + δ)εi + γδ

]
= −Qn −Qn−1 + (−1)n − 2

= −4Pn + (−1)n − 2.

Consequently, if n is even, then

detK =
2Pn

n +Qn+1

−8Pn − 2

+
Pn

(
zn−1
3 + zn−1

4

)
+ zn3 + zn4

4Pn + 1
,

and if n is odd, then

detK =
2Pn

n +Qn+1

8Pn + 6

+
Pn

(
zn−1
3 + zn−1

4

)
+ zn3 + zn4

4Pn + 3
.

The proof is complete. ⊓⊔

Theorem 13. Let L = RLMFLcircfr(P1, . . . , Pn) and
z3, z4 be defined as (26) and (27). If n ≡ 0 (mod 4),
then

detL =
2Pn

n +Qn+1

−8Pn − 2

+
Pn

(
yn−1
3 + yn−1

4

)
+ yn3 + yn4

4Pn + 1
,

If n ≡ 1 (mod 4), then

detL =
2Pn

n +Qn+1

8Pn + 6

+
Pn

(
yn−1
3 + yn−1

4

)
+ yn3 + yn4

4Pn + 3
.

If n ≡ 2 (mod 4), then

detL =
2Pn

n +Qn+1

8Pn + 2

−
Pn

(
yn−1
3 + yn−1

4

)
+ yn3 + yn4

4Pn + 1
.

If n ≡ 3 (mod 4), then

detL =
2Pn

n +Qn+1

−8Pn − 6

−
Pn

(
yn−1
3 + yn−1

4

)
+ yn3 + yn4

4Pn + 3
.

Proof: The matrix L has the form

L =


P1 . . . Pn−1 Pn

P2 . . . Pn − P1 P1
...

. . .
...

...
Pn−1 . . . Pn−3 − Pn−2 Pn−2

Pn − P1 . . . Pn−2 − Pn−1 Pn−1


and can be written as

L = K În

where În is the backward identity matrix of the form
(3). Therefore,

detL = detK det În,

and
det În = (−1)

n(n−1)
2 .

Define y3, y4 as (16) and (17), respectively. Accord-
ing to Theorem 12, we obtain the following conclu-
sions: If n ≡ 0 (mod 4), then

detL =
2Pn

n +Qn+1

−8Pn − 2

+
Pn

(
yn−1
3 + yn−1

4

)
+ yn3 + yn4

4Pn + 1
.

If n ≡ 1 (mod 4), then

detL =
2Pn

n +Qn+1

8Pn + 6

+
Pn

(
yn−1
3 + yn−1

4

)
+ yn3 + yn4

4Pn + 3
.
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If n ≡ 2 (mod 4), then

detL =
2Pn

n +Qn+1

8Pn + 2

−
Pn

(
yn−1
3 + yn−1

4

)
+ yn3 + yn4

4Pn + 1
.

If n ≡ 3 (mod 4), then

detL =
2Pn

n +Qn+1

−8Pn − 6

−
Pn

(
yn−1
3 + yn−1

4

)
+ yn3 + yn4

4Pn + 3
.

The proof is complete. ⊓⊔

2.4 Determinants of the RFMLR and
RLMFL Circulant Matrix Involving
Pell-Lucas Numbers

Theorem 14. Let M = RFMLRcircfr(Q1, . . . , Qn).
If n is even, then

detM =
(Qn+1 − 2)n + 4Qn−1

n

−4Pn−1 + 3

+
(2−Qn+1)

(
zn−1
5 + zn−1

6

)
− zn5 − zn6

−4Pn−1 + 3
,

and if n is odd, then

detM =
(Qn+1 − 2)n − 4Qn−1

n

4Pn−1 + 1

−
(2−Qn+1)

(
zn−1
5 + zn−1

6

)
− zn5 − zn6

4Pn−1 + 1
,

where

z5 = −(2Pn + 1) +
√

(2Pn + 1)2 −Qn (2−Qn+1),

(28)

z6 = −(2Pn + 1)−
√

(2Pn + 1)2 −Qn (2−Qn+1).
(29)

Proof: The matrix M has the form

M =


Q1 Q2 . . . Qn

Qn Q1 −Qn . . . Qn−1
...

...
. . .

...
Q3 Q4 −Q3 . . . Q2

Q2 Q3 −Q2 . . . Q1 −Qn

 .

According to Lemma 3 and the Binet form (11), we
have

detM =
n∏

i=1

(
Q1 +Q2εi + · · ·+Qnε

n−1
i

)
=

n∏
i=1

[
γ + δ + (γ2 + δ2)εi + · · ·+ (γn + δn)εn−1

i

]
=

n∏
i=1

Qnε
2
i + (Qn+1 −Qn + 2)εi + 2−Qn+1

γδε2i − (γ + δ)εi + 1
.

From Lemma 4, (10) and (25), we obtain

n∏
i=1

[
Qnε

2
i + (Qn+1 −Qn + 2)εi + 2−Qn+1

]
= (2−Qn+1)

n + 4Qn−1
n

+ (2−Qn+1)
(
zn−1
5 + zn−1

6

)
− zn5 − zn6 ,

where z5 and z6 are defined as (28) and (29), and

n∏
i=1

[
γδε2i − (γ + δ)εi + 1

]
= Qn−1 −Qn + 2 (−1)n + 1

= −4Pn−1 + 2 (−1)n + 1.

Hence, if n is even, then

detM =
(Qn+1 − 2)n + 4Qn−1

n

−4Pn−1 + 3

+
(2−Qn+1)

(
zn−1
5 + zn−1

6

)
− zn5 − zn6 ,

−4Pn−1 + 3
,

and if n is odd, then

detM =
(Qn+1 − 2)n − 4Qn−1

n

4Pn−1 + 1

−
(2−Qn+1)

(
zn−1
5 + zn−1

6

)
− zn5 − zn6

4Pn−1 + 1
.

The proof is complete. ⊓⊔

Theorem 15. Let N = RFMLRcircfr(Qn, . . . , Q1).
If n is even, then

detN =
(2−Qn)

n + 2n+1Pn+1

−4Pn − 1

−
(2−Qn)

(
zn−1
7 + zn−1

8

)
− zn7 − zn8

4Pn + 1
,
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and if n is odd, then

detN =
(2−Qn)

n − 2n+1Pn+1

−4Pn − 3

−
(2−Qn)

(
zn−1
7 + zn−1

8

)
− zn7 − zn8

4Pn + 3
,

where

z7 =
Qn+1 +

√
Q2

n+1 − 8Qn + 16

2
, (30)

z8 =
Qn+1 −

√
Q2

n+1 − 8Qn + 16

2
. (31)

Proof: The matrix N has the form

N =


Qn Qn−1 . . . Q1

Q1 Qn −Q1 . . . Q2
...

...
. . .

...
Qn−2 Qn−3 −Qn−2 . . . Qn−1

Qn−1 Qn−2 −Qn−1 . . . Qn −Q1

 .

According to Lemma 3 and (11), we have

detN =

n∏
i=1

(
Qn +Qn−1εi + · · ·+Q1ε

n−1
i

)
=

n∏
i=1

[
γn + δn + (γn−1 + δn−1)εi

+ · · ·+ (γ + δ)εn−1
i

]
=

n∏
i=1

−2ε2i −Qn+1εi + 2−Qn

ε2i − (γ + δ)εi + γδ
.

By Lemma 4, the Binet form (11) and the identity
(25), we obtain

n∏
i=1

(
−2ε2i −Qn+1εi + 2−Qn

)
= (2−Qn)

n

−(−2)n+1Pn+1+(2−Qn)
(
zn−1
7 + zn−1

8

)
−zn7−zn8 ,

where z7 and z8 are defined as (30) and (31), and

n∏
i=1

[
ε2i − (γ + δ)εi + γδ

]
= −4Pn+(−1)n−2.

Thus, if n is even, then

detN =
(2−Qn)

n + 2n+1Pn+1

−4Pn − 1

−
(2−Qn)

(
zn−1
7 + zn−1

8

)
− zn7 − zn8

4Pn + 1
,

and if n is odd, then

detN =
(2−Qn)

n − 2n+1Pn+1

−4Pn − 3

−
(2−Qn)

(
zn−1
7 + zn−1

8

)
− zn7 − zn8

4Pn + 3
.

The proof is complete. ⊓⊔

Theorem 16. Let R = RLMFLcircfr(Q1, . . . , Qn)
and z7, z8 are defined by (30) and (31), respectively.
If n ≡ 0 (mod 4), then

detR =
(2−Qn)

n + 2n+1Pn+1

−4Pn − 1

−
(2−Qn)

(
zn−1
7 + zn−1

8

)
− zn7 − zn8

4Pn + 1
.

If n ≡ 1 (mod 4), then

detR =
(2−Qn)

n − 2n+1Pn+1

−4Pn − 3

−
(2−Qn)

(
zn−1
7 + zn−1

8

)
− zn7 − zn8

4Pn + 3
.

If n ≡ 2 (mod 4), then

detR =
(2−Qn)

n + 2n+1Pn+1

4Pn + 1

+
(2−Qn)

(
zn−1
7 + zn−1

8

)
− zn7 − zn8

4Pn + 1
.

If n ≡ 3 (mod 4), then

detR =
(2−Qn)

n − 2n+1Pn+1

4Pn + 3

+
(2−Qn)

(
zn−1
7 + zn−1

8

)
− zn7 − zn8

4Pn + 3
.

Proof: The matrix R has the form

R =


Q1 . . . Qn−1 Qn

Q2 . . . Qn −Q1 Q1
...

. . .
...

...
Qn−1 . . . Qn−3 −Qn−2 Qn−2

Qn −Q1 . . . Qn−2 −Qn−1 Qn−1


and can be written as

R = N În

where În is the backward identity matrix of the form
(3). Accordingly,

detR = detN det În,
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and
det În = (−1)

n(n−1)
2 .

Define z7, z8 as (30) and (31), respectively. From The-
orem 15, we obtain the following results: If n ≡ 0
(mod 4), then

detR =
(2−Qn)

n + 2n+1Pn+1

−4Pn − 1

−
(2−Qn)

(
zn−1
7 + zn−1

8

)
− zn7 − zn8

4Pn + 1
.

If n ≡ 1 (mod 4), then

detR =
(2−Qn)

n − 2n+1Pn+1

−4Pn − 3

−
(2−Qn)

(
zn−1
7 + zn−1

8

)
− zn7 − zn8

4Pn + 3
.

If n ≡ 2 (mod 4), then

detR =
(2−Qn)

n + 2n+1Pn+1

4Pn + 1

+
(2−Qn)

(
zn−1
7 + zn−1

8

)
− zn7 − zn8

4Pn + 1
.

If n ≡ 3 (mod 4), then

detR =
(2−Qn)

n − 2n+1Pn+1

4Pn + 3

+
(2−Qn)

(
zn−1
7 + zn−1

8

)
− zn7 − zn8

4Pn + 3
.

The proof is complete. ⊓⊔
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