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Abstract: This paper studies the optimal investment problem of utility maximization with taxes, dividends and
transaction costs under the constant elasticity of variance (CEV) model. The Hamilton-Jacobi-Bellman (HJB)
equation associated with the optimization problem is established via stochastic control approach. Applying power
transform and variable change technique, we obtain explicit solutions for the logarithmic and exponential utility
functions. For the quadratic utility function, we obtain the optimal strategy explicitly via Legendre transform and
dual theory. Furthermore, we analyze the properties of the optimal strategies. Finally, a numerical simulation is
presented to discuss the effects of market parameters on the strategies.
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1 Introduction other SV models. At first, the CEV model was usually

] ) o o applied to calculate the theoretical price, sensitivities
Optimal investment problem of utility maximization and implied volatility of options, see e.g., Davydov

is an important issue .in mathematical finance and and Linetsky [9], Jones [10]. Recently, Xiao [11] and
has drawn great attention in recent years. Merton Gao [12], [13] have begun to apply the CEV model
[1] proposed the stochastic control approach to study to investigate the utility maximization problem for a
the investment problem for the first time. Pliska [2], participant in the defined contribution pension plan.
Karatzas [3] adapted the .martinga}e ?pp.roach to in- Gu [14] used the CEV model for studying the optimal
vestment problems of utility maximization. Zhang investment and reinsurance problem of utility maxi-
[4].investigated the utili.ty maximiza.tion problem in mization. Lin and Li [15] considered an optimal rein-
an incomplete market using the martingale approach. surance investment problem for an insurer with jump-
Recently, more and more researches study the utility diffusion risk process under the CEV model. Zhao
maximization problem via stochastic control theory, and Rong [16] studied the portfolio selection prob-
see e.g., Devolder et al.[5], Yang and Zhang [6] and lem with multiple risky assets under the CEV model.

Wang [7]. Jung [17] gave an explicit optimal investment strategy
However, the price processes of risky assets in which maximizes the expected HARA utility of the
most of the above-mentioned literature are assumed to terminal wealth under the CEV model. In Gu and Guo
follow the geometric Brownian motion (GBM), which [18], optimal strategies and optimal value functions
implies the volatility of risky asset is constant and are obtained under a CEV model on the condition that
deterministic. This is contradicted by empirical evi- the insurer can purchase excess-of-loss reinsurance.
dence. It is clear that a model with stochastic volatility
is more practical. These researches of optimal investment problem
The constant elasticity of variance (CEV) model under the CEV model generally suppose that there
is a stochastic volatility model and is a natural ex- is no taxes, dividends and transaction costs, which
tension of the GBM model. The CEV model was is not practical. To make our model more realistic,
proposed by Cox and Ross [8] and has the ability of we consider taxes, dividends and transaction costs for
capturing the implied volatility skew. Furthermore, optimal investment problem under the CEV model.
this model is analytically tractable in comparison with The investor aims to maximize the expected utility of
his/her terminal wealth and is allowed to invest in a
*corresponding author risk-free asset and a risky asset. In addition, we study
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this problem for logarithmic utility, exponential util-
ity and quadratic utility, respectively. By applying the
method of stochastic optimal control, the Hamilton-
Jacobi-Bellman (HJB) equation associated with the
optimization problem is established and transformed
into a complicated non-linear partial differential equa-
tion (PDE). Due to the difficulty of solution character-
ization, we use power transform and variable change
technique proposed by Cox [19] to simplify the PDE
and obtain the explicit solutions for the logarithmic
and exponential utility functions. For the quadratic
utility function, we use the Legendre transform and
dual theory to solve the HIB equation.

This paper proceeds as follows. In Section 2,
we formulate the optimal investment problem. Sec-
tion 3 derives the explicit optimal investment strategy
for the logarithmic, exponential and quadratic utility
functions respectively. In Section 4, we propose a
numerical analysis to illustrate our results. Section 5
concludes the paper.

2 Problem formulation

In this section, we assume that there is a risk-free asset
and a risky asset in the financial market. The price of
risk-free asset is given by
dSo(t) = roSo(t)dt, So(0) =1 )
and the price of risky asset is described by the CEV
model (cf. [11] and [12], [13])
dS(t) = S(t) (udt + ES(t)"dW (t)), 2
where p is the appreciation rate of the risky asset and
7o is the interest rate. {W(t),t > 0} is a standard
Brownian motion defined on a complete probability
space (2, F,P). The F = (F;) is an augmented fil-
tration generated by the Brownian motion. kS(t)7 is

the instantaneous volatility and the elasticity +y is pa-
rameter which satisfies the general condition v < 0.

Remark 1 If the elasticity parameter v = 0 in equa-
tion (2), then the CEV model reduces to a GBM.

The investor is allowed to invest in the risky asset
and the risk-free asset. Let 7(¢) be the money amount
invested in the risky asset at time ¢, then V' (t) — 7 (t)
is the money amount invested in the risk-free asset,
where V (¢) is the surplus process of the investor. Sup-
pose that the rate of the taxes in financial market is «
and b is the dividend income. The rate of transaction
costs is 0, which consists of fees and stamp duty. In
addition, we assume that ;4 — 6+ b > r(. Correspond-
ing to a trading strategy 7(¢) and an initial capital Vj,
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the wealth process V' (t) of the investor follows the dy-
namics

AV (t) = [r(t) (1 + b—19—0)+(ro— )V (t)]dt
+7 (£ kS ()Y dW (¢), (3)
V(0) = V.

Suppose that the investor has a utility function
U(-) which is strictly concave and continuously dif-
ferentiable on (—o0, +00). The investor aims to max-
imize the expected utility of his/her terminal wealth,
ie.

max E T))|.
max E[U/(V(1)]

In this paper, we consider the optimization prob-
lem (4) for three different utility functions, the log-
arithmic utility function, exponential utility function
and quadratic utility function. They are given by: log-
arithmic utility

“)

U(v) =Inw, (5)
exponential utility
1 _
Ulw)=——e ¢>0, (6)
q
and quadratic utility
Uv) = (v —c)?, 7

where ¢ and c are constant coefficients.

3 Optimal investment strategies for
different utility functions

In this section, we try to find the explicit solutions for
optimization problem (4) under the three utility func-
tions via stochastic optimal control.

3.1 General framework

We define the value function as
H(t,s,v) =maxE[U(V})[S = s,V =], (g

where 0 < ¢ < T'. The corresponding HJB equation
is derived by maximum principle

1
Hy + psHg + (ro — a)vH, + §k2827+2H38
1
+ sup {7r2 (2/@2327va> + 7 k2P Hyy  (9)
™

b= O]} =0,
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where H;, H,, H,, Hss, Hyy, Hs, denote partial
derivatives of first and second orders with respect to
time ¢, risky asset’s price s and wealth v. The bound-
ary condition of this problem is H (7', s,v) = U(v).

Differentiating with respect to 7 in (9) gives the
optimal policy

. (p+b—ro—0)H, + ks> H,,
™ = — Ty . (10)

Putting (10) in (9), after simplification, we obtain

1
H; + psHg + (ro — a)vH, + §k2527+2H35

[(p+b—ro — O)H, + RSHHL an
B 2k2527 H,, -

with V(T s,v) = U(v).
The problem now is to solve equation (11) for H
and replace it in (10) to obtain the optimal strategy.

3.2 Optimal strategy for the logarithmic util-
ity function

According to the logarithmic utility function de-
scribed by (5), we construct the solution to (11) with
the following form

H(t,s,v) = g(t,s)Inv + a(t,s) (12)

and the boundary conditions are given by ¢g(7',s) =
1,a(T,s) = 0. Then

H =g/ Inv+a;, Hs = gsInv+ as,

g
H, = ;7 Hgs = gss Inv + ass,
g g
va T Hsv = i-
v v

Introducing these derivatives into (11), we derive

1
(gt + p1sgs + 2k2327+2gss> Inv+ a;

1
+usas + (ro — a)g + §k2327+2a35 (13)
2
et b—ro—0)g + k25 g "
2gk2s27 ‘

To solve this equation, we can split (13) into two equa-
tions

1
gt + p1sgs + 5]{228274_2955 =0, (14)

1
a; + psas + (rg — a)g + 5/{2527*2%5

[(M +b—ro—0)g+ k2527+1gs]2
2gk2s27

5)

+ =0.
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Taking the boundary condition ¢g(7',s) = 1 into ac-
count, we obtain the solution to (14) by using power
transformation and variable change technique.

Let

g(t;s) = h(t,y), y=s" (16)
and the boundary condition is (T, y) = 1. Then
gt = hi, gs = —2vs727 " hy,
gss = 27(2y + 1)s 27 2h,, + 4259721, .

Substituting these derivatives into (14), we derive

he +v [(2y + 1) k> = 2uy] hy a7
+272k2yhyy = 0.

We try to find a solution to (17) with the following
form
h(t,y) = A(t) + B(t)y (18)

with the boundary conditions A(T") = 1, B(T') = 0.
Then

hi = Ay + Byy, hy = B, hy, = 0.
Introducing these derivatives into (17), we obtain
A+~ 2y + 1) k’B+y[B; — 2yuB] = 0. (19)
Equation (19) can be split into two equations
A+~ 2y +1)k*B = 0. (20)

By —2vuB = 0. (21)

Considering the boundary conditions A(7") = 1 and
B(T) = 0, we get the solutions to (20) and (21)

A(t) =1, B(t) =0. (22)

Then
h(t,y) =1, g(t,s) =1

and (15) is simplified into

1
a; + psas + 1o — a + §k2327+2ass

(n+b—ro—6)
2k2s2y

(23)
=0.

Let
a(t7 5) = w(ta y)a Yy = 8_27

and the boundary condition is w(7', y) = 0. Then

_ _ —2y—1
ap = wy, ag= —2y8 V7w,

ass = 27(2y + 1)s7 2 2w, + 47257 2wy,
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Putting these derivatives into (23), we derive

we +[(27 + DE? = 2uylwy + 2k2y ywy,

(B+b—ro—6)%y
2k2

(24)

+ro —a+ =0.

Assume the solution to (24) is
w(t,y) =C(t) + D(t)y

with the boundary conditions C'(t) = 0 and D(¢) = 0.
Then

wy = Cy+ Dy, wy =D, wyy =0.
Introducing these derivatives into (24), we obtain

Cy +v(2y + 1)k?D + 19 — «

(+b—1o—0)
2k?2

y=0.
(25)

+ {Dt —2uyD +

Splitting (25) into two equations, we have

Cy+v(2y+1D)E*D+7r9—a=0, (26)

(utb=ro=0" _ (7

Dy —2u~yD

Considering the boundary conditions C'(7") = 0 and
D(T) = 0, we find the solutions to (26) and (27) are

D(t)
_lud e O 11~ exp(2yult - 1)),
o) = 2y + 1) Lb— ro — 0)* [T— t
A== D - ) -0,
Therefore,

a(t,s) = C(t) + D(t)s~ 2.

The following theorem gives the optimal invest-
ment strategy for the logarithmic utility function.

Theorem 2 The optimal strategy invested in the risky
asset under the logarithmic utility function is given by

_M+b—?”0—9
- k2527

(1) v. (28)
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Proof: From (10), (12), (16), (18) and (22), we have

(p+b—rg—0)H, + ks H,,
k2s27H,,
(W+b—r9— H)Q + k2s2+19s
v v

7T*

_p2¢2v 9
02

M +b—rg—0

N k2s2v

O
Remark 3 From Theorem 2, we find that taxes have
no effect on the optimal strategy. The optimal in-
vestment increases with dividends and decreases with
transaction costs. In addition, the optimal strategy is

an increasing function of appreciation rate | and de-
creasing function of the elasticity parameter .

Remark 4 If taxes, dividends and transaction costs
are not considered in this paper, i.e. « = b =0 = 0,
(28) reduces to the optimal strategy derived by Xiao
[11].

3.3 Optimal strategy for the exponential util-
ity function

According to the exponential utility function de-
scribed by (6), we conjecture a solution to (11) in the
following form

H(t,s,v)

29
= —; exp{—qla(t)(v —d(t)) + g(t, )]} )

with (7, s) =0, a(T") = 1 and d(T") = 0. Then
Hy = —qlai(v — d) — dra + g H,
Hy = —qgsH, H,= —qaH,
Hss = (¢%97 — q9ss)H,
H,, = q2a2H7 Hy, = QQGQSH-
Introducing these derivatives into (11), we derive

[a; + (10 — @)a] v — (di + agda™Y)a

+{gt —(b—19 —0)sgs

(30)
Lo oyto (b +b—1o—0) _
TR e T T =0
We can decompose (30) into three equations
ar + (ro — a)a(t) =0, 31)
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dy + atd(t)a_l =0, (32)

1
gt — (b — 7o — 0)895 + 51432527—’—2953

(M +b— ro — 9)2
2qk2s2v

(33)
=0.

Taking the boundary condition a(7") = 1 into account,
we find the solution to (31) is

a(t) = exp{(ro — a)(T —1)}. (34)
Similar to the logarithmic utility, we assume that

g(t,s) = h(t,y), y=s21 (35)

and h(7T,y) = 0. Then

g =hy, gs = —2vs" " hy,
gss = 2v(2y + 1)3*27*2hy + 4723*47*2hyy

Substituting these derivatives into (33), we obtain

he + (27 + 1)k% + 2(b — 1o — 0)ylh,

21.2 (,u—{—b—ro—e)zy_
+2y°k“yhy,y + Sqk? =0

(36)

We try ro find a solution to (36) with the following
form

h(t,y) = P(t) + Q()y
and P(T) =0, Q(T) = 0. Then

(37
ht:Pt+Qty7 hy:Q7 hyyzo-

Introducing these derivatives into (36), we derive

P+ 72y + DEQ +y{Qt (b 10— 0)Q

_ — N\2
+(,u+b 70 0) }:0.

2qk?
(38)
Again we can split (38) into two equations
Pi+7(2y + 1)k°Q = (39)
+b—1o—0)*
Qt+27(b—r0—0)Q+('u ro — ) =0. (40)

2qk?

According to P(T') = 0, Q(T) = 0, we obtain the
solutions to (39) and (40)

(M+b—’l”0—9)2

Q) = 4qk2y (b —ro — 0) 41)
[1 —exp(=2y(b— 1o — 0)(t = T))],
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2v+1) (u+b—rg—0)2
P(t) — 4(;)((5—7«0—90) )
T 1—exp(—2v(b—ro—0)(t—T)) (“42)
[ —tt 2y(b—ro—0) ] ’
Therefore,
g(t,s) = P(t) + Q(t)s 7.

Equation (32) is transformed into
dy — (ro — a)d(t) = 0.

With d(T") = 0, we obtain d(t) = 0.

From the above analysis, we obtain the optimal
investment strategy under the exponential utility func-
tion.

Theorem 5 The optimal strategy invested in the risky
asset for the exponential utility function is given by

u+b—r0—0

= WGXP{(TO—Q)@—T)}
1_,u+b—7’0—9
2(b—19—0)

(1 —exp(=2y(b— 10— 0)(t = T))]

T (t)

(43)

Proof: From (10), (29), (34), (35), (37) and (41), we
derive

7T*

(u+b—rg—0)H, + k221 H,
k2s27H,,
—(u+b—1ro—0)gaH + k*s>" q?ag. H
k2327§ a2H
C(utb—ro—0)+2k%y
a qa(t)k?s*
M +b—rg—0

(_]ifll()t)kQSQ’Y [ w+b—rog— 9]
_H —To

-0
gz e =)t - 1))
1 w+b—rg -0
Q(b—To —0)

1 — exp(=2y(b — 0 — B)(t - T)) }

2q7k*Q(t)

O

Remark 6 For exponential utility function, we con-
clude that the wealth has no influence on the optimal
strategy from Theorem 5. This can be explained by the
risk tolerance of the exponential utility function. Ac-
cording to (6), the risk tolerance is —U (v) /U’ (v) =
1/q, which is independent of the wealth.
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In addition, the optimal amount invested in the
risky asset increases with dividends and decreases
with transaction costs.

If b = 60 = 0, the optimal strategy (43)
degenerates to that of [12],[13].

Remark 7 In the case that the risky asset’s price fol-
lows the GBM model, the optimal strategy is

_,U«+b—7“0—9

7 (1) = S exp {(r — o)t = 7)) 44
Compared to (44), we see that optimal strategy un-
der the CEV model can be decomposed into two parts.
One is

w+b—rog—20
M(t) = S exp{(ro—a)(t—T)},
which is similar to the optimal strategy under the
GBM model, but the volatility is stochastic. Thus we
call M (t) as the moving GBM strategy. The other one
is

_M+b—7‘0—9

2(b —To — (9)
L —exp(=2y(b—ro —0)(t —T))],

Nit) =1

which reflects an investor’s decision to hedge the
volatility risk and we regard it as a correction factor.

In the following, we discuss the properties of the
correction factor.

Corollary 8 The correction factor N(t) is a mono-
tone increasing function with respect to time t and sat-
isfies

_ptb—mo -0, e
1 2(b — 1o — 9) [1 exp(Q'y(b To G)T)]
< N(t) <1,
where t € [0,T].

Proof: Note that
w+b—rg—20
Nit) =1-"—————— —
( ) 2(b —To — 9)
1 —exp(=2v(b—ro — 0)(t — T))]
and pu > rg + 6 — b, v < 0. Then
Ny = —v(pu+b—ro—0) exp(—27(b—ro—0)(t—T)).

We find that V; > 0, which implies that the correction
factor is a monotone increasing function with respect
to time ¢. Since

M+b—T0—9

N(O) =1- 2(b —To— 9)

[1—exp(2y(b—ro—0)T)]
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and N(T) = 1, we have

M+b—?”0—9
l————[1 - 2v(b—19—0)T
T~ exp(2a (0= ro — O)T)
<N <1,
where ¢ € [0, 7. 0

Corollary 8 shows that the correction factor ad-
vises the investor to invest a lower proportion of
wealth in risky asset at the beginning of the investment
horizon and steadily increase the amount as time goes
on.

3.4 Optimal strategy for the quadratic utility
function

According to the quadratic utility function described
by (7), we cannot conjecture a solution to (11) di-
rectly.  Therefore we solve problem (4) for the
quadratic utility function by applying Legendre trans-
form and dual theory.

Definition 9 Ler f : R® — R be a convex function,
for z > 0, define a Legendre transform

L(z) = max {f(z) — zx}. (45)
The function L(z) is called the Legendre dual of func-
tion f(x) (cf. [20]).

If f(x) is strictly convex, the maximum in (45)
will be attained at just one point, which we denote by
o and then

L(z) = f(wo) — zxo. (46)
Following [11] and [13], we define a Legendre trans-
form

H(t,s,z) =sup{H(t,s,v) — 2v|0 < v < 00},

v>0
(47)
where 0 <t < T, and z > 0 denotes the dual variable
to v. The value of v where this optimum is attained is
denoted by ¢(t, s, z). Therefore,

g(t, s, z) = in% {U\H(t, $,0) > zv + I:I(t,s,z)} )
v>

where 0 < t < T'. The function H is related to g by

g=—H.. 48)

At the terminal time, we denote

Uz) = ililg {U(v) — 2v|0 <v < o0},
11)218 {U|U(U) > zv + U(z)} .

G(2)
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As aresult,
G(z) = (U) " (2).

Since H(T, s,v) = U(v), we have
g(T, s,v) = il;% {U|U(v) > zv + H(T, s,z)} ,

~

H(T,s, z)= il;]g {U(v) — zv}.

Therefore,
9(T.s,2) = (U")"(2). 49)
According to (46) and (47), we derive
H,=z2 (50)

and thus

H(t,s,z) = H(t,s,9) — zg, g(t,s,z) =v. (51)

Differentiating(50) and (51) with respect to ¢, s and z,
we obtain the following derivatives of H and H

R . . A2
Ht:Ht7 Hs:Hsa Hss: ss_Aisza
“ Hsz 52
(52)
. H,, . 1
sV T T A va = T =
2z sz

Introducing (50), (52) into (11) results

X X 1 X
Hi+ psHg + (ro — a)vz + 5192327*2]%[55

(ht+b=ro—0)? 52
+ SYSR z°H,,

—z(p+b—ro— G)SI:ISZ =0.

From (50) and (51), the above equation can be trans-
formed into

9t + psgs — (ro — a)(g + 2g:)

1 9 9~19 (M+b—T0—9)2
+§k3 s 2 ges + 12527 29z
+(,u+b—7“0—9)2

2k2s2y
—s(p+b—7ro—0)(gs + 29s2) = 0.
According to (10), (48), (50), (51) and (52), the opti-
mal policy is rewritten as

(53)

2
279z

7['*

(,LL +b— o — G)Hv + kQSQ,Y_Flev
k2s2vH,, X

Hs,
zZ(p+b—ro—0)+ k‘zsz“*“(—ﬁ—s)

(54)
— zZZ
_;k252fy
HZZ
kP ge— 2(p+b—ro — 6)g.
N k2527 '
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From (7) and (49), the boundary condition is
1
9(T,s,z) = 57 +ec.

So we conjecture a solution to (53) with the following
structure

g(t,s,z) = zh(t,s) + a(t) (55)
and the boundary conditions are given by a(T") = ¢,

1
h(T,s) = 3 Then

gt = zhy + ag, gs = zhs, Jss = zhss,
g:=h, g.. =0, gs. = hs.

Introducing these derivatives into (53), we derive

{ht + (2ro + 20 — p — 2b)shs

(b +b—10—0)
k2527

—%m—aﬁ}%+%—00—wdﬂ=0

1
+§k2327+2h58 + h (56)

We split (56) into two equations

1
he + (279 + 20 — p — 2b)shg + §k2$27+2hss

+b—1ro—0)* 7
+ (e kQSZ?Y ) h—2(ro —a)h =0,
a; — (ro — a)a(t) = 0. (58)

Taking the boundary condition a(7") = ¢ into account,
we find that the solution to (58) is

a(t) = cexp{(ro — a)(t — T)}.

It is difficult to solve equation (57), so we use a
power transformation and a variable change technique
to transform it into a linear one.

Let

(59)

ht,s) = f(t,y), y=s2 (60)

1
and the boundary condition is f(7,y) = 7 Then

hi = ft, hs=—2ys~2771f,,
hss = 2v(2y + 1)8_27_2]"3/ + 4725_47_2fyy.

Substituting these derivatives into (57), we have
fe+v[=2(2ro+ 20 — pn— 2b)y
+k2(2v + 1)] fy + 2692y fyy

(M+b—7“0—9)2
k2

(61)
+

yf —2(ro—a)f =0.
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Let
f(ty) =Y (t)exp{Z(t)y} (62)
1
with the boundary conditions given by Y (7)) = 2
Z(T) = 0. Then
Jt =Yiexp(Zy) +Y Z; exp(Zy),
fy =Y Zexp(Zy), fyy =Y Z*exp(Zy).
Substituting these derivatives in (61) leads to
Y,
?t + 92y + 1)k?Z — 2(rg — )
+y{Zt —2y(2rg+20 — p—2b)Z (63)

—|—2k‘2’}/222 +

(B+b—ro—60)* _
- 0.

Similarly, equation (63) is decomposed into two equa-
tions

Zy — 29(2rg + 20 — pu — 2b) Z + 2k*~% 22

(M +b— ro — 9)2 (64)
+ 2 =0,
Yi 2
v +v2y+ 1)k Z —2(rg — ) = 0. (65)
Let ] = —29%, m = 2y(2r¢g + 20 — pu — 2b) and
n = —(u+b—rg— 0)% Thus, (64) is written as
dz 99 n
— =1k“Z Z+ —, Z(T) =
= lk +m +k2, (T) =0,
or
A
d - =dt, Z(T)=0. (66)
k222 +mZ + w2

Next we solve (66) under two cases.

Case 1. m? — 4nl > 0.

Integrating (66) on both sides with respect to the
time ¢, we obtain

/ (Z(t)l— xy Z(t)l— x2> dz()
k2 (z1 — x2)

:t+Cla

where (' is a constant and x1 o are the solutions of
the quadratic equation

n
Ik2Z% + mZ + 5 = 0.

Namely,

—m £+ vm?2 — 4nl
21k?2 '

T2 =
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Considering the boundary condition Z(7T') = 0, we
have

T1 — T1exp {lk2(x1 —x9)(t — T)}

Z(t) = T . (67)
1 — —exp {lk*(z1 — 22)(t — T}
T2
Define
—m +vm2 —4nl
A2 = 51 )
A1 — A 292\ = X)) (t =T
I(t): 1 AleXp{ Y ( 1 2)( )} (68)
1— 7; exp {272(A1 — Ao)(t — T)}
and then (67) is rewritten as
Z(t) = k72I(t). (69)

Putting (69) into (65), we get
= 2y + DI() + 200 — )]t

Note that

/I(t)dt =Mt

+21’72 In {)\2 — Arexp(272(A; — Xo)(T — t))} + Cs,

where C is a constant, then

Y () = 3 exp {2y + 1) — 20 — a)](T — 1)}

2941
{ Ao — A\ 2y
)\2 — )\1 eXp(Q’}/Z()\l — )\2)(T — t))
Case 2. m? — 4nl < 0.
Equation (66) is written as
dz
= k%dt. (70
m 4Anl — m? (70)

2
2lk2) * 412 k4
Let
o 4nl — m?
b= e
integrating (70) on both sides with respect to ¢, we
derive

m
Z+ 20k2
p

arctan = plk?t + Cs,

where Cs is a constant. Considering the boundary
condition, we have

__m
210k?2
m

(71)
+ptan |plk?(t — T) + arctan <2plk2>] .

Z(t) =
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Rewriting (65) as

Y,
?t =2y + DK Z +2(rg — ). (72

and integrating (72) on both sides with respect to ¢, we
obtain

InY(t) = 2(rg—a)t —y(2y+1)k? /Ot Z(s)ds+Cy,

where (Y is a constant. From (71), we obtain

/tZ(s)ds _ —lkiz In { cos [pm?(t _7)

0
m
+arctan (W)] } — Wt —+ 05,

where C5 is a constant. Let

G(t) = —% In { cos [plkz(t _7)

m m
+ arctan W — at.

1
Combining with Y (T') = 5> We obtain

V() = %exp (2(r0 — a)(t — T)

(2 + D(G(T) = G(1))}
Now we have the following conclusion.
Theorem 10 The optimal strategy for the quadratic

utility function is given by
Case 1. m? — 4nl > 0,

wt) =000 )
2vI(t)
(=)

Case 2. m? — 4nl < 0,

_u+b—r0—9

m*(t) W(U —a(t))
2y J(t)
(=),

where | = —27%, m = 2v(2ro + 20 — pp— 2b), n =
—(u+b—ro—0)2 J(t) = k*Z(t) and a(t), 1(t) are
shown by (59), (68).
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Proof: From (54), (55), (59), (60) and (62), we obtain

7T* — k2327+198 B Z(M + b— ro — e)gz

k2s2v
K2 by — 2(p+b—1o — O)h
N k2s2v
k2827+lg _ha(t) (72,}/8—27—1‘]031)
- L2527
—al(t
J ha( i+ b—ro—0)h
B k2s2v
J
(9— a(t))[—27/€27y —(p+b—ro—0)]
- k2s2v
_ (w=a®)[=29k*Z — (p+b—ro — 0)]
- k2527 ’

then according to (68), (69) and (71), we have that
when m? — 4nl > 0,

(v — a(t))[-27k*Z — (p+b— 1o — 0)]
k2s2v
_ (w=a(®)[=29I(t) = (L +b—10 —0)]
k2527
- %(v —a(t))

(oI
u+b—r0—9 ’

and when m2 — 4nl < 0,

. (w=a®)[-29k*Z — (u+b—r9—0)]
T =
k2527
(v—a(t)[=2vJ(t) = (p+b—1ro —0)]
k2s2v
M +b— ro — 0
= W(U —a(t))
(oI
/L‘l-b—rg —0 ’
where | = =272, m = 2v(2rg + 20 — 1 — 2b), n =

—(u+b—ro—0)2 J(t) = k*Z(t) and a(t), I (t) are
shown by (59), (68). O

™ =

Remark 11 For the quadratic utility function, there
are two expressions of the optimal investment strategy
for different parameters.

4 Numerical analysis

This section provides some numerical analysis to il-
lustrate our results. Gao [12], Zhao and Rong [16]
have analyzed the sensitivities of the correction factor
and optimal strategies with respect to the parameter
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of CEV model. Thus, we mainly consider the effect
of taxes, dividends and transaction costs on the op-
timal strategies. Throughout numerical analysis, un-
less otherwise stated, the basic parameters are given
by: rg = 0.03, p = 0.12, k = 16.16, b = 0.05,
0 = 0.004, « = 0.01, S(0) = 67, v = 1000,
v=0.12,t=5,T7 =20,¢g =0.05,c = 1.

4.1 Numerical analysis under the logarith-
mic utility case

Figure 1 shows the effect of dividend rate b on the
optimal strategy for the logarithmic utility function.
From Figure 1, we find that the amount invested in
risky asset increases with dividend rate. This is be-
cause that as b increases, investors will get more prof-
its from risky assets. Therefore, investors would like
to put more money in the risky asset to gain more prof-
its.

3200

3000 - A

2800 - A

2600 A

b

B

=

=]
L

h

)

=)

=]
L

Woney amaount

2000 - A

1800 - A

1600 - A

1400

I L L L I L L I L
o 001 002 003 004 005 006 OOF OO0 008 01
b

Figure 1: Sensitivity of the optimal strategy w.r.t b
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Figure 2: Sensitivity of the optimal strategy w.r.t 6

From Figure 2, we see that the rate of transaction
cost 6 exerts a negative effect on the optimal strategy.
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Figure 3: Sensitivity of the optimal strategy w.r.t 7o

Transaction cost arises from investing in the risky as-
set. Thus, the optimal strategy decreases with 6.

In Figure 3, we find that the optimal investment
strategy is a decreasing function of the interest rate
ro. When the interest rate r increases, the risk-free
asset is more attractive. Therefore, investors will in-
vest more in risk-free asset.

4.2 Numerical analysis under the exponen-
tial utility case

Figure 4, Figure 5 and Figure 6 show the effect of div-
idend rate b, the rate of transaction cost 6 and interest
rate o on the optimal strategy for the exponential util-
ity function respectively. As shown in these figures,
we find that the effects are similar to those under the
logarithmic utility cases.

«10°

Woney amount

L L L I L L I L
002 003 004 005 006 007 008 009 071
b

1 I
o 0.1

Figure 4: Sensitivity of the optimal strategy w.r.t b

Figure 7 illustrates the effect of the taxes rate o on
the optimal strategy under the exponential utility func-
tion. we see that o has a positive effect on the opti-
mal strategy. Since investors should pay taxes as long
as he/she gets revenue, taxes lead to the decrease of
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Figure 5: Sensitivity of the optimal strategy w.r.t 8
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Figure 6: Sensitivity of the optimal strategy w.r.t rg
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Figure 7: Sensitivity of the optimal strategy w.r.t o
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Money amount

Figure 8: Sensitivity of the optimal strategy w.r.t ¢

wealth. Therefore, investors will invest more money
in risky assets to increase wealth.

In Figure 8, we plot the effect of the risk aversion
coefficient ¢ on the optimal strategy for the exponen-
tial utility function. We see that ¢ exerts a negative
effect on the optimal strategy. An investor who has
higher g will invest less in risky asset. This is consis-
tent with intuition.

4.3 Numerical analysis under the quadratic
utility function case

0.35

Money armount

0 I L L L I L L I L
o 00 002 003 004 005 008 007 005 003 049
b

Figure 9: Sensitivity of the optimal strategy w.r.t b

As shown in Figure 9, Figure 10, Figure 11 and
Figure 12, we plot the effect of market parameters on
the optimal strategy under the quadratic utility func-
tion. The effects of dividend rate b, the rate of trans-
action cost 6, interest rate rg and taxes rate « on the
optimal strategy are similar to that under the first two
cases.

Figure 13 plots the effect of the coefficient c of
quadratic utility function on the optimal strategy and
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Figure 10: Sensitivity of the optimal strategy w.r.t 6
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Figure 11: Sensitivity of the optimal strategy w.r.t rg

we see that the optimal investment strategy increases
with coefficient c.

5 Conclusion

In this paper, we study the optimal investment prob-
lem for utility maximization with taxes, dividends
and transaction costs. We adopted the constant elas-
ticity of variance (CEV) model to describe the dy-
namic movements of the risky asset’s price. By ap-
plying stochastic optimal control, we establish the
corresponding Hamilton-Jacobi-Bellman (HJB) equa-
tion. By using the Legendre transform, dual theorem,
power transform and variable change technique, we
obtain explicit solutions for the logarithmic, exponen-
tial and quadratic utility functions. At last, a numeri-
cal simulation is presented to analyze the properties of
the optimal strategy. From the numerical simulation,
we find that taxes and dividends have positive effects
on the optimal strategies, while transaction costs exert
a negative effect on the optimal strategies.
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