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Abstract: Let W be a two-parameter, R%-valued generalized Brownian sheet. We can view W as a sequence of
interacting generalized Brownian motions or slices. The sample path properties for the slices of W are studied,
and the connections between the polar sets for the slices of W and capacity are also presented. A common feature

of our results is that exhibit phase transition.
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1 Introduction

Given0 < a < 1,1 < g < oo, letY = {Y(s,t) :
s,t € [0,00)} be the real-valued, centered gaussian
random field with covariance function

E[Y (s,t)Y (u,v)] = F1(0,s A u]F>(0,t Av], (1)
where Fi, F» denote Lebesgue-Stieljes measure that
are absolutely continuous with respect to Lebesgue
measure. Suppose that for each £ = 1,2, F} satisfies
the following condition: there exist positive constants
¢, 0 such that for all s,t € [0, 00) with |t — s| < 4,

cil\s — t\ﬁ < |Fy(0, s] — Fp(0,t]] < c|s —t|*. (2)

Consider the gaussian random field W o=
{W(s,t),s,t €[0,00)} in R? defined by

W (s, t) = (Wi(s,t),..., Wa(s,t)),

where Wy (s,t),..., Wy(s,t) are independent copies
of Y. Then W is called a two-parameter, R%-valued
generalized Brownian sheet with indexes «, 5. A typ-
ical example of a generalized Brownian sheet is the
Brownian sheet taking values in R¢ with the Lebesgue
measure, that is W (s, t) = (Wi(s,t),..., Wa(s,t)),
where W1, ..., W, are independent copies of the cen-
tered real valued gaussian random field X with co-
variance function

E[X (s,t) X (u,v)] = (s Au)(t Av).

It is easy to see that WW is an independent increment
process; see [1]. [2] gave some reasonable remarks on
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0<a<l,1<f8<oc0in?). Evenifa=p3=1,
we can say that W is also wider than the Brownian
sheet; see the example in Section 5 for a precise state-
ment .

For the generalized Brownian sheet, there are
some excellent arguments such as [1-7]. However,
contrast to the extensive studies on the Brownian
sheet, there has been little systematic investigation on
the generalized Brownian sheet. The main reasons for
this, in my opinion, are the complexity of dependence
structures and the non-availability of convenient scal-
ing property for these more general independent incre-
ment gaussian processes. The objective of this paper
is to further study the sample path properties of the

slices of .

__ Choose and fix some number s > 0. The slice of
W along s is the stochastic process {W (s, t), t > 0}.
It is easy to see that if s is non-random then the slice
of W is a one parameter generalized Brownian sheet.
More precisely, ¢ — Fl_l/2(0, s|W (s, t) is a standard
generalized d-dimensional Brownian motion. It is not
difficult to see that if s is random, then the slice of W
along s need not be a generalized Brownian motion.
For example, when W is a two-dimensional Brownian
sheet in RY, the slice of W along a non-random s hits
points if and only if d = 1. However, there are ran-
dom values of s such that the slice of 1 along s hits
zero up to dimension d = 3 (cf. [8]). Nonetheless,
one may expect the slice of W along s to look like a
generalized Brownian motion in some sense, even for
some random values of s.

A common question in infinite-dimensional
stochastic analysis is to ask if there are slices that
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behave differently from d-dimensional Brownian mo-
tion predescribed manner. There is a large litera-
ture on this subject (cf. [9]). On the other hand,
some new examples where there is, generally, a cut-
off phenomenon or phase transition are presented on
the sheet (cf. [10]). In this paper, we present some
results about the slices of the generalized Brownian
sheet. The relationships between the polar sets for the
slices of W and capacity are also obtained. A com-
mon feature of our results is that exhibit phase transi-
tion. Our approach is based on the results on the slices
of the Brownian sheet in [10].

Our first result is related to the zero-set of the gen-
eralized Brownian sheet. Orey and Pruit have proven
that WW~1{0} is non-trivial if and only if the spatial
dimension d is three or less in [8]. See also [11]
and [12]. Khoshnevisan has studied the slices of the
Brownian sheet in [10] and the relationship between
Brownian sheet images and Bessel-Riesz capacity in
[14] respectively. Chen has proven the following re-
finement in [6]: For all non-random, compact sets
E,F C (0,00),

A1Capgy y(E x F) < P{W Y0} N (E x F) # 0}
< AQCapad/Z(E X F)a (3)

where A1, Ag are finite positive constants, and for
all v > 0, Cap, (E x F') denotes the ~-dimensional
Bessel-Riesz capacity of £ x F based on the d-
dimensional energy form I.,; i.e.

1
inf,eppxry Iy (1)

Cap, (E x F) =

where

L= [ [ g,

and P(E x F') denotes the collection of all probabil-
ity measures that are supported in £ x F'. The results
in [8] and [14] follows immediately from (3) and Tay-
lor’s theorem. .

Now consider the projection £; of W~1{0} onto
z-axis. Choose and fix two number 0 < a < b < o0
withb —a < J. Let

Lq4={s>0:W(s,t)=0forsomet € [a,b]}. (4)

Thus, s € L, if and only if the slice of W along s hits
zero. Of course, zero is always in £4. The following
results characterize the polar sets of L.

Theorem 1 For all non-random compact sets F' C

(0, 00) with diamF < ¢, then
K1Cap(gg_g)/o(F) < P{LaNF # 0}
< K>Cap(ag-2)/2(F), ()
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where K1 and Ko are finite positive constants which
only depend on the parameters a, b, o, 8 and d.

The following is a consequence of Theorem 1.

Corollary 2  For all non-random compact sets F' C
(0, 00) with diamF' < 6, then

Cap(ﬁd_g)/Q(F) >0= ]P){ﬁd NF 7é @} >0
= Cap(aq_2)/2(F) > 0.

Furthermore, we can apply Theorem 1 and a codi-
mension argument ([15], Theorem 4.7.1, p.436) to
find that

ad

ﬂd)+ <dmpgLy; <1A (2 - ?)+a.s.,

1/\(2—
2

where dimp denotes Hausdorff dimension.
Next, for all 0 < a < b < 00, we consider the
following random set,

Dyz{a<s<b:W(s,t1) =W(s,ta)

for some to > t1 > 0}. (6)
We can note that s € D if and only if the slice of W
along s has a double point.

For the Brownian sheet, Lyons has proven that D
is non-trivial if and only if d < 5 in [16]. That is

P{Dy # {0}} > 0if andonlyif d < 5. (7)

See also [17]. Lyons’s theorem (10) is an improve-
ment to an earlier theorem in [11] which asserts the
necessity of the condition d < 6. Our next result
characterizes the polar sets of Dy, for the generalized
Brownian sheet.
Theorem 3 Choose and fix two numbers 0 < a <
b < oo with b —a < §. Then, there exist positive
constants K3 and K4 such that for all compact, non-
random sets F' C [a, b],

KgCapﬁ(d_4)/2(F) < P{Dd ap 7é (Z)}

< KyCapg(g_g)/2(F). ®)

The following corollary is a consequence of Theorem
3.

Corollary 4 Let F C (0, o0) be a non-random
compact set with diamF" < 6 . Then

Capg(d,4)/2(F) >0= ]P){Dd NnF # @} >0

= Capa(d_4)/2(F) > 0 (9)
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Lyons’s theorem (10) follows at once from this and
Taylor’s theorem. In addition, a codimension argu-
ment reveals that almost surely

1/\(3—%)+§dimHDd§1/\<3—%d)+.

Finally, we consider the random sets

Dy = {(s,t1,t2) € [a,b]® : W(s, 1) = W (s, t2)}
Dy = {(s,t1) € [a,b]> : W(s,t1) = W(s, t2) for

some ty > 0}. (10)
The following theorem characterizes the polar
sets of Dy and D,. This method is not sufficiently
delicate, but I also believe such a characterization is
within reach of the existing technology (cf. [6]).

Theorem 5 Choose and fix two numbers 0 < a <
b<ocowithb—a < 6. Then, there exist constants
K5 and Kg such that for all non-random compact set

E C [a,b)? and G C [a,b]?,

K3 'Capgy)s(G) <P{DyN G # 0}

< KsHoap2(G), (11
K ' Capg(g_9),2(E) <P{DaN E # 0}
< K¢Ha(d—2)2(E), (12)

where H. denotes the ~y-dimensional Hausdorff
measure.

Corollary 6 For all non-random compact sets E C
[a,b]? and G C [a,b]® withb — a < 6,

Capgg/a(G) > 0= P{DyN G # 0} > 0

= Had/2(G) >0,

Capg(y_2)/2(E) > 0= P{DgNE #§} >0
= Hea—2)2(E) > 0.

The remainder of this paper is organized as follows.
In Section 2, we introducing some basic real-variable
computations by analyzing the properties of three
classes of functions. Theorems 3 and 5 are respec-
tively proved in Sections 3 and 4. Section 5 contains
the proof of Theorem 1, some corollaries of Theo-
rems 1, 3 and 5, and a few related remarks. Even if
o = [ = 1, we can say that W is also wider than
Brownian sheet in the above theorem . The results that
we obtain are sharper and more general than those of
the Brownian sheet.
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Throughout, any n-vector x is written, coordi-
natewise, as * = (z1,...,%,). Moreover, |z| will
always denote the ¢'-norm of z € R"; i.e.,

|z[=la] + - 4 fnl.

Generic constants that do not depend on anything in-
teresting are denoted by ¢, ¢y, co,...; K, K1, Ko, .. .;
they are always assumed to be positive and finite, and
their values may change between, as well as within,
lines. Let A denote a Borel set in R”. The collec-
tion of all Borel probability measures on A is always
denoted by P(A).

2 Some Estimates

Our analysis depends on the properties of three classes
of functions. We develop the requisite estimates here
in this section. We define for all ¢, h > 0 and x € R,

d
A1)
2l

h
ge(2)= /0 foly + [2])dy,

fel)=(

h
G.(x)= /0 ge(y + |z])dy.

Our first result is a simple fact which can be deduced
from the covariance of the generalized Brownian
sheet.

Lemma 7 There exist constants ci1, co > 0 such
that for all ¢ > 0 and s,t € (0, 00),

c1fe(F1(0, 8] Fy(0,]) < P{|W (s,t)| < €}

S CQfe(Fl(O,S]FQ(O,tD. (13)

Proof: Note that |W (s, t)] = |Wi(s,t)| + --- +
|W4(s,t)|. Therefore,

P{|W (s,1)] < €}
<P{|Wi(s,t)| <e, ..., |[Wal(s,t)| <€}

¢ 1
=[( e \27F1 (0, 5]F5(0, 1]

xexp ( - 2F1(0,Z]F2(0,t] Jau) A1}
gzd< Fl([);]FQ(O’t] A 1)d. (14)
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The upper bound of the lemma follows from (14).
To derive the lower bound, we can find that when €2 <
F1(0, s]F2(0, 2],

P{IW (s, 1)] < ¢}

— 6 —
SP{W(5,0)| < 5 Was )] < 5}

l e

_</e/d 1
—e/d /21 F1(0, 5] F2(0, €]

u? d
% exp ( " 2F,(0, | (0, t])d“)

Z(%)d/g P < B %) ( 70, ;F2(0, t])d

:Cgfe(Fl (0, S]FQ(O, t])

(15)

The same reasoning shows that when €2 >
F1(0, s]F»(0,¢],

P{|W (s, )| < ¢}

€ 1
:( —€ \/27TF1(O> S]FZ(()’t]
2

xexp (- o (O,Z]Fg(O,i])du>d

6/\/F1(0,S]F2(0,t} 1 ’LL2 d
(/ exp ( — —)du)
—e/\/ F1(0,s]F2(0,t] \/ﬂ 2

Z(/l L exp(—f)du)dfe(Fl(O,s]Fg(O,t])

—1 2

:C4fe(F1(078]F2(07t])' (16)

Taking ¢; = min{es, ¢4}, we finished the proof of

Lemma 7 by (15) and (16). O
Lety € Rand x € R\{0} define

1, if v <0,
U024 log, (1/le]), iy=0,  (17)
|z| 77, if v > 0.

Next, we derive the upper and lower bounds for
ge in terms of the above function U, that is defined in
(2.5).

Lemma 8  There exist constants c5, cg > 0 such
that forall e > 0and 0 < y < 6,

9e(Fo(0,y]) < c5¢’Uga—nyo(y), £ =1, 2, (18)
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and for all F(0,y] > €2,

9e(Fo(0,y]) > c6e®Un(az)2(y), £ =1, 2.

Proof: It follows from (2) and 0 < y < § that
¢y < Fy(0,y] < ey (20)
By the definition of the function g., we have
9e(F(0, )
4 /h dx
<e
o (z+ Fy(0,y])4/?
_ed /'h""FZ(O?y] d':v
FZ(O)y] :Ed/2
2¢? 1-d/2 .
_d(h+Fg(0,5]) , ifd<2,
(h + Fy(0,4]) :
<{ 2" ifd=2, (@D
d FK(O’ y]
2
C(F)0,y)) Y2, if d > 2.

d—2

For all F(0,y] > €2, we use the same reasoning
to show that

9e(Fe(0, y])
:6d /’h+FZ(O7y} di‘r
FI’.(07y] [L‘d/2
2¢ 1 ap
>—d" F(0,8] \1-d/2
2\Y, - .
1—(———— fd<?2
X[ h(h+Fg(O,5]> } ha <2
> d .
=) €€ln——, if d =2,
i FZ(Ov y]
2€ _
= (R0, )
x[1— (14 hE;10,0) "%, ifd > 2.
(22)
The lemma follows from (20), (21) and (22). O

By the definition of the function G, we also note
that

h
Go(x)= /0 ge(y + |z])dy

horh
Z/ / fe(lz| +y1 +y2)dyrdyz.  (23)
0o Jo

The following lemma follows from Lemma 8 and
some elementary estimates.
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Lemma 9 Choose and fix a number 0 < b < oo.
Then there exist constants cy, cg > 0 such that for all
e>0and 0 <y <z <bwithx —y <9,

Ge(F(0,2] — Fy(0,9)) < cre®Upga—ay2(x — ),
(24)

and for all Fy(0, ] — Fy(0,y] > €2,

Ge(Fi(0,2] — Fo(0,9]) > cse’Uy(g—1y/2(z — v),
(25)
where £ =1, 2.
Proof: It follows from (2) and x — y < ¢ that

¢ He—yl? < [Fo(0, 2] = Fo(0,y]| < cle—yl|*. (26)

We first prove (24) fore > 0and 0 < y < z <
b. By using (17) and a similar computation as in the
proof of Lemma 8, we have

Ge(Fe(0, 2] — Fy(0,9])

h
:/O gE(Z + |Fg(0,$] - Fé(oay”)d’z

coeh(2h + F,(0,b])3=D/2, if d < 2,
coel(hIn2 4 h), if d =2,
2
<] coe’— d(h + Fp(0,0)4=D2 if 2 < d < 4,
B h + Fy(0,b] .
d )
c1o€” In , if d =4,
105 (0, 2] = B (0, y]]
[ c10€”[Fo(0, 2] — Fo(0,y)| D72, if d > 4.

This, together with (26), implies the upper in (24).
The lower in (25) is proved along the same lines. O
Lemma 10 Foralle > 0andz > 0,

2h
Gi(Fi0.0]) = 5 [ auly + Pr0.al)ay,

Proof: By the change of the variance with y = ¢/2
and the monotonicity, we have

G(Fy(0,z))

h
/0 9e(y + Fy(0, z])dy

1

2h ¢
= 5 ely F, )
2/0 g (2 + Fy(0,z])dt

1 2h
22A 6e(y + Fu(0, 2])dy.

This finishes the proof of the lemma. g
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3 Polar sets of D,

In this section, we characterizes the polar sets of Dy
generated by the generalized Brownian sheet. Be-
cause of the complicated covariance, the proof of the
polar sets of Dy is quite involved. Therefore, we split
the proof into several lemmas, which are also of their
own interest.

Choose and fix two number 0 < a < b < o0.
Let W) and W® be two independent generalized
Brownian sheets in R?, and define for all » € P(R.),

b
JE(M)ZEd///1A(e;s,t)u(d8)dF2(0,tl]dF2(07t2L

(27)
where A (e; s, t) is the event

Ale; s, )= { WP (s,1) — WD (s,11)| < €}, (28)

forall a < s,t1,to < band e > 0.

Lemma 11 Choose and fix two numbers 0 < a <
b < oco. Then,

inf inf

E[Jc(u)] > 0.
ot inf  Eem)]

(29)

Proof: Forall s,t1,ts € [a,b], let

o?=Var(W? (s,t2) — WV (s,11)), 1<j<d.

The independence of W® and W implies
2F1(0,a]F»(0,a] < 0 < 2F;(0,b]F»(0,b].  (30)
By (28) and (30), we have
P{A(e; s, t)}
e/d 1 U2 d
> ——|d
_|:/—€/d 27ro'exp( 20'2> 'U::|

82

- /2
= (wpl(o, b 5 (0, b]d2>
2

€
B 4dF1 (0, a]FQ(O, a] ) '
By (27) and (31), we have

E[Je(p)]

b rb
- / / / P{A (e 5, )} (ds)dFy(0, 11 ]dF3 0, to]

(F»(0,0] — F5(0,a])*u([a, b])
(7 F1(0,b]F3(0,b]d2)
2

B 4dF1(o,a]F2(o,a]>‘

X €Xp ( G1)

>

xexp(
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This proves the lemma. O
Next we present a bound for the second moment
of Je¢(u). For technical reason, we first define

et ///um (ds)dE (0, t1]dF (0, t2],

(32)

Lemma 12 Choose and fix three numbers 0 < a <
b<c<oowithc—a <. Then, there exist positive
constants cg and cyg such that for all Borel probability
measures pLon Ry and all 0 < e < 1,

Bl (W) <% / / Go(F1(0, 5] — F1(0, ul) u(ds)p(du)

<crolg(g—a)/2(1)- (33)
Proof: Define W@ to be the generalized white
noise that corresponds to the generalized Brownian

sheet W () (¢ = 1,2). It is convenient to think of

W as the distribution function of a d-dimensional
generalized white noise W) on ]R%r; see the sur-
vey paper [21]. For all ¢ > 0, s,u € la,b], and
t = (t1,t2), v = (v1,v2) € [a,b] x [b,c], let

Pe(s,u;t, U)ilP’{A(e; s,t) N A€ u, U)} (34)
By symmetry, we assume that s < u. We give an
estimate of (34) by analyzing two different cases.

The first case is that t; < v; and to < v9. Con-
sider

Thus, the H's are all totally independent Gaussian
random vectors. By the triangle inequality,

Pe(s, u;t,v)
() — ) < ol +
+H§2) o Hfl) o H2(1) o H(1)| S 6}

<P{|H® —HY| <€)
x P{|HS + B — BV — HV| < 2¢)
2T % . (35)
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AsT =HP —HY and To= B+ HP — 1V -

H?El) both have i.i.d. mean O coordinates , one can
check the coordinatewise variances and find that for
all1 <4 <d,

Var(T() =F1 (0, s](F2(0, t1] + F5(0, £])
>2F1(0,a)F>(0,al,
Var(T$?) =F} (0, s](F5(0, va] — F5(0, £))
+ (F1(0,u] — F1(0, s]) F5(0, vo]
+ F1(0, s](F5(0,v1] — F5(0,1])
+ (F1(0,u] — F1(0, s]) F»(0, vl]
> min{Fy (0, a], 2F(0, a]} (|F1(0,
— F1(0,s]| 4 | F2(0,v1] — FQ(O,tl]\
+ |F2(0,v2] — F5(0,t2]]). (37)

(36)

By (35), (36), (37) and Lemma 7, we have I < ¢,
and

J §012f6(|F1(0>U] - F1(07 S” + |F2(0?U1]

— F5(0,t1]] + [F2(0, v2] — F2(0,t2][).  (38)
By (35) and (38), we have
Pe(s, u;t,v) <cise? fo(|F1(0,u] — F1(0, s]|
+ [ F5(0,v1] — F2(0, t4]|
+ | F2(0,v2] — F2(0,82][).  (39)

The second case is that {2 > v and t; < v;. We
can replace the H, ) s of (35) with the following:

[0, t1]), H{V=WD([0,] x [t1,v1]),
[0, v1]); HY =W ([0, 5] x [0, 02]),

HY =W ([0, 5]
Hél)ﬁw(l)([s, u] X

P 2WO((0, 5] x [va,t2]), HSDZWE ([s,u] x [0, v3)).
It follows then that
Pe(s,u;t,v)
—P{|H® + Y - HV| < & |HP + HY
— Y — B - B <€) (40)

As the density function of H £2) - H {1) is bound
above by K=(27F(0,a]F5(0,a])~%2. Therefore,
by the unimodality of centered multivariate Gaussian
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distributions,

Pe(s,u;t,v)
:014/ IP{|H2(2) + 2| <¢ |H§2) - H2(1)
H )+ z| < e}dz
SC14/ ]P’{|H§2) _ HéQ) _ H2(1)
{lw|<e}

— Hy(,l) + w| < e}dw

<c1a(2e)P{|HY — HY — 1Y
Y <el. 1)
AsT3=HP — HP — g8V — g8V has ii.d. mean 0

coordinates , we can show that forall 1 <17 < d,

Var(T$) =(F1(0,u] — Fy(0, s]) F2(0, vs)]
+ F1(0, s](Fa(0, to] — F»(0,v2])
+ F1(0, s](F2(0,v1] — F2(0,t1])
+ (F1(0,u] — F1(0, s]) F2(0, v1]
> min{F (0, a],2F>(0, a]} (| F1(0, u]
— F1(0, s]| + [ F2(0,v1] — F»(0,t1]|
+ |F5(0, ta2] — F2(0, v2]]). (42)
By (41), (42), and Lemma 7, we have
Pe(s,u;t,v) §015edf6(]F1(0,u] — F1(0, s]|
+ | F2(0,v1] — F2(0, t1]]
+ |F5(0, ] — F2(0,v2]]).  (43)

Symmetry considerations, together with Cases 1 and
2, prove that (39) and (43) holds for all possible con-
figurations of (s, u,t,v). It follows from (39), (43),
and Fubini-Tonelli theorem,

616// //[QC]2 ac]ZfE |F1(0,u] — F1(0, ]|

+ |F2(0,’01] — FQ(O,tl” + |F2(O,t2] — FQ(O,UQ”)
dF5 (0, £1]dF(0, t2]dF5(0, v1]dF5 (0, Uz]] (ds)u(du)
//G (F1(0,u] — F1(0, s]) pu(ds) pu(du).

This is the first inequality of the lemma. By the above
inequality and Lemma 9, we have

2 < ClO//UB(d ay/2(u — s)p(ds) p(du)
= c10lp(g—1)/2(1)-
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This completes our proof. O
For all s,t,u,v € [0,00), define the partial or-
der as follows: (s,t) < (u,v) if and only if s <
wand t < v. Foralli € {1,2} and s,t € [0,00),
define
]:St)ﬁa(w(i)(u,v) 0<u<s;0<v < t).
We can assume that F()s are complete and right-
continuous in the partial order ” < ”. If not, then

complete F\* () and then make it < -right continuous.
Based on () and F?), we deﬁne

Fsto= ()\/]:() for all s,t,v > 0.

The following is the Cairoli’s maximal inequality
with respect to the family of Fi,; , ’s.

Lemma 13 Choose and fix a number p > 1. Then
for almost surely nonnegative random variable Y €
LP=LP(Q,V Fgtp>0,P),

E[ sup E[Y|fs;t,v]]p < (LYPE[YP].
s,t,veQ4 p— 1

Proof: By using Corollary 3.5.1 in [15, p.37], it suf-
fices to show that for all s,s’,t,t,v,v" > 0, and
all bounded random variables Y that are Fy s /-
measurable,

E[Y|]:s;t,v} = E[Y‘fs/\s’;t/\t’,v/\v/ a.s. (44)

This proves that the three-parameter filtration { Fi ,, :
s,t,v € Q4} is commuting in the sense of Khosh-
nevisan [15, p. 35]. By a density argument, it suffices
to prove (44) in the case that Y = Y;Y5, where Y; e;nd
1)

lt/
(1)

/tl

Y5 are bounded, and measurable with respect to F.
and F, 8( 3} respectively. By the independence of F,
and F; (2 )

E[Y|Fs;t7v] :E[mfsfy]la[yﬂfg?g} a.s. (45)

By the Cairoli-Walsh commutation theorem [15, The-
orem 2.4.1, p. 237], F) and F® are each two-
parameter, commuting filtrationes. It follows from
Theorem 3.4.1 in [15, p.36] that

E{Yl\fs(?} = {Yl\ s/\s’t/\t’:| a.s.

E[val 77| =
Combining (45) and (46), we obtain (44) in the case

that Y has the special form Y = Y;Y5 as described
above. The general form of (44) follows from the

[Y2| sAs’ v/\v:| a.s. o
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mentioned special case and density. O

Lemma 14 Choose and fix a number p > 1.
Then for almost surely nonnegative random variable
Y € LP=LP(Q,VFstu>0,P), there exists a con-
tinuous modification of the three-parameter process
{E[Y|Fstp], 8, t, v > 0}, such that

p 3p
E[ sup E[Y\fs;t,v]] < ( P ) ]E[Yp].
s,t, vER L p— 1
Proof: By using (44), Lemma 9 and a similar

argument as in the proof of Lemma 2,3 of Chen and
Liu [7], we can also prove Lemma 14. O

Lemma 15 Choose and fix three numbers 0 < a <
b<cec< oowithe—a < 6. Then, there exists a
constant c17 such that the following holds outside a
single null set: Forall0 < e <1, a < ay,b1,bs < b,
and p € P(Ry),

B0 Faringa) 255 [ GURO.5) - AO.a1)

Fﬂ[al,b}

X p(ds)La(e/ 201 b1,00)-  (47)

Proof: It follows from (32) that

]E |~7:¢11 301, b2

/ / / ]P’ A 6 s, t ’fal,bth)
by Jba Fﬂ[a1,b]

X dS)dFQ(O tQ]dFQ(O tl) (48)

A generalized white-noise decomposition implies that
following: For all s > aj, t; > by, and 9 > bo,

WO (s,t1) =W (ay, by) + WO ([ay, 5] x [0,b1])
+ W0, a1] % [b1, 1))
+ WD ([ay, 8] x [br,t1]), (49)
W (s,t5) =W (ay, bs) + WO([ay, s] x [0, bs])
+ WA (0,a1] x [ba, t2))
+ W ([ay, 8] x [ba, t2)). (50)

Here, the Ws are generalized Brownian sheets.
The collection {Wj(l),W(i)(al,bi) D4, = 1,2} is
totally independent. By (48), (49) and (50), we can
infer that the following is a lower bound for the right
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of (48), almost surely on the event A (e/2, ay; b1, ba),

1 C Cc
L / / / 1(ds)d B (0, 2] dF5 (0, 1)
€ b1 Jbo Fﬂ[ahb}

X P{]WU)([% 8] % [0,b1]) + WD([0, aq]
% [br,t1)) + W ([ag, 8] x [br, t1))

~ WO ([a1, 5] x [0,b2]) = WP ([0, a1]
wmmD—WQ@hﬂxm@m§§}

Aéﬁmﬂﬂmm|gwm

[0

Here,
=(F1(0,s] — F1(0,a1])(F2(0,t1] — F»(0,b1])
+ (F1(0, s] — F1(0,a1])F2(0, b1]
+ F1(0,a1](F2(0,t1] — F2(0,b1])
+ (F1(0, s] — F1(0, a1])(F2(0, to] — F»(0,be])
+ (F1(0, s] — F1(0,a1])F2(0, ba]

+ F1(0, a1} (F2(0, t2] — F5(0, bo]).

The range of possible values of a;, b; and by is
respectively [a, b] and [a, b]2. Therefore, there exists a
constant, which only depends on the parameters a and
b, such that

o? <min{F}(0,b],2F(0, ]} (| F1(0, ]
— Fl(O,CLl” + |F2(0,t1] — FQ(O, 51”

+ | F2(0, to] — F»(0,b2]|). (52)
Applying the bound of (52) and Lemma 9, we can find
that (47) holds a.s., but the null set could feasibly de-
pend on (aq, by, by, €).

To ensure that the null set can be chosen indepen-
dently from (ay, b1, be, €), we first note that the inte-
gral on the right-hand side of (47) is:

(i) Continuous in € > 0;

(ii) independent of by, b € [a, b];

(iii) lower semi-continuous in a; € [a, b].

Similarly, (a1,b1,b2,€) = 1a(carbibe) 1S
left-continuous in € > 0 and lower semi-continuous
in (a1,b1,b2) € [a,b]®. Therefore, it suffices to
prove that the left-hand side of (47) is a.s. continu-
ous in (ai,by,bs) € [a,b]3, and left-continuous in
€ > 0. The left-continuity assertion about ¢ > 0
is evident; continuous in (aq, by, by) follows if we
could prove that for all bounded random variables Y,
(a1,b1,b2) — E[Y|F4, 6,6, has an a.s.-continuous
modification. But this follows from Lemma 14. g
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Lemma 16 Choose and fix two numbers 0 < a <
b<ocowithb—a <9, and

D(w)ﬁ{a <s<b: W (s, ty)

inf
t1,t2€a,b]

WO (s, 81)|(w) = o}.

Then, there exist positive constants c1g and cig such
that for all compact, non-random sets F' C |a, b],

c1sCapg(g_yy2(F) < P{DNF # 0}

< c19Capy(g—a)/2(F). (53)

Proof: Forall 0 < € < 1, define the closed random
sets
Dg(w)ﬁ{a <s<b: inf [WO(st)
t17t2€[a,b}

WO (s, t1)|(w) < e}.

Choose and fix a probability measure p € P(F)
such that D, intersects F' almost surely on the event
{Jc(u) > 0}. By the Cauchy-Schwarz inequality,

(BL)” = (BL(); D F £0])°

SEJ(W)PP(DeNF #0).  (54)

It follows from (27), (32) and (54) that

MQHF#@Z(

& &

Let € | 0 and appeal to compactness to find that

lim inf (E[J(1)])”

P(DNF #0) >

Klg(g—ays2(1)

Here, we have used Lemma 12. According to Lemma
11, the numerator is bounded below by a strictly posi-
tive number that does not depend on p. Therefore, the
lower bound of Lemma 16 follows from optimizing
overall u € P(F).

In order to obtain the upper bound, without any
loss in generality, we can assume that P(D. N F #
) > 0. Forall 0 < € < 1, define
inf  [W® (s, )
t1,t2€[a,b]

— WO (s, 1) < e}.

Teﬁinf{s e I
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As usual, inf }=occ. Define

V

t,vel0,00)?

Fs= Fstp foralls>0.

We note that 7, is a stopping time with respect
to the one-parameter filtration {Fs : s > 0}. Itis
also easy to see that there exist [0, co]-valued random
variables 7/ and 7/’ such that: (i) 7/ V 77/ = oo if and
only if 7. = oo; and (ii) almost surely on {7, < oo},

W (7, 7)) = WD (7, 7")| < e.

€
Define
pe=P{7. < 00}, and v.(e)=P{7. € o|7. < 0}.

By the assumption and the definition of the classical
conditional probability,

ir>1£p€ >P(DNF #0) >0, and v. € P(F). (55)

Now consider the process {M€,0 < ¢ < 1} defined
by

M;l;bth ﬁE[je(I/e) "Fal?bhb?] ’

By Lemmas 14, 15, and the Cauchy-Schwarz inequal-
ity,

o . 9
E Sup (Mal;bhbz)
- a17b1,b2€R+

ZE:( ;5,7-6”,7'6’)2}
o 2

:E@pm@ugﬂd]

C20Pe
> 5 ]E[(/Fm[fe,b} G (F1(0, s]

2
— 0,7 ds) I < o)

C20Pe

>t (E[ /F o G(Fy(0, s]

~ R0, 7)) (ds)| . < OODQ.

(56)

In addition,
B[ GUR0.5) = (0. m]welds)r < o]
FN[re,b]
:// Ge(F1(0,s] — F1(0, u])ve(ds)ve(du)
{seFN[u,2|}

2;//G6(F1(0,s] — (0, u])ve (ds)ve (du).
(57)
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Combining Lemmas 12, 13, (56) and (57),

D[ [ Gpi0,5]— 0 (s

<E|

sup (M;1;b17b2>2]

a1,b1,b2€Q

g261€[(j€(y6))2}

Scjf//Ge(Fl(O,S]—Fl(o,u])lje(ds)ye(du)_
(58)

Thanks to (23), (55) and (58),
P(DNF #0)
<ene’| [ [ GuF(0.5) = FO.uhm(dshfaw)]|

<co4 {//Ua(délw(s - “)”€<ds)”€(d“)]_l

C25

) (59)
To(d—ay/2(ve)

Choose and fix a number 7 > 0. For all 0 < € <
1/2
L/

To(a—ay2(ve) 2// Ua(d—a)/2(s — u)
{ls—u|>n}

X Ve(ds)ve(du). (60)

Recall that {v., ¢ > 0} is a net of probability
measures on F'. Because F' is compact, Prohorov’s
theorem ensures that there exists a subsequential weak
limit vy € P(F') of {ve, € > 0}, as € — 0. Therefore,
we can apply Fatou’s lemma to find that

lim inf T (g-a)/2(ve)

> lim // Ua(d—1)/2(s — wro(ds)vo(du)
{ls—ul=n}

n—0
= Io(d—4)/2(10)- (61)
By (59), (60) and (61),
MDHF#@SLMji@w
< c25Capy (g_ay/2(F)-
This finished the proof of Lemma 16. O

Proof of Theorem 3. Let [ and J be disjoint,
closed intervals in (0, co) with the following property
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thatz < y forall z € [ and y € J. Define
Dy(I, J)ﬁ{a <s<b: W(S,tl) = W(S,tQ) for
somet; € I and ty € J}.

It suffices to prove that

KgCapﬁ(d_4)/2(F) < P{Dd([, J) NnE 7é @}
S K4Capa(d,4)/2(F). (62)

Choose and fix two number 0 < a < b < ¢ with
b = 2a. Moreover, without loss of much generality,
we may assume that

b—a b+a] _[3b—i—a 4b + a
2 72 77 b 2 72
and F' C [a, b]. Now define the random fields,

1=

] 0,9]

0T () ()

iV@N&tﬁﬁi(&“§“+t)—chgwfg

for 0 < s,t < ”Jr% By checking two covariances,
we can show that

(s, 52 (s, P52 s a < s <),
(s, 520 ) (s, 222 st <)

are independent generalized Brownian sheets. On the
other hand, the following two results are equivalent:

(i) There exists s,ti,to € [a,b]® such that
W(l)(s, tl) = W(Q)(S, tz);

(ii) There exists (s,t1,t2) € [a,b] x I x J such
that W (s, t1) = W (s, t2).

Therefore, (62) follows from Lemma 16. This fin-
ished the proof of Theorem 3. g

4 Polar sets of D; and D,

An N-parameter, R%valued generalized Brownian
sheet has the following stochastic integral represen-
tation

W(t) = /0 ONf1<sl>~~fN<8N>dW<s>

= | [(s)dW(s),
0.4

(63)
where W = {W(s),s € RY} is a Brownian sheet,

[dF,
and for any £k = 1,..., N, fi(z) = d—k is the
x
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Radon-Nikodym derived function of Fj which is
square integrable (cf. [1]).

Lemma 17 For all s,t € Rf withs X t, andr €
RY. Then,
E{(r, W(t))|Fu, 0 <u < s} = (r,W(s)). (64)

Proof: Forall s,t € Rf with s < ¢, we decompose
the rectangle [0, ¢] into the following disjoint union:

[0, (65)

Cz

R(t;) U A(s,t),
7j=1

where R(t;) = {(v1, -+ ,on) : 0 < v; < s, if @ #
J, 85 < vj < t;} and A(s,t) can be written as a
union of 2V — N — 1 sub-rectangles of [0, ¢]; see [18].
It follows from (63) and (65) that for all s,t € RY
with s < ¢,

W(t) =
[0.5]

N
W (dv) —i—Z;/R(t‘)f(v)W(dv)

+/A(st) f)W (dv)

Since the processes W (s), Y;(t) (1 < j < N)
and Z(s,t) are defined by the stochastic integrals
over disjoint sets, they are independent. Therefore,
Y;(t) (1 <j < N)and Z(s,t) are independent with
F(s). This completes the proof of Lemma 17. O

Let W and W® be two independent, two-
parameter generalized Brownian sheets in R¢. For all
0<e<1,0<s,ty,tg <ooandz = (x1,x9,23) €
R3, define

WO (s, ty),

[x2, x2 + €] X

Als ty, 1) =W (s, ty) —

b(x;€)=[x1,x1 + €] X [x3, 23 + €].

Lemma 18 Choose and fix two numbers 0 < a <
b < oo . Then, there exists a constant csg such that
forall0 < e < 6§, x = (z1,72,73) € [a,b]?,

El sw [A@) - AW <emc?.  (66)

yeb(xse)
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Proof: By some elementary estimates, we have

d
E| sup |A@2) - A®y)]
yeb(xse)
< 2d_1(E1[ sup !fv(”(x1,x2)—-iV(”(y1,yzﬂd}
yeEb(z;e)
+E[ sup [WO(r,25) — W (y1,55)[%) )
y€Eb(z;e)
22911, + I). (67)
Let S := {r € R% : |r| = 1}. It follows from

the Holder inequality that

I :E[ysup (zd:

eb(zse) N i1

(70T 00)') ]

W00

(68)

(r, Wt

d
Sd?supELsup (z1,72)—

reSd  yeb(x;e)

By (68), Lemma 17 and the Doob-Cairoli inequality,
we can deduce that

I <d? (%)Qd Tseub%EH(r,E(azl, x2; 6)>‘d]

d \2d d

=4 (727) E[=enenal]

where Z(z1, m9; €) =W W (21, 29) — WD (21 +¢, 29+
€).

In accord with the inequality [7, Lemma 3.2],

there exists a constant ca7(a,b,d) such that for all
0<e<d, (x1,22,73) € [a, b,

(69)

o?=E [E?(xl, z9;€)] < core®. (70)

Since
d =i(x1,x2;€)\2
(B v,
7j=1

Then there exists a constant cag(a, b, d) such that

[SI[oH

d

= . 2
ey (Bl <o,

J=1

(71)

By (69), (70) and (71),
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Similarly, we can apply the same method above
to obtain that

drs d \2d o
IQ S (027628d) 2 (ﬁ) 67d. (73)
Therefore, (66) follows from (67), (72), and (73). This
finished the proof of Lemma 18. g

Let W) and W be two independent general-
ized Brownian sheets in R, and define for all ;1 €
P(RY),

el ///1Am (dsdt:)dF(0, 1],

(74)

where A (¢; s, t) is the event
Ale s, ) (WO (s,12) = W (s,10)] < e},
foralla < s,t1,to < band e > 0.

Lemma 19 Choose and fix two numbers 0 < a <
b < o0o. Then,

inf inf

E[Z.(1)] > 0.
ot inf | EZw)]

(75)

Proof: For all s,t1,ts € [a,b], let

AW/]-(l)(87t1)), 1 S ] S d.

02£Var(Wj(2)(s,tz) -
The independence of W@ and W implies
2F1(0,a]F»(0,a] < o < 2F;(0,b]F»(0,b].  (76)

By (76), we have

P{A(¢s,t)} > {/E/d ! exp ( - ;;)du}d

—e/d V2O

£2

>(7rF1(O bF

d/2
5(0, b]d2>
2

4dF1(0, a] F5(0, a] ) '

X exp ( - a7

By (74) and (77), we have

6 ed///P{Aést}udsdtldFQOtg]

(50,8 — By(0.a)p((a.bP)
T (wFu(0,b]Fy(0,b)d)

4dF1 (0, a] F»(0, a] ) ‘

><exp<—

This proves the lemma. g
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Next we present a bound for the second moment
of Z(u). For technical reason, we first define

6 ﬁed/ //]'A es,t) detl)dFQ(O tQ]

Lemma 20 Choose and fix three numbers 0 < a <
b<c<oowithe—a <. Then, there exists a con-
stant cag9 such that for all Borel probability measures
uonRiandallO <e<l,

[, 029//95 1F1(0, 5] — F1(0, ]|

|F2 0 tl] FQ(O 1)1”) (dsdtl) (dudvl)

<c29lg(a—2)/2(K)- (78)

Proof: For all ¢ > 0, s,u € [a,b], and t =
(t1,t2), v = (v1,v2) € [a,b] x [b,], it follows from
(43) that

Pe(s,u;t,v)

<csoel fo(|F1(0,u] — Fi(0, ]| + [ F2(0, v1]
— F5(0,t1]| + | F2(0, t2] — F2(0,v]]).

By the Fubini-Tonelli theorem and (2),

YK

la,c]x[a,c]

% dF(0, vg]} (dsdt1)u(dudvy)

<2 [ [ 4 (R0.4- RO 50,0
— F»(0,v1]]) p(dsdty ) p(dudor)

e
33//96 |s —u| + |t1 — v1]) )

X p(dsdty)p(dudvy).

(s,u;t,v)dF>(0,t2]

(719)

This is the first inequality of the lemma. By (79) and
Lemma 12, we have

E[Z.(u <034//U5d 9y/2(|s — ul + |t1 — v1))
x p(dsdty)p(dudvy)
= ca513(a—2)/2(1)-

This completes the lemma. O

Proof of Theorem 5 We first derive the lower bound
in (11) and (12). Recall (74). Choose and fix p €
P(G), and define for all € > 0,

T(M)ild / / / 1A (coyldsdtydty). (80)

Issue 1, Volume 12, January 2013



WSEAS TRANSACTIONS on MATHEMATICS

By the same argument as in the proof of Lemma 11,
we can deduce that

inf inf  E[Tc(n)] > 0. (81)

0<e<1 peP([a,b]?)

Similarly, we can apply (3.19) to find that

E[7. cSG////fe |F1(0,u] — F(0, ]|

+ ‘FQ(O Ul] — FQ(O t1]| + |F2(0 ’Ug]
— F5(0, tg wu(dsdtydts) p(dudv dog)

037////1"6 (Jlu—s| + |v1 — t1

+ ‘1}2 - tz’) ) (dsdtldtQ) (dudvldvg)
= c38lq/2(1)- (82)

Here, we have used the inequality, f.(z) < e?|z|~%/2.
Define

De(w)={(s, t1,t2) € a, 0] + WD (s, 1)
— W(s, 1) |(w) < €},

inf (WO (s, 1)
to€la,b]

De(w)={(s,t1) € [a,b]?
ST (s, 1)) < .

By (81), (82) and the Paley-Zygmund inequality to
find that

AME

P(D.NG # 0) > (E[T(M s

)

Let € | 0 and appeal to compactness to find that

oy T (B
DaNE#0) = =t

Therefore, the lower bound of (11) follows from opti-
mizing over all u € P(G). Applying Lemmas 19, 20,
and repeating the same reason above, we can obtain
the lower bound of (12).

Now we prove the upper bound of (11) and (12).
For all z € [a,b]? and 0 < € < 4, it follows from (66)
that

2

]P’{]ﬁ)d Nb(xz;e) # @}
<P{|A@)| < sup Ay~ A)]]

yebd(z;5€)
d
30391@[ sup IA(y)—A(%‘)\}
yeb(z;e)
§C40€ad/2. (83)
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In order to obtain the upper bound, without any
loss in generality, we can assume that H,q/2(G) <
oo. In this case we can find 21, 22, -- € [a,b]® and
r1,7r2,- -+ € (0,9) such that G C U2 b(z4;7;) and
S adf2 < 2Hn4/2(G). Thus, by (83),

i=1T3

]P’{]Dd NG #0} < ZP{Dd Nb(wsri) #0}
=1

< e Z 7"? 4/2
i=1
< 2c40Had/2(G).

This completes our proof of the upper bound of (11).

In order to prove the lower bound for D, note that
Dy intersects E if and only if D intersects [a, b] x E.
To conclude, it suffices to prove that

Hadas2([a,b] x B) >0 = Hgq—2)/2(F) > 0.

By the Frostman lemma, together with H,4/5([a, b] X
E) > 0, then there exist a measure y on [a, b] x E and
a constant c41 such that for all three-dimensional balls
B(x,r) of radius r > 0,

pu(B(x,r)) < car®/?.
For all Borel sets C' C R2, define
1(C)=p([a,b] x C).

Then, {1 is a measure supported on E. It follows from
a covering argument, and the Frostman property of (i,
that for all two-dimensional balls B’(x,r) of radius
r >0,

p(B'(z,r)) < cypr@d=2/2, (84)
Applying the Frostman lemma again, and (84), we fin-
ish the proof of Theorem 5. O

5 Polar sets of L,

In this section, we consider the projection Lq of
W~=1{0} onto x-axis.

Recall that a function f : R™ — [0, oo] is of strict
positive type if (i) f is locally integrable away from
0 € R™; and (ii) the Fourier transform of f is strictly
positive. Corresponding to such a function f we can
define a function I1,,, f as follows:

(Hmf)@)ﬁ/[o . f(zx®@y)dy forallz € R"™™,

(85)
where £ @ y=(Z1,...,Tp—m, Y1, - -,Yn) € R is the

tensor product of x and y.
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The following lemma follows from Theorem 3.1
[10, p.8].

Lemma 21 (Projection theorem for capacities). Let
n > 1 be an integer, and suppose that f : R" —
[0,00] is of strict positive type and continuous on
R™\{0}. Then, for all all integers 1 < m < n and
compact sets F' C R"™™,

Cap([0,1]™ x F') = Capyy,, ¢(F).

Theorem 1 characterizes the polar sets of £;. We
provide its proof as follows.

Proof of Theorem 1 The function U, in (17) is of
strict positive type for all 0 < v < d. We note
also that U, is continuous away from the origin. In
light of Theorem 1.1 [6, p.78], we can deduce the
following results: For all non-random compact sets
E,F C (0,00) with diam(E x F') < 4, then

AT Capgy)o(E x F) <P{WH0} N (E x F) # 0}

< A1Capygpo(E x F), (86)
By Lemma 5.1, we have

Capﬁd/Q([07 1 x F)= CaleUﬁd/2 (F) (87)
and

Caagy (0. 1] x F) = Capyy,pr,, ,(F).  (88)

Forall x > €2 > 0,

1
1
(ML Ugg/2)(x) S/o T + [P

x+1 1
A y,Bd/Q

_ de_ 2[xl—ﬁd/Q - (x + 1)1—,8(1/2]
4
< B — 2U5d/2—1(1’)-

dy

(89)

The same reasoning shows that when = > 2 > 0,

1
1
LU, > ————d

r+1 1
- /x yad/2 dy

2(1 — 2172d/2) 1—ad/2

>
~ |ad -2
2(1 — 9l—ad/2
= <|ad_2’>Uad/2—1(~’U)- (90)
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By (87) and (89), we have

Capm, v, (F) = ca3Capgg(F).  (91)
Using (88) and (90), we have
Capry,y, o (F) < caaCapygyo(F).  (92)

Combining (86), (91) and (92), we prove the theorem.
a

Now, we state some remarks and corollaries
as follows. The following corollary follows from
Theorem 1.

Corollary 22  For all non-random compact sets F' C
(0, 00) with diamF < § and o = 8 = 1, then
Cap(d72)/2(F) >0« H’D{Ld NF ?é @} > 0.
Furthermore, we can apply Theorem 3 to find the
following lemma.
Corollary 23  For all non-random compact sets F' C
(0, 00) with diamF < § and o = 8 = 1, then
The last corollary follows from Theorem 5.
Corollary 24  For all non-random compact sets E C

[a,b]? and G C [a,b]? withb—a < §and o = B = 1,
then

Capgs(G) > 0= P{DgN G # 0} >0

= ’Hd/2(G) >0,

Cap(g_g)/2(E) > 0=P{DyNE # 0} >0

= H(4—2)/2(F) > 0.

Even if « = 8 = 1, we can say that W is much

wider than Brownian sheet. In order to explain this,
we give an example as following.

Example 25 Forany t = (t1,12) € R2, let
te
Fp(0,t] = / (2 —sinz)dz, (=12
0

Clearly, Fy is a Lebesgue-Stieljes measure , and for
any sy, ty € Ry, we have

|se—te| < |Fu(0,te]—Fu(0, se]| < 3[se—te|, £=1,2.

However, Iy is not a Lebesgue measure.

The results above are sharp. They recover the cor-
responding results for Brownian sheet and Brownian
motion.
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