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Abstract: - In this paper two model equations for shallow water waves and their extended models were
considered. Adomian’s decomposition method (ADM) and variational iteration method (VIM) have been
employed to solve them. Large classes of linear and nonlinear differential equations, both ordinary as well as
partial, can be solved by the ADM. The decomposition method provides an effective procedure for analytical
solution of a wide and general class of dynamical systems representing real physical problems. This method
efficiently works for initial- value or boundary-value problems and for linear or nonlinear, ordinary or partial
differential equations and even for stochastic systems. The variational iteration method (VIM) established in
(1999) by He is thoroughly used by many researchers to handle linear and nonlinear models. Finally the results
of ADM and VIM methods have been compared and it is shown that the results of the VIM method are in
excellent agreement with results of ADM method and the obtained solutions are shown graphically.
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1 Introduction _
Equation (2) can be transformed to the

Clarkson et.al [1] investigated the generalized bilinear forms
short water wave (GSWW) equation
D, (D, -D,D; +D,) +

U - _ ” - f.f =0,

U, — U, —auu, ﬂuxj udx +u, =0, (1) %Dt(Ds + D) 4)

where « and f are non-zero constants.

Ablowitz et al. [2] studied the specific case where s is an auxiliary variable, and f satisfies

a =4and B =2 where Eq. (1) is reduced to the bilinear equation

x D (D, +D})f.f =0, 5

ut—uxxt—4uut—2uxj. udx+u, =0, (2) (D + D) ®)
However, EQ.(3) can be transformed to the

This equation was introduced as a model bilinear form

equation which reduces to the KdV equation in

the long small amplitude limit [2, 3]. However, D (D,-D,D+D,)f.f =0, (6)

Hirota et al. [3] examined the model equation

for shallow water waves where the solution of the equation is

U, —u,, —3uu, —BUXJ.Xutdx+ux =0, ©) u(x,t) =2(In f),, (7)

where f(x, t) is given by the perturbation

obtained by substituting o = =3 in (1). expansion
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Fx) =1+ 6" f, (1), (8)

where ¢ is a bookkeeping non-small parameter,
and f (x,t) , n = 1, 2are unknown

functions that will be determined by
substituting the last equation into the bilinear
form and solving the resulting equations by
equating different powers of & to zero. The
customary definition of the Hirota’s bilinear
operators are given by

D/'D,'ab =

0 0.,,,0 0

(=) "a(xt 9
G G e Ak 9)

b(x',t") | x'= x,t'=t.

Some of the properties of the D-operators are as
follows

DZf.f
tf2 :'”utthdX,
3
%Xzf'f =U, +3u_|.xutdx‘,
D2 f.f
7o
(10)
D f.f =U,, +3u’
fz - Y2x '
DD,f.f
tf—xzzln(fz)xt,
D f.f
7 =y +15uu,, +15u°,
Where
u(x,t) =2(In f (x,t)),,, (12)

Also extended model of Eq.(2) is obtained by
the operator D; to the bilinear forms (4) and (5)

D,.(D,-D,D? +D, +D?)+

f.f =0, 12
b0, +D}) 12)
3

E-ISSN: 2224-2880

Mehdi Safari

where s is an auxiliary variable, and f satisfies
the bilinear equation

D, (D, + D3)f.f =0, (13)

Using the properties of the D operators given
above, and differentiating with respect to x we
obtain the extended model for Eq. (2) given by

u, —u

XXt

—4uu, — ZUXJ'Xutdx+ u,
(14)
+U,, +6uu, =0,

In a like manner, we extend Eq.(3) by adding
the operator D; to the bilinear forms (6) to
obtain

D (D,-D,D?+D, +D?)f.f =0, (15)

Using the properties of the D operators given
above we obtain the extended model for Eq.(3)
given by

u, —Uu,, —3uu, —3uXI udx+u, + (16)
U, +6uu, =0,

In this paper, we wuse the Adomian’s
decomposition method (ADM) and He’s
variational iteration method (VIM) to obtain the
solution of two considered equations above for
shallow water waves. Large classes of linear
and nonlinear differential equations, both
ordinary as well as partial, can be solved by the
ADM [4-9]. A reliable modification of ADM
has been done by Wazwaz [10-12].The
decomposition method provides an effective
procedure for analytical solution of a wide and
general class of dynamical systems representing
real physical problems [13-15].This method
efficiently works for initial- value or boundary-
value problems and for linear or nonlinear,
ordinary or partial differential equations and
even for stochastic systems. Moreover, we have
the advantage of a single global method for
solving ordinary or partial differential equations
as well as many types of other equations. The
variational iteration method (VIM) [16-20]
established in (1999) by He is thoroughly used
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by many researchers to handle linear and
nonlinear models. The reliability of the method
and the reduction in the size of computational
domain gave this method a wider applicability.
The method has been proved by many authors
to be reliable and efficient for a wide variety of
scientific applications, linear and nonlinear as
well. The method gives rapidly convergent
successive approximations of the exact solution
if such a solution exists. For concrete problems,
a few numbers of approximations can be used
for numerical purposes with high degree of
accuracy. The VIM does not require specific
transformations or nonlinear terms as required
by some existing techniques.

2 Basic idea of Adomian’s
decomposition method
We begin with the equation
Lu+RW+F@u)=g(), a7

where L is the operator of the highest-ordered
derivatives with respect to t and R is the
remainder of the linear operator. The nonlinear
term is represented by F (u). Thus we get
Lu=g@t)-RUu)-F), (18)
The inverse L™
given by

is assumed an integral operator

t

L= [ (),

0

(19)
The operating with the operator L™ on both
sides of Eq. (18) we have

u=f,+L(g(t)-RU)-F)), (20)

where f, is the solution of homogeneous
equation
Lu=0, (21)

involving the constants of integration. The
integration constants involved in the solution of
homogeneous equation (21) are to be
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determined by the initial or boundary condition
according as the problem is initial-value
problem or boundary-value problem. The ADM
assumes that the unknown function u(x,t) can

be expressed by an infinite series of the form

ux,t)=>u,(xt), (22)
n=0
and the nonlinear operator F(u)can be
decomposed by an infinite series of
polynomials given by
Fu)=>YA,, (23)
n=0

where u,(x,t)will be determined recurrently,
and A, are the so-called polynomials of
Ug,Uy,...,u, defined by

An ud,w[ (ZA'U )} , n=0,12..

n=0

3 Basic idea of He’s variational
iteration method

To clarify the basic ideas of VIM, we consider
the following differential equation:

Lu+Nu=g(t), (25)

where L is a linear operator, N a nonlinear
operator and g(t) an inhomogeneous term.

According to VIM, we can write down a
correction functional as follows:

u,,(t)=u,(t)+ I;A(Lun (r)+ NG, (z)-g(r))dz, (26)

where A is a general Lagrangian multiplier
which can be identified optimally via the
variation theory. The subscript n indicates the
n th approximation and U, is considered as a

restricted variationé u, =0.

4 ADM implement for first model of
shallow water wave equation
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We first consider the application of ADM to
first model of shallow water wave equation. If
Eqg. (2) is dealt with this method, it is formed as

Lu=L,u+dulu+2Luf Ludx—Lu,  (27)
where

L—2 L—i L __o (28)
. o o oxlot’

t

If the invertible operator | * = I(')dt is applied to
0

Eq. (27), then

L 'Lu=L"(L,u+4uLu+
X 29
2Lxu'[ L.udx — L,u), (29)
is obtained. By this
u(x,t) = u(x,0) + L;*(L,,u+4uL,u+
(30)

2LXuJ'X Ludx — L,u),

is found. Here the main point is that the solution
of the decomposition method is in the form of

u(x,t) = i;un(x,t) : (31)
Substituting from Eq. 31 in 30, we find

ioun(x,t) —u(x0)+
Lm(ioun(x,t)j+
[gneolf g

is found.

According to Eq. (19) approximate solution can
be obtained as follows
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1 c-1
c—1)sech?| =, [=—=x
(t)() [ZCJ (33)
u,(x,t) =
0 2c
(c—l)sinh(1 C_li C—_1t
2V ¢ c
u, (x,t) = (34)
chosh{1 C_li
2 c
t
UZ(X,'[) = jo (Lxxtul + 4U1Ltu1
(35)

+2L,u, [ Lu,dx— Lu,)dt,

Thus the approximate solution for first model of
shallow water wave equation is obtained as

u(x,t) = Uy (%, 1) +uy (X, 1) + U, (X, 1) , (36)

The terms u,(x,t),u,(x,t),u,(x,t) in Eq. (36),
obtained from Esqg. (33), (34), (35).

5 VIM implement for first model of
shallow water wave equation

Now let us consider the application of VIM for
first model of shallow water wave equation with
the initial condition of:

o1 jc-1
(c-Dsech (2 CXJ (37)

u(x,0)= 2 ;

Its correction variational functional in x and t
can be expressed, respectively, as follows:

un+1(X!t) = Un(X,t) +

ou, (x,7)  °u,(x,7)
or ox?or )

J-tﬂ —4Un(X,T)M—
0 or

(38)

ou,(8,7)
aun(X,T) J'X ot
oX 0 N ou, (x,7)
oX

do

2
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where A is general Lagrangian multiplier. After

some calculations, we obtain the following
stationary conditions:

2'(z)=0, (39%)
1+4 (r),,=0, (39b)
Thus we have:

At) =1, (40)

As a result, we obtain the following iteration
formula:

un+l(X1t) = un(X’t) -

au, (x,7) 8%, (x7)

ot ox*or
[ _au (o)D) g, (41)
0 ot
ou, (5,7) ds
28Un(X,2') IX or
OX 0 N ou, (x,7)
OX

We start with the initial approximation of
u(x,0) given by Eq. (37). Using the above
iteration formula (41), we can directly obtain
the other components as follows:

o1 [c-1
(c-1)sech (2‘/ij (42)

u X,t = ’
o(X1) 2

cosh(1 C_lx]

2\ ¢c
(c-1)
. 1 |/c-1 c-1

+S|nh[2 CXJ Tt (43)

u,(x,t) =

2c cosh{; c_lx]
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u, (X,t) =u, (x,t)

ou,(x,7)  9°uy(x,7)
or ox*or

_J-; —4U1(X,T) 8U1(X,T)

e, ’ (44)

ou, (5,7)

ou, (x,7) IX or
OX 0 N ou, (x,7)

OX
If we assume c=2 then by drawing 3-D and 2-D
figures of ADM and VIM solutions, we see
those figures are similar to each other(Fig.1,

Fig.2).

do

2

6 ADM implement for second model of
shallow water wave equation

Now we consider the application of ADM to
second model of shallow water wave equation.
If Eqg. (3) is dealt with this method, it is formed
as

Lu=L,u+3uLu+ 3LXuJ'X Ludx—Lu, (45)

where

0 0 0°

L =—2 46
o oxet (46)

t

If the invertible operator L* = J.()dt is applied

0

to Eq. 45, then

L'Lu=L*(Lu+3uLu
X 47)
+ 3Lxuj L.udx —L,u),
is obtained. By this
u(x,t) =u(x,0) + L, * (L,u+3uLu
+3LxujX L,udx — L u), (48)
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is found. Here the main point is that the solution
of the decomposition method is in the form of

(0 = 320,060, (49)
Substituting from Eq. 49 in 48, we find
ioun(x,t) ~u(x,0)+

Lxxt(gun(x,t) .
B[iun(x,t)th ni;un(x,t)j+ (50)

Lt_l n=0 ,
SL{ZUH(x,t) IXLt[Zun(x,t)jdx
n=0 n=0
L iun(x,t)j
n=0
is found.

According to Eqg.19 approximate solution can
be obtained as follows:

o,[1 jc-1
(c—1sech [2‘/CX] (51)

2C

(c—l)sinh[l C‘lx] L
2 C C

u (xt) = . (52)
2c cosh‘?[1 C_lx]
2 C

t
UZ(X,t) = _[0 (Lxxtul +3U1Ltu1

Uo(X,t) =

x (53)
+ 3Lxu1'[ L.u,dx —L,u,)dt,

Thus the approximate solution for second
model of shallow water wave equation is
obtained as

u(x,t) =u,(x,t) +u,(x,t) +u, (x,t), (54)
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The terms u,(x,t),u,(x,t),u,(x,t) in Eq. (54),
obtained from Egs. (51), (52), (53).

7 VIM implement for second model of
shallow water wave equation

Here we consider the application of VIM for
second model of shallow water wave equation
with the initial condition of:

o[1 jc-1
(c-1sech (2 CXJ (55)

u(x,0) = 2 )

Its correction variational functional in x and t
can be expressed, respectively, as follows

un+1(Xlt) = un (X!t)

ou, (x,7) 2%, (x,7)

ot ox*ort
{2 -3 () D) g (50
0 ! ot
ou, (0,7) ds
36un(x,r) IX or
OX 0 . ou, (x,7)
OX

where A is general Lagrangian multiplier. After

some calculations, we obtain the following
stationary conditions

A'(7)=0, (57a)
1+ 4 (r),,=0, (57b)
Thus we have:

At) = -1, (58)

As a result, we obtain the following iteration
formula
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un+l (X!t) = un (th)

ou, (x,7)  0°u,(x7)
or ox*or

_J-t —3Un(X,T) auna(X,T) .
0 T

ou (5 7)

au (x T)I do

au (x 7)
OX

We start with the initial approximation of
u(x,0) given by Eq. (55). Using the above
iteration formula (59), we can directly obtain
the other components as follows

(c—1)sech2[1 C_lx]
2V ¢

Up(x,t) =

u, (x,t) = u, (x,t)

ou, (x,7)  0°u,(x,7)
or ox*or
62
0 or
8u1(5 r)

8u (X 7)
I au (x 7)
OX

If we assume c=2 then by drawing 3-D and 2-D
figures of ADM and VIM solutions, we see
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those figures are similar to each other (Fig.3,
Fig.4).

8 ADM implement for first extended
model of shallow water wave equation

We consider the application of ADM to first
extended model of shallow water wave
equation. If Eq. (14) is dealt with this method, it
is formed as

Lu=L,u+4uLu+ 2Lxu_|'X L, udx
(63)
-L,u-L, u-6uLu,
where
3
N =§, szai’ ot aaat
X X
o (64)
XXX :y'

t
If the invertible operator L* = J.()dt is applied

0

to Eq. (63), then

L'Lu=L"(Lu+4uLu+

X 65
2Lxuj L,udx—-L,u—-L,u—6uL,u), (65)
is obtained. By this
u(x,t) =u(x,0) + L*(Lu+4uLu
s2Lu[ " Ludx - Lu - L, u—6uL,u) (66)

is found. Here the main point is that the solution
of the decomposition method is in the form of

u(x,t) = iun(x,t), (67)

Substituting from Eqg. (67) in (66), we find
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iun(x,t) =u(x,0)+
Lxxt (iun (X! t)j +
4[i u, (th)th (iun (x,t)j +

(68)

L[ Lt[

—G(Zun (x,t)]Lx(iun(x,t)J

is found.

According to Eq.(19) approximate solution can
be obtained as follows:

1 /c-1
c—1sech?l =.|~—=x
=D (2 c+1] (69)
2C+2

sinh(1 C_lx]‘/ tc(c 1)
2\Vc+1 c+1
u, (x,t) =

Uo(X,t) =

= . (70)
cosh® —,/C;x (c+1)?
2\c+1
t
UZ(X,'[) = _[0 (Lxxtul + 4U1Ltul
+ 2LxuljX Lu,dx — L u, (71)

- LU, —6u,L u,)dt,

Thus the approximate solution for first extended
model of shallow water wave equation is
obtained as
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u(x,t) =uy(x,t) +u, (x,t) +u, (x,t), (72)

The terms u,(x,t),u,(x,t),u,(x,t) in EQq.(72),
obtained from EQs.(69), (70), (71).

9 VIM implement for first extended
model of shallow water wave equation

Now let us consider the application of VIM for
first extended model of shallow water wave
equation with the initial condition of

/1 |c-1
(c—1sech (2 C—i—lXJ (73)

u(x0)= 2c+2 !

Its correction variational functional in x and t
can be expressed, respectively, as follows:
un+1(X’t) = un (X1t) +
au (x,7) 0%, (x7)
or ox*or
ou, (X,
— 4u, (X, T)M _

.[t , 0u (x 7) J-x au (5 7 45 lds (74)

N 8un(x,r) N o° un(x,r)
OX ox®
ou, (X,7)
OX

+6u,(x,7)

where A is general Lagrangian multiplier. After

some calculations, we obtain the following
stationary conditions:

A'(r)=0, (75a)
1+ (r),4=0, (75b)

Thus we have

At) = -1, (76)
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As a result, we obtain the following iteration
formula:

un-¢-1(X’t) = un(X!t)
au, (x,7)  &°u,(x7)
ot ox*ot
d () P 0T)
or
8u (x T)I xou (5 z')

o |dr

I
—
o ~

(77)
N 8un(x,r) N o° un(x,r)
ox ox®
ou, (x,7)
OX

+6u,(X,7)

We start with the initial approximation of
u(x,0) given by Eq. (73). Using the above
iteration formula (77), we can directly obtain
the other components as follows:

1 c-1
c—1Dsech?| = [~—x
) -y (2 c+1] (78)
u,(x,t) =
0 2c+2
Ul(X,t)_ L
cosh:"[l‘/c_li(cH)2
2\Vc+1
1 /c-1
ccosh| =, |—=x
(2 c+1 ] (79)
1(c—l) +cosh(1 C_li ,
2 2\Vc+1
+25inh(1 C_lxj C—_ltc
2\Vc+1 c+1

u, (X,t) =u, (x,1)
au, (x,7)  %u,(x,7)
or ox*ot

—4U1(X,7)M—

_It 5 U, (% T)I xéu (6 D 4s (80)

o

T

N aul(x,r) N o® ul(x,r)
ox ox®
ou, (x,7)
OX

+6u,(X,7)
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If we assume c=2 then by drawing 3-D and 2-D
figures of ADM and VIM solutions, we see
those figures are similar to each other(Fig.5,
Fig.6).

10 ADM implement for second
extended model of shallow water wave
equation

Here we consider the application of ADM to
second extended model of shallow water wave
equation. If Eq. (16) is dealt with this method, it
is formed as

Lu=L,u+3uLu+ 3Lxu_[X L, udx
, (81)
-Lu-L,u-6uLu
where
3
L, :%, L, :ai, L. =_6528t,
X X
J (82)
XXX :ﬁi

t
If the invertible operator L,* = J.()dt is applied

0

to Eq. (81), then

L'Lu = L*(L,u+3uLu+

X 83
3Lxuj L,udx—-L,u—L,u—6uL,u), (83)
is obtained. By this
u(x,t) =u(x,0) + L,* (LU +3uLu

(84)

+ 3LxujX L.udx-L.u—L,u-6uL,u),

is found. Here the main point is that the solution
of the decomposition method is in the form of

ux,t) =S u, (1), (85)

Substituting from Eq. (85) in (84), we find
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ioun(x,t) —u(x0)+
Lxxt(zun(x,t)}r
{Eraob{gne)
3Lx(iun(x t)j

0

J: Lt(iun (x,t)de

n=0

-L, (i u, (x, t)j — L,y (i u, (x, t)j

n=0

- 6(230: u, (X, t)jLX (i u, (x, t)]

(86)
L*

n=0

is found. According to EQ.(19) approximate
solution can be obtained as follows

1 [c-1
-1 h?l = [2—=
(x0) (c~Dsec (2 c+1XJ (87)
Uy (x,t) =
° 2c+2
sinh| L [S=1y ‘/C—_ltc(c—l)
2\Vc+1 c+1
u (X,t) , (88)
s/ 1 Jc-1 2
cosh (‘/xj(cﬂ)
2\Vc+1
t
U, (x,t) = _[0 (Ll +3u, Ly, +
3LXU1J.XLtu1dx—LXu — LU, (89)

—6u,L,u,)dt,

Thus the approximate solution for second
extended model of shallow water wave equation
is obtained as

u(x,t) =u,(x,t) +u, (x,t) +u, (x,t), (90)

The terms u,(x,t),u,(x,t),u,(x,t) in Eq.(90),
obtained from Eqgs. (87), (88), ( 89).
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11 VIM implement for second
extended model of shallow water wave
equation

At last we consider the application of VIM for
second extended model of shallow water wave
equation with the initial condition given by
Eq.(73). Its correction variational functional in
x and t can be expressed, respectively, as
follows

un+l (X’t) = l"In (th)
ou, (x,7)  2%u,(x7)
ot ox*or

_3un (X,T)M

(91)

+J.Oti 8U(XT)J-8U(5T)
ou, (x,7) N
OX

o°u, (x,7)
ox®

ou, (x,7)
OX

+6u,(x,7)

where A is general Lagrangian multiplier.

After some calculations, we obtain the
following stationary conditions

A'(r)=0, (92a)
1+4 (r),.=0, (92b)
Thus we have

At) = — (93)

As a result, we obtain the following iteration
formula
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un+1 (X,t) = un (X,t)
ou, (x,7)  0%u,(x7)
or ox*or

_3un(xlz-)w_
T
6u (x 7) J-x ou ((5 r)

(94)

|
—_—
o

3
N aun(x,z-) N 0 un(z,r)
OX OX
ou, (x,7)
OX

+6u, (X, 7)

We start with the initial approximation of
u(x,0) given by Eg. (73). Using the above
iteration formula (94), we can directly obtain
the other components as follows

1 /c-1
c-1)sech? =.[-——x
(x) (=D (2 c+1j (95)
u,(x,t) =
0 2c+2
ul(X1t)_ L
cosh‘"‘[lw/c_li(cﬂ)2
2\Vc+1
1 /c-1
ccosh| =, [—=x
(2 c+1 J (96)
1(c—l) +cosh(1 C—_li ,
2 2\Vc+1
+25inh(1 C—_lx] C—_1tc
c+1 c+1
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U, (X, 1) = uy (X, 1)

ouy(x,7)  &°uy(x,7)
or oxX*or

_3ul(X,T)w_

Dds|dr ®n

au (x 7) J-xau , (0,

L ou (x ), o’u (x 7)
OX ox?

+6u1(x,r)%

If we assume c=2 then by drawing 3-D and 2-D
figures of ADM and VIM solutions, we see
those figures are similar to each other(Fig.7,
Fig.8).

12 Conclusion

In this paper, Adomian’s decomposition and
He’s variational iteration methods have been
successfully applied to find the solution of two
model equations for shallow water waves and
their extended models. In addition, we
compared these two methods to each other and
showed that the results of the VIM method are
in excellent agreement with results of ADM
method. Also the obtained results were showed
graphically. In our work; we used the Maple
Package to calculate the functions obtained
from the Adomian’s decomposition method and
He’s variational iteration method.
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Fig.1. For the first model of shallow water wave equation with the first initial condition (33) of Eq. (2), ADM result
foru(x,t) is, respectively (1a) and VIM result (1b), when c=2.
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Fig.2.The comparison of ADM and VIM results for the first model of shallow water wave equation at

t=0 (2a) and t=9 (2b)
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Fig.3. For the second model of shallow water wave equation with the first initial condition (33) of Eq. (3), ADM result
foru(x,t) is, respectively (3a) and VIM result (3b), when ¢=2.
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Fig.4.The comparison of ADM and VIM results for the second model of shallow water wave equation, at

t=0 (4a) and at t=9 (4b)
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Fig.5. For the first extended model of shallow water wave equation with the first initial condition (69) of

Eq. (14), ADM result foru(X,t) is, respectively (5a) and VIM result (5b), when c=2.
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Fig.6.The comparison of ADM and VIM results for the first extended model of shallow water wave equation, at t=0 (6a)
and at t=19 (6b)
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Fig.7. For the second extended model of shallow water wave equation with the first initial condition (69) of

Eq. (16), ADM result for u(X,t) is, respectively (7a) and VIM result (7b), when c=2.
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Fig.8.The comparison of ADM and VIM results for the second extended model of shallow water wave equation, at t=0 (8a)
and at t=19 (8b)
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