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Abstract: In the present paper,we investigate the learning rates of regularized regression with sample dependent
hypothesis and p-loss. We show the robustness of the solutions with respect to the probability distributions, with
which we provide the sample error. Also,we show the approximation error with a kind of K−functional whose
convergence rates are described in possibility. Finally, we show the explicit learning rates in cases of the norm
regularization and the coefficient regularization. The results show that the parameters p have influences on the
learning rates.
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1 Introduction

It is known that the performance of the regularized re-
gression with least square loss and sample dependent
hypothesis spaces has been studied fully (see, e.g.,
[5, 7, 12, 15, 18, 20, 22, 23, 24, 25, 27]). The aim
of the present paper is to give an investigation on the
learning rates of regularized regression with p-loss.

Let X be a compact metric space and Y = ℜ.
Let ρ(x, y) = ρ(y|x)ρX(x) be a fixed but unknown
Borel probability distribution on Z := X × Y with
ρX(x) being the marginal distribution and ρ(y|x) the
conditional probability distribution.

Let V (t) : ℜ → ℜ+ be a convex loss function
and Eρ,V (f) =

∫
Z V (|y − f(x)|) dρ be the integral

error. The minimizer f∗V defined by

f∗V (x) := argmin
f

Eρ,V (f)

over all measurable functions controls the relation be-
tween x and y. In particular, if V (t) = t2 is the
least square loss, then, f∗V is exactly the regression
function fρ(x) = E(y|x) =

∫
Y y dρ(y|x)(see [5]).

The task of learning theory is to find, from the sample
z = (zi)

m
i=1 = ((xi, yi))

m
i=1 ∈ Zm drawn indepen-

dent and identically according to the unknown prob-
ability distribution ρ(x, y), a function fz which is a
good approximation of f∗V .

A way of obtaining fz is the following empirical

Tikhonov regularization regressions (see e.g. [6, 8])

fz,λ,V,H = argmin
f∈H

(
1

m

m∑
i=1

V (|yi − f(xi)|)

+λ Ω(f)), (1)

where λ are positive constants called the regularized
parameters, H is a hypothesis space which is, in most
of the case, a function space consisting of functions
on X with norm ∥ · ∥H, Ω(f) : H → R is the penalty
function called regularizer.

When H are reproducing kernel Hilbert
spaces(RKHS)(see [1, 2]), the learning rates
have been studied by many papers (see e.g.
[3, 4, 6, 8, 11, 18, 23]). In particular, for
V (t) = Vp(t) = |t|p, [3] shows that

Eρ,Vp(fz,λ,Vp,HK
) → Eρ,Vp(f

∗
Vp
)(m→ +∞) (2)

if
∫
Z |y|p dρ < +∞, λp

∗
m → +∞ and p∗ =

max{2p, p2}.
It is necessary for us to show the convergence

rates for (2).
Let K(x, y) = Kx(y) : X ×X → ℜ be continu-

ous, symmetric and positive semi-definite, i.e., for any
finite set of distinct points X = {x1, x2, · · · , xl} ⊂
X , the matrix KX,X = (K(xi, xj))

l
i,j=1 is positive

semi-definite. Then we call K(x, y) a Mercer kernel
on X .

Let X = {x1, x2, · · · , xm} ⊂ X be taken
from the sample set z = {(xi, yi)}mi=1. Then, we can
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define on HK,X = {fα(x) =
m∑
j=1

αj Kxj (x) : α =

(α1, α2, · · · , αm)⊤ ∈ ℜm} an inner product ⟨·, ·⟩K,X
on HK,X satisfying ⟨Kt,Ks⟩K,X = K(t, s) for t, s ∈
X which yields

∥fα∥2K,X
= α⊤ KX,X α

and the reproducing property (see[20])

f(x) = ⟨f,Kx⟩K,X , x ∈ X. (3)

Take H = HK,X in (1). Then, we have the fol-
lowing sample dependent framework with a general
loss V (t)

fz,λ,V = fαz,λ,V
,

αz,λ,V = min
α∈Rm

(
1

m

m∑
i=1

V (|yi − fα(xi)|)

+λ Ω(fα)). (4)

The integral framework with respect to (4) is

fρ,λ,V = fαρ,λ,V
,

αρ,λ,V = min
α∈Rm

(Eρ,V (fα) + λ Ω(fα)). (5)

It has been pointed by [25] and [26] that, the error
analysis for algorithm (4) is essentially different from
and more difficult than that for (1) since the dependent
of HK,X on the samples X. For example, when we
estimate the error with capacity approach, the sample
dependent nature of the algorithm will lead an extra
error term called hypothesis error which makes the
analysis become more complexity. When V (t) are
Lipschitz loss,the convergence analysis for scheme (4)
has been studied in ([10, 11, 14]). When Ω(fα) =
m∑
i=1

α2
i and V (t) = t2, the learning rates are estimated

in [21];When Ω(fα) = α⊤ KX,X α and V (t) =

t2, the learning rates are estimated in [24]; When

Ω(fα) =
m∑
i=1

|αi| and V (t) = t2, the learning rates are

shown in [17] and [26];[22] provides the learning rates

for V (t) = t2 and Ω(fα) =
m∑
i=1

|αi|p(1 < p < 2).

When V (t) = |t|p and Ω(fα) = ∥fα∥2K , we have

fz,λ,p = fαz,λ,p
,

αz,λ,p = arg min
α∈ℜm

(
1

m

m∑
i=1

|yi − fα(xi)|p

+λ α⊤ KX,X α). (6)

When V (t) = |t|p and Ω(fα) = m
m∑
i=1

|αi|2,we

have

f∗z,λ,p = fα∗
z,λ,p

,

α∗
z,λ,p = arg min

α∈ℜm
(
1

m

m∑
i=1

|yi − fα(xi)|p

+λ m
m∑
i=1

|αi|2). (7)

Since V (t) = |t|p is local Lipschitz loss,the
method used in [10] and [13] can not be used. The
integral operator approach will not be used as well
since the explicit solutions of (6) and (7) can not be
obtained,we need to show the performance in another
way.

In the present paper, we define the general integral
regularized framework with respect to scheme (6) and
(7) respectively by

α(ρ)
p := α

(ρ)
λ,p

= arg min
α∈ℜm

(E(p)
ρ (fα) + λ α⊤ KX,X α), (8)

and

α(ρ),∗
p := α

(ρ),∗
λ,p

= arg min
α∈ℜm

(E(p)
ρ (fα) + λ m

m∑
i=1

|αi|2), (9)

where E(p)
ρ (f) =

∫
Z |y − f(x)|pdρ. Take

f (p)ρ = argmin
f

E(p)
ρ (f), (10)

where the minimize is taken over all the measur-
able functions. Define the empirical measure ρz(x, y)
corresponding to the sample z and the bounded
ρ−measurable function f(x, y) on Z by∫

Z
f(x, y) dρz =

1

m

m∑
i=1

f(xi, yi). (11)

Let Lp(ρX) denote the class of ρX−integrable
functions f(x) which satisfy

∥f∥Lp(ρX) = (

∫
X
|f(x)|p dρX)

1
p < +∞.

Then, we know ∥ · ∥Lp(ρX) satisfies, for any f, g ∈
Lp(ρX),

|∥f∥Lp(ρX) − ∥g∥Lp(ρX)| ≤ ∥f − g∥Lp(ρX).
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It follows for f, g ∈ Lp(ρX) that, for any f, g ∈
Lp(ρX),

|E(p)
ρ (f)

1
p − E(p)

ρ (g)
1
p | ≤ ∥f − g∥Lp(ρX). (12)

Let ℜm be the m−dimensional Euclidean space,
f(x) : ℜm → ℜ be a differentiable convex function
and ∇f(x) = ( ∂f

∂x1
, · · · , ∂f

∂xm
) be the usual gradient.

Then,

f(x′)− f(x) ≥ ⟨∇f(x), x′ − x⟩, x, x′ ∈ Rm. (13)

A well known result is, if f(x) is a convex function
on X , then x0 is the minimal value point of f(x) on
X if and only if ∇f(x0) = 0.

Since X is a compact set,we have by the repro-
ducing property (3) that for any f ∈ HK,X

|f(x)| ≤ ∥f∥K,X × ∥Kx∥K,X

= ∥f∥K,X ×
√
K(x, x).

It follows by
∫
X dρX = 1 that

∥f∥Lp(ρX) = (

∫
X
|f(x)|pdρX)

1
p ≤ k∥f∥K,X . (14)

Then, by the definitions of α(ρ)
p ,(12) and (14) we have

E(p)
ρ (fαz,λ,p

)
1
p − E(p)

ρ (f (p)ρ )
1
p

≤ |E(p)
ρ (fαz,λ,p

)
1
p − E(p)

ρ (f
α
(ρ)
p
)
1
p |

+E(p)
ρ (f

α
(ρ)
p
)
1
p − E(p)

ρ (f (p)ρ )
1
p

≤ ∥fαz,λ,p
− f

α
(ρ)
p
∥Lp(ρX)

+E(p)
ρ (f

α
(ρ)
p
)
1
p − E(p)

ρ (f (p)ρ )
1
p

≤ k∥fαz,λ,p
− f

α
(ρ)
p
∥K,X

+E(p)
ρ (f

α
(ρ)
p
)
1
p − E(p)

ρ (f (p)ρ )
1
p . (15)

On the other hand, define on ℜm(m ≥ 1) the norm

∥a∥2 =
m∑
i=1

|ai|2 = a⊤ , a = (a1, a2, · · · , am)⊤ ∈ ℜm,

and for a = (a1, a2, · · · , am)⊤ ∈ ℜm and b =
(b1, b2, · · · , bm)⊤ ∈ ℜm define the inner product

⟨a, b⟩ =
m∑
i=1

ai bi = a⊤ b.

Then,

max
x∈X

|fα(x)| = max
x∈X

|
m∑
k=1

αkK(xk, x)|

≤ k
√
m∥α∥. (16)

It follows by the definitions of α(ρ),∗
p , (12) and (16)

that

E(p)
ρ (fα∗

z,λ,p
)
1
p − E(p)

ρ (f (p)ρ )
1
p

≤ |E(p)
ρ (fα∗

z,λ,p
)
1
p − E(p)

ρ (f
α
(ρ),∗
p

)
1
p |

+E(p)
ρ (f

α
(ρ),∗
p

)
1
p − E(p)

ρ (f (p)ρ )
1
p

≤ k
√
m∥α∗

z,λ,p − α(ρ),∗
p ∥

+E(p)
ρ (f

α
(ρ),∗
p

)
1
p − E(p)

ρ (f (p)ρ )
1
p . (17)

Then, to bound the learning rates of the algorithms
(6 ) and (7), we need to provide the convergence
rates for the sample errors ∥fαz,λ,p

− f
α
(ρ)
p
∥K,X and

∥α∗
z,λ,p −α

(ρ),∗
p ∥ and,bound the convergence rates for

the approximation errors E(p)
ρ (f

α
(ρ)
p
)
1
p − E(p)

ρ (f
(p)
ρ )

1
p

and E(p)
ρ (f

α
(ρ),∗
p

)
1
p − E(p)

ρ (f
(p)
ρ )

1
p .Along this line,we

bound the learning errors for algorithm (6) and algo-
rithm (7).

The learning rates of algorithm (6) are estimated
as following Theorem 1.

Theorem 1 Let p > 1, αz,λ,p be defined as in (6),
Mercer kernel K(x, y) satisfy

sup
(x,y)∈X×X

|K(x, y)| < +∞,

ρ(x, y) satisfy

|ρ|p =
∫
X
|y|p dρ < +∞.

Then, there is a constant cp depending only on p such
that for any 0 < δ < 1, with confidence 1− 2δ, there
holds

E(p)
ρ (fαz,λ,p

)
1
p − E(p)

ρ (f (p)ρ )
1
p

≤
(cp|ρ|p

δ

) p−1
p kp

λmq∗
+
E(K(f

(p)
ρ , λ))

δ
,(18)

where k = sup
(x,y)∈X×X

|K(x, y)|, q∗ = min(12 ,
1
p) and

K(f (p)ρ , λ) =
[

inf
α∈Rm

(E(p)
ρ (fα) + λ∥fα∥2K,X

)
] 1
p

−E(p)
ρ (f (p)ρ )

1
p

and

E(f) =

∫
Xm

f(x1, x2, · · · , xm)dρX(x1) · · · dρX(xm).
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Also, the learning rates of algorithm (7) are estimated
as following Theorem 2.

Theorem 2 Let p > 1, α∗
z,λ,p be defined as in (7),

Mercer kernel K(x, y) satisfy sup
(x,y)∈X×X

|K(x, y)| <

+∞, ρ(x, y) satisfy |ρ|p =
∫
X |y|pdρ < +∞. Then,

there is a constant cp depending only on p such that
for any 0 < δ < 1, with confidence 1−2δ, there holds

E(p)
ρ (fα∗

z,λ,p
)
1
p − E(p)

ρ (f (p)ρ )
1
p

≤
(cp|ρ|p

δ

) p−1
p × kp

λmq∗
+
E(K∗(f

(p)
ρ , λ))

δ
, (19)

where

K∗(f (p)ρ , λ) =
[

inf
α∈Rm

(E(p)
ρ (fα) +mλ∥α∥2)

] 1
p

−E(p)
ρ (f (p)ρ )

1
p

Theorem 1 and Theorem 2 will be proved in Sec-
tion 3.

It seems that the estimates (18) and (19) are
neither explicit nor completeness since the parts
E(K(f

(p)
ρ ,λ))
δ and E(K∗(f

(p)
ρ ,λ))

δ . However,if f (p)ρ is in
the range of integral operator LK(f) defined by

LK(f, x) =

∫
X
f(u)K(u, x)dρX(u), x ∈ X,

then,we have the following explicit estimates for (18).

Theorem 3 Let p > 1, αz,λ,p be defined as in (6),
Mercer kernel K(x, y) satisfy

sup
(x,y)∈X×X

|K(x, y)| < +∞, ρ(x, y) satisfy |ρ|p =∫
X |y|p dρ < +∞. If there is a function φ ∈ L2(ρX)

such that f (p)ρ (x) = LK(φ, x), then, there is a con-
stant cp depending only on p such that for any 0 <
δ < 1, with confidence 1− 2δ, there holds

E(p)
ρ (fαz,λ,p

)
1
p − E(p)

ρ (f (p)ρ )
1
p

≤
(cp|ρ|p

δ

) p−1
p × kp

λmq∗

+
1

δ

(
k

√
ν − µ

m
+

p
√
λν
)
, (20)

where

ν =

∫
X
φ(y)2K(y, y)dρX(y),

µ =

∫
X

∫
X
φ(x)φ(y)K(x, y) dρX(x)dρX(y).

Also, we provide an explicit estimate for (19) by
the following Theorem 4.

Theorem 4 Let p > 1, α∗
z,λ,p be defined as in (7),

Mercer kernel K(x, y) satisfy sup
(x,y)∈X×X

|K(x, y)| <

+∞, ρ(x, y) satisfy |ρ|p =
∫
X |y|p dρ < +∞. If

there is a function φ ∈ L2(ρX) such that f (p)ρ (x) =
LK(φ, x), then, there is a constant cp depending only
on p such that for any 0 < δ < 1, with confidence
1− 2δ, there holds

E(p)
ρ (fα∗

z,λ,p
)
1
p − E(p)

ρ (f (p)ρ )
1
p

≤
(cp|ρ|p

δ

) p−1
p × kp

λmq∗

+
1

δ
(k

√
ν − µ

m
+ p

√
λ∥φ∥L2(ρX)). (21)

2 Some lemmas
To show Theorem 1-Theorem 4,we need some lem-
mas.

Lemma 5 Let α(ρ)
p be the unique solution of scheme

(8). Then, for any f ∈ HK,X , holds

2λ⟨f, f
α
(ρ)
p
⟩K,X

= p⟨f,
∫
Z

(y − f
α
(ρ)
p
(x))p−1

×sgn(y − f
α
(ρ)
p
(x)) Kx(·) dρ⟩K,X (22)

and

E(p)
ρ (f

α
(ρ)
p
) ≤ |ρ|p. (23)

If α(ρ),∗
p is the unique solution of scheme (9), then,

2λ m α(ρ),∗
p

= p

∫
Z

|y − f
α
(ρ),∗
p

(x)|p−1

×sgn(y − f
α
(ρ),∗
p

(x)) KX(x) dρ (24)

and

E(p)
ρ (f

α
(ρ),∗
p

) ≤ |ρ|p, (25)

where and in the whole paper we write

KX(x) = (K(x1, x),K(x2, x), · · · ,K(xm, x))

and for a vector function f(x) =
(f1(x), · · · , fm(x))⊤ and a real function α(x)
on X we define

f(x)α(x) = (f1(x)α(x), · · · , fm(x)α(x))⊤
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and ∫
X
f(x) α(x) dρX

= (

∫
X
f1(x) α(x) dρX , · · · ,

∫
X
fm(x) α(x) dρX)⊤.

Proof. Since λ > 0, ∥fα∥2K,X
and ∥α∥2 are strict con-

vex functions about α on ℜm, Vp(t) = |t|P is a strict
convex function on R, we know (8) and (9) are strict
convex optimization problems about α on ℜm. Both
α
(ρ)
p and α(ρ),∗

p are uniqueness.
We now show (22). By the Theorem 4.2.1 in [9]

we have the following results:

Let A : ℜq → ℜq be an affine mapping (Ax =
A0x + b) with A0 linear and b ∈ ℜq and let g be a
finite convex function on ℜq. Then,

∇x(g ◦A)(x) = A∗
0 ∇Axg(Ax) (26)

for all x ∈ ℜq, where A∗
0 is the adjoint of A0.

Since |y − fα(x)|p = |y −KX(x)α|p, by taking
A0 = KX(x) and b = y in (26), we have

∇α|y − fα(x)|p = −p|y −KX(x)α|p−1

×sgn(y − fα(x)) KX(x).

Since α(ρ)
p is the minimizer of (8) and

∇α(α
⊤ KX,X α)|

α=α
(ρ)
p

= 2 KX,X α(ρ)
p ,

we have

0 = ∇α(

∫
Z
|y − fα(x)|p dρ)|α=α

(ρ)
p

+2λ KX,X α(ρ)
p

=

∫
Z
∇α|y − fα(x)|p|α=α

(ρ)
p
dρ+ 2λ KX,X α(ρ)

p

= −p
∫
Z

|y − f
α
(ρ)
p
(x)|p−1 × sgn(y − f

α
(ρ)
p
(x))

×KX(x) dρ+ 2λ KX,X α(ρ)
p .

Hence,

2λ KX,X α(ρ)
p

= p

∫
Z

|y − f
α
(ρ)
p
(x)|p−1 × sgn(y − f

α
(ρ)
p
(x))

×KX(x) dρ. (27)

By the definition of the matrix KX,X we have

2λ(f
α
(ρ)
p
(x1), · · · , fα(ρ)

p
(xm))

= p(

∫
Z

|y − f
α
(ρ)
p
(x)|p−1 × sgn(y − f

α
(ρ)
p
(x))

×Kx(x1) dρ, · · · ,
∫
Z

|y − f
α
(ρ)
p
(x)|p−1

×sgn(y − f
α
(ρ)
p
(x)) Kx(xm) dρ). (28)

By the reproducing property (3) we have f
α
(ρ)
p
(xi) =

⟨f
α
(ρ)
p
,Kxi⟩K,X and

Kx(xi) = ⟨Kx,Kxi⟩K , i = 1, 2, · · · ,m.

Then, (28) yields

2λ
(
⟨f

α
(ρ)
p
,Kx1⟩K,X , · · · , ⟨fα(ρ)

p
,Kxm⟩K,X

)
= p(⟨

∫
Z

|y − f
α
(ρ)
p
(x)|p−1 × sgn(y − f

α
(ρ)
p
(x))

×Kx(·) dρ,Kx1⟩K , · · · , ⟨
∫
Z
|y − f

α
(ρ)
p
(x)|p−1

×sgn(y − f
α
(ρ)
p
(x))Kx(·) dρ,Kxm⟩K,X).

Therefore, we have for i = 1, 2, · · · ,m, that

2λ⟨f
α
(ρ)
p
,Kxi⟩K,X

= p⟨
∫
Z
|y − f

α
(ρ)
p
(x)|p−1 × sgn(y − f

α
(ρ)
p
(x))

×Kx(·) dρ,Kxi⟩K,X .

(22) then holds.
We now show (24). Since α(ρ),∗

p is the unique so-
lution of (9),we have

0 = ∇α(

∫
Z
|y − fα(x)|p dρ)|α=α

(ρ),∗
p

+2λm ∥α∥2)|
α=α

(ρ),∗
p

= −p
∫
Z

|y − f
α
(ρ),∗
p

(x)|p−1 × sgn(y − f
α
(ρ),∗
p

(x))

×KX(x) dρ+ 2λmα(ρ),∗
p .

Therefore, (24) holds.
Take α = 0 in (8),we have (23).Take α = 0 in

(9),we have (25). ⊓⊔

Lemma 6 For any f, g ∈ HK,X there holds

∥f∥2K,X − ∥g∥2K,X

= 2⟨f − g, g⟩K,X + ∥f − g∥2K,X (29)

and for any a, b ∈ Rm there holds

∥a∥2 − ∥b∥2 = 2⟨a− b, b⟩+ ∥a− b∥2. (30)
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Proof. (29) and (30) may be obtained by the parallel-
ogram identity. ⊓⊔

We now show the following robustness for
schemes (8) and (9).

Lemma 7 Let ρ and γ be two given Borel probabil-
ity distributions on Z. Then, We have the following
robustness for the solutions of (8) and (9):

(1) if α(ρ)
p and α(γ)

p are the solutions of (8) with
respect to ρ and γ respectively,then,

∥f
α
(ρ)
p

− f
α
(γ)
p

∥K,X

≤ p

λ

∥∥∥ ∫
Z
|y − f

α
(ρ)
p
(x)|p−1sgn(y − f

α
(ρ)
p
(x))

× Kx(·) dρ

−
∫
Z
|y − f

α
(ρ)
p
(x)|p−1 × sgn(y − f

α
(ρ)
p
(x))

×Kx(·) dγ
∥∥∥
K,X

. (31)

(2) if α(ρ),∗
p and α

(γ),∗
p are the solutions of (9)

with respect to ρ and γ respectively,then,

∥α(ρ),∗
p − α(γ),∗

p ∥

≤ p

λm

∥∥∥ ∫
Z
|y − f

α
(ρ),∗
p

(x)|p−1sgn(y − f
α
(ρ),∗
p

(x))

×KX(x) dρ

−
∫
Z
|y − f

α
(ρ),∗
p

(x)|p−1 × sgn(y − f
α
(ρ),∗
p

(x))

×KX(x) dγ
∥∥∥. (32)

Proof. Proof of formula (31). Since (|t|p)′ =
p|t|p−1sgn(t),we have by the convexity of the func-
tion |t|p that

|x|p − |y|p ≥ p|y|p−1sgn(y) (x− y), x, y ∈ ℜ1. (33)

Then, the reproducing property gives

f
α
(γ)
p

(x)− f
α
(ρ)
p
(x) =

⟨
Kx, fα(γ)

p
− f

α
(ρ)
p

⟩
K,X

, x ∈ X

and

|y − f
α
(γ)
p

(x)|p − |y − f
α
(ρ)
p
(x)|p

≥ p|y − f
α
(ρ)
p
(x)|p−1sgn(y − f

α
(ρ)
p
(x))

×(f
α
(ρ)
p
(x)− f

α
(γ)
p

(x))

=
⟨
f
α
(γ)
p

− f
α
(ρ)
p
, −p|y − f

α
(ρ)
p
(x)|p−1

×sgn(y − f
α
(ρ)
p
(x)) Kx

⟩
K,X

. (34)

and hence (34) gives∫
Z

|y − f
α
(γ)
p

(x)|pdγ −
∫
Z

|y − f
α
(ρ)
p
(x)|p dγ

≥
⟨
f
α
(γ)
p

− f
α
(ρ)
p
, −p

∫
Z

|y − f
α
(ρ)
p
(x)|p−1

×sgn(y − f
α
(ρ)
p
(x)) Kx(·) dγ

⟩
K,X

.

Take f = f
α
(ρ)
p

and g = f
α
(γ)
p

into (29). Then,

∥f
α
(ρ)
p
∥2K,X − ∥f

α
(γ)
p

∥2K,X

= 2⟨f
α
(ρ)
p

− f
α
(γ)
p
, f

α
(γ)
p

⟩K,X

+∥f
α
(ρ)
p

− f
α
(γ)
p

∥2K,X . (35)

(35) gives

(E(p)
γ (f

α
(γ)
p

) + λ ∥f
α
(γ)
p

∥2K,X)− (E(p)
γ (f

α
(ρ)
p
)

+λ ∥f
α
(ρ)
p
∥2K,X)

≥ ⟨f
α
(γ)
p

− f
α
(ρ)
p
, −p

∫
Z

|y − f
α
(ρ)
p
(x)|p−1

×sgn(y − f
α
(ρ)
p
(x))Kx(·) dγ⟩K,X

+2λ ⟨f
α
(γ)
p

− f
α
(ρ)
p
, f

α
(ρ)
p
⟩K,X

+λ ∥f
α
(ρ)
p

− f
α
(γ)
p

∥2K,X

=
⟨
f
α
(γ)
p

− f
α
(ρ)
p
, 2λ f

α
(ρ)
p

− p

∫
Z
|y − f

α
(ρ)
p
(x)|p−1

×sgn(y − f
α
(ρ)
p
(x)) Kx(·) dγ

⟩
K,X

+λ ∥f
α
(ρ)
p

− f
α
(γ)
p

∥2K,X

= p⟨f
α
(γ)
p

− f
α
(ρ)
p
,

∫
Z

|y − f
α
(ρ)
p
(x)|p−1

×sgn(y − f
α
(ρ)
p
(x)) Kx(·) dρ

−
∫
Z

|y − f
α
(ρ)
p
(x)|p−1 sgn(y − f

α
(ρ)
p
(x))

×Kx(·) dγ⟩K,X

+λ ∥f
α
(ρ)
p

− f
α
(γ)
p

∥2K,X , (36)

where, in the last deduction, we have used (22). By
the definitions of α(ρ)

p and α(γ)
p we have

(E(p)
γ (f

α
(γ)
p

) + λ∥f
α
(γ)
p

∥2K,X)− (E(p)
γ (f

α
(ρ)
p
)

+λ ∥f
α
(ρ)
p
∥2K,X) ≤ 0,

which and (36) give

λ ∥f
α
(ρ)
p

− f
α
(γ)
p

∥2K,X
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≤ p⟨f
α
(ρ)
p

− f
α
(γ)
p
,

∫
Z
|y − f

α
(ρ)
p
(x)|p−1

×sgn(y − f
α
(ρ)
p
(x)) Kx(·) dρ

−
∫
Z

|y − f
α
(ρ)
p
(x)|p−1 × sgn(y − f

α
(ρ)
p
(x))

×Kx(·) dγ⟩K,X

≤ p∥f
α
(ρ)
p

− f
α
(γ)
p

∥K,X

×∥
∫
Z
|y − f

α
(ρ)
p
(x)|p−1 × sgn(y − f

α
(ρ)
p
(x))

×Kx(·) dρ

−
∫
Z

|y − f
α
(ρ)
p
(x)|p−1 × sgn(y − f

α
(ρ)
p
(x))

×Kx(·) dγ∥K,X .

(31) thus holds.
Proof of the formula (32). The equality

f
α
(γ),∗
p

(x)− f
α
(ρ),∗
p

(x) = ⟨KX(x), α(γ),∗
p − α(ρ),∗

p ⟩

and the inequality (33) yield

|y − f
α
(γ),∗
p

(x)|p − |y − f
α
(ρ),∗
p

(x)|p

≥ p|y − f
α
(ρ),∗
p

(x)|p−1 × sgn(y − f
α
(ρ),∗
p

(x))

×(f
α
(ρ),∗
p

(x)− f
α
(γ),∗
p

(x))

= ⟨α(γ),∗
p − α(ρ),∗

p , −p|y − f
α
(ρ),∗
p

(x)|p−1

×sgn(y − f
α
(ρ),∗
p

(x))KX(x)⟩. (37)

From (37) we get that∫
Z
|y − f

α
(γ),∗
p

(x)|pdγ −
∫
Z
|y − f

α
(ρ),∗
p

(x)|pdγ

≥ ⟨α(γ)
p − α(ρ),∗

p , −p
∫
Z

|y − f
α
(ρ),∗
p

(x)|p−1

×sgn(y − f
α
(ρ),∗
p

(x))KX(x) dγ⟩.

Taking a = α
(γ),∗
p and b = α

(ρ),∗
p into (30), we

have

∥α(γ),∗
p ∥2 − ∥α(ρ),∗

p ∥2

= 2⟨α(γ),∗
p − α(ρ),∗

p , α(ρ),∗
p ⟩+ ∥α(γ),∗

p − α(ρ),∗
p ∥2.

Above two equalities give

(E(p)
γ (f

α
(γ),∗
p

) + λm ∥α(γ),∗
p ∥2)

−(E(p)
γ (f

α
(ρ),∗
p

) + λm ∥α(ρ),∗
p ∥2)

≥ ⟨α(γ),∗
p − α(ρ),∗

p ,−p
∫
Z

|y − f
α
(ρ),∗
p

(x)|p−1

×sgn(y − f
α
(ρ),∗
p

(x))KX(x)dγ⟩

+2λm ⟨α(γ),∗
p − α(ρ),∗

p , α(ρ),∗
p ⟩

+λm∥α(ρ),∗
p − α(γ),∗

p ∥2

= ⟨α(γ),∗
p − α(ρ),∗

p , 2λmα(ρ),∗
p

−p
∫
Z
|y − f

α
(ρ),∗
p

(x)|p−1 × sgn(y − f
α
(ρ),∗
p

(x))

×KX(x)dγ⟩
+λm ∥α(ρ),∗

p − α(γ),∗
p ∥2

= p⟨α(γ),∗
p − α(ρ),∗

p ,

∫
Z

|y − f
α
(ρ),∗
p

(x)|p−1

×sgn(y − f
α
(ρ),∗
p

(x))KX(x)dρ

−
∫
Z

|y − f
α
(ρ),∗
p

(x)|p−1 sgn(y − f
α
(ρ),∗
p

(x))

×KX(x) dγ⟩
+ λ m ∥α(ρ),∗

p − α(γ),∗
p ∥2, (38)

where, in the last deduction, we have used (24). By
the definitions of α(ρ),∗

p and α(γ),∗
p we have

(E(p)
γ (f

α
(γ),∗
p

) + λm∥α(γ),∗
p ∥2)− (E(p)

γ (f
α
(ρ),∗
p

)

+λm ∥α(ρ),∗
p ∥2) ≤ 0,

which and (36) give

λm ∥α(ρ),∗
p − α(γ),∗

p ∥2

≤ p⟨α(ρ),∗
p − α(γ),∗

p ,

∫
Z
|y − f

α
(ρ),∗
p

(x)|p−1

×sgn(y − f
α
(ρ),∗
p

(x)) KX(x) dρ

−
∫
Z

|y − f
α
(ρ),∗
p

(x)|p−1

×sgn(y − f
α
(ρ),∗
p

(x)) KX(x) dγ⟩

≤ p∥α(ρ),∗
p − α(γ),∗

p ∥ × ∥
∫
Z
|y − f

α
(ρ)
p
(x)|p−1

×sgn(y − f
α
(ρ),∗
p

(x)) KX(x) dρ

−
∫
Z

|y − f
α
(ρ),∗
p

(x)|p−1 × sgn(y − f
α
(ρ),∗
p

(x))

×KX(x) dγ∥.

(32) then holds.
We now give an estimate for the sample error

∥fαz,λ,p
− f

α
(ρ)
p
∥K,X .

Lemma 8 Let p > 1, α
(ρ)
p and αz,λ,p be defined as in

(8) and (6) respectively. Then,there is a positive con-
stant cp such that, for any 0 < δ < 1, with confidence
1− δ, holds

∥fαz,λ,p
− f

α
(ρ)
p
∥K,X ≤

(cp|ρ|p
δ

) p−1
p × kp

λmq∗
. (39)
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Proof. Notice the following large number law (see
[3]): Let Z be a measurable space,ρ be a distribution

on Z,H be a Hilbert space and f : Z → H be a mea-
surable function with ∥f∥q = (E(∥f∥qH))

1
q < +∞

for q ∈ (1,+∞). We write q∗ := min(1/2, (q −
1)/q).Then,there exists a universal constant cq > 0
such that for all ε > 0 and all m ≥ 1 we have

Probm((z1, z2, · · · , zm) ∈ Zm :

∥ 1

m

m∑
i=1

f(zi)−E(f)∥H ≥ ε) ≤ cq
( ∥f∥q
εmq∗

)q
It follows that

Pm((z1, z2, · · · , zm) ∈ Zm :

∥ 1

m

m∑
i=1

f(zi)− E(f)∥H ≤ ε) ≥ 1− cq
( ∥f∥q
εmq∗

)q
and for any 0 < δ < 1,with confidence 1− δ, holds

∥ 1

m

m∑
i=1

f(zi)− E(f)∥H ≤
(cq
δ

) 1
q ∥f∥q
mq∗

. (40)

Denoted by

f(z) = f(x, y)

= |y − f
α
(ρ)
p
(x)|p−1sgn(y − f

α
(ρ)
p
(x)) Kx(·).

Then,

∥f∥K = |y − f
α
(ρ)
p
(x)|p−1

√
K(x, x)

≤ k|y − f
α
(ρ)
p
(x)|p−1. (41)

Take q = p
p−1 . Then, by (23), one has

∥f∥q = (

∫
Z
∥f∥qKdρ)

1
q

≤ k(

∫
Z
|y − f

α
(ρ)
p
(x)|pdρX)

1
q ≤ k|ρ|

1
q
p . (42)

It follows by (40) and (42) that there is a positive con-
stant cp depending only upon p such that, with confi-
dence 1− δ, there holds

∥
∫
Z

|y − f
α
(ρ)
p
(x)|p−1 sgn(y − f

α
(ρ)
p
(x))

×Kx(·) dρ

− 1

m

m∑
i=1

|yi − f
α
(ρ)
p
(xi)|p−1 sgn(yi − f

α
(ρ)
p
(xi))

×Kxi(·)∥K

≤ sup

f∈HK ,∥f∥q≤k|ρ|
1
q
p

∥ 1

m

m∑
i=1

f(xi, yi)

−
∫
Z
f(x, y)dρ∥K

≤
(cp|ρ|p

δ

) p−1
p k

mq∗
. (43)

Thus (43) together with (31) yield (39). Also, the sam-
ple error ∥α(ρ),∗

p −α∗
z,λ,p∥ is bounded as the following

Lemma 9.

Lemma 9 Let p > 1, α
(ρ),∗
p and α∗

z,λ,p be defined as
in (9) and (7) respectively. Then, there is a positive
constant cp such that, for any 0 < δ < 1, with confi-
dence 1− δ, there holds

∥α(ρ),∗
p − α∗

z,λ,p∥ ≤
(cp|ρ|p

δ

) p−1
p × kp

λmq∗+ 1
2

. (44)

Proof. Take

ξ(z) = ξ(x, y)

= |y − f
α
(ρ),∗
p

(x)|p−1 × sgn(y − f
α
(ρ),∗
p

(x))

×KX(x). (45)

Then, ξ(z) : Z → Rm and

∥ξ(z)∥ = |y − f
α
(ρ),∗
p

(x)|p−1

√√√√ m∑
k=1

K(xk, x)2

≤ k
√
m|y − f

α
(ρ),∗
p

(x)|p−1. (46)

It follows that

∥ξ∥q = (

∫
Z
∥ξ(z)∥qdρ)

1
q

= (

∫
Z
|y − f

α
(ρ),∗
p

(x)|pdρ)
1
q

≤ k
√
m|ρ|

1
q
p . (47)

We know by (40) and (47) that,there is a posi-
tive constant cp depending only upon p such that, with
confidence 1− δ, holds

∥
∫
Z

|y − f
α
(ρ),∗
p

(x)|p−1 sgn(y − f
α
(ρ),∗
p

(x))

×Kx(·) dρ

− 1

m

m∑
i=1

|yi − f
α
(ρ),∗
p

(xi)|p−1

×sgn(yi − f
α
(ρ),∗
p

(xi)) Kxi(·)∥

≤ sup

∥f∥q≤k
√
m|ρ|

1
q
p

∥ 1

m

m∑
i=1

f(xi, yi)−
∫
Z
f(x, y)dρ∥

≤
(cp|ρ|p

δ

) p−1
p k

mq∗− 1
2

. (48)
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Inequality (48) together with (32) yield (44).

3 Proof of the Results
Proof of (18). By (14),(12) and the definition of f (p)ρ

we have

E(p)
ρ (fαz,λ,p

)
1
p − E(p)

ρ (f (p)ρ )
1
p

≤ k∥fαz,λ,p
− f

α
(ρ)
p
∥K,X +

(
E(p)
ρ (f

α
(ρ)
p
)

+λ∥f
α
(ρ)
p
∥2
K,X

) 1
p − E(p)

ρ (f (p)ρ )
1
p

= k∥fαz,λ,p
− f

α
(ρ)
p
∥K,X +

(
inf

α∈Rm
(E(p)

ρ (fα)

+λ∥fα∥2K,X
)
) 1

p − E(p)
ρ (f (p)ρ )

1
p

= k∥fαz,λ,p
− f

α
(ρ)
p
∥K,X +K(f (p)ρ , λ)

= A+B. (49)

On the other hand, we have the following Propo-
sition 10.

Proposition 10 ([16]) Let (Ω,F , P ) be a probability
space,z = (zi)

m
i=1 ∈ Ωm be samples drawn indepen-

dently and identically (i.i.d.) according to ρX . A(z)
and B(z) are functions about z on Ωm. If there are
ε1 > 0, ε2 > 0 such that for 0 < δ < 1,with confi-
dence 1− δ,holds

A(z) ≤ ε1, B(z) ≤ ε2,

then, with confidence 1− 2δ,holds

A(z) +B(z) ≤ ε1 + ε2. (50)

We now estimateB. By the Markov inequality we
have

Probm((z1, z2, · · · , zm) ∈ Zm : B ≥ ε)

≤ E(B)

ε
=
E(K(f

(p)
ρ ), λ)

ε
.

Therefore,

Probm((z1, z2, · · · , zm) ∈ Zm : B ≤ ε)

≥ 1− E(K(f
(p)
ρ ), λ)

ε
. (51)

Take E(K(f
(p)
ρ ),λ)
ε = δ. Then, ε =

E(K(f
(p)
ρ ),λ)
δ . It

follows by (51) that, with confidence 1− δ, holds

B ≤ E(K(f
(p)
ρ ), λ)

δ
. (52)

(52),(39) and Proposition 10 give (18).
We now show (19). Also, by (14),(12) and the

definition of f (p)ρ we have

E(p)
ρ (fα∗

z,λ,p
)
1
p − E(p)

ρ (f (p)ρ )
1
p

≤ k
√
m∥α∗

z,λ,p − α(ρ),∗
p ∥

+E(p)
ρ (f

α
(ρ),∗
p

)
1
p − E(p)

ρ (f (p)ρ )
1
p

≤ k
√
m∥α∗

z,λ,p − α(ρ),∗
p ∥+

(
E(p)
ρ (f

α
(ρ),∗
p

)

+λ∥α(ρ),∗
p ∥2

) 1
p − E(p)

ρ (f (p)ρ )
1
p

= k
√
m∥α∗

z,λ,p − α(ρ),∗
p ∥

+
(

inf
α∈Rm

(E(p)
ρ (fα) + λ∥α∥2)

) 1
p − E(p)

ρ (f (p),∗ρ )
1
p

= k
√
m∥α∗

z,λ,p − α(ρ),∗
p ∥+K∗(f (p)ρ , λ)

= C +D. (53)

Same way as the proof of (52) shows that, with
confidence 1− δ, holds

D ≤ E(K∗(f
(p)
ρ ), λ)

δ
(54)

and by (44) we have

C ≤ k
√
m∥α(ρ),∗

z,λ,p − α(ρ),∗
p ∥

≤
(cp
δ

) p−1
p k2p|ρ|p

λmq∗
. (55)

(54),(53),(55) and Proposition 10 yield (19).

Proof of (20) and (21). Let L
1
2
K be the linear op-

erator on L2(ρX) satisfying L
1
2
K ◦ L

1
2
K = LK . Then,

HK = L
1
2
K(L2(ρX)) is the usual reproducing kernel

Hilbert space [1, 2, 19]. Let {ϕn(x)}+∞
n=1 be an or-

thonormal basis of L2(ρX) which are the eigenfunc-
tions of operator LK corresponding to eigenvalues
{λn}+∞

n=1. Then, by [5] we know

HK

=

{
f(x) =

∞∑
n=1

√
λncnϕn(x) |

∞∑
n=1

c2n < +∞
}
.

On the other hand,the Mercer theorem (see [6])
gives

K(x, y) =
+∞∑
n=1

λnϕn(x)ϕn(y), x, y ∈ X. (56)
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It follows that

LK(L2(ρX))

=

{
f(x) =

∞∑
n=1

λncnϕn(x) |
∞∑
n=1

c2n < +∞
}

and LK(L2(ρX)) ⊂ HK . Choose α∗ = {α∗
k}mk=1 =

{φ(xk)
m }mk=1. Then, by (14) we know if f(x) =

LK(φ, x), then,

( ∫
X

∣∣∣ m∑
k=1

α∗
kK(xk, x)− f(x)

∣∣∣pdρX(x)
) 1

p

≤ k∥ 1

m

m∑
k=1

φ(xk)K(xk, ·)

−
∫
X
φ(u)K(u, ·)dρX(u)∥K,X . (57)

It follows by ⟨Kx,Ky⟩K = K(x, y) and (57) that

∥∥∥ m∑
k=1

α∗
kK(xk, ·)− f(·)

∥∥∥2
Lp(ρX)

≤ k2
∥∥∥ 1

m

m∑
k=1

φ(xk)K(xk, ·)

−
∫
X
φ(u)K(u, ·)dρX(u)

∥∥∥2
K,X

=
k2

m2

m∑
k=1

m∑
j=1

φ(xk)φ(xj)K(xk, xj)

−2k2

m

m∑
k=1

φ(xk)

∫
X
K(xk, v)φ(v)dρX(v)

+k2
∫
X

∫
X
φ(u)φ(v)K(u, v) dρX(u)dρX(v).

Therefore, by the Markov inequality we have

E
( ∫

X

∣∣∣ m∑
k=1

α∗
kK(xk, x)− f(x)

∣∣∣pdρX(x)
) 1

p

≤ kE
(∥∥∥ 1

m

m∑
k=1

φ(xk)K(xk, ·)

−
∫
X
φ(u)K(u, ·)dρX(u)

∥∥∥2
K,X

) 1
2

= k
(
E
[ 1

m2

m∑
k=1

m∑
j=1

φ(xk)φ(xj)K(xk, xj)

− 2

m

m∑
k=1

φ(xk)

∫
X
K(xk, v)φ(v)dρX(v)

+

∫
X

∫
X
φ(u)φ(v)K(u, v)dρX(u)dρX(v)

]) 1
2

= k
( 1

m2

∫
Xm

(
m∑
k=1

m∑
j=1

φ(xk)φ(xj)K(xk, xj))

×dρX(x1) · · · dρX(xm)

− 2

m

∫
Xm

(
m∑
k=1

φ(xk)

∫
X
K(xk, v)φ(v)dρX(v))

×dρX(x1) · · · dρX(xm)

+

∫
X

∫
X
φ(u)φ(v)K(u, v)dρX(u)dρX(v)

) 1
2

= k
(
−
∫
X

∫
X
φ(u)φ(v)K(u, v)dρX(u)dρX(v)

+
1

m

∫
X
φ(y)2K(y, y)dρX(y)

+
m− 1

m

∫
X

∫
X
φ(x)φ(y)K(x, y)

×dρX(x)dρX(y)
) 1

2

= k

√
ν − µ

m
. (58)

Further, the Markov inequality gives

E(∥fα∗∥
1
p

K,X
) ≤

(
E(∥fα∗∥2

K,X
)
) 1

2p

≤
(
E(

1

m2

m∑
i,j=1

φ(xi)K(xi, xj)φ(xj))
) 1

2p

=
( 1

m2

∫
Xm

(
m∑

i,j=1,i̸=j

φ(xi)K(xi, xj)φ(xj))

×dρX(x1) · · · dρX(xm)

+
1

m2

∫
X
(
m∑
i=1

φ(xi)
2)dρX(x1) · · · dρX(xm)

) 1
2p

=
(m− 1

m

∫
X

∫
X
φ(x)K(x, y)φ(y)dρX(x)dρX(y)

+
1

m

∫
X
φ(x)2K(x, x)dρX(x)

) 1
2p

≤
( ∫

X
φ(x)2K(x, x)dρX(x)

) 1
2p = 2p

√
ν, (59)

where we have used the inequality K(x, y) ≤√
K(x, x)K(y, y). Same way yields

E(∥α∗∥
1
p ) ≤

(∥φ∥2L2(ρX)

m

) 1
2p . (60)

We now show (20). By (12),(58),(59) and the fact
HK ⊂ Lp(ρX) we have

K(f (p)ρ , λ)

≤
[
E(p)
ρ (fα∗) + λ∥fα∗∥2

K,X

] 1
p − E(p)

ρ (f (p)ρ )
1
p
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≤ E (p)
ρ (fα∗)

1
p + λ

1
p ∥fα∗∥

2
p

K,X
− E(p)

ρ (f (p)ρ )
1
p

≤ ∥fα∗ − f (p)ρ ∥Lp(ρX) + λ
1
p ∥fα∗∥

2
p

K,X
. (61)

By (58),(59) and (61) we have

E(K(f (p)ρ , λ)) ≤ k
√
ν − µ√
m

+
p
√
λν. (62)

(62) and (18) yield (20).
We now show (21).By (12),(58),(60) and the fact

HK ⊂ Lp(ρX) we have

K∗(f (p)ρ , λ)

≤
[
E(p)
ρ (fα∗) +mλ∥α∗∥2

] 1
p − E(p)

ρ (f (p)ρ )
1
p

≤ E(p)
ρ (fα∗)

1
p +m

1
pλ

1
p ∥α∗∥

2
p − E(p)

ρ (f (p)ρ )
1
p

≤ ∥fα∗ − f (p)ρ ∥Lp(ρX) + (mλ)
1
p ∥α∗∥

2
p . (63)

By (60),(58)and (63) we have

E(K∗(f (p)ρ , λ))

≤ k
√
ν − µ√
m

+ p

√
λ∥φ∥L2(ρX). (64)

Therefore, (64)and (19) yield (21).
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