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Abstract: Let D = {z :

|z| < 1} be the unit disk in the complex plane C, ¢ be an analytic self-map of D,

and g : D — C is an analytic map. We characterize the boundedness and compactness of the products of
Volterra-type operators and composition operators C,U, and U,C,, on the logarithmic Bloch space £ and the
little logarithmic space LBy over the unit disk. Some necessary and sufficient conditions are given for which C,U,
or U,C,, is a bounded or a compact operator on LB, or LB, respectively. The results extend the known results
about the composition operator to the logarithmic Bloch space £B.
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1 Introduction

Let D = {z : |z| < 1} be the unit disk in the com-
plex plane C, and H (D) denote the set of all analytic
functions on D. An analytic function f € H(D) is
said to belong to the logarithmic Bloch space LB if

flles = supl( = =) (=)l ()}
2€D <

< o0,

and to the little logarithmic Bloch space LB if

()] =0,

2
li 1— 1
Jim (1= eI (3=
It can be easily proved that £B is a Banach space un-
der the norm

[flle = £ O+ 1llcs

and that LB is a closed subspace of LB. Some basic
results about the logarithmic Bloch functions we refer
to the references [18, 19, 21, 23] and [25].

Let ¢ be an analytic self-map on the unit disk D.
Associated with ¢ the composition operator C,, is de-
fined by

Cof =fop, [ € H(D).

It is interesting to provide a function theoretic charac-
terization when ¢ induces a bounded or compact com-
position operator on various function spaces. Bound-
edness and compactness of composition operators on
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various function spaces were studied by many authors
(see [5, 6, 7, 8, 22, 24]). The author and Yoneda in
[18, 25] studied the pointwise multiplier and the com-
position operator in LB space respectively.

Suppose that g : D — C is an analytic map. Let
U, and V,, denote the Volterra-type operators with the
analytic symbol g on D respectively:

Upf ()= [ g (w) d
and

z
V()= [ fwlgw)dw, =€ D.
0
At the same time, M, is the pointwise multiplication
determined by

My(f)(2) = f(2)g9(2) = f(0)g(0)+Uy f(2)+ Vg f ().

When g(z) = z or g(z) = In(12), Uy is the integral
operator or the Cesdro operator respectively. These
operators Uy, V,, and M, are characterized on QP
spaces by Xiao in [17].

In [9] Pommerenke introduced the Volterra-type
operator U, and showed that U, is a bounded operator
on the Hardy space H? if and only if g € BMOA.
Brown and Shields in [3] proved that M, is bounded
on the classical Bloch space 3; if and only if g €
LB H*. In [19] the author studied the boundedness
and compactness of U, between the a-Bloch spaces
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Ba and the logarithmic Bloch space £5. Bounded-
ness and compactness of U, acting on various func-
tion spaces have been studied in many literature. See
[1,2,11, 13, 14, 15, 16] for more information.

Here, we consider the products of Volterra-type
operators and composition operators, which are de-
fined by

©(2)
(CoUyf)(2) = /0 £(Q)d(©) de,

U,CnE) = | (Foe)Q)d(Q)dC, fe H(D)
and

v(2)
(CoV,f)(2) = /0 F(0)g(¢) dc,

ViCah() = [ (£ Qa0 &, 1 € HD).

In [4], Li and Stevi¢ studied these operators from
H*° and Bloch spaces to Zygmund spaces. In this pa-
per the boundedness and compactness of these opera-
tors in LB and LB are discussed. As consequences
we obtain the boundedness and compactness for U,
and V; in LB and LB spaces. These results are new
even for a single operator. In what follows C' will be
used to stand for positive constants which does not
depend on the functions but possibly different in dif-
ferent formula.

2 Auxiliary results

In this section, we recall some lemmas, which will be
used in the proof of main results of this paper. The
first four lemmas may be found in [18].

Lemma 1 Suppose f € LB, then
(i)|(2)] < 2+ In(ln 1-2)))
(i) 1£(2)] < 2n(n 122 | fllefor 2] > 7, =

1-2¢7;
(iii) [ f(z) —

0<t<l

1\\

fltz)| < ln( )HngB, where

Lemma 2 If f € LBy, then

lim (2 2’ =0.
|2[=1- In(In 5 =P ‘)
Lemma 3 Let f(z2) = % z € D. Then
= el :
If(2)] <2
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Lemma4 Let g(z) = (1 —z)Iln T € [0,1).
Then 9(x) < 2foreacht € [0,1].
g(tz)

Lemma 5 Suppose [ € LB, then || fi
0 <t <1, where fi(z) = f(tz).

It can be easily proved by applying Lemma 4.

Lemma 6 Let g be an analytic function on the
unit disc D and ¢ an analytic self-map of D. If
CoUgy(or UyCy, CLVy, V4C,) is a bounded oper-
ator in the logarithmic little Bloch space LBy, then
CoUg(or UyCyp, C,Vy, V4C,) is a bounded opera-
tor in the logarithmic Bloch space LB.

Proof: Suppose C,U, is bounded in the logarithmic
little Bloch space LBy. Itis clear that for any f € LB,
we have f; € LB forany 0 < t < 1. Now applying
Lemma 5, we get

1CUg(f)lle < 1CUG M fille < 41CUgllI Fll-
Letting t — 17, we obtain that
1CUg(Nlle < 4IC U1 Fll2 < +o00,

which shows C,U, is bounded in the logarithmic
Bloch space £B. One may similarly prove the bound-
edness for U,C,, C,V,,or V,C,. We omit the details
here.

3 Boundedness and compactness of
C,U, on LB and LB,

In this section we study the boundedness and com-
pactness of the operator

CoUy(or UyCy) : LB(or LBy) — LB(or LBy).

Theorem 7 Let ¢ be an analytic self-map of the unit
disc and g € H(D). Then the following statements
hold.

(i) C Uy : LB — LB is bounded if and only if

2 2

(1 — 1212) 1n o(ln
sup(l = [z In =y Inlin T 275p)
<19 (2(2) 19 (2)] < oc. ()

(ii) C,Uq : LBy — LBy is bounded if and only
if (1) holds and

lim (1—[z[*)1
|z|5?f( |z])n(17|z|

g (e(2)[1¢'(2)] = 0.
2
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Proof: (i) Assume that C .U, : LB — LB is
bounded. Fix w € D, let
ful2) = Inln —— 3)
w Z)=mnimnm —W——.
1 —p(w)z

From Lemma 3 we know that f,, € LB and || f|| 2 <

4
5. Since fy(¢(w)) = Inln ——,
) = o
that

it follows

(1~ [wf2) In(12g7) In(In =2 m)lg/ (p(w))l¢ (w)]

= (1~ [wl?) In(25)[(CoUyfu) (w)
< CoUgllll fuwlle < 5lICUg| < +o0.
Thus (1) holds.

Conversely, suppose that (1) holds. Then, from
Lemma 1, we have

1CUy fll e
= ilelp(l —[2*)1 ( I (e(2))g (9(2)¢' (2)]
< sup(l —[2*) In | ’9/(90(2))90/('3)’
(2 +Inln T—]o( Z)|)Hf||£
<C|flle
and

ol =1 [ g

< By Ol e 1970

<(2+Inln ) max g (Ol fllc-

1 —[p(0)]” ¢I<le(0)]

This shows that C',U, is bounded.

(ii) Assume C,U, : LBy — LBy is bounded.
Then C,U, : LB — LB is bounded by Lemma 6,
which implies that (1) holds by (i).

Next, We take the test function f = 1. It is easily
seen that (2) holds.

On the other hand, given any f € LBy If
lp(2)] — 17 as|z| — 17, it follows from Lemma 2
and (1) that

(1= 2P In(ZI(CeUg f) ()]
= (1= 2 In(Z)If ((2)g' (9(2)¢' (2)]
<o Ul g

Inln

I-Te(2)] (Z)\

as |z| - 17.
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If |p(2)] < 7o < 1forevery z € D, then
(1= [2*) (25 HC Uy ) (2)]

5 2
S max [f(w)|(1 = 2] )1H(1_|Z|

x|g'(e(DIl¢'(2)] — 0 (l2] = 17)

by (2). Hence C,U,f € LBy forall f € LBy. On
the other hand, C,Uy is bounded in £B by (i). Hence
C,Uy is a bounded operator in LBj.

Lemma 8 Let C,Uy(or U,C,, C,Vy, VyCy,)

LBy — LBy be a bounded operator in LIB. Then
CoUy (or UyCyp, C,Vy, V,C,) + LBy — LBy
is compact if and only if for any bounded sequence
{fn} in LB which converges to O uniformly on
compact subsets of D, we have ||C,Uy(fn)llc —

0 (or [UgCo(fu)llzs 1CVy(fr)lls VaCo(fu)lle —
0) as n — oo.

The result can be proved by Montel theorem,
Lemma 1 and 5. The details are omitted here.

Lemma9 Let U C LBy. Then U is compact if and
only if it is closed, bounded and satisfies

lim sup(1— |21 ( N (2)] =

|z|—1 feU — 2|

The proof is similar to that of Lemma 1 in [5]. The
details are omitted.

Theorem 10 Let ¢ be an analytic self-map of the unit
disc and g € H(D). Then the following statements
hold.

(i) Co,Uy : LB — LB is compact if and only if

. 2 2 2
\cp(g\n—ln*(l ~ Izl )1n(1_—|2|)1n(1nm)

@)
x|9'(¢(2))[l¢'(2)| = 0

and

2
sup(1 — |+[2) In(5
zeD -

‘Z|)!9’(s0(2))||s0’(2)| < Fo0.

5
(ii) C,Uy : LBy — LBy is compact if and only

if

lim (1 — |2]?) ln(ljz‘)ln(ln 1

|z|]—1—

x1g'(0(2))ll¢'(2)] = 0.

Proof: (i) Assume (4) and (5) hold, which implies
(1) holds. Then C,U, : LB — LB is bounded by
Theorem 7. Let {f,} be a bounded sequence in LB

=rEll
ZOIL
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which converges to 0 uniformly on compact subsets of
D. We need only to prove nli_r}noo |ICoUg(fn)llc =0

by Lemma 8. This amounts to showing that both

)
"(w)| —0

Sup(l—lw!) n(7=
X!fn(so( )9 (p(w))e

and
|C¢Ugfn(0)| — 0.

If |p(w)| > r, we may assume r > 7, then

(1- !w\Q)ln(l _2 w|)\fn(w(w))g’(w(w)ﬁp’(w)!
el 2 Va2

<2/ fullL(1 = Jw[*)1 (1_|w|)1 (1 1_W)(w”)
x1g' (e(w))l¢' (w)].

If |p(w)] < r < 1, by (5), we have
(1= o) (= o)) (o) )]
< Cﬁf;X\fn( )\

Thus
ggg(l—le)m( L)l fa((w) g (p(w)) ¢! (w)|
< Cmax ajy|<,| fo(w)| + C sup (1 —|w/?)

lp(w) >
x In(=) In(ln =259’ (@ (w)] [ (w)].

First letting n tend to infinity and subsequently 7 in-
crease to 1, one obtains that

qjléll))(l — |wl?) ln(%m)’fn(¢(w))
(w)] — 0

xg'(p(w))¢’

asn — oo.
On the other hand, it is obvious that

Shanli Ye

Lemma 3 and 4, we get f, € LB and sup,, || fn|z <
oo. Then {f,} is a bounded sequence in LB which
converges to 0 uniformly on compact subsets of D.
Noticing that f,,(¢(2,)) = an, we have

HCeoUganE > HC@UganEB
> (1= |2nl?) In(7=F7) | fn (9 (20))g (9 (20)) @' (20)]
= (1~ Jzal?) (2

x In(In W)\ 9 ()¢ (20)].

Then

limygz)1- (1 = [2[%) In(Z5) In(in =2 15)
x1g' (p(2)[l¢'(2)] = 0

by Lemma 8. Hence (4) holds.

(i1) Assume that (6) holds. Then it implies that (1)
and (2) hold, which shows that C,U, : LBy — LBy
is bounded.

Suppose that f € LB with || ||z < 1. It follows
from Lemma 1 that

1= [2) In(Z)[(CoUg ) (2)]

= (1= [2") In(5 _2|Z|)|9'(<P(Z))f(¢(2))90'(2)|
< (1 - |Z’2)ln(1 — |Z|)
X2+l ‘ (Z)‘)!QI(SO(Z))SDI(ZH

Thus
sup{|(1 — |2*) In(Z7)(CL U, f) (2)] -
f € LBo, | fllc <1}
<(1- \Zlg)ln(1 p
x|g'(p(2)¢'(2)],

)(2+Inln )

2z
1 —1e(2)]

[CoUq fn(0)] < max, < ip(0) |9'(2)| maxz <jo(0) 1fn(2 hhd hence

< Cmax, <0 |fa(2)] — 0

as n —» o0.

Conversely, suppose that C,,U, is compact in LB.
It is obvious that C,,U, is bounded. Then (1) holds by
Theorem 7, which implies that (5) holds. Next, let
{zn} be a sequence in D such that |¢(z,)| — 1 as
n — oo. Choose test functions

1 4

z) = —(Inln 2
Ja(z) Gn( 1-— go(zn)z)
4 .
where a, = Inln — - s clear that
1 — |o(zn)|

fn(2) — 0 uniformly on compact subsets of D. From
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tim {101 [=2) (= ) (Colf) (2)]

= |2|

f € ﬁBUa ||f||[: < 1} = O)

so that C,U,, is compact in LBy by Lemma 9.
Conversely, suppose that C,U, is compact in
LBy. From Lemma 9 we have

2
l}lm {11~ |2*)In (1_|Z’

feLBo | fllc <M} =0,

)N(CpUgf) (2)] -

for some M > 0. Note that the proof of Theorem 7
and the fact that the function given in (3) are in LB
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and have norms bounded independently of w. We ob-
tain that

2 2

lim (1 — |2[?) In( ) In(n =2

|l=1- 1- |z
x1g'(e(2)ll¢'(2)] = 0.

The proof of the theorem is completed.
Using the same methods as in the proof of the pre-
vious theorems, we can prove the following results.

)

Theorem 11 Let o be an analytic self-map of the unit
disc and g € H(D). Then the following statements
hold.

(i) UyC,, : LB — LB is bounded if and only if

2 p ,
In(In =190 )Ng' ()| < +o0.
(N

(ii) UyC,, : LBy — LBy is bounded if and only
if (7) holds and g € LB.

sup(1—|z*) In
sup(1[2%) In =

Theorem 12 Let o be an analytic self-map of the unit
disc and g € H(D). Then the following statements
hold.

(i) UyCy - LB — LB is compact if and only if
g € LB and

li 1— |2?) In(2
- ’j)mkm)
In(In WHQ,(Z)H =0.

(ii) UyC,, - LBy — LBy is compact if and only

®)

if

2 2
) (n =)

limy,) ;- (1 = |2f*) In(
x]g'(2)] = 0.

Taking ¢(z) = z from Theorem 7, 10, 11, 12, we
obtain the following results about the characterization
of the boundedness and compactness of the Volterra-
type operator U, : LB( or LBy) — LB( or LBy).

Corollary 13 Let g € H(D). Then

(i) Uy : LB — LB is a bounded operator if and
only if Uy : LBy — LBy is a bounded operator if
and only if

2 2
In(1 ()| < 0.

sup(1 — |z[*)In
2€D

(ii)) Uy : LB — LB is a compact operator if and
only if Uy : LBy — LBy is a compact operator if
and only if

2 2

lim (1 —[z|*)1 In(1 "(z)] = 0.
|z|51}f( El) nl_M n(nl_M)lg (2)]
E-ISSN: 2224-2880 184
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4 Boundedness and compactness of
C,V, on LB and LB,

In this section, we characterize the boundedness and
compactness of the operator C,Vy( or V,C,)
LB(or LBy) — LB(or LBy).

Theorem 14 Let ¢ be an analytic self-map of the unit
disc and g € H(D). Then the following statements
hold.

(i) C,Vy : LB — LB is bounded if and only if

(1 - ‘2‘2) In 1_2|Z‘

sup 19(p(2))¢'(2)] < +o0.
2 (1= [p()P) In 2y
©

(ii) C,Vy : LBy — LBy is bounded if and only

if (9) holds and

lim (1 — |2|%)In(

|z| =1~

)g(e(2))¢(2)] = 0.
10)

1 -]

Proof: Suppose C,Vj is bounded on the logarithmic
Bloch space £B. Taking the test function f(z) = z,
we can easily obtain that

2 ,
sup(1 — [2[%) In(5——)[g(¢(2))¢' (2)| < +oo.
z€D 1 |Z|

(11)
For V0 # w € D, let
2
I P e | 4 -1
ful)= [ o) (lnl‘hquQZQ) dz.
(12)

From Lemma 3, we have

(1~ [212)(n =2.5)

sup
SR TR Py
<2< +o0.

Applying z1 = ‘%z, we obtain that

2 w2
2 2
sup(1 — |z|*)(In 1- z
sup(1 =) (In 1)1 — g
X|1H772|_1 <2<+OO
1— W52
[wl?

Hence f, € LB and || fy||z < 4 with w # 0. Then
for w # 0 we obtain that

1CVy(fullles < CeVy(fu)lle < 1C Vol fulle

< A4|CeVyll < +oo. (13)
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So for Vz € D with p(z) # 0, applying w = ¢(z) to
(13), we obtain that
(1= |2*)In 2
sup S l9(e ()¢ (2)]

zeb (1= |o(2)*) In = o
= sup(L — |2/*)In T _2‘z| £ (2(2))9(0(2)) ¢ (2)]

zeD

= [1CVy(fuw)llen < 4[[CpVyll < o0

For Vz € D with ¢(z) = 0, from (11), we have
2 2
(1—|2]*)In -7

b (1— TPy S
= sup £ (1 =) I = la(e(9)e ()
<+oo
Hence (9) holds.

Conversely, suppose that (9) holds. For f € LB,
from Lemma 1, we have

1CoVyfllen
= sup(1 = ) (T ()P )
(1= ) In( 2. ) ,
<\|f\|w:élp( eI — |<p | (p(2))¢'(2)]
<Clflc
and
©(0)
(Co¥airo1 = PG
\<|<\ ©) |f’ ((2\)&%) l9(0)
ax g
(cI<le(0)] 1l

= - [p(O)P) 2

This shows that C',V, is bounded.

(ii) Assume C,V, : LBy — LBy is bounded.
Then C,V, : LB — LB is bounded by Lemma 6,
which implies that (9) holds by (i).

Next, We take the test function f = z. It is easily
seen that (10) holds.

Conversely, given f € LBy. If |p(z)| — 17 as
|z| — 17, it follows from (9) that

2

1—1z?)1

(1—12]) n(1_|z|
2

< O(1 = |p(2)[*) In
—0

N(CV ) (2)]
I (e(2))g(e(2))¢' (2)]

as |z| - 17.
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If |¢(2)| < rg < 1 forevery z € D, then, from
(10),

(1~ =) (-

|Z|)|(C¢Ugf)’(2)l

2
< max [F/ ()] (1= |2[*) In(— ‘z‘)\g( (2))¢' ()]
— 0
as |z| — 17. Hence C,V,f € LBy for any f €

LBy. Since C,V, is bounded on LB by (i), C, Uy is
bounded on LB.

Theorem 15 Let ¢ be an analytic self-map of the unit
disc and g € H(D). Then the following statements
hold.

(i) C,Vy : LB — LB is compact if and only if

2
(1= [z In

I ] '(2)| = 0.
|(p(2%|rr_1>r (1-— ]cp(Z)P)ln% l9(¢(2))¢'(2)]
(14)
and
2
sup(1 — IZ!Q)IH(1 —)9(p(2)¢' (2)] < +oc.
zeD |Z| (15)

(ii) C,Vy : LBy — LBy is compact if and only
if

M Gl L 3 = BRI
el <1—\¢<z>|>lnm” 7 |
(16)

Proof: (i) Assume (14) and (15) hold, which implies
(9) holds. Then C,V, : LB — LB is bounded by
Theorem 14. Let { f,,} be a bounded sequence in LB
which converges to 0 uniformly on compact subsets
of D. It is clear that the sequence { f],} converges to
0 uniformly on compact subsets of . We need only
to prove nlgrolo |CyoVy(fn)llz = 0 by Lemma 8. This

amounts to showing that both

sup (1 = o) In( ) )
xg(e())' ()] — 0

and
|Co Ve fn(0)] — 0.

If |p(w)| > r, then

(1— |wl?) In(y _2 o ) fr(p(w))g(p(w))g' (w)]
(1= [w) In =,

1 —Jp(w)}?) In %

x|g(p(w))¢' (w)].

= anllz:zs(
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If |p(w)| < r < 1, from (15), we have

(1- |w|2)1n(1 ™ |)\f£(<ﬁ(w))g(s0(w))<ﬁ’(w)l
< CfnlaX\fn( z)|.
Thus

sup (1= ) In( ;=0 ({0 (o) ()
< Cmax |f](w)| + Cx
e (1 - [w[?)In 2
max - - 1-|w] w ).
lp(w)[>r (1 — Igo(w)P)ln%’g(@( )¢ (w)]

First letting n tend to infinity and subsequently 7 in-
crease to 1, one obtains that

sup (1 = fuf?) In( =) )
weD w
<9l () (w)] — 0

as n —» o0.

On the other hand, it is obvious that

c,V, 0 < max 2)| max (2
|Co Vg fn(0)] ‘ s )| ( )!| |S|§D(O)|’fn( )l
ma; —0
C max [11(2)
asn — oo.

Conversely, suppose that C,V, is compact on L.
It is obvious that U,V is bounded. Then (9) holds by
Theorem 7, which implies that (15) holds.

Next assume that (14) fails. Then there exists a
subsequence {z,} C D and an ¢y > 0 such that
|o(zn)] = 1(n — oo) and

(1~ |zl In =5

— 2 2
(1= le(zn)P) In =2y,

| (2n)g((2n))] = €0.

Let ¢(z,) = rpe’". We take
7 Tn r%
fn(z) = /0 (1 —e Wy w1 — r%e*ianw)
4 -1

X (ln W) d'LU

Then
2
T T
fa(2) = (—=; - )

One can obtain that

fule)] < T !

(EE
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by a direct calculation and || f,,||z < 8 by Lemma 3

and 4. Then { f,,} is a bounded sequence in LB which

converges to 0 uniformly on compact subsets of D.
On the other hand, for enough large n, we have

1CVy(fr)lle
> (1= |z/*) In
|9’ (2n)g((¢(2n))]
= (1—|2,)*)In -
n 2 4

X - n 1 —lx
(1—7“,% 1—7“%)(111—7‘%)

¢ (zn)g((o(zn))]

(1- ‘Zn| )In T—[zn]

= 61— (a2 )In 2
x|g
Y

n(9(zn))|

"(zn)g((¢(zn))|

> 5 (n — o00).

This contradicts the compactness of C,V, by Lemma
8. Hence (14) holds.

(i) Assume that (16) holds. Then it implies that
(9) and (10) hold, which shows that C,U, : LBy —
LB is bounded.

Suppose that f € LBy with || f||z < 1. Then we
have

2

(1= 2%) ln(m)l(%‘/gf)’@)!

= (1= ) (= (a2 )
AP Ey oo
TR —— S
Thus

sup{[(1 = |+ In( =) (CVa ) ()

: f € EBO) HfHﬁ S 1}
(1 - ‘Z‘z) In 1_2|Z‘

- — 2 2
(1—]e(2)]?)In T (2)]

l9((2))¢' (2)],

and

2
li 1— 291
Mfif sup{(1 — [2|7) n(l_ E

: f € LBy, || fllc <1} =0.

N(CVyf)(2)]

This implies that C,,V; is compact in LB, by Lemma
9.

Conversely, suppose that C,V; is compact in
LBy. From Lemma 9 we have

2
1i 1— |21
i sup{(1 — |2|") In(— B

2 f € LBo, | flle < M} =0,

N(CeVyf)(2)]
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for some M > 0. Note that the proof of Theorem 14
and the fact that the function given in (12) are in LB
and have norms bounded independently of w. We ob-
tain that

(1—|2/*)In 2

im = )¢ (2)| =
I T P ot PN =0

for ¢(z) # 0. However, if p(z) = 0, it follows from
(10) that

2
1 =]

lim (1—|z[*)In

|z| =1~

l9(¢(2))¢'(2)] = 0.

The proof of the theorem is completed.
Using the same methods as in the proof of Theo-
rem 14 and 15, we can prove the following results.

Theorem 16 Let ¢ be an analytic self-map of the unit
disc and g € H(D). Then the following statements
hold.

(i) V4C, : LB — LB is bounded if and only if

s (1—12[*)In 1—2\ I
zeD (1 = |¢(2)?) In 1—|<,20(z)|

9(2)¢' (2)] < +o0.

(17)
(ii) V4Cy : LBy — LBy is bounded if and only
if (17) holds and

2
1|z

lim (1—|z*)In

) 9(2)¢(2)] = 0.
|z]—1
Theorem 17 Let ¢ be an analytic self-map of the unit
disc and g € H(D). Then the following statements
hold.
(i) VyC, : LB — LB is compact if and only if

PR i L = R TR
im g\z)p (=) =V
p@I=17 (1= [(2)]?) In =2y
and
2 2 /
sup(1 — |z|?) In( Ng(2)¢'(2)] < +o0.
ze€D 1- ‘Z|

(ii) V4Cy : LBy — LBy is compact if and only

N Gl L =E
1
z1=1- (1 = |p(2)[?) In 1—\5(@\

l9(2)¢(2)] = 0.

Taking ¢(z) = z, from Theorem 14, 15, we ob-
tain the following results about the characterization of
the boundedness and compactness of the Volterra-type

operator V, : LB( or LBy) — LB( or LBy).
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Corollary 18 Let g € H(D). Then

(i) Vy : LB — LB is a bounded operator if and
only if Vy : LBy — LBy is a bounded operator if and
only if g € H, where H®® denotes the algebra of
bounded analytic functions in D.

(ii) Vy : LB — LB is a compact operator if and
only if Vy : LBy — LBy is a compact operator if and
onlyifg =0.

Taking g(z) = 1, from Theorem 16, 17, we obtain
the following results.

Corollary 19 Ler ¢ be an analytic self-map of D.
Then
(i) Cy is a bounded operator in LB if and only if

s (1 -2} In 5
u
zeD (1 —|¢(2)]?) In 1—|3)(z)|

¥'(2)] < 4o00. (18)

(ii) Cy is a bounded operator in LBy if and only
if p € LBy and (18) holds.
(iii) Cy, is a compact operator in LB if and only

if
(1 - |Z’2) In 1,2| |
lim |’ (z)] = 0.
le(2) =1~ (1 = |e(2)]?) In 1_@(3)\
(iv) Cy, is a compact operator in LBy if and only
if

2 2
(1= [2[%)In =

lim
=17 (1= 0(2)?) In y— 2

|¢'(2)] = 0.

The facts (i) and (iii) here are proved in Theorem
1 and Theorem 2 of [25].
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