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Abstract: In this paper, we consider the stabilization problem of 1-d wave equation with input delay. Suppose that
the wave system is fixed at one end whereas a control force is applied at other end. Here we consider the control
force of the form au(t) + fu(t — 7) where 7 is the time delay. In this paper we find a feedback control law that
stabilizes exponentially the system for any |«| # |3] and 7 > 0.
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1 Introduction

In the present paper we consider the stabilization
problem of 1-d wave equation with input delay of the
following form

wit (2, 1) = Wy (2, 1), €(0,1),t>0

w(0,t) =0,

wy(1,t) = —au(t) — fu(t — 1)

w(:c ) wo ( ) ’LUt(.%',O) = wl(x)v S (07 1)

u(s) = ¢(s), s € (—,0).

ey

Observe that the control force term au( )+ Bu(t—1)
is a special case of the general form f u(t+s)dn(s)

that denotes the input delay or memory. In 2006, Xu
et al. in [1] had discussed the stabilization problem of
the system (1). They proved that the system (1) can
be stabilized exponentially under the feedback con-
trol law u(t) = wy¢(1,t) provided that « > 8 > 0,
but destabilized for 0 < o < 3. After then, this result
was extended to the multi-dimensional wave equation
with a delay term in the boundary or internal feed-
backs (see, [2] [3]). A similar result was obtained
in [4] for networks of 1-d wave equations with delay
in the nodal feedbacks. In 2009, Benhassi et al. in
[5] proved that a class of abstract second order evolu-
tion equations with delay can be stabilized exponen-
tially by the velocity feedback when o > 8 > 0.
For similar results, we also refer to [6] and the ref-
erences therein. All results mentioned above show
that « > (8 > 0 is a stability criterion for the system
with delay damping. Recently, this result was again
verified in [7] for Euler-Bernoulli beam with delay in
boundary control and in [8] for Timoshenko system
with internal delay.
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Since the coefficients o and /3 are determined by
the controller, they are inherent property of the con-
troller, usually they are unknown. The stability crite-
rion about o« > 8 > 0 only is a special case of the
controller. Indeed, we cannot determine whether or
not o > 8 > 0 hold in practice. Therefore, to find an
anti-delay feedback control law for any «, 5 € R with
|a| 4+ | 8| # 0 becomes an important task.

It is well known that when 5 = 0 and o > 0
that means controller has no delay, the system (1) can
be stabilized exponentially by the velocity feedback
control law u(t) = w(1,¢). When 8 > 0 and a = 0
that means the controller is of full delay, however, the
system is destabilized by the same control law (see
[9]). Obviously, the velocity feedback is not a suitable
candidate. In order to find a feedback control law to
stabilize the system (1) for any «, 5 € R with |o| +
|B] # 0, our idea is to modify the velocity feedback
into the form

u(t) = Bwi(1,t) + af (w(., 1), wi(., 1))

where f is a linear functional. To determine the ex-
pression of this functional, we firstly translate sys-
tem (1) into a control system without delay, and then
by the duality principle obtain the observation for the
system without delay and hence by collocated feed-
back to determine the form of function f. Finally we
prove that the feedback control law can stabilize ex-
ponentially the system (1). Clearly the key step is to
translate system (1) into a system without delay, the
method of the classical Smith predictor shows that this
step is realizable.

In what follows, we describe the designing pro-
cedure of the feedback control law. Suppose that
the full state of the system is measurable. Let
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(w(z,t), wi(z,t)) be the state of system (1). Analo-
gous to the Smith Predictor we introduce an auxiliary
system as follows

Wss (T, 8,) = Weg(z,8,t), 0< s < 7,t>0,

w(0,s,t) =0, se(0,7),

Wy (1,8,t) = —pult—7+s), s (0,7),

@(:Ua 07 t) = UI(.ZU, t)a ’lj)\s(iC, 07 t) = wt(x7

()
This auxiliary system is not a Smith Predictor because
the control of the auxiliary system is only a partial
control of the original system.
We take the state of (2) at s = 7, denoted by

p(z,t) = w(z,T,t)

and q(z,t) = Ws(x, 7,1).
Using (1.1) we derive the following system without

delay

pi(x,t) = q(x,t) — aa(z)u(t), t>0,
qe(z,t) = paa(x,t) — ab(x)u(t),

p(0,t) =0, ¢(0,t)=0

pm(17t) = _ﬂu(t)7

p(x,0) = Eo(wo, w1)(x)+5 |- ao(z, s)p(s)ds,
Q(xv 0) = El (’U)o, wl)(x) _/8 fET al(xa s)g@(s)ds

where ag(x, s),a1(z, s), a(x) and b(x) are real func-
tions and Ey and E are bounded linear operators on
L?[0, 1], they will be determined later.

In order to obtain the feedback control law, we
consider the dual system of (3). The duality theory
shows that observation system corresponding to (3) is

wi(z, t) = v(x,t),

v(x,t) = wee(x,t)

w(0,t) = wy,(1,t) =0
v(z,

O<z<1,t>0

w(z,0) = wo(x), 0) = vo(x) )
y(t) = U(w,v)
= Bu(1,t) —i—ozfo wy(z, t)d (z)dx

+a fO t)b(x)dz

This observation gives an expression of the functional
f- So we can consider the system with control and
observation

pi(x,t) = q(x,t) — aa(x)u(t), t >0,
= pra(z,t) — ab(z)u(t),
p(0,t) =0, ¢(0,t)=0

z( 7t) = _5u(t)7 (5)
€z, 0) = po(SU), Q(mv 0) = QO(x)
=U(p;q)
= fBq(1,t +ozf0pxx t)a'(z)dz

+a [ g(z,t)b(z)dz.
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We take the feedback control u(t) as

u(t) =U(p,q) X
= Pq(1,t) +a/0 pz(x,t)d (z)dx

1
+a/ q(z,t)b(z)dx. (6)
0

Now acting this control signal on both systems (3)
and (1) respectively, we get the closed loop systems

( pt((iv,t) = q(x,t) — aa(z)U(p,q), t > 0,

qt xat) pxz’(xat) - ab(x) ( )

p(07t) =0, Q(Ovt) 0,

pa:( 7t) = —BU(p, )7

p(z,0) = Eo(wo,w)(z) + 5f s)p(s)ds,
[ q(2,0) = E1(wo, w1)(z) ﬁf s)e(s)ds.

(7
and

wit (2, 1) = Wep (2, 1), €(0,1),t>0

w(0,t) =0,

wy(1,t) = —aU(p,q)(t) — BU(p, ¢)(t — 7)

w(z,0) =wo(z), wi(z,0)=wi(z), z € (0,1)

u(s) = p(s), s € (—7,0).

®)
With control (6), the energy function of (7) defined by

= 3 Jo lpe(a, O + g t)Plda
has property that M = —U?(p,q)(t).

In order to estabhsh a relationship between (7)
and (8), we consider the error of both systems

E(p,q)(t)

e(t,r) = LI \lwx(a:,t +7) — pa(x, t)2da
—i—% fo lwe(t + 7) — q(z,t)|*de.

We shall prove the following result.

Lemma 1 There exists a positive constant M (o, T)
such that

% fol |we (2, t+7) —pe (2, 1) 2+ |we (t+7) —q(z, ) |2dx

< M(a,7) [y [U(p, q)(t + s)[*ds.

Based on Lemma 1, we can prove the following
result about the system (1).

Theorem 2 Suppose that control is determined by
(6), and let the energy function of the system (1) be
defined as

1
E@m@zgﬁ[wmwﬁ+mwwmm.
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Then the following statements are true:

1) If the energy of system (7) decays exponen-
tially, then the energy of system (8) decays exponen-
tially.

2) If the energy of system (7) decays asymptoti-
cally, then the energy of system (8) also decays asymp-
totically.

Theorem 2 shows that the stability of system (7)
implies the stability of (8). So we only need to pay
our attention to stability analysis of (7) in next step.
The following is main result of this paper.

Theorem 3 Let yu,, = (n — 3)m,n € N. Then the fol-
lowing statements are true:

decays exponentially for any T > 0.

2) When |a| =
depends upon the time delay 7. More precisely, there
are three cases:

(a)if min{inf,, |1+ e~%#n7| inf,, [1 — e~ #n7|} >
0, then the system (7) is exponentially stable;

(b) if min{inf,, [1+e~%#n7| inf, |1 —e 7|} =
0, but 7 ¢ {7 > 0| e"#n7 = +1,Yn € N}, then the
system (7) is asymptotically stable;

(c)ifT € {T>0|e 7 = £1,Vn € N}, the
system (7) is unstable.

Theorem 3 shows that the feedback control law
(6) is desired, that stabilize exponentially system (1)
provided that || # |3].

The rest is organized as follows. In section 2,
we prove Lemma 1 and Theorem 2. In section 3, we
shall prove theorem 3. Since it has a long and com-
plex verification of some facts, we shall complete the
proof by several subsections. In subsection 3.1, we
derive the system (3) from (1) and (2) and give the ex-
plicit expression of the function a(x),b(x), ag(z,0)
and a1 (x, #), but the computations leave in Appendix.
In subsection 3.2, we prove that the system (5) is L?
well-posed system, this fact will be used in the dis-
cussion of the exponential stabilization. In subsection
3.3, we prove the exact observability of the system
(3). In subsection 3.4, we prove the stabilization re-
sult in Theorem 3, especially the exponential stability.
In section 4, we give a conclusion remark.

2 Proofs of Lemma 1 and Theorem 2

In this section, we shall prove the results of Lemma 1
and Theorem 2. Let H = H3(0,1) x L?*(0,1) where
HE(0,1) = {f € H*(0,1) | f(0) = 0} be equipped
with the inner product

1 PR
((f,9), (w,v))y = /0 {f’(x)w’(x) + g(z)v(x)| dx.
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Clearly, H is a Hilbert space. In the sequel we always
work in the this space.
We begin with proving Lemma 1.

Proof of Lemma 1 Here we mainly estimate the error

e(t,7) = %fol Dz (2, ) —wy(z,t + 7)|*dz
—i—% fol lq(z,t) —wy(z,t + 7)|?dx

Let w(z,t) and w(x, s,t) be the solutions of the sys-
tem (1) and the auxiliary system (2) respectively, and
let

e(z, s, t) =w(z,t+ s)
Clearly, e(x, 7,t) = w(z, t+71)—p(x,t), es(x, 7,t) =
we(x,t + 1) — q(x,t), and e(z, s, t) satisfies the fol-
lowing equation

— w(x,s,t).

ess(x, 8,t) = ezg(w,s,t),s € (0,7), t >0,

e(0,s,t) =0,

ex(1,s,t) = —au(t + s)

e(z,0,t) = eg(x,0,t) = 0.

©)
Putting
e(t,s) = %fol lwe(x,t + 8) — We(w, s,t)|?dx
1 [ ws(@,t + 5) — @s(, 5,1)[da

and

1
p(t, s):/ zes(x, s, t)es(x, s, t)dx,
0

Oe(t,s)
we have 35

Ip(t, s)
Os
Hence e(t,s) = [ es(1,s,t)ex(1, s,t)ds and

p(t,s) = 5[5 les(1,s,t)2ds + 3 [5 lex(1,s,t)[*ds
—fo e(t,s)ds

=e4(1,s,t)e,(1,s,t) and

1 1
- 5‘65(1737t)’2 =+ 5‘63?(17 Sat)‘z - €(t, 8)'

where we have used e(t,0) = p(t,0) = 0. Therefore,
for v > 1 we have

t,s) = /S es(1,s,t)ex(1,s,t)ds

< /|eslst|2+7/|exlst|d8
= [p(t s)+/ e(t, s ds/ lex(1, s t)\st]
v 0
41 [ leals s
0
<

}y [e(t,s) + /Ose(t,s)ds}
=2 [ lestis s
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where we used inequality

p(t,s) < ;/01 lex(s, 1) > +es(z, 5, 1) [Pdr = e(t, s).
Thus the Gronwall inequality gives
e(t, 7)< [E5) J e dut (v )] J7 lew (1, ) 2dr
Taking v = 2 and e, (1, s,t) = —aU(p, q) yields
e(t,7) < [3¢7 + 3] o2 /0 fu(t + 5)|ds.

Therefore, we have

LI Twa (@, t07) —po(, )+ w2, t47) —q (2, 1) 2dz
< M(o,7) [y [U(p,q)(t + s)[*ds

where M (a, 7) = 3a2(1 + €7). The proof of Lemma
1 is then complete. ([l

Remark 4 Note that p(xz,t) = w(z,7,t) and
q(z,t) = Ws(x, 7,t). The control signal actually is

Bis(1,7,t) + a [} @s(x, 7, t)b(z)dx

+a fol Wy (x, 7, t)d (x)dx, t € (0,+00)
0(0), 6€[-T1,0].

u(t) =

Proof of Theorem 2 We define the energy function
of the system (7) as

1
E.0)®) = 5 [ Upsla, 0 + la(e. ) Plde.

then we have

dE(p,q)
dt

1
- /0 [pa (@, e () + q(, e, £))da

1
= [ plen@len —0d @U@0
+q(z,t) (pex(z,t) — ab(z)U(p, q))dz

1
_ /0 (2, ) (2, 8) + g, e (z, £)|dz

1
~aUp.0) [ ool 000 (@) + afo (@)

= —U%(p,q)

where we have used the boundary conditions
pz(1,t) = —BU(p,q) and ¢(0,t) = 0. Thus it holds
that

/0 U2 (p,q)(t + 5)ds = B(p, q)(t) — E(p.q)(t +7).
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Further, we have

1 1
5 | st + )P + ot 4+ 7)Pldo
0
1 ! 2 2
= 25 [Pz (2, )] + lq(z, 1)["]dx

1 1
[l t4) s, 1)l
0

1 1
45 [l tar) gl )P
0

< 2B(pa)(0) +2M(07) [ V)t + )i
= 2E(p, q)(t)2M (o, T)[E(p, ¢)(t)—E(p, ¢) (t+7)].

The assertions of Theorem 2 are followed from the
above inequality. O

3 Proof of Theorem 3

In this section, we shall prove the results of Theorem
3. Since the proof contains a complex procedure, we
shall divide it into several subsections and then use a
series propositions to complete it.

3.1 Coefficients in equation (3)

From introduction we see that the key point of this
approach is to determine the property of functions
a(x),b(x),ap(z,0) and ai(z,0) appearing in (3)
when we translate the system (1) into (3). In this
subsection, we introduce the property of the coeffi-
cients in Egs. (3), but the complex computations will
be postponed in appendix.

Let g, = nm — 5,n € N. We observe that
+iun,n € N are the eigenvalues of the system (1)
without control and ¢, (z) = +/2sinu,z are the
corresponding eigenfunctions. Further, the following
properties are true.

Lemma 5 Let i, = (n — 3)m,n € Nand ¢, (z) =
V/2sin pipx. Then it holds that

1
/ on(T)om(T)dr = dpm
0

and

1
/0 e (@)Pde = 2, |n(1)] = V2.

The family {¢n;n € N} is a normalized orthogonal
basis for L?[0,1].
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Lemma 6 Let a(x), b(x), ap(z,0), ag(z,8) be the
functions appearing in (3), and E(wy,w;)(z) and
E1(wo, w1)(x) be the operators in (3). Then we have

ECENCIE L
b(z) = 3 [on(1) o8 pnrlipn (),
n=1 (10)
(@.0) = 3 on(1) sin o] 2502,
(2,0) = 3 [on(1) 08 pnfpn(x),

n=1
and

Eo(wo, w)(x)

= i [ago) COS T + agl)smum} on(z),
EI@O,wl)( )

— Z [ a0 Mn sin pu, 7 + otV cos unT} on(x)
(11)

1 1
o = [ wnaonaldn, ol = [ wi@pna)ds

The proof of Lemma 6 has a complex calculation,
we leave it in appendix.

3.2 L? well-posed of the system (5)

In this subsection we shall prove the well-posed-ness
of the system (5). Firstly let us recall the well-posed
system.

Definition 7 Let H, U and Y be Hilbert spaces and
A : D(A) C H — H be the generator of Cy semi-
group T'(t) on H. Denote H_i by the completion
space of H innorm ||R(\, A)x||g. Let B : U — H_;
and C : D(A) — Y be the linear operators for T'(t).
Consider the linear system

z(t) = Ax(t) + Bu(t)
z(0) =z9 € H
y(t) = Cx(t) + Du(t)

If for any t > 0, there exists a positive constants M,
such that for all w € L3, (R4, U), it holds that

(t) 2+ /0 y(s)Pds < My(|laol >+ /0 u(s)][2ds),

then the linear system is said to be well-posed one.

The following proposition we need the admissibility
of the operators B and C' for T'(t), for their definition
we refer to the papers [10],[11], also see [12] or [13].
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Proposition 8 If B and C are admissible for T'(t),
then the system is well-posed if and only if for any
T > 0, there exists M > 0 such that for all u €
L; (R+7U)’

loc

Tt 2 T
C/ T(t—s)Bu(s)ds| dt SMT/ [[u(s)[|ds.
0 0

The following proposition give an equivalent condi-
tion.

Proposition 9 [14] Suppose that B and C' are admis-
sible for T'(t). Let h(\) be the transform function from

u to y. Then the linear system is well-posed if and only
if there exists n > 0 such that

sup [|h(N)]] < oo.
RA>n

In what follows, we shall prove the well-posed-ness
of the system (5) based on proposition 9.

Theorem 10 The (5) is a well-posed linear system.

Proof. Taking the Laplace transform for equation (5)
with wg = w1 = 0, we get

:p, P(LA) = —Ba() (12)

Thanks to {¢,,n € N} being an orthogonal basis for
L?[0, 1], we can set

[e.o] o0

B, N) =Y (Ben)en, @@ N) =D (@ ¢n)en

n=1 n=1
From (12) we get

)\(1/)\7 (Pn) = (Z]\a ‘Pn) - a@n(l)%/\( )
AT, ¢n) :_/‘721(@ ¢n) —[ocos pun T+ Blu(A )‘Pngg)

Thus we have

*Son(l) [a)\Sin UnT

(p7 Spn) +(a COs Nn7+/8)]a(/\)

A2+ g, fin
and
(@ pn) = B2 [arsin 7)o (1)A(N)

+ iéi’;%) [ cos T + BlUu(N).
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Now we calculate y(\):

o0

Z (7, pn)en(l

y(N)

- 1

ta(p, on) /0 & (2)¢!, (2)de
1

Fal@ o) /0

Z[a cos tnT + B1(q, ©n)en(l)

n=1

b(@)pn(z)dx

00
+ Z O‘(ﬁv (Pn)ﬂn sin NnTSOn(l)

n=1
—QAZ

So the transform function is

n=1

[avcos pnT+B]%+ (asin pi, 7)?
A2+

[avcos pnT + B2 + (avsin p,7)?

N+ i,
A straightforward calculation  shows  that
supgp>1 |R(A)] < oo. Therefore, the assertion
follows from proposition 9. O

3.3 The exact observability of the system (3)

The duality theory shows that observation system cor-
responding to (3) is (4), i.e.,

(wi(x,t) =v(z,t), 0<z<1,t>0
ve(x,t) = wee(x,t)
w(0,t) = wy(1,t) =0
w(z,0) = wo(z),v(x,0) = vo(zx) (14)
y(t) = Ulw, o)
= Bu(1,t) +af0 wy(z,t)d (x)dz
{ +ozf0 t)b(x)dx

Theorem 11 Let H be defined as before. If || # ||
or |a] = |B| and T > 0 satisfies condition

min{inf |1 — e 7| inf [1 4 e~#»7|} = § > 0,
n n

then the system (14) is exactly observable for any T' >
2.

Proof. Since {¢,;n € N} is a normalized orthogonal
basis for L2[0,1], we can expand wo(z) and w1 (x)
with (wo, w;1) € H into the fourier series

2) =Y aVe,, wi(x) =) aDe,
n=1 n=1
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So we have
= sin pint
w(z,t) = Z[a,(lo) C0S fint + alV) "eon(z)
el Hn
and

(1’ t) = wt(:c,t)

(1)

- Z [ an Mn sin pint + ap”’ cos Mnﬂ@n (1‘)

A simple calculation gives
y(t) = Bo(1,t)+a [ [a (x)w, (z, ) +b(x)v (e, t)]da
= i on(1)[—(acos pn, T + 5)MnCL£LO)
- —i—aag) sin pu, 7] sin pupt
+ 55 on(D)(acos ot + B)al
. ()

+aay” oy SIN 1y, 7] COS fint
Note that the function family {sin p,t, cos u,t;n €
N} is an orthogonal basis for L2[0, 2], so we have

2 00
/ y(6)Pdt =2 [B+ae 7 P[|al P+ pnal 7).
0 n=1

Clearly, when |a| # |3, we have |3 + ae #»T|? >
(18] — la|)? = 4% > 0 and hence

J21y() D12

OP2dt > 2623 [lalV)?
n=1

= 20%||(wo, w1)][3,-

+ |na

If || = [B] and 7 satisfy the condition min{inf,, |1 +
e "7 inf, |1 — e 7|} = § > 0, then we also
have

S () D12

@O2dt > 2623 [lalV)?
n=1

= 20%||(wo, w1)]|x-

+ |pna

In both cases, the system is exactly observable for
T>2. O

3.4 The stabilization of the system (7)

In this subsection we shall discuss the exponential sta-
bility of the closed loop system (7). For this aim, we
define the operator A in H by

A(f,9) = (g—aa()U(f,g), f"(z)—ab(z)U(f,g)),
(f,9) e H,A(f,9) € H |

D(A) =4 f(0)=0,f' (1) =-BU(f,g)
U(f,9) = Bg(1)+a ((f,9), (a; b))y

15)
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Thus the closed loop system (7) can be written into an
evolutionary equation in H

W0 — AV (£),t > 0
Y(0) = Y.

where Y (t) = (p(z,t),q(z,t)) and Y(0) =

(p(2,0),q(x,0)) € H.
Firstly, we show the system (16) or (7) is well-
posed in H.

(16)

Proposition 12 Let A be defined as (16). Then the
following statements are true.

1) Ais a closed and densely defined linear oper-
atorin H;

2) A and A* are dissipative operators. Hence A
generates a Cy semigroup of contractions on H which
implies the system (16) is well-posed.

Proof. The density of D(.A) in  is obvious, we only
prove the second assertion. According to the defini-
tion of A, for (f,g) € D(A) and (w,v) € D(A*),
we have

= ( g 7A*(wﬂv))7-[
g 7f,/_ab(l‘)U(fag))’(w7v))7{

Thus we get

A*(w,v)

(17)
Furthermore, for any real F' = (f,g) € D(A), W =
(w,v) € D(A*), we have

(AF,F)y = =U*(f,9) <0
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(AW, W)y
= —( (’U(ZE) —|—O[(Z(ZIZ)U, U)I/(.T) —I—Ogb(.'B)U) ) (f7g))7'[

1
= —[w/(l)v(l)—l—aU/O d (z)w'dx

1
+aU [ b(x)v(x)dx]

= U (Bo(1) + o ((w,v), (a,0))y)
= —U?*(w,v) <0.

These inequalities imply that both A and A* are dis-
sipative operator. So A generates a Cy semigroup of
contractions on H (see [15]). Therefore the closed
loop system (13) is well-posed. U

Remark 13 (f,g) € D(A) implies that f(z) is con-
tinuous differential on [0,1] and f"(x) — ab(x)U €
L2[0,1], the g(x) is continuous on [0,1] and g(0) =
0,and g'(x) — aa' (x)U € L?[0,1]. Soforany (f,g) €
D(A), the inner product

1
((F:9): @8 = [ 1 @)T@de + g0}z
0
is meaningful, although (a,b) ¢ H.

The following proposition gives the spectral property
of A.

Proposition 14 Let A be defined as (13) and p, =
1

(n — 3)m. Then the following assertions hold:
1)0 € p(A) and A~' is compact operator on H;
2) If |a| # |B|, then there is no eigenvalue of A
on the imaginary axis for any T > 0;
3) If |a| = |B|, there is the following two cases:
a). Define sets

SHaB > 0) = {r>0|3n € Nyt 7 — 1},

S, (af <0)={r>0]|3IneN,s.t. e HnT — 1}

and S, = S (aBf>0)US, (af <0). If T € Sy,
then there are at least two spectral points of A on the
imaginary axis.

b). Let
. (r>0,7¢ S (aB>0)|
S (OZ,B > 0) - { infnGN |6—7jun'r + 1| =0
) (r>0,7¢ S (aB<0)|
S (af <0) = { inf,en [e7#nT — 1| =0

and S = St (aBf >0)US (aB <0). If T € S, then
there is no spectrum of A on the imaginary axis, but
the imaginary axis may be an asymptote of o(A).
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Proof. The proof is completed by following four
steps.

Step 1. 0 € p(A) and A~! is compact operator
on H.

For any (w,v) € H, we consider equation

A(f7g) = ('w7 ’U), i.e.,

9(x) — aa(x)U(f, 9) = w(x)
1) - ab(@)U (£, g) = v(x)
f(0)=0
f/( ) - _BU(fa )
fr9) = (1) +a fy f(z)d (v)dz
+0‘fo z)b(r)dx

Clearly, g(z) = aa(x)U(f,9) +
satisfies differential equation

f'(x) = ab(z)U(f,g) + v(z)
f0)=0, f'(1)=-pU(f,9).

Solving the differential equation we get

f(x) ==BU(f.g9)x — L v(z) — aU(f,9) L b(x)

where
T 1
Elv:/ dt/ v
0 s

Inserting ¢g(z) and f(x) into U(f, g) yields

w(z) and f(z)

1
U(f.9) = Ba(t) +a [ glala)ds
0
1
+a/0 fi(x)d (x)dx
1
- ﬁwu>+aﬂauﬂufﬂ>+wgﬁ w(z)b(z)ds
) 1
+o U(f,g)/01a(x)b(x)dx
—aBU(f.9) /0 o (z)da

—« /01 a’(a:)dai/: v(r)dr1
- 2U(f,g)/o a'(w)dx/x b(s)ds

1 1
= 5w(1)+a/0 w(;v)b(:v)dw—l—a/o v(x)a(x)dx

here we have used a(0) = 0. Set

K(w,v)

1 1
= pfw(l) + a/o w(z)b(z)dx + 04/0 a(r)v(r)dr
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and A~ can be written as

A‘l(w,v) = (f(z),9(z))
= (L7 'v(@), w(x))
—K(w,v ( Br + ol 1b(x), —aa(w)))

Therefore, A~ is a compact operator on .

Step 2. If | «
of A on the imaginary axis for any 7 > 0, i.e., 0(A) N
iR = 0.

According to the step 1, 0(A) = o,(A) consists
of all isolated eigenvalues of finite multiplicity. So we
only need to consider the eigenvalue problem of A.
We shall show that A(f,g) = A(f,g) for any A =
ir,7 € R only has unique zero solution.

Let W = (f,g) € D(A) satisfy equation AW =
AW for some A = ir,r € R. Then we have from
dissipative of A

this implies U(f, g) = 0. Then the equation AW =
AW can be written as follows:

g(x) = Af()

f”()—Ag(fﬂ)

() F'() =
(fv )_

/ (1) +a fy /(@) (@)
+a fo g(x)b(:n)dz:

So f(x) should satisfy the equation f”(z) = A\ f(x)
with boundary condition f(0) = f/(1) = 0. The
equation has nonzero solution if and only if r = u,
for some n € N. We can take f(x) = y¢,(x) and
then g(x) = i,y (z) where -y is a constant.

Now we calculate U( f, g) as follows

1
U(f9) = Bipnyen(l) + aipyy /O on(2)b(7)dx

1
+ary /0 ol (z)d (x)dx

according to the expression of a(z) and b(x) in (10),
we can get

1
/0 on(z)b(x)dr = pn(1) cos pnT

Jo eh(@)a’ (@)de = — [} a(z)@ly(z)dz

=2 fol a
So

x)on(x)dr = pnen (1) sin pu, T

U(f, g) = Z.Mnfycpn(l) [/8 + Oéeiiu"T]
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Clearly, if |a| # |B], the equation U(f,g) = 0 has
uniquely a solution y = 0 that implies f(x) = g(x) =
0. Therefore, there is no spectrum of A on the imagi-
nary axis.

Step 3. If |a| = |3| and 7 € Sy, then there are at
least two eigenvalues of .4 on the imaginary axis.

In fact, if « = S and 7 € S} (a8 > 0), then there
exists at least one n € N such that e=#n7 = —1. In
this case, we can take functions

gDn X .
Fulw) = 20 ) — (@),
Hn
which implies that U(fn,9n) =

ioupy (1) [1 + e 7] = 0. Hence, (fn, gn) € D(A)
and A(fn,9n) = ipn(fn,gn). Similarly, we have
U(fn,—Gn) 0 and (fn,—gn) € D(A) and
A(fn, —9gn) = —ipin(—fn, gn). We can prove similar
result fora = fand 7 € S (af < 0).

Step 4. If |a| = |B] and 7 € S, then there is no
spectrum of A on the imaginary axis, but the imagi-
nary axis may be an asymptote of o(.A).

For || = |B| and 7 € S, there are also two cases
o = and a = —f. We only consider « = 3 and the
other case will be proved similarly. When oo = j3, ac-
cording to step 3, no spectrum of .4 exists on the imag-
inary axis, but the imaginary axis may be an asymp-
tote of o (.A). Here the computations are omitted. [

As a consequence of proposition 9 and stability
of semigroup(see [16],or [17]), we have the following
stability result for (7)

Corollary 15 If |a| # |B| or |a| = |B| and T € S,
the system (15) is asymptotically stable.

Finally we prove the exponential stability of the sys-
tem (7) under the condition in Theorem 11.

Proposition 16 Let A be defined as (15). If |a| #
|B] or || = |B| and T satisfying the condition
min{inf, |1 + e~#n7| inf, [1 — e "#nT|} > 0, then
the system (15) is exponentially stable.

Proof. Let A be defined as (15) and Ag be the op-
erator with « = 8 = 0. Then we can write A as
A = Ay — U*U where U is given in (6). Let T'(t) be
the semigroup generated by Ay and S(t) be the semi-
group generated by .A. The for any Wy = (wp, w1) €
H, it holds that

S()Wo = T(H)Wo — /0 Tt - U US(s)Wods.
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Thus for T" > 2 we have
T
J1U(T(t)Wo|*at
0
T
<2 [ [U(S(t)Wo)[*ds
0

+2 7 ‘U ( Jire - s)U*U(S(s)WO)ds> ‘2 dt.

The property of the well-posed linear system implies
(see Theorem 10)

T t 2
I5 ‘U ( Jir - s)U*U(S(s)Wo)ds) ‘ dt
< My [y [U(S(s)Wo)|*ds,
this leads to
T T
/ \U(T(t)Wo)|?dt < (2+2MT)/ [U(S(t)Wo)|*ds.
0 0
If || # |B] or |a] = || and 7 such that
min{inf |1 — e #*7|,inf [1 + e #7|} = § > 0,

i.e., the conditions in Theorem 11 are fulfilled, then
the exact observability implies

(2 +2M7) [ |U(S(t)Wo)|2ds
> [y [U(T () Wo)[2dt = 262||Wo [

Note that for any Wy € ‘H and for any ¢ > 0, we have
1 2 ! 2 1 2
SISOl + | U (SEs)Wo)l? = 51Wol

From this we deduce that

_
T MT) [[Woll7,

this implies the exponential stability of (15) or (7).
The proof is then complete. g

IS@)Wall? < (1

4 Conclusion remark

In this paper, we introduce a new control strategy for
1-d wave system with input delay in the boundary con-
trol. For any time delay 7 > 0, the new control strat-
egy can stabilize the system exponentially provided
that || # |B|. When |a| = ||, the stability of the
system with the new control law depends on the time
delay. According to the proof we can get that the sys-
tem is exponentially stable if 7 ¢ S U .S,,, and asymp-
totically stable if 7 € .S. So the new control law has a
more better action in anti-time delay.
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A Appendix: Proof of Lemma 6

Let H = HZ(0,1) x L?(0,1) where H% =
{f € H*(0,1)|f(0) = f'(0) = 0}. Based on lemma
5, we can prove the following result.

Theorem 17 For any (wg,w1) € H and u(t) €

L (—7,00), the solution of (1) can be written as
o
=Y an(t)pn()
n=1
o0
)= ans(t)on(z)
n=1
where

an(t) = a7(10) COS fint + ag) sin pu,t
+on(1) f(f sin pu, (t — 8) [au(s) + fu(s — 7)] ds,

and ay, ((t) denote the derivation of ay(t) and

1 1
o = [Cuntaena)dn, off = [ el

Proof. For any (wp,w;) € H, we define the se-
quences by

1 1
o = /0 wo(@)pn(@)dz, af)) = /0 wn (@) gn(2).

Obviously, {afmo)}, {a%o)} € 2 due to {pn(x);n €
N} being an orthogonal basis for L2[0,1]. Further,
since wg € H'(0,1), we have

1) = pi [ wo(z)pn()da

= [ ) B2

and hence {p,al)} € ¢2.

Set -
=3 an(t)pnla)

=1

3

where a,(t) = fol w(x,t)pn(z)dr. Then we have

1
an (%) :/0 wye(z,t)pp(z)dx
1
= /wm(a},t)cpn(x)dx
0

1

= Wil gV~ 2 [l ton(o)ds
0

— —fou(t) + Bu(t — 7en(1) — p2an(t)
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Then by the equation (1), we have

i 11 (t) + 1 an (t) +[au(t) + Bu(t—7)] n(1) = 0
an(0) = a&o), ant(0) = aq(ll)
(A.1)
Solving the ordinary differential equation (A.1) we get
a solution for eachn € N
(0)

an(t) = an,

“’Z—(l) fot sin g, (t—s) [au

COS fnt + a(l) sin ﬁ"t

(s) + Bu(s—7)]ds
(A2)
and hence

anyt(t) = —a%o),un sin p,t + a%l) COS fipnt

—pn(1) fg o8 pn (t—3s) [au(s)+PBu(s—T)] ds.
(A.3)
From above we get estimates

1
lttnan (8|2 < 3[|nal | + |al 2
2
|

+|on(1)]? ‘fé sin iy, (t—s) [au(s)+Pu(s—7)] ds
and

an s (8)[2 < 3[lpnal’ |2 + [ah|?

2
1
This implies (w(z,t), w(z,t)) € H. The proof is
then complete. g

According to Theorem 17, we obtain the follow-
ing Corollary.

Hipn(DI? | fy cos pn(t-s) [au(s) + Bu(s—)] ds

Corollary 18 For any (wo,w1) € H and u(t) €

L (—7,00), the solution of (2) can be written as
w(x,s,t) Zan s, t)pn(x
(z,s,1) Zans (s,t)pn(x).
where
an(s,t) = an(t) cos /tns + ant(t) Sm\//T/:"S

—Lf/’%) Jy sin\/fin(s — r)u(t — 7+ r)dr
and ay, s(S,t) denote the derivation of ay (s, t).

According to the Corollary 18, p(x,t) and ¢(x, t) have
the following expressions respectively

p(z,t) = w(z,T,t)
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S [anu) 08 7 + g (1) W} onl) (o,t) =
TS g =3 lal0 2 cos o (bl s i (4 2)
-3 o) [ sinpn(t-s)uts)ds = t
Hn t—1
n=1 .
(A4) —|—a§:1<pn(1),untpn(x)/0 sin pup, (t +7—s)u(s)ds
oo t
O(O 1) = @y (x, 7, 1) +5nzzzlcpn(1)untpn(:c) /T sin g, (t — s)u(s)ds
Z nn(£) S0 T 1 (2) €05 inT)in (2) u(t) > pn()larcos frar + Blga(e):
—Zﬂ% 9071 / Cosﬂn(t - s)u(s)ds'
T 2z (T, t) =
AS) p (Oo )
- n 1 n t
Inserting (A.2) and (A.3) into (A.4) and (A.5) re- g Z‘p (Dpn(@)ult)
spectively yield
_Z COS Hn t_H—)"_MnCL( )Sin Mn(tw)]spn(x)
p(z,1)
o . . t t
= > cos;m<t+7>+a;1>w”ﬂ ) ) ppa(nle) [ snm(thr—s)u(s)s
n= 1 Hn n=1 0
00 t
- Z EnlLpnlz / sin i (£ + 7 — s)u(s)ds +83" ttnen(L)en(2) / sin i (t — 5)u(s)ds;
0 n=1 -7
@n SDn .
— sin /n (t — s)u(s)ds
BZ D[ st - syt So0)
(A.6) >
n=1 n
q(x,t o0 1 0
o<g ) +ﬁ27¢n( )cpn(w)/ sin pu,0 u(0)do;
= Z[ © ),un Slnﬂn(H—T)'i_ ¢ )COS/j,n(t-l-T)](pn( ) n=1 Hin -
n=1 . B
— o> pa(l)pn() / cos fin (t + 7 — 5)u(s)ds alw, 0) =
n= 0 =
001 t Z [_agO)Nn sin pu, T + a1(7,1) CO8 MnT] “n (l‘)
_ 52(,0”(1)(,0”(@/ Cos pin (t — s)u(s)ds. n=l_ .
n=1 -7
(A7) —8Y_ en(L)gn(x) / cos 6 u(6)d6.
n=1 -7
By simple calculation, we get Now, we can define the functions
péc§$’t) - a(z,0) = Z Pn(Dpn(z) sin ., 0;
> =0l i sin pun (7)1 cos pun (t+7) o (2) fn
n=1 00
> ¢ 0) = n(1)en nf
B Z%(l)%(x)/ o8t 47— s)u(s)ds ar(z,0) nzlw (1)pn(x) cos
- 0
et ¢ and a(z) = a(z,7) and b(x) = a1(z, 7). We define
6 eapne) | cospalt = sJuls)ds the operators
e - Eo(wo,wﬂ
—au(t) Z n(L)n(2) Sin \/finT;
- Hn Z ) o8 pin + a) Sm“"T on(x)

E-ISSN: 2224-2880 1011 Issue 10, Volume 12, October 2013



WSEAS TRANSACTIONS on MATHEMATICS

and
E1(wo,wr)

S~ [y © (1)
= > |—an’ i Sin T + an €08 | on(2)

n=1

Thus we have the following equations

pi(z,t) = q(z,t) — aa(x)u(t), 0<z<1
qt(z,t) = pax(z,t) — ab(x)u(t),
p(07 t) =0,
pm(17t) = _Bu(t)7
p(z,0) = Eo(wo,wr)(z +5f f( )ds,
| a(@,0) = By(wo, wy)(x) = B [°, f(s)ds.
(A.8)

Clearly ag(z, s), a1(x, s), a(x) and b(x) are real func-
tions.
Using Lemma 5, we can prove the following re-

sult.

Theorem 19 Let a(x),b(x),ao(z,0) and ai(x,6)
are defined as before. Then we have

a(x) € L*0,1], b(z) € (H'0,1])

and for any f € L?[—7,0]

0
/ ao(w,0)f(8)ds € HL([0,1],

-7

0
/ ay(xz,0) f(0)do € L*[0,1]
where HL(0,1) = {f € H'(0,1)|f(0) = 0} and
(H'(0,1)) denotes the dual space of Sobolev space
H(0,1).

Let Ey(wg, w1 ) and E71(wg, w1 ) be the operators
defined as before. Then Ey : H — H%[0,1] and E; :
H — L2[0, 1] are bounded linear operators.

Proof. From definition of function a(z) and b(x)
we can see the first assertion is true. For any f €

L?[—7,0], we have
ﬁcuwmﬂmw
nfl 2) [0 £(s)sin iy sds
and
ﬁ(uxmﬂmw
i’f 2) [ f(5) cos jinsds
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So it holds that

| aote 0 £c@) s

H[0,1]

[e’) 0 2
=23 ‘f_T f(s) sin,unsds‘ < 00
n=1
and

HfETal(x 0)f(0)do ‘

L2[0,1]

o0
=2y ’f_Tf(s) cos,unsds‘ < 00.
n=1
Similarly we have
1 Eo(wo, w1)|[30.1

o (0) (1)
= 3 |pnan’ €oS pinT + ap’ sin p,7|? < 00

n=1
and

|| B (wo, wi)l[72p0.

S (0) (1)
= 3 | = pnan Sin pnT + an’ cos p, 7| < co.

n=1
These relations prove all assertions. ([l
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