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Abstract : In this paper, we introduce the space r?(AP), where

rI(AR) = {o = (k) € w: (Azg) € r9(u,p)};

where 74(u, p) has recently been introduced and studied by Neyaz and Hamid (Acta Math. Acad. Paeda. Nyreg.,
28, 2012, pp. 47-58). We show its completeness property, prove that the space r?(AP) and [(p) are linearly
isomorphic and compute « -, 5- and «y-duals of 7¢(AP). Moreover, we construct the basis of r?(AP). Finally, we

characterize some matrix class.
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1 Introduction

We denote the set of all sequences with complex terms
by w. It is a routine verification that w is a linear
space with respect to the co-ordinatewise addition and
scalar multiplication of sequences which are defined,
as usual, by

r+y = (zx) + (k) = (T + Yk)

and
ar = o(z) = (axy),

respectively; where © = (x1), y = (yx) € w and
a € C. By sequence space we understand a lin-
ear subspace of w i.e. the sequence space is the set
of scalar sequences (real or complex) which is closed
under co-ordinate wise addition and scalar multipli-
cation. Throughout the paper N, R and C' denotes
the set of non-negative integers, the set of real num-
bers and the set of complex numbers, respectively.
Let I, ¢ and cg, respectively, denotes the space of
all bounded sequences, the space of all convergent se-
quences and the sequences converging to zero. Also,
by l1, I(p), cs and bs we denote the spaces of all ab-
solutely convergent, p-absolutely convergent, conver-
gent and bounded series, respectively.

The classical summability theory deals with a
generalization of convergence of sequences and se-
ries. One original idea was to assign a limit to diver-
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gent sequences or series. Toeplitz [1] was the first to
study summability methods as a class of transforma-
tions of complex sequences by complex infinite ma-
trices. The theory of matrix transformations is a wide
field in summability; it deals with the characteriza-
tions of classes of matrix mappings between sequence
spaces by giving necessary and sufficient conditions
on the entries of the infinite matrices.

Let X,Y be two sequence spaces and let A =
(ank) be an infinite matrix of real or complex num-
bers a,r, where n,k € N. Then, the matrix A de-
fines the A-transformation from X into Y, if for ev-

ery sequence x = (zr) € X the sequence Az =
{(Az),}, the A-transform of x exists and is in Y
where (Az),, = > apgxy. For simplicity in nota-

tion, here and in what follows, the summation without
limits runs from 0 to co. By A € (X : Y)) we mean
the characterizations of matrices from X to Y i.e.,
A: X — Y. Asequence x is said to be A-summable
to [ if Ax converges to [ which is called as the A-limit
of z.

We denote by (A) the set of all sequences
which are summable A. The set (A) is called
summability field of the matrix A. Thus, if Ax =
{(Az),}, then (A) = {z : Ax € c}, where c is the
set of convergent sequences. For example, (1) = c.

For a sequence space X, the matrix domain X 4
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of an infinite matrix A is defined as
Xa={zx=(xy): Az € X}. (D

A infinite matrix A = (ay,y) is said to be regular
[2, 3] if and only if the following conditions hold:

[e.9]
(i) lim > ank =1,
k=0
(i) 7}1_{20‘1"’“ =0, (k=0,1,2,...),
o0
(iid) Y lane| <M, (M >0,n=0,1,2,..).
k=0
Let (gx) be a sequence of positive numbers and let

us write, @, = > p—q qx for n€ N. Then the matrix
R? = (r!,) of the Riesz mean (R, ¢,,) is given by

&
q _ n’
r =

k
" {0,

The Riesz mean (R, ¢,,) is regular if and only if
Q, — ccasn — oo [3].

Kizmaz [4] defined the difference sequence
spaces Z(A) as follows

if0<k<n,

ifk>n

Z(N) ={z = (xg) Ew: (Axg) € Z}

where, Z € {loo, ¢, co} and Axy = z — Tpy1-
Bagar and Altay [5] has studied the sequence
space as

bu, = {x: (rg) € w: Z]wk—ack_l\p < oo},

k

where 1 < p < oco. With the notation of (1), the space
bv, can be redefined as

bup, = (Ip)a, 1 <p < o0

where, A denotes the matrix A = (A,) defined as
(_1)n_k7
Dpg = {
0,

This space was further studied by Bagar, Altay
and Mursaleen [6] and have introduced bv(u, p) and
bvso (u, p) which are defined as follows:

ifn—1<k<n,

ifk<n—1lork>n.

bu(u,p) = {x = () Ew: Z |up Az |PF < oo} ,

k

where 0 < p. < oo and

bveo(u, p) = {a; = (x) € w: sup |ugAxg[P* < oo} )
k
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With the notation of (1), the space bv(u,p) and
buso (1, p) can be redefined as

bu(u,p) = [l(p)lav and bvss(u,p) = [loo(p)] Aw

where, A" denotes the matrix A = (A}, ) defined as:

u (_1)n_kuk7
nk — 0’

foralln,k € N.

The approach of constructing a new sequence
space by means of matrix domain of a particular limi-
tation method has been studied by several authors [5-
30]. They introduced the sequence spaces

(lp) o = bup 51,

lp) gr = €, and (loo) pr = €5 [71,
loo)Nq and cy, [8],
lp)Cl = X, and (loo)c1 = X [9],

(
(
(
Eloom =1k, (¢)ge = rt and (¢,) g = 76 [10],
(

ifn—1<k<n,

ifk<n—1lork > n.

co) or = ag and car = af, [11],
. =1L [12],
Plar = ag(u,p) and [c(u,p)lyr =
,p) [13],
pe = Z(u, v, p) [14],
(Ip) 4r = % and (looA)Ar = ay, [15],

(c0)o, = o, cc, = C[16],

cy (A) = (c(})A and ¢ (A) = (c’\>A [17],

r?(u,p) = {l(p) }ra [18],

c (Af;) = (c)z and ¢ (A;}) = (co)x [19];

where N, (4, R! and E" denotes the Norland,
Cesiro, Riesz and Eular means, respectively, A™ and
C are respectively defined in [6, 8, 9], 1 = {co, ¢, [}
and 1 < p < o0, ¢o(u,p) and c(u, p) also denote the

sequence spaces generated from the Maddox’s spaces
¢o(p) and ¢(p) by Basarir [20].

2 The Riesz Sequence space r?(AP)
of non-absolute type

In this section, we define the Riesz sequence space
r?(AP), prove that the space r?(AP) is a complete
paranormed linear space and it is shown to be linearly
isomorphic to the space [(p).

A linear Topological space X over the field of
real numbers R is said to be a paranormed space if
there is a sub-additive function h : X — R such
that h(#) = 0, h(—z) = h(x) and scalar multi-
plication is continuous, that is, |a, — a] — 0 and
h(xy, —x) — 0 imply h(apz, — ax) — 0 for all ¢'s
in R and z’s in X , where 0 is a zero vector in the
linear space X. Assume here and after that (py) be
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a bounded sequence of strictly positive real numbers
with sup,, pr = H and M = max {1, H}. Then, the
linear spaces [(p) and l (p) were defined by Maddox
[2] (see also, [25,26]) as follows :

l(p) =A{z = (k) Z\ﬂ%lpk < oo}

and

loo(p) = {z = (w) : Sl}ip!wk!”’c < oo}

which are complete spaces paranormed by

1M
hi(z) = lZ!%’k”’“}

k

and
ha(x) = suplag|Pe/M
k

iff inf pg, > 0.

We shall assume throughout the text that plzl +
{p,}~' = 1 provided 1 < infp,< H < oo and we
denote the collection of all finite subsets of N by F/,
where N={0, 1, 2, ... }.

Neyaz and Hamid [18] have recently introduced
r%(u, p) which is defined as:

ri(u,p) = {=

Pk
Z < 00
k
where, 0 < pp, < H < o0.

With the notation of (1) we redefine r¢(u, p) as

r(u, p) = {U(p)} ry-

Following Bagar and Altay [5], Mursaleen et al [17,
23], Hamid et al [18, 23, 24], Basarir [27], Choudhary
and Mishra [28], Gross Erdmann [30], Tripathy [31],
we define the Reisz sequence space r?(AP) as the set
of all sequences such that R?/A-transform of it is in
the space I/(p), that is,

( k) EwW:
k

UkGjLj
J=0

ri(Ay) = {z=(w) ew:
Pk
upqi Azl < oo
zk: ijg HE }

where, 0 < pr. < H < o0.

Remark 1 If we take (up) = e = (1,1,..
r1(AP), we get the results obtained in [27].

.) in
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With the notation of (1) we redefine r?(AP) as
ri(A%) = 1)} raa-

Define the sequence y = (yx), which will be
used, by the RY/A\-transform of a sequence = = (zy),
ie.,

U Zukqjm] ®)
T o
Now, we begin with the following theorem which
is essential in the text.

Theorem 2 79(AP) is a complete linear metric space
paranormed by ha, defined as
Pk] ﬁ

Proof: The linearity of r?(AP) with respect to
the co-ordinatewise addition and scalar multiplication
follows from the inequalities which are satisfied for
z,x € ri(AP) 2]

ha(z) =

i

with 0 < pr, < H < o0.

qrug
Z uk(qj — gj+1)x; + m@c

and for any o« € R [32]
™ < max(1, |af*). “)
It is clear that, ha (0)=0 and ha (z) = ha(—2z) for all

x € r9(AP). Again the inequality (3) and (4), yield
the subadditivity of ha and

ha(ax) < max(l,|a|)ha(z).
Let {2} be any sequence of points of the space
r?(AP) such that ha(z" — ) — 0 and (ay,) is a

sequence of scalars such that o, — «. Then, since
the inequality,

ha(z™) < ha(z) + ha(z" — x)
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holds by subadditivity of ha, {ha (z"
and we thus have

)} is bounded

1
Pk] i

— )

ha(apa™ —ax) =

2|5 wa

k
< oy — a\ﬁ ha(z”

—gj+1 (O‘n$? — az;)

)+ o] ha ("

which tends to zero as n — oo. That is to say that
the scalar multiplication is continuous. Hence, ha is
paranorm on the space r9(APD).

It remains to prove the completeness of the space
rd(AP). Let {z'} be any Cauchy sequence in the
space 79(AP), where 2 = {zf,x%,...}, then for a
given € > 0 there exists a positive integer ng(e) such
that

hA(:L“i — xj) <e &)

for all i,j > ng(e). Using definition of A and for
each fixed £ € N that

|(RIAY), — (R1AZT)|

S |(R1awt) — (RIAw?) [
k

<€

for 4,5 > mno(e), which leads us to the fact that
{(RIAZ), (RIAxY), . . .} is a Cauchy sequence of
real numbers for every fixed k& € N. Since R is
complete, it converges, say, (RIAz), — ((RIAx)y
as ¢+ — o0o. Using these infinitely many lim-
its (R1Ax)o, (R1Ax)1, ..., we define the sequence
{(R1Ax)o, (RIAZ)1,...}. From (5) foreachm € N
and i, j > no(e),

g ‘(Rqﬁwz)k — (Rqij)k’Pk
k=0

< ha(zt —2)M < M,

(6)

Take any i,j > ng(e). First, let j — oo in (6) and
then m — oo, we obtain

ha(xt —z) <e.

Finally, taking € = 1 in (6) and letting i > ng(1),
we have by Minkowski’s inequality for each m € N
that

1

REEN

k=0
< ha(xt —x) +ha(z?) <1+ ha(ah)
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which implies that z € r9(AP). Since ha(r—2%) < €
for all i > ng(e), it follows that ' — x as i — oo,
hence we have shown that r?(AP) is complete, hence
the proof . a

Note that one can easily see the absolute property
does not hold on the spaces r?(AP), that is ha(x) #
ha(|z|) for atleast one sequence in the space 7¢(AP)
and this says that r?(AP?) is a sequence space of non-
absolute type.

Theorem 3 The Riesz sequence space T4(AD) of
non-absolute type is linearly isomorphic to the space
l(p), where 0 < p, < H < 0.

Proof: To prove the theorem, we will show the exis-
tence of a linear bijection between the spaces r?(AP)
and [(p), where 0 < pp < H < oo. With the nota-
tion of (3), define the transformation 7" from r?(AP)
to [(p) by © — y = Tx. The linearity of 7" is trivial.
Further, it is obvious that z = 6 whenever Tz = 6
and hence 7' is injective.

Let y € I(p) and define the sequence z = (z) by

=1 1

mk:;)(_

an

_ _1 Q%
) u; ' Qryk + up -y,
qn+1 qk

for k € N. Then,

qrug

Z“k o

QJ-i-l CU] +

ha(z) [Z

1

pk] M

|

k
> Ok
§=0

1
M

- [

where,
if k = 7,
if k # 7.

Thus, we have =z € r?(AP). Consequently, T
is surjective and is paranorm preserving. Hence, T’
is a linear bijection and this proves that the spaces
r?2(AP) and [(p) are linearly isomorphic, hence the
proof.
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3 Basis and a-, 8- and ~-duals of the
space r1(AP)

In this section, we compute a-, 8- and - duals of the
space r?(AP) and finally in this section we give the
basis for the space r9(APD).

For the sequence space X and Y, define the set

S(X:Y)={2=(z) 2z = (xxzp)e Y}. (7)

With the notation of (7), the a-, (- and - duals
of a sequence space X, which are respectively denoted
by X®, X? and X" and are defined by

X*=8(X:10;), XP =9(X :¢s)and X7 =
S(X : bs).

If a sequence space X paranormed by A contains
a sequence (b, ) with the property that for every x €
X there is a unique sequence of scalars (v, ) such that

lim oz — > oby) =0,
k=0

then (b,,) is called a Schauder basis (or briefly basis
) for X. The series Y by which has the sum z is
then called the expansion of x with respect to (by,)
and written as x =) _abg.

First we first state some lemmas which are needed
in proving our theorems.

Lemma4 [33]
(i) Let 1 < pp < H < oo. Then A€ (I(p) : l) if and
only if there exists an integer B > 1 such that

i
Dy

sup Z

KeF

Z CLnkB_l

nekK

< Q.

(ii) Let 0 < pi < 1.Then A€ (I(p) : 1) if and only if

Z ankB_l

nekK

Pk

sup sup < 00.

KeF k

Lemma 5 [33]
(i) Let 1 < p, < H < oo. Then A€ (I(p) : l) if and
only if there exists an integer B > 1 such that

/
sup E @k B Pe < oo0.
n
k

(®)
(ii) Let 0 < px < 1 forevery k € N . Then
A € (l(p) : lso) if and only if

®

sup |ank|P* < 0.
n,k
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Lemma 6 [33] Let 0 < pr < H < o0 for every
k € N. Then A € (I(p) : ¢) if and only if (8) and (9)
hold along with

liﬁn Ank = ﬂk fOT' ke N (10)
also holds.

Theorem 7 Let 1 < pi, < H < oo for every k € N.
Define the sets D1 (u,p) and Dy (u,p) as follows

Di(u.p) = |J{a = (ar) € w:

B>1
11\
sup ( — ) Uy Qe
KGF;‘nEZK @ Q1) P
+ On, -1 ~1p,
u, QnB T Pr < oo}
dn
and
Dy(u,p) = |J {a = (ar) €w:
B>1
a 1 1 " _ _
Z [ k+<—) Z a; ulek]B 1
& 4k 4  dk+1/ ;574
< 00}
Then,
[r(AD)]" = Di(u,p)
and

(AL = [19(AD)] = Dafu,p) 1 es.

Proof: Let us take any a = (ax) € w. We can easily
derive with (2) that

anTn
n—1
= kg(] (t%k - qkl+1) ujzlaanyk + %ungnyn
= (Cy)n

where, C' = (¢, is defined as

an

1 1 -1 .
(i‘m)“k anQr, fO0<k<n-—1,

— an ,,—1 :
Cnk — quuk an lfk =n,

0, if kK > n,

for all n, k € N. Thus we observe by combining (11)
with (i) of Lemma 4 that ax = (a,z,,) € [ whenever
x = (zp) € 79(AL) if and only if Cy € [; whenever
y € l(p). This shows that [r9(AP)]* = D1 (u, p).
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Further, consider the equation,

n
> apTy
k=0
n n
= @ 4 (L1 AP
B k:Z::O (q’“ * <qk qk+1) i:%rlaz) U Qk} Yk
= (Dy)n

12)
where, D = (d,,,) is defined as

1 1 L 1
<Z: + G ) 2 ai) = Q,
dnk =

i=k+1
if 0 <k <n,
0, if k > n.

Thus we deduce from Lemma 6 with (12) that
ar = (apxy) € cs whenever x = (z,,) € ri(AD)
if and only if Dy € ¢ whenever y € [(p). Therefore,
we derive from (8) that

ag 1 1 "
— + < - ) Z a; ullek
Ak 9 dk+1/ ;574

< 00, (13)

and lim d,,, exists and hence shows that [r4(AP)]? =
n

p/
> p

k

Dy (u,p) N cs. As proved above, from Lemma 5 to-
gether with (12) that az = (axxr) € bs whenever
x = (xz,) € T4(AP) if and only if Dy € [, when-
ever y = (yx) € I(p). Therefore, we again obtain
the condition (13) which means that [r?(AP)]7 =
Dy (u,p) N cs and the proof of the theorem is com-
plete. O

Theorem 8 Let 0 < pr, < 1 for every k € N. Define
the sets Ds(u, p) and D4(u, p) as follows

Dy(u,p) = {a = (ax) € w
o1
sup sup| Y [(— — ——)uy an Qi

KeF k.o 9% k41

T Z—”u,;lQn]B*HPk < 0}

n

i=hk+1

ak ]. ]. ) n —1 1
—t+(—— a; | u B
(Qk (% k1 Z ’ k Q

< 00}.
Then, [r1(AP)]* = D3(u, p) and
[P(AD)) = [F/(AR)]" = Da(u,p) N cs.
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Proof: The proof follows easily from Theorem 7
(above) by using second parts of Lemmas 4, 5 and
6 instead of the first parts. O

Theorem 9 Define the sequence b (q) = {bﬁf)(q)}
of the elements of the space r1(AL) for every fixed
k€ N by

b\ (q) =
(5 — o
dn qn+1

fo<n<k-1,
0, ifn>k—1.

—1 —1
)Uk Qn+uk %7

Then, the sequence {b'¥)(q)} is a basis for the space
ri(AP) and any x € ri(Al) has a unique represen-
tation of

= Mel(q)b™(q) (14)
k

where, A\;(q) = (RiAx)y forall k € N and 0 <
pr < H < o0.

Proof: It is clear that b(¥)(¢) C 77(AP), since

RIADHF) (q) = ) e l(p) for ke N (15)

and 0 < pr, < H < oo, where (%) is the sequence
whose only non-zero term is 1 in k*" place for each
ke N.

Let z € r¢(AP) be given. For every non-negative
integer m, we put

2™ =57 Nu(@)b®) (g). (16)
k=0

Then, we obtain by applying RIA to (16) with (15)
that

m

> Aulg)R120M) (g)
k=0

= Z(Rqﬁx)ke(k)
k=0

RINgM  —

and
0, fo<i<m

(R (o —alm)) = { s,

where ¢, m € N. Given € > 0, there exists an integer
mg such that

ifi>m

1

(Z \<Rmx>i1pk> Tl

i=m
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1

for all m > myg. Hence,
M
I(RqAx)i\pk>

ha (a: — x[m]) = (
< (i |<Rmx>i|m)

o

)

]
3

i=myg

€

< 5 <e€
for all m > my, which proves that x € r?(AP) is
represented as (14).

Let us show the uniqueness of the representa-
tion for x € r?(AP) given by (13). Suppose, on
the contrary; that there exists a representation x =
Sk tr(q)b*(q). Since the linear transformation T
from r¢(AP) to l(p) used in the Theorem 3 is con-
tinuous we have

(R1Ax), =

n

> m(a) (R7AH (q))
k

= > ml@)el) = pn(q)
k

for n € N, which contradicts the fact that
(R1Ax), = Ap(q) for all n € N. Hence, the rep-
resentation (14) is unique. This completes the proof.
O

4 Matrix Mappings on the Space
ri(A7)

In this section, we characterize the matrix mappings

from the space r?(AP) to the space /.

Theorem 10 (i) : Let 1 < pp < H < oo for every
k € N. Then A € (r1(A?) : ) if and only if there
exists an integer B > 1 such that

C(B) = Supz
"ok

/
Py

a 1 1 — 1y
-k (—) > ani| u' BT Qx
Ak 4 dk+1/ ;574

< 00 17

and {ank tken € cs foreachn € N.
(ii) : Let 0 < pr, < 1 forevery k € N. Then
A € (r{(AP) : l) if and only if

. . " Pk
Ank _
sup | | —= + ( - > > ani| up ' Qk

nk || 9k 4 Ik+1/ ;574

< o0, (18)
and {ank tken € cs foreachn € N.
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Proof: We only prove the part (i) and (ii) follows
in a similar fashion. So, let A € (r?(AP) : l«) and
1 < pr < H < oo forevery k € N. Then Ax
exists for z € r?(AP) and implies that {a,x }ren €
{r9(AP)}? for each n € N. Hence necessity of (17)
holds.

Conversely, suppose that the necessities (17) hold
and z € r9(AP), since {anitren € {r9(AP)}P for
every fixed n € N, so the A-transform of x exists.
Consider the following equality obtained by using the
relation (11) that

m
> ankwy
k=0
11

_ i [ank N ( _ > i am} 4 Que

i—o | 9k 4 9k+1/ ;554
(19)

Taking into account the assumptions we derive
from (19) as m — oo that

> anka
k

ank ]. 1 © -1
S (A L) S e Qe
v | 2 W G+1/) S

(20)

Now, by combining (20) and the inequality which
holds for any B > 0 and any complex numbers a, b

lab| < B (‘aBl‘p/ + |b\P>

with p_l-f-p/_l = 1( see [10]), one can easily see that
sup Zankl‘k
neN L

< supz

neN
Ak 1 1 S -
ank ( _ ) > ani | up Q| il
qk gk dk+1 i=k+1

< B|C(B) +h{ (y)] < o.

This shows that Az € I, whenever z € r?(AZL). This
completes the proof. O
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