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Abstract: This paper focuses on the problem of mixed Hy/H, output tracking control for uncertain discrete-time
switched systems with state time-delay. By using single Lyapunov function theory, a state feedback controller is
presented to guarantee the closed-loop error system robust asymptotically stable with mixed Hy/ H, performance
is developed. The controller gains are obtained by a set of linear matrix inequalities(LMIs). The corresponding
stabilizing switching rule is provided. A numerical example is given to demonstrate the effectiveness of the pro-

posed approach.
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1 Introduction

Switched systems are special kinds of hybrid systems,
which consist of some subsystems and a switching
rule, it determines which system is activated at certain
time interval [1, 2]. Many real-world processes and
systems can be modeled as switched system, such as
automotive engine control system, chemical process,
computer controlled systems [2], and so on. In the
last decades, many results have been reported on sta-
bility analysis and controller design for switched sys-
tems [2, 3,4, 5, 6, 7, 8], which adopt methods includ-
ing convex common Lyapunov function [2], switched
Lyapunov function [5], dwell time and average dwell
time [6], single Lyapunov function [2], multiple Lya-
punov function [4], and so on.

For many practical control systems, uncertainties
and time-delay are unavoidable and they often influ-
ence the control performance of the closed-loop sys-
tem. Hence, there have been steadily growing inter-
ests in the stabilization and performance analysis of
switched systems with delays [9, 10, 11, 12, 13, 14,
15, 16].

In order to obtain better control performance,
some performance indexes should be considered in
the controller design. For example, H, disturbance
attenuation property was discussed via linear ma-
trix inequality(LMI) and eliminate element method
in [17]. In [18], guaranteed cost control was studied
based on the Lyapunov theory together with the LMI
approach. In [19], the author considered the prob-
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lem of observer-based mixed Hy/H, controller de-
sign for linear systems with time-varying state, input
and output delays via a convex optimization method.
Several other papers, such as [20, 21, 22], were also
devoted to studying H., control or guaranteed cost
control related problems for some kind of hybrid sys-
tems.

Output tracking control is an important topic in
control fields, which has wide range of applications
in dynamic processes, economics, biology and many
other practical fields. The basic aim of output tracking
control is to design a controller to reduce the track-
ing error between the system output and the refer-
ence model output [23]. The problem of robust output
tracking control for an uncertain system with multiple
delays has been studied in [24], where the reference
signal is chosen as a known constant vector. The prob-
lem of H> output tracking control for wireless net-
worked discrete-time systems has been considered in
[25], where the reference signal is presented by exter-
nal model.

Along with development of switched system the-
ory, the tracking control problems for the switched
systems have received more and more attention. In
addition, switched control methods have been widely
applied to flight control system [26, 27]. These
applications make the research of tracking control
for switched system more and more important. In
[28, 29, 30], the authors have studied the tracking con-
trol problem for kinds of continuous switched system.
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Up to date, few results are paid attention to the prob-
lem of multi-object tracking control for discrete-time
switched systems.

In this paper, the problem of mixed Ha/Hso
output tracking control for uncertain discrete-time
switched systems with state time-delay is developed.
By resorting to single Lyapunov function approach, a
feasible condition for the problem of mixed Hy/H,
tracking control is presented in terms of LMI form.
A numerical example is provided to demonstrate the
effectiveness of the main result.

The remainder of this paper is organized as fol-
lows. In section 2, the problem and preliminaries are
formulated. Section 3 states the main results. Section
4 presents a numerical example to demonstrate main
results in section 3. Finally, the paper is concluded in
section 5.

Notation. A symmetric matrix P > 0 denotes P be-
ing a positive definite matrix. [ is used to denote an
identity matrix with appropriate dimensions. /5 refers
to the space of square summable function on [0, c0)
and [lwlls = (352, w” (k)w(k))'/2. Matrices, if their
dimensions are not explicitly stated, are assumed to
have compatible dimensions for algebraic operations.

2 Problem formulation and Prelimi-
naries

Consider the following uncertain discrete switched
system with state time-delay

z(k+1) = (A, +AAL(k))z(k)
+(Ags + AAgy)z(k — d)
+(By + ABy(k))u(k)
+(B1s + AByy)w(k),
z(k) Cox(k) + Fyru(k),

¢(s), s €[—d,0].

where z(k) € R" is the state, u(k) € R"™ are the
control inputs, w(k) € R? is the disturbance in-
put which belongs to l5. ¢(s) is the initial condi-
tion, d > 0 is fixed constant time-delay. o(k) €

{1,2,---,m} 2 Mis switching signal, which spec-
ifies which subsystem will be activated at a certain
discrete time instant. For any i € M, A;, Agi, Bi,
By;, Ci, D; are known matrices with appropriate di-
mensions, AA;(k), AAg(k), AB;(k), ABy;(k) are
unknown time-varying parameter uncertainties of the
form

1

x(s)

[ AA;(k) AAg(k) AB;(k) ABy(k) |
=Dil'(k) [ By Esu Ex Es |, 2)
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where I'(k) € R™™"™ is the uncertain matrix satisfying

3)

D;, Ey;, Eg;, Eo;, E3; are given constant matrices
with appropriate dimensions.

Assume that the reference signal is defined by the fol-
lowing system

(k) <1, VE.

z(k+1) =
zr(k) = “)

where z, (k) is reference states, r(k) is reference in-
put which belongs to ls, A, is Hurwitz matrix with
appropriate dimensions, B, and C, are constant ma-
trices with appropriate dimensions.

Here we are interesting designing a state feedback
controller

Ayxp (k) + Bpr(k),
CT«TT(k)a

u(k) (5)

where K1, and K>, are controller gains. Substituting
(5) into (1), we have

= Klax(k) + K20'$T(k)7

z(k+1) = (A, + AA,)z(k)
+(BO'K20' + ABJK2J)xr(k)
+(Agy + AAge)x(k —d)
+(Bis + AB1o)w(k),
(k) = Cox(k) + FoKaour(k),

(s) ¢(s), s € [=d,0], ©)
where A, = Ay + By K15, AA, = AA;+AB, K1,
Co = Co‘ + FO'KIU-

Letting e(k) = z(k) — z.(k), combining (1) and (6),
we obtain

E(k+1) = (Ay+AA)E(R)
—i—(f_ldg + Afldg)f(k —d)
+(Bla + ABlO’)V(k)7
e(k) = Cy&(k), (7
where
[ ak+1)
Sk = | k) ] !
1 . [ AO’ BUKQU
ao= [ P,
- [ AA, AB,K,
AA, = 0 0 ] ,
- . [0 Ay,
Ado - I 0 0 } 9
= [0 AAy
AAdO' - I O 0 :| Y

Issue 7, Volume 12, July 2013



WSEAS TRANSACTIONS on MATHEMATICS

= By, 0
Bio = 5 B ]
— ABi, 0
ABy, = | 5 O]’
k _ ~
V(k) = C:((k)>:|’ CO':[CO'7FO'K20'_CT]'

Controller can be expressed as

u(k) = Ko&(k), K

Remark 1 The model-based output tracking control
problem is studied in this paper. The reference input
r(k) and the disturbance w(k) of system (7) are con-
sisted of a new variable and regarded as a disturbance
vector v(k) = [wT' (k) rT(k)]7.

o — [Klo'a KZU]

Definition 2 [32]. (i) The Hy performance index of
the system (1) is defined as

o0

= > (€ (R)QE(k) +u”

k=0

(k) Ru(k)),

where v = 0, constant matrices ) > 0, R > 0 are
given;

(ii) The Ho, performance index of the system (1) is
defined as

o0

T2 =Y (" (k)e(k) —7*vT (k)v(k)),

k=0

where the scalar v > 0 is given,
(iii) The mixed Hy/ H o, performance index of system
(1) is defined as J; < Jg and Jo < 0.

Definition 3 Consider the linear switched time-delay
system (1). Given a prescribed level of disturbance
attenuation vy > 0 and the admissible uncertainties
satisfying (2) and (3), if there exists a mixed Ha/Hx,
controller u(t) of the form (5), a scalar Jy such that
the following three conditions are satisfied:

1. the closed-loop error system (7) is robustly
asymptotically stable when v(k) = 0, under arbitrary
switching rule;

2. the Hy performance index guarantees J; < Jy,
where the positive scalar Jy is said to be a guaranteed
cost;

3. under zero initial conditions and for all non-
zero v(k) € la, the Ho, performance index Jo < 0;

then, the closed-loop error system (7) is said to be
robustly asymptotically stable with a mixed Hy/H,
performance index.

To this end, we first introduce the following well-
known lemmas.
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Lemma 4 (Schur complement)[33]. Given any sym-

St 512} .
< 0, the followin
ST So f &

conditions are equivalent:

metric matrix S = [

(Z) 511 < O, 522 — S%;Silslg < 0,

(i) S <0, Si—S1255'5% <o.

Lemma 5 [18]. Let A, E, F be matrices if P > 0
and constant n > 0, such that 77*1 — ETPE > 0,
then

(A+ ETF)TP(A+ ETF)
<AT(P7' —gEET) 1A+ 'FTF (8)

holds for the arbitrary norm-bounded time-varying
uncertainly T with TTT < I.

Lemma 6 Given a~y > 0, chosen

k—1

V(E(k) = (k)PER) + > €7 (1) )
=k—

l d

if the closed-loop system (7) satisfies the following
condition

AV (z(k)) + e (k)e(k) — v (k)v(k)
+&" (k)QE(k) + ' (k)Ru(k) <0,  (10)

then the switched systems (1) is said to be robustly
asymptotically stable with a mixed Hy/H, perfor-
mance under any switching.

Proof. (1) assumption v(k) = 0.

k)QE (k)

) AV(E(k) < —el(k)e(k) — € (
<0,

—uT (k) Ru(k)

then, the system (1) is robustly asymptotically stable
with v(k) = 0.

o0

i) i = Y (€T (R)QER) +u”

k=0

< —i(A

k=0

-1
= &P+ > T1)Se() =

I=—d

(k) Ru(k)
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(2) with zero-initial condition £(0) = 0,

Y (€M (R)e(k) —2*vT (k)v (k)

Jo =
k=0
< =D AVER) =D (V(k) = V(k+1))
k=0 k=0
= ) V(0)) =0,
k=0

with these and definition 2, the conclusion is correct.

3 Main Results

In this section, a sufficient condition will be develop
to solve the mixed Hy/H, tracking control problem
formulated in the previous section.

Theorem 7 For given constants matrices (Q > 0,
R > 0, scalarsd > 0, v > 0, n; > 0 and o; > 0,
Yot o = 1, the closed-loop system (7) is robustly
asymptotically stable with a mixed Hy/H, perfor-
mance index under designing switching rule and con-
troller (5), if there exist matrices P > 0, S > 0, Ky;,
and Ko;, © € M such that the following matrix in-
equality holds

—P 0 0 I I
x =5 0 0 0
* * =20 0 0
* * * —S-1 0
U = * * * * —Q_l
* * * * *
* * * * *
* * * * *
| x * * * *
AT KT CT Ef
AT 0 0o ET
BT 0 0 ET
0 0 0 0
0 0 0 0 |<o0 D
U 0 0 0
« —BR ' 0 0
* * -1 0
* * x  —nl ]
where
AT = [ yarAl . JamAl ],
AY [ VaiAy Vo Ajy 1
Ef = [ ,/alElTl ,/amElT ] ,
E-ISSN: 2224-2880 801

Yitao Yang

Ej = [JaE] VamEy, |,
BT [ \/algﬂ 1/osz%Fm ] ,
R = diag{R,-~,R}7F:diag{P,---,P},
——— ———
m m
KT = [ JaiKT VamKEL |,
m
S ai = 1, U=-P " +yDDT,
i=1
I = diag{l,---,1}, n=diag{n, -, Mm},
m
¢t = [yl - Gl ],
ET [ VaiEL - JanEL, ],
D = diag{Dy,---,Dp},
[ D; 0
Dl - I 0 0:|7
B [ Ey; + E9i Ky E%K%]
1z — 0 0 )
= _ [0 Eu 5o | Esi 0
Edz— _0 0:|7E3z—|:0 0:|

Moreover, the corresponding cost function value is

—1
JL <& P&+ > TS, (12)

I=—d

Proof. Substituting (12) into (11) and applying
Lemma 4, we obtain

m
\IJ<O<:>Zai0i<O,

i=1
where
—-P+S+Q O 0
0; = -5 0
* * =2
- - T
4;: 1 A HT\—1 4;;
+ 4‘%@ (P_ — Th’DiDi )_ {1%
By; By,
- — T
i K]
+ 0 R 0
0 0
= = T
crlreof
+ 0 0 (13)
0 0
- T
+n; Ej; Ej;
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Let
Qi = {E(k)|E7 (K)0:E(k) <0, i=1,2,---,m},

where &7(k) = [ eT(k) §T(k: d) vl(k) ] .
Then .

U = R\{o}.

i=1
Set -

Ay =, Ai:Qi_UQj7
j=1

obviously

JAi=R\{0}, Ai(Aj =2, i, € M, i#j.
i=1
Design the following switching rule

o(k) =1, &(k) € Ay, i€ M, (14)

then we have

S il (R)0:E(R) <0
=1

According to the switching rule as (14) and the
candidate Lyapunov function as (9),
assume {(k) € A;, we have
AV (E(E)) +eTe — 20Ty
+ &(k)TQE(k) + u" Ru

[ —P+S5S+Q 0 0
= &'(k) * -5 0 | &(k)
i * * =20
+ (k)| (Agi+AAg)T | P (15)
i (Bli + ABU)T
(4 +A4)T 17
X (Adz + AAdZ) §(k)
(Blz + ABM)
— R'T =T T
+ k)| o |R| 0 (k)
| 0 0
cr cr”
+ k)| 0 0 | &k) (16)
| 0 0
By Lemma 5 and (2), (3), we derive
T

(A; + AA)T
(Agi + AAg)" | P
(Bh‘ + ABM)T

(f_lz + A/:li)T
(Agi + AAz)"
(Bli + ABM)T
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AT Ar 7
BY; BY;
ELTELT]"
+n; ' | EL ET
Combining (15) and (17) give rise to
AV (E(K)) +e" (k)e(k) —v*v" (kv (k)
+ &(k)TQE(R) + u” (k) Ru(k)
< &(k)6:E(k) <0 (18)
Hence, we have
AV (E(K)) +e" (k)e(k) — v*v" (kv (k)
+ &(k)TQE(K) + u” (k) Ru(k)
< &T(k)0iE(k) <0, i€ M. 19)

Therefore, on the basis of Lemma 6, under switching
rule (14), we obtain the conclusion.

Remark 8 It is obvious that the condition (11) is not
an LMI. In order to solve out tracking controller gains
in (5), the condition (11) is converted into an LMI.

Defining F =diag{P~*, S~ [,I,I,I1,1,1,1T} =
diag{X,T,I,1,1,1,1,1 T} pre- multlplymg rr
and post-multiplying F to (11), and letting Wy; =
K1, X1, Wa; = K9; X9, we have the following The-

orem.

Theorem 9 For given constants matrices Q > 0,
R > 0, scalars d > 0, v > 0, n; > 0and a; > 0,
Yoty a; = 1, the closed-loop system (7) is robustly
asymptotically stable under designing switching rule
and controller (4), if there exist matrices X > 0,
T > 0, Wy; and Woy, © € M, such that the follow-
ing LMI holds

[ —-X 0 0 X X
x =T 0 0 0
* x =2 0 0
* * * =T 0
* * * * —Q_l
* * * * *
* * * * *
* * * * *
| * * * *
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AT wT  CT BT
A0 0 EI
BT 0 0 ET
0 0 0 0
0 0 0 0 |<0 (0
U 0 0 0
« -R' 0 0
* * -1 0
* * x -l i
where
A - | AXit BiWu BiWy,
v 0 A Xy |’
B - [ Ei Xy + EoWh EgWoy ]
1z — 0 0 )
AT = [yedf yady e vandl ]
AT _ _
A = [ Vaa(AaD)T Vam(AagT)T ],
EA‘? e [ 1/alE%—’1 1/OémE%—‘m ],
AT _ _
E; = | Vai(EaT) Vom(Eg,T)T ],
wT [ fai Wi - JamWwr } 7
W, = [Wy Wal,
Ci = [CiX1+ EFEWy FiWay — CrXo,
ET — [ Jamlr - JanCl ],
U=X+nDDT, X = diag{X,---,X}, B, E3, D,

R, I, o, n definite as (12).
Moreover, the corresponding cost function value

is defined as (12).

4 A numerical example

Now, we provide an example to show the effectiveness
of the main result in this paper.

Consider the system (1) with the parameter m = 2.
The system matrices are given by

A4 = :_()(.)62:01.627535] B = [O.(()) 10.(())2} ’
Aa = _8:8?0.%1]’ Bu = {5%5}]

a2 = [0 arrs) 2[5 o]
T o R A

C1 = [_0.03—0.02}, P =[21],
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Cy = [-0.020], Fb,=[12],

Dy = :0610(.)2]’ D2 = {0620(.)1]’
B = [Vos] B [30)
Ba = [Voa) Bn= o)

A = _(1?0(.)6_’ Br = 1653(.)5]’

C. = [0408],E5 = [8:?],

I = Ip= [ O'lsi)n(k) 0.5s?n(k:)]

Choose d = 1, a3 = 04, a2 = 0.6, vy =
4.4721, R=0.021, @ = 0.051.

Solving LMI (20), we get a set of feasible solutions as
follows.

[ 0.0978 0.0085 —0.0012 —0.0011
0.0085 0.1619 —0.0007 0.0006

P =1 00012 ~0.0007 0.4737 —0.1202 |
| —0.0011 0.0006 —0.1292 0.1812
[0.0007 0 0 0

5 0 00007 0 0

- 0 0 00108 —0.0031 |’

. 0 0 —0.0031 0.0019

K. [ —0.0100 0.0085

7| ~0.0070  —0.0005 |’

o — [0.1333 0.2665
7 0.0665 0.1330 |’

K [ —0.0458 —0.0240
12 = 0.0334  0.0131 |’

[ 0.0839 0.1698 ]

Kz =1 01500 0.3135

In addition, the initial values of system (1) is cho-
sen z(s) = [—1lexp(s)2exp(s)]?, and the initial
condition of reference model (4) is z,-(0) = [1 — 2]7.

In the sequel, two kinds of reference input r(k),
step disturbances and sinusoidal disturbances, are em-
ployed to demonstrate the effectiveness of the pro-
posed method.

Case I: Step reference input
Let
T

< .
k) = [ 10 10]T, 40 < k < 80;
[ 00 ] ,  other k;
2
—=, 30 <k < 80;
— k+1° — )
w(k) { 0, other k.
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Curves of system output z(k) and reference model
output z,(k) are presented in Fig.1. From Fig. I,
one can see that the proposed controller can guaran-
tee system output have good tracking performance. It
powerfully proves the effectiveness of the proposed
method. Response curves of system states depict in
Fig. 3. It can be seen that system states are asymp-
totically stable when external input signals turn into
ZEros.

Fig. 3 and Fig. 4 show the curve of control inputs
and switching signal.

0

— i

ir r _ -Z[(k]
Bll 1

Timek

Fig. 1. Curves of system output z(k) and reference
model output z, (k) under Case I.

Timek

Fig. 2. Response curves of system state (k) under
Case L.

Case II: Sinusoidal reference input
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l T T

._\
(=51
T
-

Iao - - =

,_‘
=
T

Control input
<
T

<

0 ] 10 15
Timelk

Fig. 3. Curve of control input u(¢) under Case I.

2 T T

~

— — —
e~ = oo

Switching signal
—
~

—

=
oo
=S
o L
=
—
= -
E=1

15
Timelk

Fig. 4. Curve of switching signal under Case I.

Let
[ 10sin(0.3k) ]
k <80
10sin(0.3k) |’ ’
r(k) = 030
{ 0 } , other k;
2k < 80;
— 1M =0
w(k) { 0, other k£

In Fig. 5, curves of system output z(k) and refer-
ence model output are shown. It can be seen that sys-
tem output effectively tracks the reference mode out-
put. A conclusion is obtained that the proposed con-
trol method is efficient. Fig. 6 is shown the response
curves of system states. Curves of control inputs and
switching signal are presented in Fig. 7 and Fig. 8§,
respectively.
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0 :

—1)
_ .l

—
—

l

Output
=3

.20 L

4 | ‘
0 0 1 B

Timelk

Fig. 5. Curves of system output z(k) and reference
model output z, (k) under Case II

—if
-l

5 10 15
Timelk

Fig. 6. Response curves of system state (k) under
Case II.

5 Conclusions

This paper has considered the problem of mixed
Hy/H,, output tracking control for uncertain
discrete-time switched systems with state time-delay.
By using single Lyapunov function theory, a track-
ing controller has developed to guarantee the closed-
loop error system robust asymptotically stable with
mixed Hs/H,, performance. A sufficient condition
for the existence of the desired controller gains has
been proposed in terms of linear matrix inequali-
ties(LMIs). The corresponding stabilizing switching
rule has been provided. A numerical example has
been given to demonstrate the applicability of the pro-
posed approach.
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0 T T

Control input
'

0 ] 10 15
Timelk

Fig. 7. Curve of control input u(t) under Case II.

21 T T

M
]
]
]

—
oo

—_ _
~ —

Switching signal

._
L
[
[
[
[
[
[

|
il 10 15
Timelk

Fig. 8. Curve of switching signal under Case II.

=3
==
=
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