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Abstract: In this paper, based on the theory of calculus on time scales, by using Avery-Peterson fixed point theorem
for cones, some criteria are established for the existence of three positive periodic solutions of delayed dynamic
equations with feedback control on time scales of the following form:

{wA(t) = A(t)x(t) + f(t (t), u(6—(71,1))),
u?(t) = B(t)u(t) + D()z(6—(m2, 1)), t € T,

where A(t) = (aij(t))nxn. B(t) = (bij(t))nxn are nonsingular matrix with continuous real-valued functions as
their elements, J_ be a backward shift operator. Finally, an example is presented to illustrate the feasibility and
effectiveness of the results.
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1 Introduction In fact, in the natural world, there are many
species whose developing processes are both contin-
uous and discrete. Hence, using the only differential
equation or difference equation can’t accurately de-
scribe the law of their developments. Therefore, there
is a need to establish correspondent dynamic models
on new time scales.

Recent years have witnessed increasing interest in
ecosystem with feedback controls [1-6]. The reasons
for introducing control variables are based on main
two points. On one hand, ecosystem in the real world
are continuously distributed by unpredictable forces

which can results i.n changes in the bio.logic'al param- The theory of calculus on time scales (see [9] and
eters such as SuerV?l rates. Of practical interest in references cited therein) was initiated by Stefan Hilger
ecology is 'the question of Wheth.er Or not an ecosys- in his Ph.D. thesis in 1988 [10] in order to unify con-
tem can withstand those unpredictable disturbances tinuous and discrete analysis, and it has a tremendous
which persist for a finite period of time. In the lan- potential for applications and has recently received
guage of control variables, we call the disturbance much attention since his foundational work, one may
functions as control variables (for more details, one see [11-17]. Therefore, it is practicable to study that

can see [7]). On the other hand, in the literature, it on time scales which can unify the continuous and dis-
has been proved that, under certain conditions, some crete situations.

species are permanence but some are possible extinc- Motivated by the above, the main aim of this pa-

tion in the competitive system, for example, see [8]. per is by employing a multiple fixed point theorem

In order to search for certain schemes to ensure all the (Avery-Peterson fixed point theorem) for cones to es-
species coexist, feedback control variables should be tablish the existence of three positive periodic solu-

introduced to ecosystem. tions of the following dynamic equations with feed-

Compared with advanced in the area of studying back controls on time scales:
the existence of a unique periodic solution [3-6], less
progress has been achieved in studying the existence 2 (t) = A(t)x(t) + ft,x(t), u(0_(71,1))), 1
of multiple periodic solutions for higher-dimensional u?(t) = B(t)u(t) + D(t)x(6_(ro,t)), t € T, )
functional differential equations with feedback con-
trol, especially systems with the coefficient matrix to where T is an w-periodic time scale, A(t) =
be an arbitrary nonsingular n x n matrix. (@ij(t))nxn and B(t) = (bi;(t))nxn are nonsingular
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matrix with continuous real-valued functions as their
elements and A(t + w) = A(t), B(t + w) = B(t);
D(t) = (dij(t))nxn with dij(t) S C(T,R+) and
D(t+w) = D(t) forallt € T; d_(7,t),i = 1,2 are
delay functions with ¢ € T and 7; € [0, 00)T,7 = 1,2,
satisfies 0_(7;,t + w) = 0_(m,t) + qw,i = 1,2,
where §_ be a backward shift operator on the set T*,
and T* be a non-empty subset of the time scale T,
q € Zys f = (fi, f2,--+, fu)T is a function de-
fined on T x R™ x R", and satisfies f(t + w, z(t +
w),y) = f(t,xz(t),y), forall t € T,y € R

Here R = (—o00,4+00),Ry = (0,+00),R} =
{(z1, 29, ,2n)T €R" 12y >0,i=1,2,---,n}.

In this paper, for each x = (x1,x9, - - ,xn)T S
R™, the norm of x is defined as ||| = sup |x(t)|o,

te[0,w]r

n
where |z (t)|o = >_ |zi(t)|, and when it comes to that
i=1

x(t) is continuous, delta derivative, delta integrable,
and so forth; we mean that each element x; is contin-
uous, delta derivative, delta integrable, and so forth.

The organization of this paper is as follows. In
Section 2, we introduce some notations and defini-
tions, and state some preliminary results needed in
later sections. In Section 3, we establish our main
results for positive periodic solutions by applying
Avery-Peterson fixed point theorem. In Section 4, an
example is given to illustrate the feasibility and effec-
tiveness of the results.

2 Preliminaries

In this section, we shall first recall some basic defini-
tions, lemmas which are used in what follows.

Let T be a nonempty closed subset (time scale) of
R. The forward and backward jump operators o, p :
T — T and the graininess o : T — R™ are defined,
respectively, by o(t) = inf{s € T : s > t},p(t) =
sup{s € T: s < t},u(t) =o(t) —t.

A point t € T is called left-dense if ¢ > inf T
and p(t) = t, left-scattered if p(t) < t, right-dense if
t < sup T and o(t) = t, and right-scattered if o (¢) >
t. If T has a left-scattered maximum m, then T* =
T\{m}; otherwise T* = T. If T has a right-scattered
minimum m, then Ty, = T\{m}; otherwise Tj = T.

A function f : T — R is right-dense continuous
provided it is continuous at right-dense point in T and
its left-side limits exist at left-dense points in T. If f
is continuous at each right-dense point and each left-
dense point, then f is said to be a continuous function
on T. The set of continuous functions f : T — R will
be denoted by C(T) = C(T,R).

Fory : T — Rand t € T*, we define the delta
derivative of (t), y*(t), to be the number (if it exists)
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with the property that for a given € > 0, there exists a
neighborhood U of ¢ such that

[y(a(t)) —y(s)] = y> )0 (t) - s]| < elo(t) - ]

forall s € U.

If y is continuous, then ¥ is right-dense continu-
ous, and y is delta differentiable at ¢, then y is contin-
uous at ¢.

Let y be right-dense continuous, if Y2 (t) = y(t),
then we define the delta integral by

[ woras=

Definition 1. (/19]) A time scale T is periodic if there
exists p > 0 such that ift € T, thent £ p € T. For
T # R, the smallest positive p is called the period of
the time scale.

Y (t) - Y(a).

Definition 2. ([19]) Let T # R be a periodic time
scale with period p. A function f : T — R is periodic
with period w if there exists a natural number n such
that w = np, f(t +w) = f(t) forallt € T and w is
the smallest number such that f(t + w) = f(t).

If T is w-periodic, then o (t +w) = o (t) + w with
w((t) is an w-periodic function.

Definition 3. (/9]) An n X n-matrix-valued function
A on a time scale T is called regressive (with respect
to T ) provided

I+ p((t)A(t)
is invertible for all t € T*.

Definition 4. (/9]) Let ty € T and assume that A is a
regressive n x n-matrix-valued function. The unique
matrix-valued solution of the IVP

YA = A@)Y, Y(to) =1,

where I denotes as usual the n X n-identity matrix,
is called the matrix exponential function(at ty), and is
denoted by e 4(-, to).

Lemma 5. ([9]) If A is a regressive n X n-matrix-
valued functions on T, then

(i) eo(t,s) = Tand ey(t,t) = I;

(i) ea(o(t),s) = (1 + p((DA®D))ealt, s);

(i) ea(t, s) = e (s, 1);

(iv) ea(t,s)ea(s,r) = ea(t,r).

Lemma 6. ([9]) Let A be a regressive n X n-matrix-
valued function on T and suppose that f : T — R" is
rd-continuous. Let ty € T and

y® = Aty + £(t), y(to) =y,
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has a unique solution y : T — R™. Moreover, the

solution is given by

y(t) = ealt, fo)yo + / ea(t, o (7)) F(r)Ar.

to

Lemma 7. Let A be a regressive n X n-matrix-valued
function on T, then the function x(t) is an w-periodic
solution of (1), if and only if x(t) is an w-periodic
solution of the following:

t4w

(t) = G(t,s)f (s,

) x(s), (Pz)(6-(71,5)))As,

where

G(t,s) = [ea(0,w) — I] lea(t,o(s)), (2
and ®(x) is defined in (3).

Proof. If u(t) is an w-periodic solution of the second
equation of (1). By using Lemma 6, for s € [t, t+w]r,
we have

u(s) = ep(s, t)u(t)
+ / e5(5, 0(0)) D(0)2(0_ (72, 0))AD.
t
Let s = ¢ + w in the above equality, we have

u(t+w) = ep

—~

t+w,t)u(t)
t+w
+ t ep(t+w,o(0))D(0)
x(0(72,0)) A0.
Noticing that u(t + w) = wu(t) and ep(t,t + w) =
ep(0,w), then

O«;

u(t) = tt+wé(t,S)D(S)ZL'((S_(TQ,S))AS
= (9z)(t), 3)
where
G(t,s) =

lep(0.w) — 1] lep(t,o(s). @)

Now we claim that
ealt tw,o(s +w)) =ea(t,o(s)).
In fact

eAlt +w,o(s+w)) = ealt+w,o(s)+w)
= ea(t,o(s)).

It is clear that G(t,s) = G(t + w, s + w) for all
(t,s) € T? and u(t+w) = u(t) when z is w-periodic.
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Denote (®x) = ((®12), (P2x), - -, (P,x))?, then
any w-periodic solutions of system (1) is equivalent to
that of the following equation

22(t) = A(t)(t) + f(t, (1), (Px)(0-(71,1))).

Again using Lemma 6, repeating the above pro-
cess, we have

t+w

(t) = G(t,s)f (s,

x(s), (dx)(6-(71,5)))As,

t

where

G(ta 8) - [SA(O,CU) - I]i 6A<t70(8))'
It is also clear that G(t,s) = G(t + w, s + w) for
all (t,s) € T2. This completes the proof of Lemma

7. O

Definition 8. Let X be a Banach space and K be a
closed nonempty subset of X, K is a cone if:

(1) au+pv € K forallu,v € K andall o, f > 0;
(2) u,—u € K imply u = 0.

Define K, = {z € KH|33|| < r}. Let a(x) de-
note the positive continuous concave functional on kK,
thatis o« : K — [0, +00) is continuous and satisfying

(1= Na(y)

forany x,y € K, 0 < A < 1, and we denote the set
K(a,a,b) = {alz € K,a < a(x), ||| < b}.

Let v and # be nonnegative continuous convex
functionals on K, « be a non-negative continuous
concave functional on K, and 1) be a nonnegative con-
tinuous functional on K. Then for positive real num-
bers a, b, c and d, we define the following convex sets:

a(Adx + (1= XNy) > da(x) +

K(7,d) = {z € K[y(z) < d},

K(y,a,b,d) = {z € K|b < (), 7() < d},

K(v,0,a,b,¢,d) ={x € K|b < a(x),(x) <c,
V(x) < d},

and a closed set R(7y,%,a,d) = {x € K| a < ¢(x),
V(=) < d}.

The following fixed point theorem due to Avery
and Peterson is important in the prove of our main
results.

Theorem 9. ([20]) Let v and 6 be nonnegative con-
tinuous convex functionals on K, o be a nonnega-
tive continuous concave functional on K, and i be
a nonnegative continuous functional on K satisfying
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Y(px) < py(x) for 0 < p < 1, such that for some
positive numbers E and d,

a(x) < P(x) and [|lz]| < Ey(z) (%)

for all x € K(v,d). Suppose H : K(v,d) —
K (v, d) is completely continuous and there exist pos-
itive numbers a, b and c with a < b such that:

(1) {z € K(v,0,a,b,c,d)|a(x) > b} # 0 and
a(Hx) > bforx € K(v,0,a,b,¢,d),

a(Hzx) > bforx € K(v,a,b,d) with (Hx)
> ¢,

(3) 0ER(v,¢,a,d) and y(Hx) < a for x €
R(v,v,a,d) with ¢(z) =

Then H has at least three fixed points x1,x2,x3 €

K (~,d) such that:

(2)

Y(xi) <d fori=1,2,3,b<a(x),
a < P(x2), with a(xz) < b, and P(x3) < a.

In order to obtain the existence of periodic solu-
tions of system (1), we make the following prepara-
tions:

Set
X ={z(t):z(t) € C(T,R"),z(t + w) = (t)}
with the norm defined by | x| sup |x(t)|o,
tel0,w]r

n
where |z(t)lp = >_ |xi(t)|, then X is a Banach
i=1

space.
For convenience, we introduce the following no-
tations:

G(t,s) = [eA(O,w) —I]f ea(t,o(s))
= (le( 73))n><n7
G(t,S) - [63(07(")) - I] _leB(taa(S))
= (Gir(t, 8))nxn,
fort,s e T,i,k=1,2,--- ,n. And
A= Bl dl G
By:= max sup |Gy(t,s)|,
1<s k<"st€[0 w],ﬂ_‘ ( )‘
A= it ;Gm =
By := max sup |Zsz (t,s)].

1§k<nst€[0,w]'ﬂ- i—1

Hereafter, we assume that
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(Pl) {i(;7§7 C) > 0 for all (t7§7C) € TXRT—&L—XR:L-J' =
N ’..- ’n‘

(Pa) f(t,o(t), (Pp)(0_(71,t))) is a continuous func-
tion of ¢ for each ¢ € C(T,R"} ), where ® is de-
fined by (3).

(P3) Forany L > 0 and € > 0, there exists v > 0,

such that
{¢,9 € C(T,R"), ll¢ll < L, [|[]| < L,
I — ol < v}
imply
| f(t w1 (- (71,1)))

_f(t7w(t)qu((S—(Tht)))}o <g,

forall t € [0, w]T, Where

wi(5_ (1, 1))
(T1,t)+w

J_
/ G(5_(r1,1), 5)D(s)
J_ (Tl,t)

¢(0—(72,5))As
= (®9)(0-(71,1)),

and

U’Q((S— (Tl7 t))
(7‘1 t)+w _

o (71,
/ G(0_(11,t),8)D(s)
0—(71,t)

$(0-(2,5))As
= (2¢)(6-(71,1))-

(P4) Aj > 0, Bj >0, 5=0,1.
Let

K - {:D: (.Tl,xQ,"‘ 7xn)T
te0,wlr, i=1,2,---,

eX x> (5”%1”,
n}, (%)

where § = g—g € (0,1) and Ay, By are defined by the
above. Obviously, K is a cone in X.

Define a mapping H by
t+w
(Hz)(t) = t G(t,5)f (s, 2(s),
(@) (9 (71,5)))As, (©)
forallz € K, t € T, where G(t, s) is defined by (2)
and
(Hex)(t) = ((Hiz)(t), (Haz)(1),-- -,
(Hp)(t)", (7
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where

n

t+w
;) (t) = ik(t,8) fr(s,x(s),
(Hiz)(t) / S Girlt, ) fi(s, 2(5)

k=1
((I)w)((s— (Tlﬂ S)))AS,

wherei =1,2,--- ,n.
In the following, we will give some lemmas con-
cerning K and H defined by (5) and (6), respectively.

Lemma 10. Assume that (P1), (Py) hold, then H :
K — K is well defined.

Proof. For any x € K, itis clear that Hx € PC(T).
In view of (6), for t € T, we obtain

(Hx)(t +w)

t+2w
- / G(t+w,s)f(s,x(s),

t+w
(®x)(6-(71,5)))As
tHw

= Gt+w,u+w)f(u+w,z(u+w),
t

(Px)(d—(11,u+w)))Au

t+w
= G(t,u) f(u, z(u), (Px)(0_(11,u)))Au

t

— (Ha)().

Thatis, (Hz)(t+w) = (Hz)(t),t € T.So Hx € X.
Forany x € K,V t € [0, w]T, we have

|Hiz|
t+w 1
| Gt ts.al).
t k=1

(Px)(6_(11,5)))As

tw M
< / Z|Gik<t,s>||fk<s,w<s>,
m1,5)))|As
t+w n
< Bo( S | fels 2 (s)
k=1
<<I>oc><6_<n,s>>>|As), i=1,2,m
So
|Ha| = sup |Hial
te[0,w]T

t+w N

Bo( S Ifils, x(s)
t k=1

(cI>:n)(5_(n,s)))\As>, i=1,2,--

IN
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y (P1) and (P5), we get
Hix)(t)

t+w T
_ / > Gl ) fils, @(),
k=1

(Px)(d—(11,5)))As

t+w M
_ / Z|Gik<t,s>|\fk<s,w<s>,

(Px)(0-(11,9)))|As
ttw T

AO( S Ifils, (5)
k=1
<¢w><6_<ms>>>ms>
t+w T
= gOBo</t ;\fk(sjﬂﬁ@

(@w)(cs(Tl,s)))rAs)
> S|Hal|, i=1,2,--.n

v

That is, Hx € K. This completes the proof. O

Lemma 11. Assume that (Py) — (Py) hold, then H :
K — K is completely continuous.

Proof. We first show that H is continuous. By (P3),
for any L > 0 and € > 0, there exists a v > 0 such
that

{60 € C(T,R"), ll¢]l < L, |¥]| < L, lo—v] < v}
imply

sup [ f(s, ¢(s), u1(0-(71,5)))

sel0,w]r
9

—f(s:4(s), u2(6-(71,9)))|o < 5— B

Ifz,y,€ Kwith|[z| <L, |y| < L, |lz—y| <
v, then

|(Ha:

Z

— (Hy)(t)lo
t+w n
/ Z Gik(t, s) fi(s, z(s),

(7—17 )))AS

t+w n
/ > Girlt 5) fi(s, y(s),
k=1

(y)(0-(11,5)))As

ttw T n
| I cuts)

k=1 =1

IN

IN
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|fi(s, 2(s), (®2) (- (71, )))
—fi(s,y(s), (PY)(0-(71,5)))|As

t+w
Bl</t |f(s,x(s), (Px)(0_(11,5)))
-—f®7y®%(¢yﬂ5—hL8DﬂoAs>

<

™

for all ¢ € [0,w]p, which yields |Hz — Hy| =
sup |[(Hz)(t) — (Hy)(t)lo < e, thus H is con-
te[0w]r
tinuous.
Next, we show that A maps any bounded sets in
K into relatively compact sets. Now we first prove
that f maps bounded sets into bounded sets. Indeed,
let ¢ = 1, by (Ps), for any ¥ > 0, there exists
v > 0 such that {x,y € C(T,R"), |

]|z -yl <v,se [O,w]qr} imply

|f (s, 2(s), () (0-(1,5)))
—f(s,9(s5), (®Y)(0-(71,5)))[o < 1.

Choose a positive integer /N such that % < 4.
Let x € C(T,R") and define x*(t) = () k=
0,1,2,--- ,N.If ||z|| <, then

t)k t)(k—1
Hmk _ :Bk_IH — sup w( ) _ 33( )( )
te[ouw]T N N 0
1 9
< —< =<9
< el < 5 <
Thus

£ (s, 2" (s), (22*) (6 (11, 5)))
—f(s,2" 1 (s), (@2 (0~ (71, 9)))lo < 1.
for all s € [0, w]T, these yield
| f (s, 2(s), (P2)(0-(71,5)))|o
£ (s, 2" (s), (2a™) (8- (1, 5)))lo

N
D[ F(s 2t (s), (@2*)(6-(11,5)))
k=1

—f(s, 0" (s), (@2 ) (6_(11,)))lo
+|f(5a Oa 0)|0
< N+|f(5,0,0)]p = W.
It follows from (7) and (8) that for ¢ € |0,

IN

(®)
wlT,

n

sup 3 |(Hiz)0)

}:&</ﬂsd®

|He|

IN
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@M&MMMM>

Bi(|f(s,2(s), (P2) (6 (71, 5)))|ow)
BiWw = Q.

<

Finally, for ¢t € T, we have

(Ha)>(t) = A(t)(Ha)(t) + f(t, (1), () (6-(11,1)))-
So
(Hz)2(t)lo < A (Hz) (D)o
[t 2(t), () (0-(11,1)))]0
< |AlQ+W,
where |A| = max sup Z lag;i(t)].

ISisniefo,w)y j=1
Hence, {Hz : « € K, ||z|| < ¥} is a family of
uniformly bounded and equicontinuous functions on
[0,w]r. By the theorem of Arzela-Ascoli, we know
that the function H is completely continuous. O

3 Main Results

Now, we fix 7,1 € [0, w]|T, n < [, and let the nonnega-
tive continuous concave functional «, the nonnegative
continuous convex functions €, v and the nonnegative
continuous function v be defined on the cone K by

a(x) = inf |x(t)|o, ¥(x) =0(x) = sup |x(t)|o,
ten,lr te[0,wlr
Y(x) = sup [(@z)(0-(71,1))os
te[0,w]r

The functions defined above satisfy the following

relations

a(x) <yY(x)=60(x), Vo € K. )
Lemma 12. For x € K, there exists a constant E2 > 0
such that

sup [z(t)lo < E sup |(®x)(5-(71,1))lo-
te[0,w]r te[0,w]

Proof. For x € K, we have

sup  |(@x)(0-(71,1))lo
te[0,w]r

d—(m,t)+w
mp/ G(S_(r1,8), 5)D(s)
te[0,w]r J6—(71,t)

x(0_(712,))|0As

Lé||x|| = L§ sup |z(t)]o,
te[0,w]r
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where L = max - sup | Z Lik ()]s (Lig (8))nxcn =
1SkSnyclowly i=

Jo IG(6-(71,t),8)D(s )\As. Setting £ = 2. This

completes the proof. O

Moreover, for each ¢ € K,

sup (@) (d-(71,1))lo

te[0,w]r

el = sup |z(t)lo <

te[0,w]r
= Ey(x).

We also find that ¢ (px) = pip(x) for V p € [0, 1],
V @ € K. Therefore, by (10) the condition (x) o
Theorem 9 is satisfied.

To present our main result, we assume there exist
constants a, b,d > 0 witha < b < % < % such that:

Lo

(S1) |f(t,u,v)|o < ﬁ, for 0 < |ulp < Ed, 0 <
|V|0 <d,te [O,Lu]']r;

(SQ) ‘f(tv'uﬂV)‘O > #L? for b < "U,’() < b/(;, 0
|V|0 S d’ te [nal]T;

IN

(S3) [f(t,u,v)lo < g, for 0 < Julp < a, 0 <
Vlo < d, t € [0, ol
Theorem 13. Under assumptions (S1) — (S3) and

(P1)— (Py), then the system (1) has at least three pos-
itive w-periodic solutions x1, x2 and T3 satisfying,

sup (@) (0 (11, t))o < d, i =1,2,3,

te[0,w]r
b< inf |x1(t)|o,
Bl
a < sup |xza2(t)|o, with i[nf] lz2(t)|o < b, and
te

te[O,w]T 75¢T

sup |z3(t)|o < a.
te[0,w]T

Proof. For * € K(v,d), there is v(x) =
sup |(®x)(d—(71,t))]o < d. From Lemma 12, we
te[0,w]t
have sup |x(t)|o < Ed, thatis 0 < |z(t)|o < Ed,
te[0,w]r
fort € [0, w|r. By assumption (S7), for x € K, there
is Hx € K, and

6—(71,))o
o_ (Tl,t)+w
’/ 0_(11,t),8)f(s,x(s),

0-(11,5)))As

0

sagﬁm@mm@

(11,5)))|As
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Therefore, H : K(v,d) — K(v,d).

To check condition (1) of Theorem 9, we
take |&|p = b/0. It is easy to see that & €
K(v,0,a,b,b/6,d), and a(x) = b/d > b, so {x €
K(~,0,a,b,b/0,d)|a(x) > b} #£ .

Hence, for x € K(v,0,«,b,b/4,d), then

inf |x(t)|o >0,

sup |x(t)|o < b/,
te[nvl]T

te[o’w]']l‘

sup |(®x)(0—(71,1))|o < d,
te[O,wh

that is
b< [a(t)lo < /8. 0 < |(@a)(3_(m1, D)o < d.

fort € [n,{]r.
Then, by assumption (.S3), we have

a(Hz)(t)

= inf {
te [T],l]'ﬂ‘ t

(@z)(5-(71,5)))As

> inf {
tE[O,w]'ﬂ* t

(Px)(d—(11,5)))As

t+w

G(t, ) f (s, 2(s),

0}
t+w

G(t, ) f (s, 2(s),

J

t+w
2‘431 £ (s,2(s), (@) (5_(r1, 5)))oAs
> A1 /Ow <All)w>A8
= b.

ie, a(Hx) > bforall x € K(v,6,c,b,b/6,d).
This shows that condition (1) of Theorem 9 is satis-
fied.
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Secondly, by the cone K defined by (5), we have
a(Hx) > 00(Hx) > 6(b/d) = b, for all x €
K(v,a,b,d) with (Hx) > b/§. Thus condition (2)
of Theorem 9 is satisfied.

Finally, we show that condition (3) of Theorem
9 also holds. Clearly, as 1(0) = 0 < a, there holds
0ER(~,1,a,d). Suppose that ¢ € R(~, 1, a,d) with
(x) = a, this implies that for ¢ € [0,w]r, there is

sup () = a, sup |(@a)(6_(71,0)|o < d.
te[0,w]r te[0,w]r
Hence,

0 <[z(t))o <a, 0 <[(@x)(0—(71,1))|o < d,
for t € [0, w]r. So by assumption (S3), we have

¢(Hz) = sup [(Hz)(t)]o

te[0,w]

<B /0 " (5. 2(5), (@2)(6_ (1, 5)))loAs

<B/w< a >A
S S
10 Blw

= a.

So, the condition (3) of Theorem 9 is satisfied.
Therefore, by Theorem 9, we obtain that the oper-

ator H has at least three fixed points. This completes

the proof. O

4 An Example

Considering the following system with time delays

{ z2(t) = A()a(t) + f(t, x(t), u(6-(m1,1))),

wA (1) = Btu(t) + D(t)z(6_(70,1)), t €T, 1D

and

| f (2 (t), w(o-(71,1)))lo

| sin 27t | + |Z(t)]o+|U(5—(71,¢))]o
10 100 )

lz|p < 65, 0 < |ulp <2 x 104

[ (#)|o [w(5—(71,1))lo
3500 + 5x 106+ sin 27rt] + 5x 106+ cos 2mt]?

|0 > 65, 0 < |up <2 x 10%,

where 6_ (71, t) is delay function with ¢ € T.
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From the above, we can get
ea(t, to)
10
= 670.5(151 tO) |: 0 1 :|
t 1 -2 1
reasttn [ a2 L),
ea(t,a(s)) = ealt,s)(I + pu((s)A(s)) .
Case 1: T=R,and w = 0.5,

1—2(t—s)
(t—s)

calt9) =03 |

a2l

ealt,o(s)) =ealt,s),
G(t,s) = (ea(0,w) —I) ea(t,s).

By a direct calculation, we can get
Ao = 1.3710, By = 3.0793,

Ay = 2.7420, B; = 4.5208,

then § = 0.4452, choose a = 65, b = 70, L =
1, d=2x10%and 0 < |ulp < 2 x 10%, then

£t 2 (t), w(5_ (1, 8)|o < 1i0 +0.65

< 28.7560, for ||y € [0, 65],
|F(t, z(t), w(d_(11,1)))]o < 3500 + 8.9848 x 1072
< 8848, for |x|o € [0,4.4924 x 10%],
70

|F(t, (1), w(0-(71,t)))|o > 3500 + 5% 100 + 2
> 51.0576, for |x|o € [70, 157.2327].
According to Theorem 13, when T = R, system

(11) exists at least three positive periodic solutions
ﬁ)l, §32, ﬁ?g, and

sup |§33(t)|0 < 65 <
te[0,w]r

sup ‘ﬁ)g(t)’o,
te[0,w]r

inf ‘C&Q(f)‘o <70 < inf

r1(t)|o.
te[ﬁ,l]']r tE[O,wh‘ "’I"l( >‘0

Case2: T=7,and w = 0.5,

1 (t—s) 1— 4(t—s) 2(t—s)

ea(t,o(s)) = ealt,s)(I+A) ",
G(t,s) = (ea(0,w) — I)fleA(t, s)(I+A)~L

By a direct calculation, we can get

Ag = 1.4410, By = 3.5916,
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Ay = 2.4142, By = 6.8428,

then § = 0.4012, choose a = 50, b = 80, L =
1, d=2x10% and 0 < |ulp < 2 x 10*, then

(8, 2(t), u(d-(71,)))lo < 15 +0 5
< 7.3070, for || € [0,50]

|F(t, 2(t), w(d—(11,1)))]o < 3500 + 0.0997
< 5846, for |x|o € [0,4.9850 x 10%],
80
\f(@w(t),u(df(ﬁ,t))ﬂo > 3500 + m

> 66.2745, for x|y € [80,199.4018].

According to Theorem 13, when T = Z, system
(11) exists at least three positive periodic solutions
x1, T2, T3, and

sup |533(t)|0 <50 <
tG[O,w]-ﬂ-

sup ‘5)2(75)’0,
te[0,w]r

inf |.’i1(t>‘0.

f < 80 <
inf  [Z2(t)[o ot

ten,l]r
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