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1 Introduction

It is well known the reaction diffusion system is the
classical model in describing the spatial-temporal pat-
ten (see, e.g.[9]). However, the Laplacian operator in
the reaction diffusion system is not sufficiently accu-
rate in modelling the spatial diffusion of the individ-
ual in some cases, especially in many biological areas
(see [8]). As stated in [8, 10], one way to overcome
this disadvantage is to introduce the following nonlo-
cal evolution equation

wet) = [ =), - ulzH)dy. 1)

This equation and their variations, have been widely
used to model diffusion process, for example, in biol-
ogy, dislocations dynamics, etc. See, for example, [1,
5] and references therein. As stated in [5], if u(z,t)
is thought of as a density at the point x and time ¢ and
J(x—1y) is thought of as the probability distribution of
jumping from location ¥ to location x, then the con-
volution (J * u)(z,t) = [pnv J(x — y)u(y,t)dy is
the rate at which individuals are arriving at = from all
other places and —u(z,t) = — [pv J(z—y)u(z, t)dy
is the rate at which they are leaving location x to travel
to all other sites.

In the past decades, some works have shown that
equation (1) shares many properties with the classical
heat equation

u— Au =20

such as bounded stationary solutions are constants, a
maximum principle holds for both of them, etc. How-
ever, there is no regularizing effect in general. So it is
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an interesting topic to compare the properties of solu-
tions of such nonlocal diffusion equation with corre-
sponding local diffusion cases, see [11, 12] and refer-
ences therein.

Motivated by above works, we devote our atten-
tion to the blowup analysis of the following nonlocal
diffusion equation

w(et) = [ J@—y)ul.t) - ue0)dy
+a(z)uP(x,t) — b(z)ul(z, 1),
zeQ t>0,
u(z,0) = wup(z), z €. )
Here J : RN — R is nonnegative, bounded , sym-

metric radially and strictly decreasing function with
Jry J(2) = 1, p and ¢ are both positive constants.
2 is a bounded connected and smooth domain. And
the potential functions a(x), b(x) are both in C* (),
satisfy a(x) > Ay, b(x) > Bj for some positive
constants Ay, Bj , respectively. We take the initial
datum, ug(x), nonnegative, nontrivial and bounded.
As we will see through these pages, this equation will
share many properties with corresponding local diffu-
sion problems.

Note that in our problem (2) we are integrating in
Q. In this case, we are imposing the condition that the
diffusion takes place only in 2. No individual may
enter or leave the domain. This is so called Neumann
boundary conditions, see [4]. For more study about
the nonlocal diffusion operator, we refer to [2, 3] and
references therein.

A solution of (2) is a function wu(z,t) €
C([0,T); C(2)) satisfying (2). As usual, we say the
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solution of problem (2) w blows up in finite time if
there exists a7’ < +oo such that || u(z,t) ||fee < +00
forallt € [0,7") and

I o= 400,
lim ([ u(z,1) [| 0= o0

For the blowup properties of the solution to prob-
lem (2), we have following results. Firstly, we de-
termine the complete classification of the parameters
for which the solution blows up in finite time or exists
globally.

Theorem 1 (i) If p > max{q, 1}, then the equation
(2) with large initial data have solutions blowing up in
finite time, while the solutions of (2) with small initial
data exist globally.

(1) If p < max{q, 1}, then all solutions of (2)
are global. Moreover, if p < q or p q and
max_ g (a(z) — b(x)) < 0, all solutions are uni-
formly bounded, while if p = q and min g (a(z) —
b(x)) > 0, there exist unbounded global solutions.

Once we have obtained the values of the parame-
ters for which blowup occurs, the next step is to con-
cern the blowup rate. To this end, we suppose that

(H) suppJ (z) N suppug(z) # O.
Theorem 2 Let p > max{q, 1} and u(z,t) be a so-
lution of (2) blowing up at time T'. Then

1

lim (T—t)ril max u(z,t) = ((p—1) maxa(x)) »-T.

t—T

z€Q z€Q

3

Remark 3 Note that the blowup rate here depends on
the potential. This is different from the usual local
diffusion case.

Next we consider the spacial location of the
blowup set. As usual, the blowup set of solution
u(x,t) is defined as follows:

B(u) = {x € Q; thereexist (x,, t,) — (x, T)such
that u(zy,t,) — co}.

where 7' is the maximal existence time of u. For a
general domain {) we can localize the blowup set near
any pint in €2 just by taking an initial condition being
very large near that point and not so large in the rest
of the domain. This is the following result.

Theorem 4 Let p > 2. For any xo € Q and € > 0,
there exists an initial data ugy such that the corre-
sponding solution u(x,t) of (2) blows up at finite time
T and its blowup set B(u) is contained in B.(xy) =
{xeQ;||lz—a2||< e}
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Considering the radial symmetric case, we have
the following result.

Theorem 5 Let p > max{q,2} and Q@ = Bpg
{|z| < R}. If the potential functions a(x), b(x) are
radial symmetric and satisfy a'(r) < 0, b'(r) > 0.
And the initial data vy € C*(BR) is a radial nonneg-
ative function with a unique maximum at the origin,
that is, ug = uo(r) > 0, uy(r) < 0for0 < r < R,
u'(0) = 0 and u(0) < 0, then the blowup set B(u) of
the solution u of (2) consists only of the original point
z=0.

The remainder of this paper is organized as fol-
lows. In Section 2, we give the existence and unique-
ness of the solutions as well as the comparison prin-
ciple. In section 3, we prove the blowup and global
existence condition. And then we prove the blowup
rate and blowup set results in Section 4 and section 5,
respectively. In Section 6, we will give some numer-
ical experiments to demonstrate our results. And the
last section is devoted to our conclusion.

2 Existence, Uniqueness and Com-
parison Principle

We begin our study of problem (2) with a result of
existence and uniqueness of continuous solution and
comparison principle.

Firstly, existence and uniqueness of solution is a
consequence of Banach’s fixed point theorem. We
look for u € C([0,T);C(Q2)) satisfying (2). Fix
to > 0, and consider the Banach space X;, =
C([0,T); C(Q)) with the norm

Il = gmax w8 e +
max || wi(1) | g -

0<t<tg

We define the following operator 1" : Xy, — X,
T (w) (2, 1)
t
an@)+ [ I = ). ) = wla.)dyds
t
+ [ (o) |0 P wias)
0
—b(z) |w |77 w(a, s))ds.

We could prove the solution to (2) is a fixed point
of operator I’ in a convenient ball of X;,. Thus, we
have the following result.

Theorem 6 For every ug € C()) there ex-
ists a unique solution u of (2) such that u €
CL([0,T); C(Q)) and T (finite or infinite) is the max-

imal existence time of solution .
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In order to prove Theorem 6, we need the following
lemma.

Lemma 7 The operator 1., is well defined, mapping
Xy, into itself. Moreover, let wy, 29 € C(Q) and
w, z € Xy,. Then there exists a positive constant
C =C(p g H w HXtO7 H z HXt07 ” J ”oo; Q) such
that

H Two(w) - TZO(Z) HXto
<o — 20 ll gy +Ct Il — 2 l1x,, - @

Thus, 1., is a strict contraction if to is small enough
and ug = vg.

Proof. This proof consists of several steps.

Step 1. We show that T,,) maps X;, into Xy,.
Notice that [, J(z — y)dz < [pny J(x)dz = 1. For
any (z,t) € Q x [0, to] we have,

[T (w(2,1)) = ol

<] / / J(x —
1 [ (@) | 7 e
—b(@) |w |7 w(a s))ds\

<|//Jx—
L[ (ate) Lo 7l )|
1 [ (bt Tl ))s|

< Cit2 ]l w llx,, + ek, +1wlk, )

,8) —w(x, s))dyds |

,8) —w(zx,s))dyds |

This implies 7., is continues att = 0.
Similarly, for any (z,t1), (z,t2) € Q x (0,%g],
we have

[T (Wl t1)) =

o (o

+a(z) |w [P w(z, s)
—b(z) |w | w(w,s))ds ]

< Cota —t1)(2 | w llx,y + Tw %,
Fllw g, )

Ty (w(z, t2))]
,8) —w(z,s))dy

Thus, T, is continues for any ¢ € (0, o).

On the other hand, the convolution [, J(z —
y)(u(y,t)—u(z,t))dy is uniformly continuous. Thus,
T.,, 1s continuous as a function of z. Therefore, we
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conclude that T,,,, (

) € C([0,T); C(Q)) forany wy €
C(Q)andw € C([0,

[
T); C()) . Moreover, we could
easily prove that f J(x —y)(w(y,t) —w(x,t))dy +
a@) | w P oo, t) — bz) | w [0 w(z) is
continues for any t (0, to] in a similar way. That
is, T, € C*([0,T);C()) for any wy € C(£2) and
w € CY([0,7); C(£2)). Therefore, T,,,, maps X, into
itself.
Step 2. We prove the estimate (4).
(x,t) € Q x [0, to], we have

|Tw0(w($a t)) - TZO(Z(LL',t))|
< [lwo = 20l ooty

1 [ (a1 P o= a@) 2 7 2)ds |
+r/ 2) | 277w —b(a) | w [ w)ds |

+ !/O /QJ(x—y)(w(y’«S) —2(y, )
—(w(@,5) = 2(x,5)) ) dyds

< lwo — ZOH;;oo(ﬁ)
t
H(CoprP ™+ CagrY)| / (w(.5) = =(z,))ds

12 [ lal8) - 2, 9)IF@

S ||w0 ZOHLOO(Q)
+(CspnP ™! + CuqC? + 2K (Q))t||w

A:’ =R

For any

/Ja?— y)dyds

- zHXtO7
where n < max{[lw|x,, [zllx,}. ¢ <
max{||wllx,,, [[2]lx;, }- The arbitrariness of
(x,t) € Q x [0, to] gives the desired estimate (4).
Step 3. Finally, we prove that the operator T, is
a strict contraction if ¢ is small enough. To this end,
choosing tq such that C'tg < 1 and wy = zg, we have

[ Teo (w(z, 1))

Hence it is enough to choose ¢y such that C'ty <
1/2 to obtain a strict contraction in the ball
B((uo, 2||u0\|Loo(§)). The proof of Lemma 7 is com-
plete. g

Now we could easily prove Theorem 6 , concern-
ing the existence and uniqueness of solutions.

= T (2(2, 1)) ||, < Chollw = 2 x,-

Proof of Theorem 6 By Lemma 7, we have that the
operator 1y, is a strict contraction in the time inter-
val [0, ¢o] , the Banach’s fixed point theorem implies
that problem (2) have a unique solution in the space

= C([0,T);C(Q)). If |ullx,, < +oc, taking
u(-, tg) € C(RQ) as the initial data in the problem (2)
and arguing as before, we can extend the solution up
to some interval [0, ¢1) for some ¢; > to. Therefore,
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we conclude that if the maximal existence time of the
solution, 7', is finite time then the solution blows up
in L°° () norm.

Next, we will study the comparison principle. As
usual we first give the definition of supersolution and
subsolution.

Definition 8 A function u € C1([0,T);C(Q)) is a
supersolution of (2) if it satisfies

/ J(x — y,t) —u(z,t))dy

+a(z )up(ﬁv 75)—5( Jut(x, t),
ug(x).

Subsolutions are defined similarly by reversing
the inequalities.

To obtain the comparison principle for problem
(2), we first give a maximum principle.

ﬂt(xut) 2

u(x,0) >

Lemma 9 Suppose that w(zx,t) € C([0,T);C(Q))

satisfies
[ Il — ww.0)dy
+ cuw(zx,t), zeQt>0 (5

with w(x,0) > 0 for = € Q and
suppJ (z) N suppw(xz,t) # O, ¢1 is a bounded
function, then w(zx,t) >0, x € Q, t > 0.

Proof. We first show w(x,t) > 0 forz € Q,t >
0. Assume that w(z,t) is negative somewhere. Let
O(x,t) = e Mw(z,t) (A > 0, X > 2sup|eg]). If
we take (xg,tp) a point where € attains its negative
minimum, there holds ¢y > 0 and

Oi(vo,to) = —Ae Mo (9307t0)+€ Ao, (20, o)
> 7’\t°/ J(zo — y)(w(y, to)
w(xo, to))dy + (—A + c1)w(zo, o)

> 0,

which is a contradiction. Thus 6(z,t) > 0 for z €
Q, t > 0. And so does w(x, t).

Now, we suppose #(x1,t;1) = 0 for some
(z1,t1), that is, € attains its minimum at (x1,%7)
from the first step. Then w(z1,t1) = 0. As
suppJ (x) () suppw(z,t) # O, we have

O(z1,t) > e / J(x1 — ) (w(y, t1))dy
Q
> 0.

This is a contradiction. The conclusion follows. O
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Remark 10 From the proof of Lemma 9, w(x,t) > 0
for x € Q, t > 0 is also validity when the condition

suppJ (z) N suppw(z,t) # O fails.

Lemmall Ifp > 1, q > 1 and u, u be super
and subsolutions to (2), respectively. Then u(x,t) >
u(z,t) for every (z,t) € Q x [0,T).

Proof. Let w(x,t) = U — w, it is easy to verify that
w(x,t) satisfies (5) when p > 1,4 > 1. We could
obtain our conclusion from Lemma 9. O

Remark 12 When p < 1 or ¢ < 1 the conclusion is
also validity if u and u are bounded away from 0.

3 Blowup and Global Existence

In this section, we will analyze the blowup condition
and give the proof of Theorem 1. For convenience
of writing, we introduce the following notation. Let
Ao = max, g a.(:z) , By = max, g b(x). We will
use this notation in the rest of this paper.

Proof of Theorem 1 (i).We first show that if the initial
data ug(x) is large enough, solutions of (2) blow up in
finite time.

In the case of p > ¢ > 1. Integrating equation
(2)1 in €2 and applying Fubini’s theorem, we get

(i/gu(g;,t)dx :/Qa(z)up(x,t)dx
—/Qb(x)uq(x,t)dx (6)

Using Holder’s inequality and noting the bound of the
potential, we could get

d
&/Qu(x,t)dx
q
> Al/ uP(z,t)dx — BQ|Q|% (/ up(x,t)dx> !
Q Q

= (/Q up(ar,t)da:> B

[Al (/Q up(x,t)da:)p
—B2|Q|p’%q}a

where || is assumed to be the measure of ). Given

SRS

positive constant m > (52 )P a and ug > m, we have

by the comparison pr1n01ple that the solution u(z,t)
of problem (2) satisfies u(xz,t) > m. Thus

d q
—/ u(z, t)de > (/ up(;r,t)dx)p .
dt Jo Q
(AmP=j0 5" = Bl 7).
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Then we use Jensen’s inequality to obtain

;t/Qu(x,t)dx >C (/Q u(x,t)da:)q, (7)

where C' is a positive constant independent of the so-
lution u. From this inequality, we could easily obtain
that u(x, t) blow up in finite time.

In the case of p > 1 > g, it follows from u? <
u + 1 and Jensen’s inequality that

/Qa(:z:)up(x,t)dx—b(w)/guq(x,t)dx
2/QAlup(x,t)dx—Bg/ﬂuq(x,t)dx

> Al/ uP(x,t)de — Bg/ u(z, t)de — Bs|Q|
Q Q

p
> Al\Qll_p (/ u(m,t)dac) — Bz/ u(z, t)dx
Q 0
—Bs|Q.

Substituting this inequality into (6), we obtain

d
T /Q u(z, t)dx

P
> A QPP </ u(m,t)d:z:) — Bg/ u(z,t)dx
Q Q
—Bs|Q].

Therefore, if we take the initial data ug large enough
such that Ay |Q1 7P ([ ug(x)dz)P — Bs [ uo(z)dz—
Bs|Q > 0, then [, u(x, t)dz blows up in finite time.
So does u(z,t).

Next we show when the initial data ug () is small,
solutions of (2) exist globally.

Consider constant M. Let 0 < M <

vty WEY 70, Then M; > a(x)M? — b(x) M.
Henceforth, if ug(x) < M, M is a supersolution
of equation (2). From the comparison principle, we

know solutions of (2) are global in this case.

(min

(ii). We only need to look for a global superso-
lution of equations (2). Indeed, it is easy to construct
spacial homogeneous global supersolution of (2). To
see this, we let @ = Ce™, where C and « are positive
constants to be determined.

For any given initial data uo, we note that @(tg) >
||uo||eo for to sufficiently large and w is bounded away
from 0. Thus by the comparison principle and Remark
12, to make w be a supersolution of (2) we only need
to show the existence of C and « satisfying

(®)

If p <1 < g, for any given «, we can take C' =
1
(A5 B;)7=3 such that (8) holds.

a(x)CPeP™ < b(x)C9eI 4 aCe™.
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If ¢ < 1 and thus p < 1, we can choose C' and «
satisfying v = A;CP~!, which make (8) validity.

Next, we show all global solutions are uniformly
bounded when p < q or p = ¢q and max_ g (a(v) —
b(x)) < 0. In fact, (2) has constant supersolution 7 =
A whenever p < q or p = ¢ and max_ g (a(r) —
b(xz)) < 0. To see this, we choose A large enough
such that

b(x)A? > a(x)AP, A > ||luolco,

which imply that @ is a supersolution of (2).

At last we show there exist global unbounded so-
lutions when p = ¢ and min__g (a(x) — b(z)) > 0.

Define function f () as follows.

Ifp=gq<1f(t)=((A - B2){1-p)t+
Fiop(0)) .

Ifp=q=1, f(t) = eA=B2)t

It is easy to see that if f(0) < maxgq ug(z), f(¢)
is a subsolution of equations (2). It is obvious that
when p < 1, f(t) is unbounded. O

4 Blowup Rate Estimate

In this section, we study the blowup rate and prove
Theorem 2.

Proof of Theorem 2. Let U(t) = u((z(t),t) =
max, g u(r,t) . Itis easy to see that U(t) is Lips-
chitz continuous and thus it is differential everywhere
(see [6]). From the first equality of (2) we have

U'(t)
SAwawXM%U—Mﬂmﬂﬂy
+a(

2())uP (2(t), t) — b(z(t))u! (z(t), 1)

< AyuP(x(t),1) ®)

at any point of differentiability of U (¢). Here we used
Vu((z(t),t) =0.

Noticing that p > 1 and integrating (9) from ¢ to
T', we obtain

maxu(z,t) > (As(p — 1) 71 (T — ) 7. (10)
e

Next we will establish the upper estimate. For any
(z,t) € Q x [0,T), we have

ut(x,t) > —u(x,t) + a(z)uf(x,t) — b(z)ul(x,t)
= uP(x,t) (a(m) —u~ P (z, 1)
—b(z)u” =) (z,1)).

In particular,

U'(t) > UP(t) (4o — U()"®~V — ByU (1)),
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From the lower estimate (10) we get
U'(t)
> UP(t)(As — Asp — 1)(T — 1)
—By(p— 1)1 (T —1)»1 ).

Integrating in (¢, 7T"), we get

max u(x,t)
e
A o 2
< (Aalp— (T ) - 222
3p—q—2
P V- S SR
By =g 0 )

as u(z, t) could not attain its maximum on the bound-
ary of € from Lemma 7 . Combining with (10), the
conclusion of Theorem 2 is proved if one take the limit
ast — T. O

5 Blowup Set

Next we will concern the blowup set for the solution
to problem (2). We will first localize the blowup set
near any point in ) just by taking an initial condition
being very large near that point and not so large in the
rest of the domain.

Proof of Theorem 4. Given 2y € Q and ¢ > 0, we
could construct an initial condition uq such that

B(u) C Be(wg) = {x € Q: ||z — x| <e}. (11)

In fact, we will consider ug concentrated near x
and small away from .

Let ¢ be a nonnegative smooth function such that
supp(y) C Bz (x0) and p(x) > 0 for x € B (20).

Next, let

ug(z) = Mp(x) + 0.

We want to choose M large and ¢ small such that (11)
holds.

First we can assume that 7" is as small as we need
by taking M large enough. In fact, we have

C(vav AlvBZasO) C(Q7P’A1>32790)
Ma-1 Mp—1

T < T<

from the proof of Theorem 1.
Now, from the proof of blowup rate, we have

e
As(p—1)2
< (stp -~ @ 1) - 22 gy
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1 3p7q172 1

. — 2p—g—1\ — —=

—B2—(p ) * (T —1t) o ) Pl
2p—q—1

< C(T —t) 7.

Henceforth, for any T € (2,

w(@t) = [ Iyt - u@0)dy
+a(z)uP(z,t) — b(z)ul(z, 1)

< [ J@wut.Ody+ Azr(@.)
< O —t) 7T + AP (3, 1),

which show that u(, t) is a subsolution to

wy = O(T — ) 7T + AyuP(t). (12)
And then, if u(Z,0) < w(0), we have
u(@,t) < w(t). (13)

Next, we only need to prove that a solution w to
(12) with initial value w(0) = § remains bounded up
to t = T, provided that § and T are small enough.

Let

2(s) = (T — )P Vw(t), s=—In(T —1t).
Then z(s) satisfies
2 (s)=Ce™® — %z(s) + A2 (s),
p —_—

Z(—InT) = TP~V
On the other hand, p > 2 shows that for 7" and § small

(T is small if M is large), we have

1 1 b
CT — —léTpil + AP < 0.
p —

So 2/(s) < Oforall s > —InT. From this and Lemma
4.2 of [7], we know
z(s) -0, s— 00.

Combining the equation verified by z we obtain that
for given positive constant y (< ———), there exists

p(p—1)
sp > 0 such that
/ —s 1
Js) < Cem = [—— —q) 2(s)

for s > sq.
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Let v(s) be a solution of

V(s) = €t = (=7 =) o(s)

-1

with v(sg) > z(sp). Integrating this equation we get

v(s) =Cre * + Cgef(ﬁfv)s.

By a comparison argument we could get that for every
S > S0,

2(s) < v(s) = Cre™ + Coe G5 (1)

Now we go back to 2/(s) = Ce™* — Iﬁz(s) +2P(s).
We have

then

(em1°2(s)) = er1%(Ce™ + 2P).

Integrating form sg to s, one could get
z(s)
_ 1 g S 1, .
— e <cl+/ 71 (Ce™ + 2P)do)
1 %0

p—1

e
(01+/ RO+ " P)do).  (15)

Using (14) and v < ( 7> We have

eS2P < C{’e—(p—l)s + Cge—(ﬁ—m—l)s 0

as s — +00.
And thus from (15), we get
S 7&(7
z2(s) < e P = (01—1—03/ e »—1do)

S0

__1
< (e p—15—|—046_s.

As p > 2, we have

z(s) < Ce 7 s.

This implies that w(t) < C, for 0 < ¢ < T. From the
boundedness of w and (13) we get u(Z,t) < w(t) <
C forevery T € Q \ Be(z), as we wished.

Next, we will consider the radial symmetric case,
that is, the proof of Theorem 5. For the convenience of
writing, we only deal with the one dimensional case,
Q) = (—1,1). The radial case is analogous, we leave
the details to the reader.

First, we prove a lemma that show if the initial
data has a unique maximum at the origin and o’(z) <
0,b/'(z) > 0, then the solution has a unique maximum
at this point for every ¢ € (0,7).
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Lemma 13 Under the hypothesis of Theorem 5 we
have that the solution u(x,t) is symmetric and such
that u, < 0in (0,L] x (0,7).

Proof. Symmetry follows from uniqueness since
h(z,t) = u(—=z,t) is also a solution to (2).

Denote w(x,t) = u,. Then w satisfies the fol-
lowing equation

= | J@=yuly.t) — ulz, t)dy)

L

~w(e,t) [ I = gy + pa(@)er (@ Dl )
~L

—qb(x)ut w(z,t) + d (x)uP (z,t) — O (x)ul(z,t).

If we assume that there exists a point (zo, tg) €
(0, L] x (0,T") at which w(zo, to), we get

$O>t)

_/ T (0 — y)uly, O)dy + a (z0)u? (2o, t)
=V (x0)u?(zo,t).

Here we used that J' is odd and the symmetry of w.
From this equation it is easy to obtain a contra-
diction as a’(z) < 0and ¥/ (x) > 0.
Now we are ready to prove Theorem 5.

Proof of Theorem 5. Let us perform the following
change of variables
2(e,8) = (T — )P Vu(a, 1),
s=—In(T —1t). (16)

Our remainder proof consist of two steps.

Step 1. We first prove the only blowup point that
verifies the blowup estimate (3) is x = 0. And this
shows that for x # 0, z(x, s) does not converge to

Cp = (As(p—1)) 7T as s — +oo.

We conclude by contradiction. Assume that (7" —
)V P=Dy(z0,t) — C, for a zg > 0.

Let v(t) = u(0,t) — u(xo,t). Then

[ Iy -

l

_ /_z J(zo — y)(u(y, t) — u(zo, t))dy

+a(0)u(0, 1) — a(zo)u” (zo, 1)
—b(0)u?(0,£) + b(xo)u? (wo, t)

[ )ty 1)~ w0, )y

/ J(xo — y,t) — u(zo,t))dy
+pa(0)E7~ 1( t)u(t) — qb(ﬂfo)??qfl(t)v(t%

v(t) = u(0,1))dy

v
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where £(t) and 7(t) are between u(0, t) and u(xo, t).

Hence

V()

v

/_lz (J(=y) = J(zo — y))uly, t)dy

!
+ [ = 20) = T@)u(0.)dy
-1

*v(t)+pa( JEPH(t)u(t)
—ab(o)n® ™ (t)v(t)

l
_ /_l( (y — z0) — J(y))(u(0,t) — u(y, t))dy

()+pa(0)§p H(t)o(t)
—qb(xo)n? (t)v(t

“H(t)o(?)
> (=01 +pa(0)ePH(¢) — gb(zo)n™™ (1))v(t),

for some positive constant.
Integrating the above inequality, we obtain

In(v)(t) — In(v)(to)
> [(Cv+ A (s) — Baawt ()i

to

Remember that (T — t)1/P=Dy(zg,t) — C,p, (T —
)1/ (P=Dy(0,t) — C,, we have

lisy £(t)(T — )77 = lim n(t)(T — )71 = G,

t—T

And this implies that

/t(—C1 + Agp€P~1(s) — Bagn®'(s))ds

to
tcr—l
> A -+ —da
Z A2p b T —s s

t a—
~Bog [ (CAT 4+ 82)(T — ) ds - G
to

—1
p > q implies that such that (T — s)_zf1 < 63(T —
s)~Yas s — T for given 3 > 0. Hence

t
| (=€t Aapt?=1(5) = Bagn™! (9))ds
tC’p—l -5
> Aop | —E——ds — Cy
to T —s

= —Aop(CP~1 = 8)In(T — t) — Cy

for some § > 0.
Hence

o) > O(T — 1) P42 =0) = (1 — gy
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Using this fact, we have

0 = lim (7 — &)@ Vy(s)

t—T

> Clim(T —

t—=T
= +4oo.

)i Az

This contradiction proves our claim.

Step 2. We will show the only possible blowup
point is z = 0.

Remembering the transform (16), z(x, s) satisfies

/fo ,S8) —

z+a(x)zP —b(x )e%szq.

z(x,5))dy

p—1

Note that the blowup rate of u implies that z(z, s) <
C for every (x,s) € [—1,1] x (=InT, o). Therefore,

zs(x,s) < Ce™® — z(x,s) + A22P(x, s). (17)

p—1
From this we know that if there exists sy such that
A2P(x, 50)— pll z(z, s9) < —Ce™* then z(x, s) —
0 as s — oo (see Lemma 4.2 in [7]).

Moreover, if there exists sg such that
AP (x,50) — pll z(z,s9) > Ce™*° then z(z,s)
blows up in finite time 5. This follows from Lemma
4.3 of [7]) using that

zs(z,s) > —Ce™® —

12’(1}, s)+ Ax2P(x, s).
=

Thus if z(z, s) does not converge to zero and does
not blow up in finite time, then z(z, s) satisfies

Ce™® > Ag2P(z,s) — z(x,s) > —Ce™".

p—1
Henceforth,

1

P
2P (z, s) P

z(x,8) =0 (s — +00).

As z(x, s) is continuous , bounded and does not go to
zero, we conclude that z(z, s) — C),.

Now we could conclude that z(x, s) verifies
z(z,s) = 0(s = +00) , or z(x,s) = Cp(s = +00),
or z(z, s) blows up in finite time.

From step 1 we know for z # 0, z(z,s) is
bounded and does not converge to Cy, so z(x,s) — 0
as s — +oo. Combined with inequality (17), we
could get
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for any 6 > 0.
By a comparison argument as in the proof of The-
orem 4, it follows that

z(x,s) < Cre”* 4+ C’Qe_(rll_@)s. (18)

Going back to the equation verified by z(z, t) we ob-
tain

(erllsz(:c, s))
S
L l
<t (e [ -y a9) - 2l )dy
-
+A2P(x,8) — Ble%szq(ﬂc, s))
Integrating we get

z(x, s)

_ 1 —p=2 !
<e (O | e p—l"(/ J(@ —y)(2(y, 5)
50 =l

—z(x, 8))dy + Aze’ 2P (x, s)
qg—1
—Byer17z(x, 3)d0)>.

On the other hand, (18) implies that e*2P(z, s) —
0 as s — oo. Henceforth,

s

z(z,s) < ¢ 7T’ <01 + Cg/ eﬁada> .

0

Using that p > 2, one could have
_ 1
z(x,s) < Cge =17,

Remembering the transform (16), we have

1
u(z,t) = er172(z, 8) < cs.

And so our proof is complete. O

6 Numerical Experiments

At the end of this paper, we will use several numerical
examples to demonstrate our results about the loca-
tion of blowup points. For this purpose, we discretize
the problem in the spacial variable to obtain an ODE
system. For simplicity, we only consider one classi-
cal case in which a(z) = 1, b(x) = 1. Taking Q =
[4,4]and 4 =z_n <--- <2y =4, N =100,
we consider the following system

N

wi(t) = 3 J(@i—x)(uy(t) — ui(t))
j=—N
+(wi)P(t) — k(u;)?(t),

UZ(O) = uo(xl)
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Next we choose p =3,¢g =1, k=1 and

{1, 2l <110,

() _{ 0, , |z >1/10.
In Fig.1 we choose a non-symmetric initial con-
dition very large near the point xg = 1, ug(x) =

1/44100(1 — |z — 1])+. We observe that the blowup
set is localized in a neighborhood of zy = 1.

Next we choose a symmetric initial condition
with a unique maximum at the origin, uo(z) = 16 —
x3. We observe that the solution blows up only at the
origin, Fig.2.

400

800

Fig.1 Evolution in time, non-symmetric datum.
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Fig.2 Evolution in time, symmetric datum.

7 Conclusion

This paper study the blowup properties of a nonlo-
cal diffusion equation with reaction and absorption
term. We established the complete classification of
the global existence or finite time blowup of the solu-
tion. Moreover, we obtained the precise blowup rate
for the blowup rate. Meanwhile, the localization of the
blowup set for usual domain 2 or the radial symmet-
ric domain, respectively. The results illustrated in the
previous sections show that this equation shares many
shares many blowup properties with corresponding lo-
cal diffusion equation, such as the blowup classifica-
tion. However, they have some difference, such as the
blowup rate and blowup set.
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