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1 Introduction

Let H be a real Hilbert space with inner product (, )
and induced norm || - ||. Let C' be a nonempty closed
convex subset of H.

Let {F}} be a countable family of bifunctions
from C x C to R, where R is the set of real numbers.
Combettes and Hirstoaga [1] considered the follow-
ing system of equilibrium problems which is to find
x € C such that:

Fy(xz,y) >0, Vk € T'and Vy € C, (D

where I is an arbitrary index set. If I is a singleton,
then problem (1) becomes the following equilibrium
problem:

Finding z € C such that F'(z,y) > 0,Vy € C. (2)

The solution set of (2) is denoted by EP(F).

A mapping S of C'is said to be a k—strict pseudo-
contraction if there exists a constant x € [0,1) such
that

1Sz —Syl* < [lz =y 1> + £ (I — )z — (I - S)y?

for all z,y € C; see [2]. We denote the set of fixed
points of S by F(5) i.e.,

F(S)={x€C: Sz =z}

Note that the class of strict pseudo-contractions
strictly includes the class of nonexpansive mappings
which are mapping .S on C' such that

1Sz =Syl <[l =yl
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for all z,y € C. That is, S is nonexpansive if and
only if S'is a 0—strict pseudo-contraction.

Numerous problems in physics, optimization and
economics reduce to finding a solution of the problem
(1). Some methods have been proposed to solve the
system of equilibrium problems. See, for instance, [3-
10].

In 2006, Marino and Xu [11] introduced the fol-
lowing general iterative method and proved that un-
der certain appropriate conditions, the algorithm con-
verges strongly. To be more precise, they proved the
following theorem.

Theorem 1 Let x,, be generated by algorithm
Tn+l1l = (I - anA)Txn + aan(xn)

with the sequence {, } of parameters satisfying con-
ditions (C1)—(C3):

(Cl) oy — 0;

(@)
(C2) > ap = o0;

n=0
C3) either 3 lim Qo1 —
(C3) eit ernz::1|an+1 —ap| < ocoor lim =2 =1.

Then x, converges strongly to a fixed point  of T
which solves the variational inequality:

(A=~f)z, 2 —2) <0,Vz e Fiz(T) (3)

where T is a nonexpansive mapping, A is a strongly
positive bounded linear operator and f is a contrac-
tion.

Issue 12, Volume 11, December 2012



WSEAS TRANSACTIONS on MATHEMATICS

The variational inequality (3) is the optimality
condition for the minimization problem

1
min — (A —
min 2( x,x) — h(x),

where £ is a potential function for v f () (i.e., b () =
~vf(z) forx € H).

In recent years, variational inequality problems
have been extended to study a large variety problems
arising in structural analysis, economics, engineering
sciences and so on, for example, see [3, 7, 12, 13] and
the references therein.

On the other hand, Yamada [14] proposed the fol-
lowing hybrid iterative method for solving the varia-
tional inequality

Tnt1 = Txp — pAF(Tzp),n > 0,

where F' is k—Lipschitzian and n—strongly mono-
tone operator with k > 0,7 > 0,0 < u < 2n/k>.
He proved that if A, satisfying appropriate condi-
tions, then {x,} generated by the above algorithm
converges strongly to the unique solution of varia-
tional inequality

(Fz,z — %) > 0,z € Fiz(T).

Recently, Tian [15] revealed the interior connec-
tion of the Yamada’s algorithm and viscosity iterative
algorithm, then proposed a more general iterative al-
gorithm combining a L— Lipschitzian and n—strong

monotone operator. They obtained the following re-
sult in a real Hilbert space.

Theorem 2 Let x,, be generated by algorithm
Tp+1 = (I - OénNA)Txn + Oén’Yf(fL'n)

with the sequence { oy, } of parameters satisfying con-
ditions (C1)—(C3):

(Cl) oy — 0

(C2) 3 ay = oo;
n=0

o0
: - lim 9ol — ],
(C3) either nz::1 lap+1 — ap| < 00 or Jim =

Then x,, converges strongly to a fixed point & of T
which solves the variational inequality:

(WA —~f)z, 2 —2) <0, Vz € Fiz(T).
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More recent, He, Liu and Cho [6] considered an
explicit method for system of equilibrium problems
and infinite family nonexpansive mappings. They in-
troduced an explicit scheme as follows:

Tn4+1 = O‘n'}’f(xn)
+(I — a, AW, T Tf;y:}n...Tﬂj?n

F
TM,n T !
Vn € N.

Tl’nZEna

Under the appropriate conditions, the sequence {z,,}
converges strongly to

o) M
a* e F=F(S)(\[) EPF) #0
k=1

i=1
which satisfies the variational inequality
(A=~f)z*,x —2*) > 0,Vz € F,

where f is a contraction and A is a strongly positive
bounded linear operator.

In this paper, motivated and inspired by the above
facts, we introduce a new iterative scheme and obtain
strong convergence theorem for finding a common el-
ement of the set of fixed points of a infinite family of
strict pseudo-contractions and the set of solutions of
the system of equilibrium problems (1) by the general
iterative algorithm. Our results improve and extend
the corresponding results given by Wang [17], He [6],
Tian [15] and many others. Furthermore, we give an
example which support our main theorem in the last
section.

2 Preliminaries

Throughout this paper, the notations — denotes weak
convergence and — denotes strong convergence.

We at first introduce some lemmas that are used
in proofs of the main results later.

Lemma 3 Ler H be a real Hilbert space. There hold
the following identities:

(i) |z =yl* = |zl = ly|* - 2{z —y,y). Y,y € H.
(ii) vVt € [0,1],Vz,y € H,

ltz+(1=t)y]* = tal®+1=t)|ly|*~t(1—t)|a—y]|*.

Lemma 4 [16] Assume that {c,} is a sequence of
nonnegative real numbers such that

Ap+1 < (1 - ’Yn)an + 5717

where {v,} is a sequence in (0,1) and {0,} is a se-
quence such that

(i) 3 =00

(77) limsup % <Oor

n—oo

o0
> 0] < o0.
n=1
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Then, lim a, = 0.
n—oo

Recall that given a nonempty closed convex sub-
set C' of a real Hilbert space H, for any z € H, there
exists a unique nearest point in C, denoted by Prx,
such that

l — Poz|| < ||z = yl|
for all y € C'. Such a P is called the metric (or the
nearest point) projection of H onto C. As we know,
y = Pox if and only if there holds the relation:

(x—y,y—2) >0 forall z€C. 4)

Lemma 5 [17] Let A : H — H be a L-Lipschitzian
and n—strongly monotone operator on a Hilbert
space H with L > 0,7 > 0,0 < p < 2n/L? and
0 <t<1ThenS = (I—-tuA) : H — His
a contraction with contractive coefficient 1 — tT and
T = 5u(2n — pL?).

Lemma 6 [2] Let S : C — C be a k—strict pseudo-
contraction. Define T : C — C' by

Ter=M+ (1—\)Sz,Vz e C.

Then, as \ € [k,1), T is a nonexpansive mapping
such that F(T) = F(S).

Lemma 7 [15] Let H be a Hilbert space and | :
H — H be a contraction with coefficient 0 < p < 1,
and A : H — H an L—Lipschitzian continuous op-
erator and n—strongly monotone with L > 0,1 > 0.
Then for 0 < v < un/p,

(x =y, (WA —7f)x — (nA =7 )y)
> (i —yp)llz — y|I*, z,y € H.
That is, pA—~ f is strongly monotone with coefficient
{1 = yp-
Let {S,} be a sequence of k,—strict pseudo-
contractions. Define S, = 0,1 + (1 — 6,,)Sy, 6, €

[in,1). Then, by Lemma 6, S,, is nonexpansive. In
this paper, we consider the mapping W, defined by

Un,n—l—l = I;

Unin = tnSpyUnni1 + (1 — tn) 1,
Un,n—l = tn—ls;l_lUn,n + (1 — tn_l)f,

o , 5
Uni = tiS;Univ1 + (1 — )1, ©)
Un72 = tQSéUmg + (1 — tz)[,
W, = n,l = tlSlUmg + (1 — tl)I,

where 1, to, - - - are real numbers such that 0 < ¢, <

1. Such a mapping W, is called a W —mapping gen-
erated by S;, S;, -+ and t1,t2,--. It is easy to see
W,, is nonexpansive.
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Lemma 8 [18] Let C be a nonempty closed con-
vex subset of a strictly convex Banach space E, let
51,5’;, -+ be nonexpansive mappings of C into it-
self such that N2, F(S;) # 0 and ty,tz,- - - be real
numbers such that 0 < t; < b < 1, for every
i =1,2,---. Then, forany x € C and k € N, the
limit limy, o0 Uy, g exists.

Using Lemma 8, one can define the mapping W
from C into itself as follows:

Wz := lim W,z =

lim Uy z,z € C.
n—0o0 n—o0

Lemma9 [18] Let C be a nonempty closed con-
vex subset of a strictly convex Banach space E. Let
S;, S’é, -+ - be nonexpansive mappings of C' into itself
such that N2, F(S;) # 0 and ty, ta, - - - be real num-
bers such that 0 < t; < b < 1,Vi > 1. If K is any
bounded subset of C, then

lim sup |[Wa — W,z| = 0.

Lemma 10 [719] Let C be a nonempty closed con-
vex subset of a Hilbert space H,{S;, : C — C}
be a family of infinite nonexpansive mappings with
N F(S;) # 0, t1,to,- - be real numbers such that
0 <t <b< ,1,f0r every i = 1,2,---. Then
E(W) = 0Z,1F(S;).

For solving the equilibrium problem, let us as-
sume that the bifunction F’ satisfies the following con-
ditions:

(Al) F(z,z)=0,Vx € C;

(A2) F is monotone, i.e. F(z,y)+ F(y,z) < 0 for
any x,y € C,

(A3) Foreachz,y,z € C,

limsup F(tz + (1 — t)z,y) < F(z,y);
t—0

(A4) F(z,-)is convex and lower semicontionuous for
eachx € C.

We recall some lemmas which will be needed in
the rest of this paper.

Lemma 11 [20] Let C' be a nonempty closed convex
subset of H, let F' be bifunction from C x C to R
satisfying (Al)-(A4) and let r > 0 and x € H. Then
there exists z € C such that

1
F(z,y)+;<y—z,z—a:>20, VyEC
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Lemma 12 [I] Forr > 0, x € H, define a mapping
T, : H — C as follows:

1
T (x) = {2 € C|F(z,y)+—(y—2,2—x) > 0, Vy € C}

-
forall x € H. Then, the following statements hold:
(i) T, is single-valued;
(ii) T, is firmly nonexpansive, i.e., for any x,y € H,

HTrl' - TryHQ < <T7"37 - Ty, x — y);

(iii) F(T;) = EP(F);
(iv) EP(F) is closed and convex.

Lemma 13 [21] Let C.H,F and T.x be as in
Lemma 11. Then the following holds:

—1
| Tsx — TtxHQ < L(Tsx — Tz, Tsx — x)
S
forall s,t >0and x € H.

Lemma 14 [22] Let {x,} and {z,} be bounded se-
quences in a Banach space and {f3,,} be a sequence
of real numbers such that 0 < liminf, .. 58, <
limsup,, oo Bn < 1 foralln = 0,1,2,... Suppose
that xp41 = (1 — Bn)zn + Bpxy foralln = 0,1,2, ...
and im sup,,_,, [|zn41 = Zn| = ln41 — @n| < 0.
Then lim,, o0 ||2n, — Zn|| =0

Lemma 15 [17] Let H be a Hilbert space and C be a
nonempty closed convex subset of H, and T : C — C
a nonexpansive mapping with F(T) # (0. If {x,} is
a sequence in C weakly converging to = and if {(I —
T)xy} converges strongly to y, then (I —T)x = y.

3 Main result and its proof

The rest of this paper, we always assume that f is a
contraction mapping from H into itself with coeffi-
cient p € (0,1), and A is a L— Lipschitzian contin-
uous operator and n—strongly monotone on H with
L > 0,1 > 0. Assume that 0 < p < 2n/L? and

nL?
0<y<uln—"—5-)p=1/p.

Denote
oF =1k .7k Th

2n" Tln

for every k € {1,2,..., M} and ©% = I forall n €
N. Define a mapping

Vi = Bpl + (1 — Bn) W, 0M.
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Since both W, and Tf;’vn are nonexpansive, it is easy
to check that V,, is also nonexpansive. Consider the
following mapping GG,, on H defined by

Gnx = apyf(z) + (I — apuA)Vyx,

forall z € H,n € N, where v, € (0,1). By Lemma
3 (ii), Lemma 5 and Lemma 12, we have

|Gz — Gyl

< any[lf(2) = ) + (1 — an) [V — Vayl))
< apyplle =yl + (1 = anT)|lz — 9|

= (1 —an(r = yp))llz —yl.

Since 0 < 1 — ay (7 — vp) < 1, it follows that G,
is a contraction mapping. By the Banach contraction
principle, G,, has a unique fixed pointed z{ € H such
that

ol = apyf(z]) + (I — canpd)Vozl.

For simplicity, we will write ,, for =} provided
without confusion. Next we prove the sequences {z, }
converges strongly to a point

¥ € Q=nX,F(S;) NN, EP(F)
which solves the variational inequality

(vf —pA)z*,p—2") <0, VpeQ. (6)
Equivalently, z* = Po(I — pA + ~f)x*.

Theorem 16 Let C' be a nonempty closed convex
subset of a real Hilbert space H and let Fy, k €
{1,2,...M}, be bifunctions from C x C to R which
satisfies conditions (Al)—(A4). Let S; : C — C
be a family k;—strict pseudo-contractions for some
0 < k; < 1. Assume the set @ = N2, F(S;) N
MM EP(Fy) # 0. Let f be a contraction mapping
on H with p € (0,1) and let A be a L—Lipschitzian
continuous operator and n—strongly monotone with
L>0mn>00<pu<?2n/L?and0 < v <
w(n— “Tw)/p = 7/p. Foreveryn € N, let W, be the

mapping generated by S; and 0 < t; < b < 1. Given
x1 € H, let {xy} and {u,} be sequences generated
by the following algorithm:

Fur_
up = TH Trg o T2 TR
Yn = BnTn + (1 — Bp) Wi, O
Tpg1 = anVf(zn) + (I — pan A)yn,

where {a,}, {Bn} and {ry,} satisfy the following
conditions:
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(i) {an} C (0,1), hm o, = 0 and Z oy, = 00;

n=1

(ii) 0 < hmmfﬁn < limsup 3, < 1;

n—oo
(iii) {rrn} < (0,00), 1inH_1>iOIéf?”k,n > 0 and
nh—>Holo |Tkmt1 — Thn| = 0fork € {1,2,...M}.
Then, {x,} converges strongly to x* € £), which

solves the variational inequality (6).

Proof: The proof is divided into several steps.
Step 1. {x,,} is bounded.

Take p € €, since for each k € {1,2,..., M},
Tf; ~ is nonexpansive, p = Tf:ljnp and u,, = OMz,,

we have
_pH = ||@7]‘1an - @71\1/[]9” < ||$n (8)

[[un — 7l

foralln € N.
Since W, is nonexpansive, by Lemma 10 and (8),
we get

[yn —pll < Bullwn —pll + (1 = Bn) [Waun — p|
< l@n —pll-
9
Take any p € €Q, from (9), we have
Zn+1 — Pl
= Han')/f(xn) + (I - NanA)yn - p”
< Nlan(vf(xn) — pAp)||
+H(I - NO‘nA)yn - (I - NanA)pH
< an(vf(zn) = vf ) + IV f(p) — nAD))
+(1 = an7)|lyn — Pl
< anpyllzn = pll + anllyf(p) — nAp)|
+(1 - O‘nT)Hun - pH
= (1 = an(t = py) |70 — pll
Fan(T m)w
< mafan — |, EHRst.

By induction, we obtain

1vf(p) — uAp)H}m >
—py

[[n—pl| < max{||z1—pl|,

Hence, {z,,} is bounded, so are {u,, } and {y, }. It fol-
lows from the Lipschitz continuity of A that { Az, }
and { Au,, } are also bounded. From the nonexpansiv-
ity of f and W, it follows that { f(z,,)} and {W,,z,, }
are also bounded.

Step 2.

Jim |Znt1 — znll = 0. (10)
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and
lim_ | unt1 — unll = 0. (11)
Observe that
[Unt1 — unl|
= HQ%JA%@H - 6%%1” o o
< [[©74 12041 — O34 12l + 055120 — O3 24|
<zt — ool + [|©M 42 — OMz, |
< znt1 — znl
+HT£]}In+1@n+1 Ln — TFMF®n+1 Ty |
HIT, O3 wn — TR T, O + -+
Fy
+H 75\‘2/1 TTJ\II\I 11n @?L-i-ll.n - TT’]\f[V’I T1§2nT£1n+1an
1oy F- F
+ | ’ TTIVIIU T7"22n TT11n+1 Tn — Un ’ ‘
< Hxn-&-l T |
M-—1 y M
+H ™M n+1@n+1 L — Tﬁv]f\[ @ m””
+H@Ig+1 mnF szu 11n61?+1 3771” + -
+”T7"}%2n+1T7"11 +1 F T y T7"1 n+lxn||
+HT7’11n+1 - Trllnan'
(12)
From (5), we have
HWn—‘rlyn - Wnun” )
= |[t151Un+1,2un — t151Up 2y ||
< t1||Un+1,2un - Un,2un||
! !
= t1||t2SQUn+L3Un - t252Un,3'UmH (13)
S t1t2”Un+1,3un - n,SUnH
<.
< Hznzl tiHUTH-l,n-&-lun - Un,n-{—lunH
< My [ s,

where My = sup, {||Un+1,n+1Un — Unntiunl }-
Suppose Tp4+1 = Bny + (1 — Bn)zn, then

_ Tn+1 —Bnxn
B 1_/871
— an'yf($n)+

Zn

(I_IU'Q’TLA)yn_ﬁnxn

6”

Hence, we have

Zn+1 — Zn
_ o1 (@nr1)+ U —pom 4 1A)Ynt1—Bnr12ng1

—Pn+1
_ anYf(@n)+(I—panA)yn—Lrn

/B'"/
_ an+1(7f(1xn;§1) BAYn+1)
_Oén('yf(xn) MAyn)

+ Yn+1—Bntr1Tnt1
1_ﬁn+1

yn_5n$n
1— 1-08n

_ Oén+1(7f(xn+1)—uAyn+1)

= Ty

+5n+1xn+1+( ﬁn+1)Wn+1un+1—ﬁn+1$n+1

1_Bn+1
_ an('Vf(zn) .“Ayn) _ ann"!‘(l_ﬂn)wnun_ﬁnmn
1-8n 1-Bn
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It follows from (12), (13) and the above result that

lznt1 — znll

< 222 ([|yf (@) + | Ayn )

+12%- (v f @)l + I Aynl)
| Whg1tng1 — Wiy ||

Qn+1 Qn
< (1—5n+1 + 1-8

+||Wn+1un - WnunH

< (162111 + 12%H>M2 =+ Hun—l-l - unH

+HWn+1un - WnunH

< wn+r — @all + (2555

+Mi [Ty t
—|—||TFM @Mfl —TFM @Mflan

TMn+1 -+l I‘f” TM,n - n+1
M-1 M—1 M-2
+||@%+1 wnp_ T”"Mfl,n@i;r‘z—&-l ijnH + e
2 1 _ 2 1
+HTT2,n+1TT1,n+1xn TTQ,nTTl,n+1x"||

HTE 2 — T 2,

T1,n41T T1,n

Qn

17ﬁn

_|_

)Mo

Let My = sup, {7/ (2a) | + [[1Ayx ||} We have

[2n41 = 2nll = [[2n4+1 — 2]

< |k ONT e, — T o) e, |
HlOM Ty — TR TR T
+||T7’§?n+1 #?nﬂx” - T,g?anf?onnH
+||Tr1?n+1xn - T#Tlnfﬁnll
Hogy + o) Me + M T

From condition (i), (iii), 0 < t,, < b < 1, and Lemma
13, we obtain

lim sup(||zns1 — 2nl| = |Znr1 — 2n]) <O0.
n—o0

By Lemma 14, we have lim,,_,« ||z, — || = 0. Thus
nlgIolo |l Tnt1 — xnll = nlglolo(l = Bn)llzn — 0|l = 0.
By Lemma 13, (10) and (12), we obtain

|tnt1 — unll — 0.

Step 3.

|xn — Way,|| — 0. (14)

Observe that

|Zn — Wazn||

< o — Woun]| + [Jun — x|l

and

|20 — Whts||
<|lzn = gl + [ Zn41 — Ynll + 1yn — Waus|]
= len — Zpta |l + (@041 — all

+Bn(lun — Tnll + |27 — Waunl|).
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From condition (i) and (20), we obtain

(1 = Bn)llzn — Wnu,||
< |l#n = Zpt1ll + [Tnt1 = Yol + Bullun — nl|
< ||«77n - xn-i-lH + anH’Yf(xn) - ,U/Ayn”'i_

In order to prove that ||u, — z,| — 0, we will show

that
10k, — ©F e, || =0,k € {1,2,---,M}. (15)
Indeed, for p € €}, it follows from the firmly non-
expansivity of Tﬁ:’ﬁn that for each k € {1,2,---, M},
we have
1%z, — pl* = | T O3 ey — T1% pl?
< (O, —p,OF 'z, — p)
= 3([10%zn — p|> + |05 — pl?
_”elrfzmn - @ﬁ_lanQ)'

Thus we get
185z, — plI?
< |5 wn — pl* — 1052 — OF a1,
k=1,2,..., M,

which implies that for each k € {1,2,..., M},

105z, — pl?
< ©0zn —pl* = [|O5xn — O5 a2
—[|05 s — OF Pz — -
_H@?an - @}anHQ - ||@}L5L’n - @ganQ
< oo —pl* = |Of 20 — OF >

Therefore, by the convexity of || - ||* and Lemma 12,
we get
lyn — plI®

S ﬂn“xn - p”2 + (1 - /Bn)Hun _pH2
< Bullan — pl* + (1= B,)[|Of 2y — pl?
< |lzn _pH2 - (1- Bn)HG)an - @ﬁ_lxn\|2.

Further we have

| Zn+1 —p”2
< anllvf(@n) — pAp|* + (1 = ant)llyn — plI?
< anllvf(zn) — pAp|* + (1 = an7)([|2n — plI
—(1— Bn)H@?l?an - @lfz_lanQ)
< oy f(@n) — nAp|? + llzn — pl|?
—(1 - Bn)H@fﬂjn - @ﬁ—lanQ.
It follows that
(1- ﬂn)”eﬁin - Gﬁ_lanQ
< anllyf(@n) — pAp|? + [lzn — pl|>
—[[zns1 = plI?
< oy f(zn) — pAp|?
Hn = Zog1 |l — 2l + |01 — pl))-
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From condition (i), (ii), we get from (10) that (15)
holds. Thus we have

[tn, — ||
< lun = 03 Ly ||+ |O3 i, — 6512y |
+oo 4 |OLz, — 2] — 0.
(16)
Furthermore we have ||z, — Wyuy,|| — 0. So we have

|z — Whay|| — 0. a7n
On the other hand, we have

|20 — Wy
< lwn = Waan || + [[Watn — Wan||
<z — Waznll + SUPg, ec [Whan — W,

Combining (17), the last inequality and Lemma 9, we
obtain (14).

Step 4.

limsup((vf — pA)x*, x, —z*) <0, (18)
n—oo

where z* = Po(I — pA +~f)x* is a unique solution
of the variational inequality (6).

Indeed, we can take a subsequence {z,; } of {;, }
such that

limsup((vf — pd)z*, zn — z%)

n—oo

= lim ((vf — pA)z*, zn; — z*).
J—00
Since {z,,} is bounded, there exists a subsequence
{an,, } of {zy;} which converges weakly to g. With-
out loss of generality, we can assume z,,; — ¢. From
(14), we obtain W:cnj —q.

Next we will show that ¢ € . By Lemma 6,
Lemma 10 and Lemma 15, we have ¢ € F(W) =
N, F(S]) = 062, F(S))

We need to show that ¢ € NM,EP(F}). By
Lemma 11, we have that foreach k =1,2,..., M,

Fi(6kz,,y) + Tkln (y — ©kz, Okz, — Ok 1g,)
>0,vy € C.

From (A2), we get

(g — Ok, O, — O 12,) > Fi(y, Ohy),
vy € C.

Hence,
k Of n; —On; ' wn, k
<y - @njajnjw Thn; > > Fk(% @njxnj))
vy € C.
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From (15), we obtain that
@ﬁjxnj —q, as j — o0

foreachk =1,2,..., M (especially, Up; = @nijnj).
Together with (15) and (A4) we have, for each k =
1,2,..., M, that
02> Fi(y.q), VyeC.
Now, forany 0 < ¢t < landy € C, let y, =

ty+ (1 —t)q. Since y € C and g € C, we obtain that
y € C and hence Fy(y:, q) < 0. So, we have

0= Fi(y,yt) < tFe(ye,y) + (1 — 1) Fi(yt, )
< tFe(ye,y)-
Dividing by t, we get, foreach k = 1,2,..., M, that
Fr(yt,y) >0, VyeC.
Letting ¢ — 0 and from (A3), we get
Fy(q,y) > 0. Yye Candqe€ EP(F})

for each k = 1,2,..., M, ie., ¢ € N}L EP(F).
Therefore, we have q € (2.
Since z* = Po(I — pA+ ~f)z*, it follows that

limsup((vf — pA)z*, z, — x*)
n—oo
= lim ((vf — pA)z*, zn; — %)
Jj—o0
={(vf —pA)z*,q— ") <0.

Step 5.
Ty — x". (19)

Since
(v = pA)z™, xpga — 27)
=((vf — pA)z*, Tps1 — )
HOf — pA)z*, @z, — 2*)
<N f = pA)z*[|[|zns1 — 20l
HOf — pA)z, @z, — 2*).
It follows from (10) and (18) that
limsup((vf — pA)z", zny1 — z%) <O0.
n—oo
Thus we get

1 — 2|

= [lanyf(zn) + (I = ponA)yn — z*|?

= |(I — panA)yn — (I — po, A)z*
+an(vf(zn) — pAz*)|?

< = panA)yn — (I — pay A)z*|?
+200 (v f(2n) — pAT*, Tp1 — %)

< (1= )2 lgn — 27
+2an<7f(xn) - 'Yf(‘r*)a Ln+l — $*>+
2an((vf = pA)a", Tpp1 — %)

< (1= agr)?an — o2
+ompy(llon — 2|1 + 2nar — 2*1%)
20 ((Vf — pA)z*, xpyq — ).
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This implies that
Hxn—O—l - x*HQ
1 n + n
< Uetenltanm iy, — o2
e ((Vf — pA)z”, gy — 27)
20 (T—
<(- 2= |, — 2|2
2 ((yf — pA)T*, T — )+
(anT)2
1—anpy

3

where M3 = sup,, ||z, — z*||?,n > 1. It is easily to

_ 2an(t—py)

see that Yn = T—anpy
sequence {x, } converges strongly to z*.

Putting £, = 0 in Theorem 16, we can draw the

desired conclusion immediately.

. Hence by Lemma 4, the

Corollary 17 Let C' be a nonempty closed convex
subset of a real Hilbert space H and let Fy,k €
{1,2,...M}, be bifunctions from C x C to R which
satisfies conditions (Al)-(A4). Let S; : C — C
be a family k;—strict pseudo-contractions for some
0 < ki < 1. Assume the set = N2, F(S;) N
NI, EP(Fy) # 0. Let f be a contraction of H into
itself with p € (0,1) and let A be a L—Lipschitzian
continuous operator and n—strongly monotone with
L>0mn>00<pu<?2n/L?and0 < v <
w(n— “TLQ)/,O = T7/p. Foreveryn € N, let W, be the

mapping generated by S’; and 0 < t; < b < 1. Given
x1 € H, let {x,} and {uy} be sequences generated
by the following algorithm:

= T T T2 T o, (20)
Tpy1 = anVf(Tn) + (I o A) Wi,

where {a,,} and {ry} satisfy the following condi-
tions:

(i) {ay} < (0,1), limp 00y, = 0 and

Zn 1 ®n = OO

(ii) {rkn} C (0,00), liminf, oo 7t > 0 and
limy, o0 [Thnt1—Tkn| = 0fork € {1,2,..M}.

Then, {x,} converge strongly to z* € ), which solves
the variational inequality (6).

Remark 18 If F}, =0,k € {1,2,..., M}, then The-
orem 16 reduces to Theorem 3.1 of Wang [17].

4 Numerical result

In this section, in order to demonstrate the effective-
ness, realization and convergence of the algorithm in
Theorem 16, we consider the following simple exam-
ple.
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Let R? be the two dimensional Euclidean
space with usual inner product and norm | x||
/73 + 23 (Vo = (v1,72)" € R?). For convenience,
we consider the following simple example:

Example Let H = R?, C = [-1,1] x [-1,1],
Sp=1,t, =a € (0,1),n € N. FkZOVm €
Corpp = 1L,k € {1,2,...,M}. A=1f(z ) =
(ixl, 4:62) Vo € H, with contraction coefficient

p = % Takean:lforeveryneNu—land
v = 1. Then {x } is the sequence generated by
3 5
2D = (1= eV (1= a™) T @

and {x,} — 0 = (0,0)" as n — oo, which solves the
variational inequality ((f — 1)0,p — 0) < 0,Vp € C.
By the definition of f and 7, it is easy to get h(z) =
%x% — %x% + ¢,z € R% Hence 0 is also the unique
solution of the minimization problem

5 9

3
min — a:1+ 81’2—(1

zeC 8
Proof: The proof is divided into three steps.
Step 1. Show that

T (z) = Pox,Vo € H k€ {1,2,..., M}.

Tk,n

Indeed, since Fi(z,y) = 0,Vz,y € C, k €
{1,2,..., M}, from the definition of Té:kn in Lemma

11, we get
F .
Tk (z)={2€C:(y—2zz2—2)>0,VyecC}

By the equivalent property (4) of the nearest projec-
tion Po from H to C', the conclusion is obtained.
When we take z € C, T,fz’fna? = Pox = Ix,k €
{1,2,...,M}. By the condition (iii) of Lemma 12,
we get
nM EP(F,) = C. (22)

Step 2. Show that W, = I.

If S, =1,t, =a € (0,1),n € N, by the defi-
nition of W —mapping, we get W,, = I. The detailed
proof can be found in the reference [6].

Step 3. Show that (™) — 0.
From (21), we get

3
(n+1))| « 2 (n) > 1.
I3 < (@ = )l Ve 2 1

Since S,, = I,n € N, we obtain

() F(S:) =
=1
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Combining with (22), we have
Q=0C=[-1,1] x [-1,1].

By Lemma 4, it is easy to get =, — 0. 0 is the unique
solution of the minimization problem

mingec 3 (Az, z) — h(z)

= minzec 32| — (3af - a3 +0)
= mingeo 5 (27 + 23) — (321 — 573+ )

— mi 3.2 4 5,2
= MiNgec g7 + g2 — ¢.

Now we turn to realizing (21) for approximating
a fixed point of 7. Take the initial guess z(*)
0.1,-0.2)T, M = (0.01,0.01)T and =M =
(0.005,0.005) T, respectively. All the numerical ex-
periment results are given in Table 1, Table 2 and Ta-
ble 3.

TABLE 1. (1) = (0.1, —0.2) " (initial guess)

n(iterative number) z(™ errors(n)
8. (0.0057,0.0031). 6.5x1073
23. (0.0026,0.0008). 2.7x1073
81. (0.0010,0.0002). 1.0x1073
295. (0.00005,0). 5.417x107°

TABLE 2. (M) = (0.01,0.01)" (initial guess)

n(iterative number) () errors(n)
3. (0.0012,-0.0005). 1.32x1073
7. (0.0006,-0.00018).  6.58x10~*
22. (0.00027,-0.00004). 2.74x10~*
155. (0.000038,0). 3.88x107°

TABLE 3. z() = (0.005,0.005) T (initial guess)

n(iterative number) () errors(n)
2. (0.00078,-0.00047). 9.12x10~*
5. (0.0004,-0.00014). 4.28x10~*
15. (0.00018,-0.00003).  6.91x107°
105. (0.000026,0). 2.66x107°

From the above numerical results, we can see that the
initial value is more close to the fixed point, the con-
vergence is more quickly.
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