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Abstract: In this paper, the multistability analysis of the competitive neural networks with time-delay
are investigated based on the stability theory, by selecting properly the system parameters, using solution
matrix property and inequality technique, several novel sufficient conditions ensuring the existence
and exponential stability of equilibria are obtained when the equilibrium point located in the saturation
region. These conditions can be directly derived from the synaptic weights, the strength of the external
stimulus and the external input of the competitive neural networks, and be verified easily. In addition,
four examples are given to show the effectiveness of the results.
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1 Introduction

Competitive neural networks with different time
scales are proposed in [1], which model the dy-
namics of cortical cognitive maps with unsuper-
vised synaptic modifications. In this model, there
are two types of state variables, that of the short-
term memory (STM) describing the fast neu-
ral activity and that of the long-term memory
(LTM) describing the slow unsupervised synap-
tic modifications. The competitive neural net-
works with different time scales are extensions
of Grossberg’s shunting network [2] and Amari’s
model for primitive neuronal competition [3].
For neural network models without considering
the synaptic dynamics, their stability has been
extensively analyzed. Cohen and Grossberg [4]
found a Lyapunov functional for such a neural
network, and derived some sufficient conditions
ensuring absolute stability. The theory on the dy-
namics of the networks has been developed ac-
cording to the purposes of the applications. On
the one hand, in the applications to parallel com-
putation and optimization problem, the existence
of a computable solution for all possible initial

states is the best situation. Mathematically, this
means that an equilibrium of the networks ex-
ists and any state in the neighborhood converges
to the equilibrium, which is called “monosta-
bility” of networks. On the other hand, exis-
tence of many equilibria is a necessary feature
in the applications of neural networks to associa-
tive memory storage, pattern recognition, and de-
cision making. The notion of “multistability” of
networks describes coexistence of multiple sta-
ble patterns such as equilibria or periodic orbits.
In the past few years, the monostability analysis
of competitive neural networks with time-varying
and/or distributed delays has been developed [5-
10]. Recently, the multistability analysis of neu-
ral networks has attracted the attention of many
researchers [11-18].

In this paper, the Multistability analysis of
the competitive neural networks with time-delay
when the equilibrium point located in the satura-
tion region are investigated based on the stability
theory.

We consider the following competitive neu-
ral networks with time-delay:
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STM : ǫdxi(t)
dt

= −aixi(t) +
N
∑

j=1

bijfj(xj(t))

+
N
∑

j=1

cijfj(xj(t− τij(t))) + Bi

p
∑

j=1

mij(t)yj

+Ii, i = 1, 2, · · · , N,
LTM :

dmij (t)

dt
= −mij(t) + yjfi(xi(t)),

i = 1, 2, · · · , N, j = 1, 2, · · · , p,
(1)

wherexi(t) is the neuron current activity level,
ai > 0 is the time constant of the neuron,
fj(xj(t)) is the output of neurons,mij(t) is
the synaptic efficiency,yj is the constant exter-
nal stimulus,Bi is the strength of the external
stimulus, ǫ is the time scale of STM state,bij
andcij represent the synaptic weight of delayed
feedback,Ii is the constant input,τij(t) corre-
sponds to the transmission delay and satisfies
0 < τij(t) < τij(τij is a positive constant).

After setting

si(t) =

p
∑

j=1

mij(t)yj = yTmi(t),

wherey = (y1, y2, · · · , yP )T ,

mi(t) = (mi1(t), mi2(t), · · · , miP (t))
T

and summing up the LTM overj and the fast
time-scale parameterǫ is also assumed to be unit,
the networks (1) can be rewritten in the following
form


























STM : dxi(t)
dt

= −aixi(t) +
N
∑

j=1

bijfj(xj(t))

+
N
∑

j=1

cijfj(xj(t− τij(t))) + Bisi(t) + Ii,

LTM : dsi(t)
dt

= −si(t) + αfi(xi(t)),
(2)

wherei = 1, 2, · · · , N, α =
p
∑

j=1

y2j > 0.

The initial conditions associated with system
(2) are of the form
{

xi(t) = ϕi(t), t ∈ (−∞, 0], i = 1, 2, · · · , N,
si(t) = ψi(t), t ∈ (−∞, 0], i = 1, 2, · · · , N,

(3)
where ϕi(t) and ψi(t)(i = 1, 2, · · · , N) are
bounded and continuous function ont ∈
(−∞, 0].

In the following discussion, we assume that
the output function is a piecewise linear function

fj(x) =
1

2
[|x+ 1| − |x− 1|], j = 1, 2, · · · , N.

2 Preliminaries
For the convenience, we introduce some nota-
tions.

Pij =

{

bij+cij
ai

, i 6= j
bij+cij+αBi

ai
, i = j

, i, j = 1, 2, · · · , N,

P =











P11 P21 · · · PN1

P12 P22 · · · PN2
...

...
...

...
P1N P2N · · · PNN











,

P (−k) =



















P11 P21 · · · Pk−11

P12 P22 · · · Pk−12
...

...
...

...
P1k P2k · · · Pk−1k
...

...
...

...
P1N P2N · · · Pk−1N

−Pk1 Pk+11 · · · PN1

−Pk2 Pk+12 · · · PN2
...

...
...

...
−Pkk Pk+1k · · · PNk

...
...

...
...

−PkN Pk+1N · · · PNN



















,

P (−k;−k) =






















P11 · · · Pk−11 −Pk1
...

...
...

...
P1k−1 · · · Pk−1k−1 −Pkk−1

−P1k · · · −Pk−1k Pkk

P1k+1 · · · Pk−1k+1 −Pkk+1
...

...
...

...
P1N · · · Pk−1N −PkN

Pk+11 · · · PN1
...

...
...

Pk+1k−1 · · · PNk−1

−Pk+1k · · · −PNk

Pk+1k+1 · · · PNk+1
...

...
...

Pk+1N · · · PNN























,
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P (−k,−l;−k,−l) =





























P11 P21 · · ·
P12 P22 · · ·
...

...
...

−P1k −P2k · · ·
...

...
...

−P1l −P2l · · ·
...

...
...

P1N P2N · · ·

−Pk1 · · · −Pl1 · · · PN1

−Pk2 · · · −Pl2 · · · PN2
...

...
...

...
...

Pkk · · · −Plk · · · −PNk

...
...

...
...

...
−Pkl · · · Pll · · · −PNl

...
...

...
...

...
−PkN · · · −PlN · · · PNN





























,

wherek < l,

I = (I1/a1, I2/a2, · · · , IN/aN )T ,

I(−k) = (I1/a1, · · · ,−Ik/ak, · · · , IN/aN )T ,
I(−k1,−k2) = (I1/a1, I2/a2, · · · ,

− Ik1/ak1 , · · · ,−Ik2/ak2, · · · , IN/aN)T ,
and

EN = (1, 1, · · · , 1)T1×N .

For vectorU = (u1, u2, · · · , uN)T andV =
(v1, v2, · · · , vN)T , U ≥ V means that each pair of
corresponding elements ofU andV satisfies the
inequalityui ≥ vi, i = 1, 2, · · · , N . Let

X(t) = (x1(t), x2(t), · · · , xN (t))T ∈ R
N ,

S(t) = (s1(t), s2(t), · · · , sN(t))T ∈ R
N

X∗ = (x∗1, x
∗
2, · · · , x∗N)T ∈ R

N ,
S∗ = (s∗1, s

∗
2, · · · , s∗N)T ∈ R

N ,
Z(t) = (XT (t), ST (t))T ,
Z∗ = (X∗T , S∗T )T .

Definition 1 The pointZ∗ = (X∗T , S∗T )T ∈
R2N is called an equilibrium point of system (2),
if it satisfies the following equations







−aix∗i +
N
∑

j=1

(bij + cij)fj(x
∗
j) + Bis

∗
i + Ii = 0,

−s∗i + αfi(x
∗
i ) = 0, i = 1, 2, · · · , N.

(4)

From (4), we can obtain







x∗i =
1
ai
[
N
∑

j=1

(bij + cij)fj(x
∗
j ) + αBifi(x

∗
i ) + Ii],

s∗i = αfi(x
∗
i ), i = 1, 2, · · · , N.

(5)

Definition 2 Let

Ω = {
N
∏

l=1

(−∞,−1)δ
l × (1,+∞)1−δl,

δl = 1 or 0, l = 1, 2, · · · , N},
thenΩ × Ω are said to be saturation regions of
system(2), where
(−∞,−1) = (−∞,−1)1 × (1,+∞)0;
(1,+∞) = (−∞,−1)0 × (1,+∞)1.

Hence,Ω is made up of2N elements.
In the following, denote

Ω−1 = {
N
∏

l=1

(−∞,−1)δ
l × (1,+∞)1−δl,

δl = 1, l = 1, 2, · · · , N} = (−∞,−1)N ,

Ω1 = {
N
∏

l=1

(−∞,−1)δ
l × (1,+∞)1−δl,

δl = 0, l = 1, 2, · · · , N} = (1,+∞)N ,

−(−∞,−1) = (1,∞), −(1,∞) = (−∞,−1),

(−∞,−1)δ
(ik)

=

{

(−∞,−1), i 6= k,
(1,∞), i = k,

for i, k = 1, 2, · · · , N.

(−∞,−1)δ
(ikl)

=

{

(−∞,−1), i 6= k, i 6= l,
(1,∞), i = k or i = l,

for i, k, l = 1, 2, · · · , N.

Definition 3 Define ℜN as the set ofN-
dimensional bipolar vectors, i.e.,
ℜN = {U | U = (u1, u2, · · · , uN)T ∈ R

N ,
ui = 1 or −1, i = 1, 2, · · · , N}.

Hence,ℜN is made up of2N elements. For any
(d1, d2, · · · , dN)T ∈ ℜN , let

D(dl) =

{

(1,∞), dl = 1
(−∞,−1), dl = −1

, l ∈ {1, 2, · · · , N}.

Consequently,(d1, d2, · · · , dN)T and
N
∏

i=1

D(di) = D(d1)×D(d2)× · · · ×D(dN)

represent a one-to-one correspondence.
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Definition 4 The pointZ∗ is said to be an iso-
lated equilibrium point of system(2) if there ex-
ists δ > 0 such thatZ∗ is the only equilibrium
point of system(2) in

{Z|‖Z − Z∗‖ < δ, Z ∈ R
2N}

whereZ = (x1, x2, · · · , xN , s1, s2, · · · , sN)T .

Obviously, the equilibrium point in the satu-
ration regionΩ× Ω, then it is always an isolated
equilibrium point.

Definition 5 For vector function U(t) =
(u1(t), u2(t), · · · , un(t))T and n × n order ma-
trix G = (gij)n×n, we define norm as following,
respectively

‖U(t)‖ = (

n
∑

i=1

|ui(t)|2)
1
2 , ‖G‖ = (

n
∑

i,j=1

|gij|2)
1
2 .

Definition 6 The equilibrium pointZ∗ of system
(2) is said to be locally exponentially stable in
regionD, if there exists constantsδ > 0, β > 0
such that

‖Z(t; t0, φ)− Z∗‖ ≤ β‖φ‖t0e−δ(t−t0), t > t0,

whereZ(t; t0, φ) is a solution of system(2) with
the initial conditionφ(ϑ) ∈ C((−∞, t0], D).

3 Main results
In this section, we will derive some sufficient
conditions to ensure the isolated and locally ex-
ponentially stable equilibrium points located in
the saturation region. Without loss of generality,
in the following discussion, we always assume
bij ≥ 0, cij ≥ 0, Bi > 0, Ii ≥ 0 andα > 1.

Theorem 7 For system(2), if there exists equi-
librium point located in the saturation region,
then the equilibrium point is locally exponentially
stable.

Proof. For ∀(d1, d2, · · · , dN)T ∈ ℜN , denote

ΩD =
N
∏

i=1

D(di) ∈ Ω. If there exists equi-

librium point located in the saturation region
ΩD × ΩD, let one of its equilibrium point is

Z∗ = (X∗T , S∗T )T , X∗ ∈ ΩD, then we have
f(x∗i ) = di and







−aix∗i +
N
∑

j=1

(bij + cij)dj +Bis
∗
i + Ii = 0,

−s∗i + αdi = 0, i = 1, 2, · · · , N.
(6)

If X(t), X(t − τ(t)) ∈ ΩD, then f(xi(t)) =
di, f(xi(t− τ)) = di, from (2),







dxi(t)
dt

= −aixi(t) +
N
∑

j=1

(bij + cij)dj +Bisi(t) + Ii,

dsi(t)
dt

= −si(t) + αdi, i = 1, 2, · · · , N.
(7)

From (6) and (7),
{

d(xi(t)−x∗

i )

dt
= −ai(xi(t)− x∗i ) + Bi(si(t)− s∗i ),

d(si(t)−s∗i )

dt
= −(si − s∗i ), i = 1, 2, · · · , N.

(8)
Let

Ai =

[

−ai Bi

0 −1

]

, Yi(t) =

[

xi(t)− x∗i
si(t)− s∗i

]

.

It follows from (8) that

dYi(t)

dt
= AiYi(t), i = 1, 2, · · · , N. (9)

From (9), we obtain

Yi(t) = eAitYi(0). (10)

By calculation, we can obtain the eigenvalue of
Ai

λ1 = −ai, λ2 = −1.

Corresponding eigenvector of theλ1 andλ2, re-
spectively

V1 = (1, 0)T , V2 = (1, (ai − 1)/Bi)
T .

Thus, we obtain the fundamental solution matrix
of system(9) is

φi(t) =

[

e−ait e−t

0 ai−1
Bi

e−t

]

.

By calculation, we can obtain

φ−1
i (0) =

Bi

ai − 1

[

ai−1
Bi

−1

0 1

]

.
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SinceeAit = φ(t)φ−1(0), we can obtain

eAit =

[

e−ait Bi

ai−1
(e−t − e−ait)

0 e−t

]

.

Thus, we have

‖eAit‖ = [e−2ait + e−2t + ( Bi

ai−1
)2(e−t − e−ait)2]

1
2

≤ [
(ai−1)2+B2

i

(ai−1)2
]
1
2 [e−2ait + e−2t]

1
2

≤
√

2[(ai−1)2+B2
i ]

|ai−1|
e−δt ≤Me−δt,

(11)
whereδ = min

1≤i≤N
{1, ai}, and

M = max
1≤i≤N

{
√

2[(ai − 1)2 +B2
i ]

|ai − 1| } > 1.

From (10) and (11), we obtain

‖Yi(t)‖ ≤ M‖Yi(0)‖e−δt, t > 0.

Thus, we have

|xi(t)− x∗i |2 + |si(t)− s∗i |2
≤M2(|ϕi(0)− x∗i |2 + |ψi(0)− s∗i |2)e−2δt,

for t > 0, i = 1, 2, · · · , N.
Then we have

‖Z − Z∗‖ ≤M‖φ(0)‖e−δt, t > 0, Z ∈ R
2N ,

where

‖φ(0)‖ = (

N
∑

j=1

[|ϕi(0)− x∗i |2 + |ψi(0)− s∗i |2])
1
2

from Definition 4 and Definition 6, the equilib-
rium point Z∗ is isolated and locally exponen-
tially stable located in the saturation region.⊓⊔

Theorem 8 For system (2), if
1) PEN − I > EN ;
2) there existsl ∈ {1, 2, · · · , N} such that

∀k ∈ {1, 2, · · · , N}, k 6= l,

N
∑

j=1,j 6=k

(blj + clj)− (blk + clk) + αBl + Il < al,

then system (2) has neither more nor less than 2
isolated and locally exponentially stable equilib-
rium points located inΩ1 × Ω1, andΩ−1 × Ω−1,
respectively.

Proof. We choose

Z∗ = (x∗1, x
∗
2, · · · , x∗N , s∗1, s∗2, · · · , s∗N)T ∈ R

2N

such that






−aix∗i +
N
∑

j=1

(bij + cij) + αBi + Ii = 0,

−s∗i + α = 0, i = 1, 2, · · · , N.
(12)

Sinceai > 0, α > 1, bij ≥ 0, cij ≥ 0, Bi >
0, Ii ≥ 0(i, j = 1, 2, · · · , N), then from (12), we
obtain

x∗i =
1

ai
[

N
∑

j=1

(bij + cij) + αBi + Ii], s∗i = α,

i.e.,

{

X∗ = PEN + I ≥ PEN − I > EN ,
S∗ = (α, α, · · · , α)T > eN .

(13)

From (13), we havex∗i > 1, s∗i = α > 1, i =
1, 2, · · · , N , and























−aix∗i +
N
∑

j=1

(bij + cij)fj(x
∗
j) + Bis

∗
i + Ii

= −aix∗i +
N
∑

j=1

(bij + cij) + αBi + Ii = 0,

−s∗i + αfi(x
∗
i ) = −s∗i + α = 0,

(14)
for i = 1, 2, · · · , N.
Hence,Z∗ = (x∗1, x

∗
2, · · · , x∗N , s∗1, s∗2, · · · , s∗N)T is

an equilibrium point of system (2) located in the
saturation region

Ω1 × Ω1 = (1,+∞)N × (1,+∞)N .
We choose

Z∗ = (x∗1, x
∗
2, · · · , x∗N , s∗1, s∗2, · · · , s∗N)T ∈ R

2N

such that






−aix∗i −
N
∑

j=1

(bij + bij)− αBi + Ii = 0,

−s∗i − α = 0, i = 1, 2, · · · , N.
(15)

From (15), we obtain

{

X∗ = −PEN + I < −EN ,
S∗ = (−α,−α, · · · ,−α)T < −EN .

(16)
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From (16), we havex∗i < −1, s∗i = −α <
−1, i = 1, 2, · · · , N , and






















−aix∗i +
N
∑

j=1

(aij + bij)fj(x
∗
j ) + Bis

∗
i + Ii

= −aix∗i −
n
∑

j=1

(aij + bij)− αBi + Ii = 0,

−s∗i + αfi(x
∗
i ) = −s∗i − α = 0,

(17)
for i = 1, 2, · · · , N.
Hence,Z∗ = (x∗1, x

∗
2, · · · , x∗N , s∗1, s∗2, · · · , s∗N)T is

an equilibrium point of system (2) located in the
saturation regionΩ−1 × Ω−1 = (−∞,−1)N ×
(−∞,−1)N .

On the other hand, according to condition2) of
Theorem 8, there existsl ∈ {1, 2, · · · , N}, such
that∀k ∈ {1, 2, · · · , N}, k 6= l,

N
∑

j=1,j 6=k

(blj + clj)− (blk + clk) + αBl + Il < al.

Assume that there exists another equilibrium
point X̄ = (x̄1, x̄2, · · · , x̄N) ∈ Ω, S̄ =
(s̄1, s̄2, · · · , s̄N) ∈ Ω, andX̄ 6∈ Ω1, X̄ 6∈ Ω−1,
without loss of generality, assume
X̄ ∈ Ω(l) = D(d1)×D(d2)× · · · ×D(dl−1)

×D(1)×D(dl+1)× · · ·D(dN),
thus we havēxl > 1, s̄l = α(l ≤ N). Then
there existsk ∈ {1, 2, · · · , N}, k 6= l, such that
dk = −1(otherwise, we havēX ∈ Ω1) and

x̄l =
1
al
[
N
∑

j=1

(blj + blj)fj(x̄j) + Bls̄l + Il]

= 1
al
[
N
∑

j=1

(blj + clj)dj +Bls̄l + Il]

≤ 1

al
[

N
∑

j=1,j 6=k

(blj+clj)−(blk+clk)+αBl+Il] < 1,

(18)
for i = 1, 2, · · · , N, i.e., x̄l < 1, this is in contra-
diction with x̄l > 1.

Then the system (2) has no another equilibrium
point. Hence, Theorem 8 holds. ⊓⊔

Theorem 9 For system (2), if there exists
q, k ∈ {1, 2, 3, · · · , n}, k 6= q, such that

1) P (−k;−k)EN − I > EN ;
2) ∀l ∈ {1, 2, 3, · · · , N}, l 6= k, l 6= q

N
∑

j=1,j 6=l

(bqj + cqj)− (bql + cql) + αBq + Iq < aq,

then system (2) has neither more nor less than 4
isolated and locally exponentially stable equilib-
rium points located in the saturation region.

Proof. If the conditions of Theorem 3. hold,
then

PEN − I ≥ P (−k;−k)EN − I > EN .

From Theorem 8, we know system (2) has 2 iso-
lated and locally exponentially stable equilibrium
points located in the saturation regionΩ1 × Ω1,
andΩ−1 × Ω−1, respectively.

For k ∈ {1, 2, 3, · · · , n}, k 6= q, we choose
Z∗ = (x∗1, x

∗
2, · · · , x∗N , s∗1, s∗2, · · · , s∗N)T ∈ R2N ,

such that














−aix∗i +
N
∑

j=1,j 6=k

(bij + cij)

−(bik + cik) + Bis
∗
i + Ii = 0,

s∗i = α, i = 1, 2, · · · , N, i 6= k, s∗k = −α,
(19)

we have

(x∗1, x
∗
2, · · · , x∗N )T = P (−k)eN + I. (20)

From (20), we can obtain

(x∗1, x
∗
2, · · · ,−x∗k, · · · , x∗N)T

= P (−k;−k)EN + I(−k)
≥ P (−k;−k)EN − I > EN .

(21)

From (19) and (21), we obtain

x∗i =

{

> 1, i 6= k
< −1, i = k

, i = 1, 2, · · · , N.

s∗i =

{

α > 1, i 6= k
−α < −1, i = k

, i = 1, 2, · · · , N.

Thus, we have


































−aix∗i +
N
∑

j=1

(bij + cij)fj(x
∗
j ) + Bis

∗
i + Ii

= −aix∗i +
N
∑

j=1,j 6=k

(bij + cij)

−(bik + cik) + Bis
∗
i + Ii = 0,

−s∗i + αfi(x
∗
i ) = 0, i = 1, 2, · · · , N.

(22)
Then,

Z∗ = (x∗1, x
∗
2, · · · , x∗N , s∗1, s∗2, · · · , s∗N)T ∈ R

2N
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is an equilibrium point of systems (2), and

Z∗ ∈ Ω(−k) =
N
∏

i=1

[−(−∞,−1)δ
(ik)

]

×
N
∏

j=1

[−(−∞,−1)δ
(jk)

] ∈ Ω× Ω.

It is similar to prove that−Z∗ is also an equilib-
rium point of systems (2), and

−Z∗ ∈ Ω(k) =
N
∏

i=1

[(−∞,−1)δ
(ik)

]

×
N
∏

j=1

[(−∞,−1)δ
(jk)

] ∈ Ω× Ω.

If the conditions2) of Theorem 9 hold, i.e., for
∀l ∈ {1, 2, 3, · · · , N}, l 6= k, l 6= q such that

N
∑

j=1,j 6=l

(bqj + cqj)− (bql + cql) + αBq + Iq < aq,

assume that there exists another equilibrium
point X̄ = (x̄1, x̄2, · · · , x̄N) ∈ Ω and S̄ =
(s̄1, s̄2, · · · , s̄N) ∈ Ω, without loss of general-
ity, assumeX̄ ∈ Ω(q) = D(d1) × D(d2) ×
· · · × D(dq−1) × D(1) × D(dq+1) × · · ·D(dN),
i.e., x̄q > 1, s̄q = α. Then, there existsl ∈
{1, 2, , 3, · · · , N}, l 6= k, l 6= q, such thatdl = −1
(otherwise,̄x ∈ Ω1 or x̄ ∈ Ω(−k)). Since

x̄q =
1
aq
[
N
∑

j=1

(bqj + cqj)fj(x̄j) + Bq s̄q + Iq]

= 1
aq
[
N
∑

j=1

(bqj + cqj)dj +Bqs̄q + Iq]

≤ 1
aq
[

N
∑

j=1,j 6=l

(bqj + cqj)− (bql + cql) + αBq + Iq]

< 1.
(23)

From (23), we obtain̄xq < 1, this is in contra-
diction with x̄q > 1. Then the system (2) has no
another equilibrium point.

Hence, systems (2) has neither more nor less
than 4 isolated and locally exponentially stable
equilibrium points located in the saturation re-
gion
(−∞,−1)N × (−∞,−1)N ,
(1,+∞)N × (1,+∞)N ,

N
∏

i=1

[−(−∞,−1)δ
(ik)

]×
N
∏

i=1

[−(−∞,−1)δ
(ik)

],

and

N
∏

i=1

[(−∞,−1)δ
(ik)

]×
n
∏

i=1

[(−∞,−1)δ
(ik)

],

respectively.

Theorem 10 For system (2), if there existsq ∈
{1, 2, · · · , N}, ∀h ∈ T = {T1, T2, · · · , TM} ⊂
{1, 2, 3, · · · , N}, Tk 6= q(k = 1, 2, · · · ,M), and
T1 < T2 < · · · < TM ,M ≤ N − 1, such that

1) P (−h;−h)EN − I > EN ;
2) ∀l ∈ {1, 2, 3, · · · , N} − T − {q},
N
∑

j=1,j 6=l

(bqj + cqj)− (bql + cql) + αBq + Iq < aq,

or ∀m, r ∈ T,m 6= r,
N
∑

j=1,j 6=m,r

(bqj + cqj)− (bqm + cqm)

− (bqr + cqr) + αBq + Iq < aq,
then system (2) has neither more nor less than
2 + 2M isolated and locally exponentially sta-
ble equilibrium points located in the saturation
region.

Proof. If the conditions of Theorem 10 hold,
then for ∀h ∈ T = {T1, T2, · · · , TM} ⊂
{1, 2, 3, · · · , N}, Tk 6= q(k = 1, 2, · · · ,M), we
have

P (−h;−h)EN − I > EN .

From Theorem 9, for∀h ∈ T , we know system
(2) has 4 isolated and locally exponentially sta-
ble equilibrium points located in the saturation
region. SinceT = {T1, T2, · · · , TM} is made up
of M elements, thus, system (2) has2 + 2M iso-
lated and locally exponentially stable equilibrium
points located in the saturation region

(1,+∞)N × (1,+∞)N ,
(−∞,−1)N × (−∞,−1)N ,

N
∏

i=1

[−(−∞,−1)δ
(ih)

]×
N
∏

i=1

[−(−∞,−1)δ
(ih)

],

N
∏

i=1

[(−∞,−1)δ
(ih)

]×
N
∏

i=1

[(−∞,−1)δ
(ih)

],

for h = T1, T2, · · · , TM .
If the conditions2) of Theorem 10 hold, i.e., for
∀l ∈ {1, 2, 3, · · · , N} − T − {q},

N
∑

j=1,j 6=l

(bqj + cqj)− (bql + cql) + αBq + Iq < aq,

or ∀m, r ∈ T,m 6= r,
N
∑

j=1,j 6=m,r

(bqj + cqj)− (bqm + cqm)
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− (bqr + cqr) + αBq + Iq < aq.
Assume that there exists another equilib-
rium point X̄ = (x̄1, x̄2, · · · , x̄N) ∈ Ω, and
S̄ = (s̄1, s̄2, · · · , s̄N) ∈ Ω, without loss of
generality, assumēX ∈ Ω(q) = D(d1)×D(d2)×
· · · × D(dq−1) × D(1) × D(dq+1) × · · ·D(dN),
i.e., x̄q > 1, s̄q = α, then, there exists
l ∈ {1, 2, 3, · · · , m} − T − {q}, such that
dl = −1, or there existm, r ∈ T,m 6= r, such
that dm = −1, dr = −1 (otherwise,X̄ is only
one among2 + 2M equilibrium points above).
Since

x̄q =
1
aq
[

n
∑

j=1

(bqj + cqj)fj(x̄j) + Bq s̄q + Iq]

= 1
aq
[
N
∑

j=1

(bqj + cqj)dj +Bqs̄q + Iq]

≤ 1
aq
[

N
∑

j=1,j 6=l

(bqj + cqj)− (bql + cql) + αBq + Iq]

< 1.
(24)

or

x̄q =
1
aq
[
N
∑

j=1

(bqj + cqj)fj(x̄j) + Bqs̄q + Iq]

= 1
aq
[
N
∑

j=1

(bqj + cqj)dj +Bqs̄q + Iq]

= 1
aq
[

N
∑

j=1,j 6=m,r

(bqj + cqj)− (bqm + cqm)

−(bqr + cqr) + αBq + Iq] < 1.
(25)

From (24) or (25), we obtain̄xq < 1, this is in
contradiction with̄xq > 1.

Hence, systems (2) has neither more nor less
than2 + 2M isolated and locally exponentially
stable equilibrium points located in the saturation
region.

Theorem 11 For systems (2), if there existsq ∈
{1, 2, · · · , n}, such that

1) ∀k, l ∈ {1, 2, 3, · · · , N}, k 6= l, and k 6=
q, l 6= q,

P (−k,−l;−k,−l)EN − I > EN , (26)

2) ∀g, h,m ∈ {1, 2, 3, · · · , N}, g, h,m 6= q,
andg, h,m are not equal one another

N
∑

j=1,j 6=g,h,m

(aqj + bqj)−
∑

j=g,h,m

(aqj + bqj)

+αBq + Iq < aq,
(27)

then system (2) has neither more nor less than
2+2(N−1)+(N−1)(N−2) isolated and locally
exponentially stable equilibrium points located in
the saturation region.

Proof. If the conditions of (26) hold, then for
∀T, T̄ ∈ {1, 2, 3, · · · , N}, T 6= T̄ , andT, T̄ 6= q,
we have

P (−T ;−T )EN − I
≥ P (−T,−T̄ ;−T,−T̄ )EN − I > EN .

Thus, the conditions1) of Theorem 10 hold.
From Theorem 10, we know system (2) has2 +
2(N − 1) isolated and locally exponentially sta-
ble equilibrium points located in the saturation
region

(1,+∞)N × (1,+∞)N ,
(−∞,−1)N × (−∞,−1)N ,
N
∏

i=1

[−(−∞,−1)δ
(iT )

] ×
N
∏

i=1

[−(−∞,−1)δ
(iT )

],

and
N
∏

i=1

[(−∞,−1)δ
(iT )

]×
N
∏

i=1

[(−∞,−1)δ
(iT )

],

T ∈ {1, 2, · · · , N}, T 6= q, respectively.
For ∀k, l ∈ {1, 2, 3, · · · , N}, k 6= l, andk, l 6=
q, we choose
Z∗ = (x∗1, x

∗
2, · · · , x∗N , s∗1, s∗2, · · · , s∗N)T ,

such that






















−aix∗i +
N
∑

j=1,j 6=k,l

(bij + cij)− (bik + cik)

−(bil + cil) + Bis
∗
i + Ii = 0,

s∗i = α, i = 1, 2, · · · , N, i 6= k, l,
s∗k = −α, s∗l = −α.

(28)
Without loss of generality, we assumek < l,
from (28), we can obtain

(x∗1, x
∗
2, · · · ,−x∗k, · · · ,−x∗l , · · · , z∗N )T

= P (−k,−l;−k,−l)EN + I(−k,−l)
≥ P (−k,−l;−k,−l)EN − I > EN .

(29)

From (28) and (29), we have

x∗i =

{

> 1, i 6= k, l
< −1, i = k or i = l

,

s∗i =

{

α > 1, i 6= k, l
−α < −1, i = k or i = l,

for i = 1, 2, · · · , N.
Thus,Z∗ ∈ Ω(−k,−l) =

N
∏

i=1

[−(−∞,−1)δ
(ikl)

] ×
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N
∏

j=1

[−(−∞,−1)δ
(jkl)

], and



































−aix∗i +
N
∑

j=1

(bij + cij)fj(x
∗
j) + Bis

∗
i + Ii

= −aix∗i +
N
∑

j=1,j 6=k,l

(bij + cij)− (bik + cik)

−(ail + bil) + Bis
∗
i + Ii = 0,

−s∗i + αfi(x
∗
i ) = 0, i = 1, 2, · · · , N,

(30)
i.e., Z∗ is an equilibrium points of systems (2)
located in the saturation region ofΩ(−k,−l) ×
Ω(−k,−l).

It is similar to prove that−Z∗ is also an equi-
librium point of systems (2), and
−Z∗ ∈ Ω(k,l)

=
N
∏

i=1

[(−∞,−1)δ
(ikl)

]×
N
∏

j=1

[(−∞,−1)δ
(jkl)

].

On the other hand, since{(k, l)|k, l ∈
{1, 2, 3, · · · , N}, k 6= l, andk, l 6= q} is made
up of (N − 1)× (N − 2) elements, and take note
(−∞,−1)δ

(ilk)
= (−∞,−1)δ

(ikl)
, thus, system

(2) has(N − 1) × (N − 2) isolated and locally
exponentially stable equilibrium points located in
the saturation region

N
⋃

k=1,k 6=q

N
⋃

l=k+1,l 6=q

{
N
∏

i=1

[−(−∞,−1)δ
(ikl)

]

×
N
∏

i=1

[−(−∞,−1)δ
(ikl)

]
⋃

N
∏

i=1

[(−∞,−1)δ
(ikl)

]

×
N
∏

i=1

[(−∞,−1)δ
(ikl)

]},

respectively.

If the conditions 2) of Theorem 11 hold, i.e.,
for ∀g, h,m ∈ {1, 2, 3, · · · , N}, g, h,m 6= q
which are not equal one another, such that (27)
holds. Assume that there exists another equi-
librium point X̄ = (x̄1, x̄2, · · · , x̄N) ∈ Ω, and
S̄ = (s̄1, s̄2, · · · , s̄N) ∈ Ω, without loss of gener-
ality, we assumēX ∈ Ω(q) = D(d1) × D(d2) ×
· · · × D(dq−1) × D(1) × D(dq+1) × · · ·D(dN),
i.e., x̄q > 1, s̄q = α. Then, there existg, h,m ∈
{1, 2, 3, · · · , N}, g, h,m 6= q, such thatdg =
−1, dh = −1, and dm = −1 (otherwise,Z̄ is
only one among2+2(N − 1)+ (N − 1)(N − 2)

equilibrium points above). Since

x̄q =
1
aq
[
N
∑

j=1

(bqj + cqj)fj(x̄j) + Bqs̄q + Iq]

= 1
aq
[
N
∑

j=1

(bqj + cqj)dj +Bqs̄q + Iq]

≤ 1
aq
[

N
∑

j=1,j 6=g,h,m

(bqj + cqj)

−
∑

j=g,h,m

(bqj + cqj) + αBq + Iq]

< 1,

we obtainx̄q < 1, this is in contradiction with
x̄q > 1.

Hence, systems (2) has neither more nor less
than2+2(N−1)+(N−1)(N−2) isolated and lo-
cally exponentially stable equilibrium points lo-
cated in the saturation region

(1,+∞)N × (1,+∞)N ,
(−∞,−1)N × (−∞,−1)N ,
N
∏

i=1

[−(−∞,−1)δ
(iT )

]×
N
∏

i=1

[−(−∞,−1)δ
(iT )

],

N
∏

i=1

[(−∞,−1)δ
(iT )

]×
N
∏

i=1

[(−∞,−1)δ
(iT )

],

for T = 1, 2, 3, · · · , N, T 6= q, and
N
⋃

k=1,k 6=q

N
⋃

l=k+1,l 6=q

{
N
∏

i=1

[−(−∞,−1)δ
(ikl)

]

×
N
∏

i=1

[−(−∞,−1)δ
(ikl)

]
⋃

N
∏

i=1

[(−∞,−1)δ
(ikl)

]

×
N
∏

i=1

[(−∞,−1)δ
(ikl)

]}, respectively.

4 Numerical Simulation

In this section, we give four examples to show our
results validity. Consider the following competi-
tive neural networks with time delays(N = 4)



















































dx1(t)
dt

= −a1x1(t) +
4
∑

j=1

b1jfj(xj(t))

+
4
∑

j=1

c1jfj(xj(t− τ1j(t))) + B1s1(t) + I1,

dx2(t)
dt

= −a2x2(t) +
4
∑

j=1

b2jfj(xj(t))

+
4
∑

j=1

c2jfj(xj(t− τ2j(t))) + B2s2(t) + I2,
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dx3(t)
dt

= −a3x3(t) +
4
∑

j=1

b3jfj(xj(t))

+
4
∑

j=1

c3jfj(xj(t− τ3j(t))) + B3s3(t) + I3,

dx4(t)
dt

= −a4x4(t) +
4
∑

j=1

b4jfj(xj(t))

+
4
∑

j=1

c4jfj(xj(t− τ4j(t))) + B4s4(t) + I4,

ds1(t)
dt

= −s1(t) + αf1(x1(t)),
ds2(t)
dt

= −s2(t) + αf2(x2(t)),
ds3(t)
dt

= −s3(t) + αf3(x3(t)),
ds4(t)
dt

= −s4(t) + αf4(x4(t)),
(31)

wherefj(x) = 1
2
[|x+1| − |x− 1|], j = 1, 2, 3, 4.

Example 1. If we set

α = 2, a1 = 8, a2 = 2, a3 = 3,
a4 = 5, b11 = 1, b12 =

1
2
, b13 =

3
2
,

b14 =
1
4
, b21 =

1
2
, b22 =

1
4
, b23 =

3
4
,

b24 =
1
8
, b31 =

1
4
, b32 =

1
2
, b33 =

1
8
,

b34 =
3
4
, b41 = 1, b42 =

1
2
, b43 =

1
4
,

b44 =
1
2
, c11 = 1, c12 =

3
2
, c13 =

1
2
,

c14 =
7
4
, c21 =

1
2
, c22 =

3
4
, c23 =

1
4
,

c24 =
7
8
, c31 =

3
4
, c32 =

1
2
, c33 =

7
8
,

c34 =
1
4
, c41 =

1
2
, c42 = 1, c43 =

5
4
,

c44 = 1, B1 = 1, B2 =
1
2
, B3 = 2,

B4 = 3, I1 = 1, I2 = 2, I3 = 3,
I4 = 4, τ1j = 0.3, τ2j = 0.2, τ3j = 0.4,
τ4j = 0.1, j = 1, 2, 3, 4.

We have

P =









1
2

1
4

1
4

1
4

1
2

1 1
2

1
2

1
3

1
3

5
3

1
3

3
10

3
10

3
10

3
2









, I =









1
8

1
1
4
5









.

Then the equilibrium point of systems (31) satis-
fies the following equation















































−8x1 + 4f1(x1) + 2f2(x2)
+2f3(x3) + 2f4(x4) + 1 = 0,

−2x2 + f1(x1) + 2f2(x2)
+f3(x3) + f4(x4) + 2 = 0,

−3x3 + f1(x1) + f2(x2)
+5f3(x3) + f4(x4) + 3 = 0,

−5x4 +
3
2
f1(x1) +

3
2
f2(x2)

+3
2
f3(x3) +

15
2
f4(x4) + 4 = 0,















−s1 + 2f1(x1) = 0,
−s2 + 2f2(x2) = 0,
−s3 + 2f3(x3) = 0,
−s4 + 2f4(x4) = 0.

(32)

Let l = 1, we have the following results by sim-
ple calculation

Pe4 − I > e4,
4
∑

j=1,j 6=k

(b1j + c1j)− (b1k + c1k) + αB1 + I1 < a1,

for k ∈ {2, 3, 4}. Then, the conditions of Theo-
rem 8 hold. And we can obtain only two equilib-
rium points of systems (32), i.e.,

(11
8
, 7
2
, 11

3
, 16

5
, 2, 2, 2, 2),

(−9
8
,−3

2
,−5

3
,−8

5
,−2,−2,−2,−2).

Evidently, this consequence is coincident
with the results of Theorem 8. Figs. 1-2
depict the time responses of state variables of
x1(t), x2(t), x3(t), x4(t), s1(t), s2(t), s3(t), s4(t)
of system in example 1, respectively.

Example 2. If we setα = 2, a1 = 6, a2 =
1, a3 =

1
2
, a4 = 3, and

b11 =
1
2
, b12 =

1
4
, b13 = 1, b14 = 2,

b21 =
1
2
, b22 = 1, b23 =

1
4
, b24 =

3
4
,

b31 =
1
2
, b32 =

1
4
, b33 =

1
2
, b34 =

3
4
,

b41 =
1
2
, b42 =

1
4
, b43 =

1
2
, b44 = 1,

c11 =
1
2
, c12 =

3
4
, c13 = 2, c14 = 1,

c21 =
1
2
, c22 = 1, c23 =

3
4
, c24 =

1
4
,

c31 =
1
2
, c32 =

3
4
, c33 =

1
2
, c34 =

1
4
,

c41 =
1
2
, c42 =

3
4
, c43 =

3
2
, c44 = 1,

B1 = 1, B2 = 2, B3 =
1
2
, B4 = 2,

I1 = 1, I2 = 1, I3 = 2, I4 = 4,
τ1j = 0.3, τ2j = 0.2, τ3j = 0.4, τ4j = 0.1,
j = 1, 2, 3, 4.

We have

P =









1
2

1
6

1
2

1
2

1 6 1 1
2 2 4 2
1
3

1
3

2
3

2









, I =









1
6

1
4
4
3









.

Then the equilibrium point of systems (31) satis-
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Fig.4. Transient response of state variables s
1
(t),s

2
(t),s

3
(t),s

4
(t) of Example 4.2
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fies the following equation














































































−6x1 + 3f1(x1) + f2(x2)
+3f3(x3) + 3f4(x4) + 1 = 0,

−x2 + f1(x1) + 6f2(x2)
+f3(x3) + f4(x4) + 1 = 0,

−1
2
x3 + f1(x1) + f2(x2)
+2f3(x3) + f4(x4) + 2 = 0,

−3x4 + f1(x1) + f2(x2) + 2f3(x3)
+6f4(x4) + 4 = 0,

−s1 + 2f1(x1) = 0,
−s2 + 2f2(x2) = 0,
−s3 + 2f3(x3) = 0,
−s4 + 2f4(x4) = 0.

(33)

Let q = 1, k = 2, we have the following results
by simple calculation

P (−2;−2)e4 − I > e4,
4
∑

j=1,j 6=l

(b1j + c1j)− (b1l + c1l) + αB1 + I1 < a1,

for l ∈ {3, 4}. Then, the conditions of Theorem
9 hold. And we can obtain only four equilibrium
points of systems (33), i.e.,

(11
6
, 10, 14, 14

3
, 2, 2, 2, 2),

(−3
2
,−8,−6,−2,−2,−2,−2,−2),

(3
2
,−2, 10, 4, 2,−2, 2, 2)

(−7
6
, 4,−2,−4

3
,−2, 2,−2,−2).

Evidently, this consequence is coincident
with the results of Theorem 9. Figs. 3-4
depict the time responses of state variables of
x1(t), x2(t), x3(t), x4(t), s1(t), s2(t), s3(t), s4(t)
of system in example 2, respectively.

Example 3. If we setα = 2, a1 = 4, a2 =
1, a3 = 2, a4 = 3,
b11 =

1
4
, b12 =

1
2
, b13 =

1
4
, b14 = 2,

b21 =
1
4
, b22 = 1, b23 =

1
2
, b24 =

1
8
,

b31 =
1
8
, b32 =

1
2
, b33 =

3
4
, b34 =

1
4
,

b41 =
1
8
, b42 =

1
2
, b43 =

1
4
, b44 =

1
4
,

c11 =
1
4
, c12 =

1
2
, c13 =

3
4
, c14 = 1,

c21 =
1
4
, c22 = 1, c23 =

3
2
, c24 =

1
8
,

c31 =
1
8
, c32 =

1
2
, c33 =

1
4
, c34 =

1
4
,

c41 =
3
8
, c42 =

1
2
, B1 = 1, B2 = 2,

B3 = 3, B4 = 4, I1 = 1, I2 = 2,
I3 = 3, I4 = 5, τ1j = 0.3, τ2j = 0.2,
τ3j = 0.4, τ4j = 0.1, j = 1, 2, 3, 4.

We have

P =









5
8

1
4

1
4

3
4

1
2

6 2 1
4

1
8

1
2

7
2

1
4

1
6

1
3

1
3

17
6









, I =









1
4

2
3
2
5
3









.

Then the equilibrium point of systems (31) satis-
fies the following equation















































































−4x1 +
5
2
f1(x1) + f2(x2)

+f3(x3) + 3f4(x4) + 1 = 0,
−x2 + 1

2
f1(x1) + 6f2(x2)+

2f3(x3) +
1
4
f4(x4) + 2 = 0,

−2x3 +
1
4
f1(x1) + f2(x2)+

7f3(x3) +
1
2
f4(x4) + 3 = 0,

−3x4 +
1
2
f1(x1) + f2(x2)+

f3(x3) +
17
2
f4(x4) + 5 = 0,

−s1 + 2f1(x1) = 0,
−s2 + 2f2(x2) = 0,
−s3 + 2f3(x3) = 0,
−s4 + 2f4(x4) = 0.

(34)

Let q = 1, h = 2, 3, we have the following
results by simple calculation

P (−2;−2)e4 − I > e4, P (−3;−3)e4 − I > e4,
4
∑

j=1,j 6=l

(b1j + c1j)− (b1l + c1l) + αB1 + I1 < a1,

for l = 4. Then, the conditions of Theorem 10
hold. And we can obtain only six equilibrium
points of systems (34), i.e.,

(17
8
, 43

4
, 47

8
, 16

3
, 2, 2, 2, 2),

(−13
8
,−27

4
,−23

8
,−2,−2,−2,−2,−2),

(13
8
,−5

4
, 39

8
, 14

3
, 2,−2, 2, 2),

(−9
8
, 21

4
,−15

8
,−4

3
,−2, 2,−2,−2),

(13
8
, 27

4
,−9

8
, 14

3
, 2, 2,−2, 2),

(−9
8
,−11

4
, 33

8
,−4

3
,−2,−2, 2,−2).

Evidently, this consequence is coincident with
the results of Theorem 10. Figs. 5-6 de-
pict the time responses of state variables of
x1(t), x2(t), x3(t), x4(t), s1(t), s2(t), s3(t), s4(t)
of system in example 3, respectively.

Example 4. If we set
α = 2, a1 = 1, a2 = 2, a3 = 3, a4 = 1,
b11 = 2, b12 = 1, b13 =

1
2
, b14 =

3
2
,
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Fig.5. Transient response of state variables x
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Fig.6. Transient response of state variables s
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(t),s

2
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(t) of Example 4.3
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Fig.7. Transient response of state variables x
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Fig.8. Transient response of state variables s
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b21 =
1
2
, b22 = 2, b23 =

1
4
, b24 =

3
4
,

b31 = 1, b32 =
1
2
, b33 = 4, b34 =

3
2
,

b41 =
1
4
, b42 =

1
8
, b43 =

3
8
, b44 = 1,

c11 = 1, c12 = 1, c13 =
3
2
, c14 =

1
2
,

c21 =
1
2
, c22 = 2, c23 =

3
4
, c24 =

1
4
,

c31 = 1, c32 =
3
2
, c33 = 3, c34 =

1
2
,

c41 =
1
4
, c42 =

3
8
, c43 =

1
8
, c44 = 1,

B1 = 1, B2 = 2, B3 = 3, B4 = 1,
I1 = 1, I2 = 2, I3 = 3, I4 =

1
2
,

τ1j = 0.3, τ2j = 0.2, τ3j = 0.4, τ4j = 0.1,
j = 1, 2, 3, 4.

We have

P =









5 2 2 2
1
2

4 1
2

1
2

2
3

2
3

13
3

2
3

1
2

1
2

1
2

4









, I =









1
1
1
1
2









.

Then the equilibrium point of systems (31) satis-
fies the following equation















































































−x1 + 5f1(x1) + 2f2(x2)
+2f3(x3) + 2f4(x4) + 1 = 0,

−2x2 + f1(x1) + 8f2(x2)
+f3(x3) + f4(x4) + 2 = 0,

−3x3 + 2f1(x1) + 2f2(x2)
+13f3(x3) + 2f4(x4) + 3 = 0,

−x4 + 1
2
f1(x1) +

1
2
f2(x2)

+1
2
f3(x3) + 4f4(x4) +

1
2
= 0,

−s1 + 2f1(x1) = 0,
−s2 + 2f2(x2) = 0,
−s3 + 2f3(x3) = 0,
−s4 + 2f4(x4) = 0.

(35)

Let q = 1, k, l ∈ {2, 3, 4}, k 6= l, we have the
following results by simple calculation

P (−2,−3;−2,−3)e4 − I > e4,
P (−2,−4;−2,−4)e4 − I > e4,
P (−3,−4;−3,−4)e4 − I > e4,

4
∑

j=1,j 6=g,h,m

(a1j + b1j)−
∑

j=g,h,m

(a1j + b1j)

+αB1 + I1 < a1,

∀g, h,m ∈ {2, 3, 4} andg, h,m are not equal one
another.

Then, the conditions of Theorem 11 hold.
And we can obtain only fourteen equilibrium

points of systems (35), i.e.,

(12, 13
2
, 22

3
, 6, 2, 2, 2, 2),

(−10,−9
2
,−16

3
,−5,−2,−2,−2,−2),

(8,−3
2
, 6, 5, 2,−2, 2, 2),

(−6, 7
2
,−4,−4,−2, 2,−2,−2),

(8, 11
2
,−4

3
, 5, 2, 2,−2, 2),

(−6,−7
2
, 10

3
,−4,−2,−2, 2,−2),

(8, 11
2
, 6,−2, 2, 2, 2,−2),

(−6,−7
2
,−4, 3,−2,−2,−2, 2)

(8,−5
2
,−8

3
, 5, 2,−2,−2, 2),

(−2, 9
2
, 14

3
,−3,−2, 2, 2,−2),

(4,−5
2
, 14

3
,−3, 2,−2, 2,−2),

(−2, 9
2
,−8

3
, 4,−2, 2,−2, 2),

(4, 9
2
,−8

3
,−3, 2, 2,−2,−2),

(−2,−5
2
, 14

3
, 4,−2,−2, 2, 2).

Evidently, this consequence is coincident with
the results of Theorem 11. Figs. 7-8 de-
pict the time responses of state variables of
x1(t), x2(t), x3(t), x4(t), s1(t), s2(t), s3(t), s4(t)
of system in example 4, respectively.

5 Conclusions

In this paper, based on the stability theory, we
investigate the Multistability of a class of com-
petitive neural networks with time delays, and
obtain some sufficient conditions to ensure the
existence and locally exponential stability of the
equilibrium points of the systems in the satura-
tion region. And according to the peculiarity of
the saturation regions, these sufficient conditions,
which only depend on the synaptic weights ma-
tricesP and the external input vectorI, are very
easy to be verified. Moreover, four examples
show our results are effective.
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