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Abstract: - This work presents a numerical tool implemented to simulate inviscid and viscous flows employing 
the reactive gas formulation of thermochemical non-equilibrium. The Euler and Navier-Stokes equations, 
employing a finite volume formulation, on the context of structured and unstructured spatial discretizations, are 
solved. These variants allow an effective comparison between the two types of spatial discretization aiming 
verify their potentialities: solution quality, convergence speed, computational cost, etc. The aerospace problems 
of the hypersonic flow around a double ellipse and around a reentry capsule, in two-dimensions, are simulated. 
The reactive simulations will involve an air chemical model of five species: N, O, N2, O2 and NO. Seventeen 
chemical reactions, involving dissociation and recombination, will be studied. The Arrhenius formula will be 
employed to determine the reaction rates and the law of mass action will be used to determine the source terms 
of each gas species equation. 
 
Key-Words: - Euler and Navier-Stokes equations, Reactive formulation, Thermochemical non-
equilibrium, Hypersonic flow, Van Leer algorithm, Finite Volumes, Unstructured discretization. 
 
1 Introduction 
The study of hypersonic flows has gained 
momentum with the advent of concepts like the 
National AeroSpace Plane (NASP) and similar 
transatmospheric vehicles. Under the very high 
velocity and temperature conditions experienced by 
hypersonic vehicles, departure from chemical and 
thermal equilibrium occurs. Properties of air change 
dramatically as new chemical species are produced 
at the expense of others. The simple one 
temperature model used to describe the energy of air 
becomes inapplicable, and it becomes necessary to 
consider one or more additional temperatures 
(corresponding to vibrational and electronic 
energies). Determination of aerothermal loads on 
blunt bodies in such an environment is of great 
importance. 
 In high speed flows, any adjustment of chemical 
composition or thermodynamic equilibrium to a 
change in local environment requires certain time. 
This is because the redistribution of chemical 
species and internal energies require certain number 
of molecular collisions, and hence a certain 
characteristic time. Chemical non-equilibrium 
occurs when the characteristic time for the chemical 
reactions to reach local equilibrium is of the same 
order as the characteristic time of the fluid flow. 

Similarly, thermal non-equilibrium occurs when the 
characteristic time for translation and various 
internal energy modes to reach local equilibrium is 
of the same order as the characteristic time of the 
fluid flow. Since chemical and thermal changes are 
the results of collisions between the constituent 
particles, non-equilibrium effects prevail in high-
speed flows in low-density air. 
 In chemical non-equilibrium flows the mass 
conservation equation is applied to each of the 
constituent species in the gas mixture. Therefore, 
the overall mass conservation equation is replaced 
by as many species conservation equations as the 
number of chemical species considered. The 
assumption of thermal non-equilibrium introduces 
additional energy conservation equations – one for 
every additional energy mode. Thus, the number of 
governing equations for non-equilibrium flow is 
much bigger compared to those for perfect gas flow. 
A complete set of governing equations for non-
equilibrium flow may be found in [1-2]. 
 Analysis of non-equilibrium flow is rather 
complex because (1) the number of equations to be 
solved is much larger than the Navier-Stokes 
equations, and (2) there are additional terms like the 
species production, mass diffusion, and vibrational 
energy relaxation, etc., that appear in the governing 
equations. In a typical flight of the NASP flying at 
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Mach 15, ionization is not expected to occur, and a 
5-species air is adequate for the analysis (see [3]). 
Since the rotational characteristic temperatures for 
the constituent species (namely N, O, N2, O2, and 
NO) are small, the translational and rotational 
energy modes are assumed to be in equilibrium, 
whereas the vibrational energy mode is assumed to 
be in non-equilibrium. [4] has simplified the 
thermodynamic model by assuming a harmonic 
oscillator to describe the vibrational energy. Ionic 
species and electrons are not considered. This 
simplifies the set of governing equations by 
eliminating the equation governing electron and 
electronic excitation energy. [4] has taken the 
complete set of governing equations from [1], and 
simplified them for a five-species two-temperature 
air model. 
 The problems of chemical non-equilibrium in the 
shock layers over vehicles flying at high speeds and 
high altitudes in the Earth’s atmosphere have been 
discussed by several investigators ([5-8]). Most of 
the existing computer codes for calculating the non-
equilibrium reacting flow use the one-temperature 
model, which assumes that all of the internal energy 
modes of the gaseous species are in equilibrium 
with the translational mode ([7-8]). It has been 
pointed out that such a one-temperature description 
of the flow leads to a substantial overestimation of 
the rate of equilibrium because of the elevated 
vibrational temperature ([6]). A three-temperature 
chemical-kinetic model has been proposed by [2] to 
describe the relaxation phenomena correctly in such 
a flight regime. However, the model is quite 
complex and requires many chemical rate 
parameters which are not yet known. As a 
compromise between the three-temperature and the 
conventional one-temperature model, a two-
temperature chemical-kinetic model has been 
developed ([5-6]), which is designated herein as the 
TTv model. The TTv model uses one temperature T 
to characterize both the translational energy of the 
atoms and molecules and the rotational energy of 
the molecules, and another temperature Tv to 
characterize the vibrational energy of the molecules, 
translational energy of the electrons, and electronic 
excitation energy of atoms and molecules. The 
model has been applied to compute the 
thermodynamic properties behind a normal shock 
wave in a flow through a constant-area duct ([9-10]). 
Radiation emission from the non-equilibrium flow 
has been calculated using the Non-equilibrium Air 
Radiation (NEQAIR) program ([11-12]). The flow 
and the radiation computations have been packaged 
into a single computer program, the Shock-Tube 
Radiation Program (STRAP) ([10]). 

 A first-step assessment of the TTv model was 
made in [10] where it was used in computing the 
flow properties and radiation emission from the 
flow in a shock tube for pure nitrogen undergoing 
dissociation and weak ionization (ionization fraction 
less than 0.1%). Generally good agreement was 
found between the calculated radiation emission and 
those obtained experimentally in shock tubes ([13-
15]). The only exception involved the vibrational 
temperature. The theoretical treatment of the 
vibrational temperature could not be validated 
because the existing data on the vibrational 
temperature behind a normal shock wave ([15]) are 
those for an electronically excited state of the 
molecular nitrogen ion +

2N  instead of the ground 
electronic state of the neutral nitrogen molecule N2 
which is calculated in the theoretical model. The 
measured vibrational temperature of +

2N  was much 
smaller than the calculated vibrational temperature 
for N2.  
 This work, second of this study, describes a 
numerical tool to perform thermochemical non-
equilibrium simulations of reactive flow in two-
dimensions. The [16] scheme, in its first- and 
second-order versions, is implemented to 
accomplish the numerical simulations. The Euler 
and Navier-Stokes equations, on a finite volume 
context and employing structured and unstructured 
spatial discretizations, are applied to solve the “hot 
gas” hypersonic flows around a double ellipse and 
around a reentry capsule in two-dimensions. The 
second-order version of the [16] scheme is obtained 
from a “MUSCL” extrapolation procedure (details 
in [17] and [35]) in a context of structured spatial 
discretization. In the unstructured context, only first-
order solutions are obtained. The convergence 
process is accelerated to the steady state condition 
through a spatially variable time step procedure, 
which has proved effective gains in terms of 
computational acceleration (see [18-19]). 
 The reactive simulations involve an air chemical 
model of five species: N, O, N2, O2, and NO. 
Seventeen chemical reactions, involving 
dissociation and recombination, are simulated by the 
proposed model. The Arrhenius formula is 
employed to determine the reaction rates and the 
law of mass action is used to determine the source 
terms of each gas specie equation. 
 The results have demonstrated that the most 
correct aerodynamic coefficient of lift in the reentry 
capsule problem is obtained by the [16] scheme with 
first-order accuracy, in a viscous formulation, to a 
reactive condition of thermochemical non-
equilibrium. In the double ellipse problem, the most 
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severe lift coefficient in the thermochemical non-
equilibrium formulation is due to the [16] scheme, 
first-order accurate, in an inviscid condition. Taking 
into account both problems, the reentry capsule 
problem presents the most severe drag coefficients. 
The lift coefficient is better estimated in the 
thermochemical non-equilibrium formulation than 
in the thermal equilibrium and chemical non-
equilibrium formulation. Considering 
thermochemical non-equilibrium, the cheapest 
algorithm was due to [16], inviscid, first-order 
accurate, unstructured. Moreover, the shock position 
is closer to the geometry as using the reactive 
formulations than the ideal gas formulation. It was 
verified in the inviscid and viscous cases. 
 
 
2 Formulation to Reactive Flow in 
Thermochemical Non-Equilibrium 
 
2.1 Reactive Equations in Two-Dimensions 
The reactive Navier-Stokes equations in thermal and 
chemical non-equilibrium were implemented on a 
finite volume context, in the two-dimensional space. 
In this case, these equations in integral and 
conservative forms can be expressed by: 

           ∫ ∫∫ =•+
∂
∂

V V
CV

S

dVSdSnFQdV
t





, with 

                   ( ) ( ) jFFiEEF veve




−+−= ,            (1) 

where: Q is the vector of conserved variables, V is 
the volume of a computational cell, F



 is the 
complete flux vector, n  is the unit vector normal to 
the flux face, S is the flux area, SCV is the chemical 
and vibrational source term, Ee and Fe are the 
convective flux vectors or the Euler flux vectors in 
the x and y directions, respectively, Ev and Fv are 
the viscous flux vectors in the x and y directions, 
respectively. The i



 and j


 unit vectors define the 
Cartesian coordinate system. Nine (9) conservation 
equations are solved: one of general mass 
conservation, two of linear momentum conservation, 
one of total energy, four of species mass 
conservation and one of the vibrational internal 
energy of the molecules. Therefore, one of the 
species is absent of the iterative process. The CFD 
(“Computational Fluid Dynamics”) literature 
recommends that the species of biggest mass 
fraction of the gaseous mixture should be omitted, 
aiming to result in a minor numerical accumulation 

error, corresponding to the biggest mixture 
constituent (in the case, the air). To the present 
study, in which is chosen a chemical model to the 
air composed of five (5) chemical species (N, O, N2, 
O2 and NO) and seventeen (17) chemical reactions, 
being fifteen (15) dissociation reactions 
(endothermic reactions) and two (2) of exchange or 
recombination, this species can be the N2 or the O2. 
To this work, it was chosen the N2. The vectors Q, 
Ee, Fe, Ev, Fv and SCV can, hence, be defined as 
follows ([4]): 
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in which: ρ is the mixture density; u and v are 
Cartesian components of the velocity vector in the x 
and y directions, respectively; p is the fluid static 
pressure; e is the fluid total energy; ρ1, ρ2, ρ4 and ρ5 
are densities of the N, O, O2 and NO, respectively; 
H is the mixture total enthalpy; eV is the sum of the 
vibrational energy of the molecules; the τ’s are the 
components of the viscous stress tensor; qf,x and qf,y 
are the frozen components of the Fourier-heat-flux 
vector in the x and y directions, respectively; qv,x 
and qv,y are the components of the Fourier-heat-flux 
vector calculated with the vibrational thermal 
conductivity and vibrational temperature; ρsvsx and 
ρsvsy represent the species diffusion flux, defined by 
the Fick law; φx and φy are the terms of mixture 
diffusion; φv,x and φv,y are the terms of molecular 
diffusion calculated at the vibrational temperature; 

sω  is the chemical source term of each species 
equation, defined by the law of mass action; *

ve  is 
the molecular-vibrational-internal energy calculated 
with the translational/rotational temperature; and τs 
is the translational-vibrational characteristic 
relaxation time of each molecule. 
 The viscous stresses, in N/m2, are determined, 
according to a Newtonian fluid model, by: 
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in which µ is the fluid molecular viscosity. 

 The frozen components of the Fourier-heat-flux 
vector, which considers only thermal conduction, 
are defined by: 

         
x
Tkq fx,f ∂
∂

−=    and   
y
Tkq fy,f ∂
∂

−= ,     (7) 

where kf is the mixture frozen thermal conductivity, 
calculated conform presented in [20]. The 
vibrational components of the Fourier-heat-flux 
vector are calculated as follows: 

      
x

T
kq v
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−=    and   
y

T
kq v

vy,v ∂
∂

−= ,     (8) 

in which kv is the vibrational thermal conductivity 
and Tv is the vibrational temperature, what 
characterizes this model as of two temperatures: 
translational/rotational and vibrational. The 
calculation of Tv and kv is demonstrated in [20]. 
 The terms of species diffusion, defined by the 
Fick law, to a condition of thermal non-equilibrium, 
are determined by ([4]): 

x
Y

Dv s,MF
ssxs ∂

∂
ρ−=ρ   and   

y
Y

Dv s,MF
ssys ∂

∂
ρ−=ρ , 

(9) 

with “s” referent to a given species, YMF,s being the 
molar fraction of the species, defined as: 

                       

∑
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and  Ds is the species-effective-diffusion coefficient. 
 The diffusion terms φx and φy which appear in 
the energy equation are defined by ([21]): 

    ∑
=

ρ=φ
ns

1s
ssxsx hv   and  ∑

=

ρ=φ
ns

1s
ssysy hv ,   (11) 

being hs the specific enthalpy (sensible) of the 
chemical species “s”. Details of the calculation of 
the specific enthalpy, see [22-23; 34]. The 
molecular diffusion terms calculated at the 
vibrational temperature, φv,x and φv,y, which appear 
in the vibrational-internal-energy equation are 
defined by ([4]): 
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  ∑
=

ρ=φ
mols

s,vsxsx,v hv and ∑
=

ρ=φ
mols

s,vsysy,v hv ,  (12) 

with hv,s being the specific enthalpy (sensible) of the 
chemical species “s” calculated at the vibrational 
temperature Tv. The sum of Eq. (12), as also those 
present in Eq. (5), considers only the molecules of 
the system, namely: N2, O2 and NO. 
 
2.2 Chemical and vibrational models 
The chemical model employed to the case of 
thermochemical non-equilibrium is the same 
employed to the case of thermal equilibrium and 
chemical non-equilibrium (see [22-23; 34]). The 
unique difference is in the calculation of the species 
production rates, where a temperature of reaction 
rate control is introduced in the place of the 
translational/rotational temperature, which is 
employed in the calculation of such rates in the 
thermal equilibrium and chemical non-equilibrium 
case. This procedure aims a couple between 
vibration and dissociation. This temperature is 
defined as: vrrc TTT ×= , where T is the 
translational/rotational temperature and Tv is the 
vibrational temperature. This temperature Trrc 
replaces the translational/rotational temperature in 
the calculation of the species production rates, as 
proposed by [24]. The vibrational model is 
described in [20]. 
 
3 Unstructured [16] Algorithm to 
Thermochemical Non-Equilibrium 
Considering the two-dimensional and unstructured 
case, the algorithm follows that described in [22, 25, 
34], considering, however, the vibrational 
contribution ([20, 26]) and the version of the two-
temperature model to the frozen speed of sound, 
presented in [26]. Hence, the discrete-dynamic-
convective flux is defined by: 
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the discrete-chemical-convective flux is defined by: 
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and the discrete-vibrational-convective flux is 
determined by: 

    

( ) ( )[ ] ( ) ( )[ ]
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where the fluxes are calculated at the interface l = 1, 
for example, according to [26] notation. The same 
definitions presented in [26] are valid to this 
algorithm. The time integration is performed 
employing the Runge-Kutta explicit method of five 
stages, second-order accurate, to the three types of 
convective flux. To the dynamic part, this method 
can be represented in general form by: 
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to the chemical part, it can be represented in general 
form by: 
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where the chemical source term SC is calculated 
with the temperature Trrc. Finally, to the vibrational 
part: 
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in which: 
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with k = 1,...,5; α1 = 1/4, α2 = 1/6, α3 = 3/8, α4 = 1/2 
and α5 = 1. The [27] heat flux due to translational-
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vibrational relaxation, qT-V,s, is defined in [20, 26]. 
This scheme is first-order accurate in space and 
second-order accurate in time. The second-order of 
spatial accuracy is obtained by the “MUSCL” 
procedure (details in [17] and [35]). 
 The viscous formulation follows that of [28], 
which adopts the Green theorem to calculate 
primitive variable gradients. The viscous vectors are 
obtained by arithmetical average between cell (i,j) 
and its neighbors. As was done with the convective 
terms, there is a need to separate the viscous flux in 
three parts: dynamical viscous flux, chemical 
viscous flux and vibrational chemical flux. The 
dynamical part corresponds to the first four 
equations of the Navier-Stokes ones, the chemical 
part corresponds to the following four equations and 
the vibrational part corresponds to the last equation. 
 The spatially variable time step technique has 
provided excellent convergence gains as 
demonstrated in [18-19] and is implemented in the 
codes presented in this work. 
 
4 Results 
Tests were performed in a Dual-Core Intel processor 
notebook with 2.3GHz of clock and 2.0GBytes of 
RAM. As the interest of this work is steady state 
problems, it is necessary to define a criterion which 
guarantees the convergence of the numerical results. 
The criterion adopted was to consider a reduction of 
no minimal three (3) orders of magnitude in the 
value of the maximum residual in the calculation 
domain, a typical CFD community criterion. The 
residual of each cell was defined as the numerical 
value obtained from the discretized conservation 
equations. As there are nine (9) conservation 
equations to each cell, the maximum value obtained 
from these equations is defined as the residual of 
this cell. Hence, this residual is compared with the 
residual of the other cells, calculated of the same 
way, to define the maximum residual in the 
calculation domain. In the simulations, the attack 
angle was set equal to zero. 
 
4.1 Initial Conditions 
The initial conditions are presented in Tabs. 1 and 2. 
The Reynolds number is obtained from data of [29]. 
The boundary conditions to this problem of reactive 
flow are detailed in [30], as well the description of 
the computational configurations. 
 The first geometry under study is a double ellipse, 
whereas the second one is a reentry capsule. These 
configurations are described in Figs 1 and 2 and the 
computational meshes, to inviscid and viscous cases, 
are presented in Figs. 3 to 6. The dimensionless 

employed in the Euler and Navier-Stokes equations 
in this study are also described in [30]. 

Table 1 Initial conditions to the problem of the 
double ellipse. 

 
Property Value 

M∞ 15.0 
ρ∞ 0.00922 kg/m3 
p∞ 794 Pa 
U∞ 5,208 m/s 
T∞ 300 K 
Tv,∞ 300 K 

altitude 50,000 m 
cN 10-9 
cO 0.07955 

2Oc  0.13400 
cNO 0.05090 
L 5.0 m 

Re∞ 1.574x106 

Table 2 Initial conditions to the problem of the 
reentry capsule. 

 
Property Value 

M∞ 10.6 
ρ∞ 0.02863 kg/m3 
p∞ 3,885 Pa 
U∞ 4,628 m/s 
T∞ 473 K 
Tv,∞ 473 K 

Altitude 40,000 m 
cN 10-9 
cO 0.07955 

2Oc  0.13400 
cNO 0.05090 
L 3.0 m 

Re∞ 3.468x106 
 
4.2 Description of the Geometrical 
Configurations and Employed Meshes 
Figures 1 and 2 exhibit the geometrical 
configurations of the geometries under study in this 
work. In Figure 1 is presented the double ellipse 
configuration and in Fig. 2 is presented the reentry 
capsule configuration. 
 Figures 3 and 4 present the inviscid and viscous 
double ellipse meshes, whereas Figs. 5 and 6 present 
the inviscid and viscous reentry capsule meshes. 
The unstructured meshes are obtained transforming 
a mesh of quadrilaterals in a mesh of triangles and 
the connectivity, neighboring, ghost and node 
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coordinate tables are generated in a pre-processing 
stage of the computation. 

 
Figure 1. Double ellipse configuration. 

 
Figure 2. Reentry capsule configuration. 

 
Figure 3. Double ellipse mesh (Inviscid case). 

 
The double ellipse mesh is composed of 3,528 
rectangular cells and 3,650 nodes in the structured 
case and of 7,056 triangular cells and 3,650 nodes in 
the unstructured case. The reentry capsule is 
composed of 3,136 rectangular cells and 3,250 

nodes in the structured case and of 6,272 triangular 
cells and 3,250 nodes in the unstructured case. 

 
Figure 4. Double ellipse mesh (Viscous case). 

 
Figure 5. Reentry capsule mesh (Inviscid case). 

 
Figure 6. Reentry capsule mesh (Viscous case). 

 
4.3 Studied Cases 
Table 3 presents the studied cases of the double 
ellipse problem in this work, the mesh 
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characteristics and the order of accuracy of the [16] 
scheme. An exponential stretching was employed in 
the viscous simulations aiming to capture the main 
viscous flow characteristics, as for instance: 
circulation bubble formation, detachment and 
reattachment of the boundary layer, wake formation, 
etc. Table 4 presents the studied cases of the reentry 
capsule problem in this work, the mesh 
characteristics and the order of accuracy of [16]. 
 
Table 3 Studied cases, mesh characteristics and 

accuracy order (Double ellipse problem). 
 

Case Mesh Accuracy 
Order 

Inviscid – 2D 73x50 Firsta 
Viscous – 2D 73x50 (7.5%)c Firsta 
Inviscid – 2D 73x50 Seconda 
Viscous – 2D 73x50 (7.5%) Seconda 
Inviscid – 2D 73x50 Firstb 
Viscous – 2D 73x50 (7.5%) Firstb 

a Structured spatial discretization; b Unstructured spatial discretization;  
c Exponential stretching. 

 
Table 4 Studied cases, mesh characteristics and 

accuracy order (Reentry capsule problem). 
 

Case Mesh Accuracy 
Order 

Inviscid – 2D 65x50 Firsta 
Viscous – 2D 65x50 (7.5%)b Firsta 
Inviscid – 2D 65x50 Seconda 
Viscous – 2D 65x50 (7.5%) Seconda 

a Structured spatial discretization; b Exponential stretching. 
 
4.4 Results in Thermochemical Non-
Equilibrium – Double Ellipse Case 
 
4.4.1 Inviscid, structured and first order accurate 
case 

Figure 7 exhibits the pressure contours around the 
double ellipse geometry calculated at the 
computational domain by the [16] scheme, in its 
first-order version, in thermochemical non-
equilibrium. The non-dimensional pressure peak is 
equal to 1,628.59 unities and is located at the 
configuration nose. The shock wave at the 
configuration nose is normal. The second shock 
wave is weaker than the first one, as observed in the 
pressure contours. The solution presents good shock 
wave representations in both ellipses. Figure 8 
shows the Mach number contours calculated at the 
computational domain. Regions of subsonic flows 
are formed behind the normal shock waves, at the 

first and second ellipses. The shock wave develops 
normally: normal shock wave at the two ellipses, 
decaying to oblique shock waves and finally 
reaching, far from the double ellipse, the Mach 
wave. In reality, the second ellipse shock wave 
interacts with the first ellipse shock wave and 
retards this decaying to oblique shock waves. This 
occurs at the upper surface. At the lower surface, the 
shock wave is more curved, indicating the natural 
physical tendency to reach oblique shock wave 
behaviour. 

 
Figure 7. Pressure contours. 

 
Figure 8. Mach number contours. 

 
 Figure 9 presents the contours of the 
translational/rotational temperature distribution 
calculated at the computational domain. The 
translational/rotational temperature reaches a peak 
of 8,297 K at the configuration nose and determines 
an appropriated region to dissociation of N2 and O2. 
Along the double ellipse, the translational/rotational 
temperature assumes an approximated value of 
6,000 K, what also represents a good value to the 
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dissociation firstly of O2 and, in second place, of the 
N2. 

 
Figure 9. Translational/rotational temperature contours. 

 
 Figure 10 exhibits the contours of the vibrational 
temperature calculated at the two-dimensional 
computational domain. Its peak reaches a value of 
7,305 K and also contributes to the dissociation of 
N2 and O2, since the employed temperature to the 
calculation of the forward and backward reaction 
rates (reaction-rate-control temperature, Trrc) in the 
thermochemical non-equilibrium is equal to 

VT.T , the square root of the product between the 
translational/rotational temperature and the 
vibrational temperature. 

 
Figure 10. Vibrational temperature contours. 

 
Hence, the effective temperature to the calculation 
of the chemical phenomena guarantees the couple 
between the vibrational mode and the dissociation 
reactions. In this configuration nose region, the 
temperature Trrc reaches, in the steady state 
condition, the approximated value of 7,785 K, 

guaranteeing that the dissociation phenomena 
described above occurs. 
 Figure 11 presents the velocity vector field 
around the double ellipse configuration. As can be 
seen, the tangency condition is well satisfied by the 
algorithm. The shock wave profile is also well 
captured. 

 
Figur 11. Velocity vector field. 

 
 Figure 12 shows the mass fraction distribution of 
the five chemical species under study, namely: N, O, 
N2, O2 and NO, along the geometry stagnation line. 
As can be observed from this figure, enough 
dissociation of N2 and O2 occur, with the consequent 
meaningful increase of N, of NO and of O in the 
gaseous mixture. As mentioned early, this behaviour 
is expected due to the effective peak temperature 
reached at the calculation domain. The O presented 
the biggest absolute increase in its formation, 
whereas the N presented the biggest relative 
increase. 

 
Figure 12. Mass fraction distribution at the 

double ellipse stagnation line. 
 

WSEAS TRANSACTIONS on MATHEMATICS Edisson Sávio De Góes Maciel, Amilcar Porto Pimenta

E-ISSN: 2224-2880 985 Issue 11, Volume 11, November 2012



4.4.2 Viscous, structured and first order accurate 
case 
Figure 13 exhibits the pressure contours to the 
viscous reactive flow around a double ellipse, in 
two-dimensions, calculated at the computational 
domain. The non-dimensional pressure peak reaches 
1,859 unities, more severe than that obtained with 
the inviscid case. The pressure field is also more 
severe in the viscous case than in the inviscid one. 
The shock is closer to the geometry due to the mesh 
exponential stretching and the viscous reactive 
effects of the simulation. The region of the pressure 
peak is also better defined. 
 Figure 14 shows the Mach number contours 
calculated at the computational domain. The 
subsonic flow regions, which are formed behind the 
normal shocks, are well captured and propagate by 
the lower and upper geometry walls, due to the 
transport phenomena considered in the viscous 
simulations. The shock waves present the expected 
behaviour: normal shock wave at the configuration 
nose, oblique shock waves and a Mach wave far 
from the double ellipse. 

 
Figure 13. Pressure contours. 

 
Figure 14. Mach number contours. 

 Figure 15 exhibits the distribution of the 
translational/rotational temperature calculated at the 
computational domain. The peak of 
translational/rotational temperature reaches the 
approximated value of 9,048 K at the configuration 
nose. 

 
Figure 15. Translational/rotational temperature contours. 

 
 Figure 16 presents the vibrational temperature 
distribution calculated at the computational domain. 
Its peak, at the configuration nose, reaches an 
approximated value of 7,630 K. The effective 
temperature to the calculation of the dissociation 
and recombination reactions, Trrc, is equal 
approximately to 8,309 K, which guarantees that 
processes of dissociation of O2 and N2 can be 
captured by the employed formulation. This value of 
effective temperature to the viscous reactive 
simulations is superior to that obtained in the 
inviscid case. 

 
Figure 16. Vibrational temperature contours. 

 
 Figure 17 presents the velocity vector field 
around the double ellipse configuration. As can be 
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seen, the adherence and non-permeability conditions 
are well satisfied by the viscous formulation. The 
shock wave profile is also well captured. 

 
Figure 17: Velocity vector field. 

 
 Figure 18 exhibits the mass fraction distribution 
of the five chemical species under study along the 
geometry stagnation line. As can be observed, 
enough dissociation of the N2 and O2 occurs, with 
the consequent meaningful increase of the N, of the 
O, and of the NO in the gaseous mixture. This 
behaviour is expected due to the temperature peak 
reached in the calculation domain. The biggest 
absolute increase in the formation of a species was 
due to the O, while, in relative terms, was due to the 
N. As can also be noted, the mass fraction of the NO 
reaches a peak at approximately x = -0.4 m and then 
reduces to a smaller value at the configuration nose. 
What is interesting is the smooth behaviour in which 
this peak is established, opposed to the inviscid peak 
behaviour. 

 
Figure 18. Mass fraction distribution at the 

double ellipse stagnation line. 
 

4.4.3 Inviscid, structured and second order 
accurate case 

Figure 19 shows the pressure contours obtained by 
the inviscid simulation performed by the second-
order [16] scheme employing a minmod non-linear 
flux limiter. The non-dimensional pressure peak is 
approximately equal to 1,724 unities, slightly 
superior to the respective peak obtained by the first-
order solution. This pressure peak occurs at the 
configuration nose. 

 
Figure 19. Pressure contours. 

 
Figure 20. Mach number contours. 

 
 Figure 20 presents the Mach number contours 
obtained at the computational domain. The subsonic 
regions which are formed behind the normal shock 
waves are well characterized at the first and second 
ellipses. The shock wave originated at the 
configuration nose presents the expected behaviour, 
passing from a normal shock at the configuration 
stagnation line to a Mach wave far from the double 
ellipse. 
 Figure 21 exhibits the contours of the 
translational/rotational temperature distribution 
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calculated at the computational domain. The 
translational/rotational temperature peak occurs at 
the configuration nose and is approximately equal to 
7,969 K. 

 
Figure 21. Translational/rotational temperature contours. 

 
Figure 22. Vibrational temperature contours. 

 
Figure 22 presents the contours of the vibrational 
temperature distribution calculated at the 
computational domain. The vibrational temperature 
peak is approximately equal to 7,099 K and is 
observed at the configuration nose. The effective 
temperature to calculation of the reaction rates 
(reaction rate control temperature, Trrc) is 
approximately equal to 7,521 K, which represents a 
temperature able to capture the dissociation 
phenomena of N2 and O2. 
 Figure 23 presents the velocity vector field 
around the double ellipse configuration. As can be 
seen, the tangency condition is well satisfied by the 
inviscid formulation. The shock wave profile is also 
well captured. 
 Figure 24 exhibits the mass fraction distribution 
of the five chemical species under study, namely: N, 

O, N2, O2 and NO, along the geometry stagnation 
line. As can be observed, considerable dissociation 
of N2 and O2 occurs, with consequent meaningful 
increase of the N, of the O and of the NO in the 
gaseous mixture. This behaviour is expected due to 
the effective temperature peak reached at the 
computational domain to the calculation of 
thermochemical non-equilibrium and to a second-
order numerical formulation. Interesting enough is 
the NO solution which, opposed to the same 
analysis in [20], presents a decreased behaviour 
close to the geometry. 

 
Figure 23. Velocity vector field. 

 
Figure 24. Mass fraction distribution at the 

double ellipse stagnation line. 
 
4.4.4 Viscous, structured and second order 
accurate case 

Figure 25 exhibits the pressure contours calculated 
at the computational domain to the studied 
configuration of double ellipse. The non-
dimensional pressure peak is approximately equal to 
1,836 unities, less than the respective value obtained 
by the first order solution. The shock is positioned 

WSEAS TRANSACTIONS on MATHEMATICS Edisson Sávio De Góes Maciel, Amilcar Porto Pimenta

E-ISSN: 2224-2880 988 Issue 11, Volume 11, November 2012



closer to the blunt body due to the mesh stretching 
and the employed-viscous-reactive formulation. 

 
Figure 25. Pressure contours. 

 
 Figure 26 shows the Mach number contours 
obtained at the computational domain. The subsonic 
region behind the normal shock wave is well 
characterized and propagates along the lower and 
upper geometry surfaces, due to the consideration of 
the transport phenomena (viscosity, thermal 
conductivity and species diffusivities). The expected 
behavior to the shock wave is ratified: normal shock, 
oblique shocks and Mach wave. The shock wave 
behaviour is also the expected: normal shock at the 
geometry nose, oblique shock waves close to the 
configuration and Mach wave far from the geometry. 

 
Figure 26. Mach number contours. 

 
 Figure 27 exhibits the translational/rotational 
temperature distribution calculated at the 
computational domain. The temperature peak at the 
configuration nose reaches 8,931 K. Figure 28 
shows the vibrational temperature distribution 
calculated at the computational domain. The 
temperature peak at the nose and along the lower 

and upper surfaces of the geometry is equal to 7,820 
K. The effective temperature to the calculation of 
the reaction rates, Trrc, was of 8,357 K, superior to 
that obtained with the first order solution, which is 
representative to the calculation of the N2 and O2 
dissociations. 

 
Figure 27. Translational/rotational temperature contours. 

 
Figure 28. Vibrational temperature contours. 

 
Figure 29. Velocity vector field. 
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 Figure 29 presents the velocity vector field 
around the double ellipse configuration. As can be 
seen, the adherence and non-permeability conditions 
are well satisfied by the viscous formulation. The 
shock wave profile is also well captured. 
 Figure 30 presents the mass fraction distribution 
of the five chemical species under study, namely: N, 
O, N2, O2 and NO, along the geometry stagnation 
line. As can be observed, good dissociation of N2 
and O2 occurs, with consequent good increase of N, 
O and NO in the gaseous mixture. This behaviour is 
expected due to the effective temperature peak 
reached at the computational domain to the 
calculation of thermochemical non-equilibrium and 
to a second-order numerical formulation, which 
behaves in a more conservative way ([23]), 
providing major dissociation of N2 and O2. In other 
words, this solution provided by the second-order 
[16] scheme, as seen in other cases, tends to 
originate bigger dissociation of N2 and O2. As this 
solution is more precise (second-order), it should be 
considered as standard to comparison with other 
schemes. Again, it is possible to observe that the 
NO solution presents a smooth peak ahead of the 
nose configuration. 

 
Figure 30. Mass fraction distribution at the 

double ellipse stagnation line. 
 
4.4.5 Inviscid, unstructured and first order 
accurate case 
Figure 31 presents the pressure contours obtained by 
the inviscid simulation at the computational domain. 
The non-dimensional pressure peak, approximately 
1,731 unities, is bigger than that obtained with the 
inviscid, first-order accurate in space, structured 
solution. This pressure peak occurs at the 
configuration nose. The second shock at the minor 
ellipse is well captured. Figure 32 exhibits the Mach 
number contours calculated at the computational 

domain. The subsonic region behind the normal 
shock is well characterized, as also at the second 
shock, at the minor ellipse. The shock develops 
naturally. 
 Figure 33 shows the translational/rotational 
temperature distribution calculated at the 
computational domain. The temperature peak at the 
nose and at the configuration minor ellipse reaches 
approximately 8,913 K. Figure 34 presents the 
vibrational temperature distribution calculated at the 
computational domain. The temperature peak at the 
geometry nose is approximately equal to 6,678 K. 
The effective temperature to the calculation of the 
reaction rates (reaction rate control temperature, Trrc) 
was of 7,715 K, which is relevant to the calculation 
of N2 and O2 dissociations. This effective 
temperature, Trrc, is smaller than that obtained to the 
inviscid, structured, first-order accurate case and, 
therefore, a minor number of N2 and O2 
dissociations are expected. The shock wave in both 
figures present the expected behavior: passing from 
a normal shock to oblique shocks and finishing with 
a Mach wave. 

 
Figure 31. Pressure contours. 

 
Figure 32. Mach number contours. 
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Figure 33. Translational/rotational temperature contours. 

 
Figure 34. Vibrational temperature contours. 

 
 Figure 35 shows the velocity vector field to an 
inviscid flow. The flow tangency condition is well 
guaranteed by the employed inviscid formulation. 

 
Figure 35. Velocity vector field. 

 

4.4.6 Viscous, unstructured and first order 
accurate case 

Figure 36 exhibits the pressure contours calculated 
at the computational domain. The non-dimensional 
pressure peak, approximately 1,881 unities, is 
slightly superior to the respective one obtained from 
the structured, first-order accurate solution. The 
pressure peak occurs at the configuration nose, 
where the normal shock occurs. The second shock at 
the minor ellipse is well captured. 

 
Figure 36. Pressure contours. 

 
 Figure 37 presents the Mach number contours 
calculated at the computational domain. The 
subsonic flow region, behind the frontal shock, is 
well characterized along the geometry, due to 
effects of transport phenomena (viscosity, thermal 
conductivity and gaseous diffusion). The shock 
behavior is also the expected: normal shock 
developing to oblique shock waves and finishing in 
a Mach wave. 

 
Figure 37. Mach number contours. 
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 Figure 38 shows the translational/rotational 
temperature distribution calculated at the 
computational domain. The temperature peak at the 
configuration nose reaches approximately 9,323 K. 
Figure 39 exhibits the vibrational temperature 
distribution calculated at the computational domain. 
The temperature peak at the geometry nose is 
approximately equal to 7,239 K. The effective 
temperature to the calculation of the reaction rates, 
Trrc, was of 8,215 K, which is considerable to the 
calculation of the N2 and O2 dissociations. This 
effective temperature is less than that obtained to the 
viscous, structured, first-order accurate case and, 
therefore, a minor number of N2 and O2 
dissociations are expected. The shock wave in both 
figures presents the expected behavior: normal 
shock, oblique shock waves and a Mach wave. 

 
Figure 38. Translational/rotational temperature contours. 

 
Figure 39. Vibrational temperature contours. 

 
 Figure 40 exhibits the velocity vector field to a 
viscous flow formulation. A small detachment and 
reattachment of the boundary layer at the minor 
ellipse occurs. The adherence and impermeability 

conditions are guaranteed by the viscous 
formulation. 

 
Figure 40. Velocity vector field. 

 
4.5 Results in Thermochemical Non-
Equilibrium – Reentry Capsule Case 
 
4.5.1 Inviscid, structured and first order accurate 
case 
 Figure 41 exhibits the pressure contours to the 
reentry capsule configuration calculated at the 
computational domain. The non-dimensional 
pressure peak is approximately equal to 1,269 
unities. The solution presents good symmetry 
characteristics. Figure 42 presents the Mach number 
contours calculated at the computational domain. A 
subsonic flow region is formed behind the normal 
shock wave at the geometry stagnation line. The 
shock wave develops normally: pass from a normal 
shock wave, at the geometry stagnation line, to 
oblique shock waves, finishing with a Mach wave. 
Good symmetry characteristics are observed. 

 
Figure 41. Pressure contours. 
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Figure 42. Mach number contours. 

 
 Figure 43 shows the translational/rotational 
temperature distribution calculated at the 
computational domain. The temperature peaks occur 
at the configuration nose and at the configuration 
trailing edge. This peak of translational/rotational 
temperature is approximately equal to 7,290 K. 
Figure 44 exhibits the vibrational temperature 
distribution calculated at the computational domain. 
The peak of vibrational temperature occurs at the 
configuration nose and is approximately equal to 
6,539 K. The reaction rate control temperature, Trrc, 
is approximately equal to 6,904 K, which is 
considerable to the O2 dissociation, mainly, and to 
the N2. Both solutions, Figures 43 and 44, present 
good symmetry properties. 
 Figure 45 presents the velocity vector field to the 
inviscid case. As can be observed, the tangency 
condition is well satisfied. The velocity vector is 
tangent along all the configuration walls. 

 
Figure 43. Translational/rotational temperature contours. 

 
Figure 44. Vibrational temperature contours. 

 
Figure 45. Velocity vector field. 

 
Figure 46. Mass fraction distribution at the 

reentry capsule stagnation line. 
 
 Figure 46 exhibits the mass fraction distribution 
of the five chemical species studied in this work, 
namely: N, O, N2, O2 and NO, along the geometry 
stagnation line. Good dissociations of N2 and O2 
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occurs close to the configuration nose. Good 
formations of N, in relation to its initial value, and 
of O occur. There is also a good formation of NO at 
the stagnation line, at the post-shock region, 
presenting the biggest absolute variation among the 
formed species. Meaningful formations were 
reached with an effective temperature little above 
6,904 K. This is the behavior presented to the 
structured, inviscid, first-order accurate in space, 
solution. 

4.5.2 Viscous, structured and first order accurate 
case 

Figure 47 exhibits the pressure contours calculated 
at the computational domain to the reentry capsule 
problem submitted to viscous flow. A structured, 
first-order formulation is employed in this 
simulation. The non-dimensional pressure peak is 
equal to 1,387 unities, bigger than that obtained in 
the inviscid, structured, first-order solution. The 
pressure field in this case is more severe than that of 
the inviscid one. Good symmetry properties are 
observed. 

 
Figure 47. Pressure contours. 

 
Figure 48. Mach number contours. 

 Figure 48 shows the Mach number contours 
calculated at the computational domain. The 
solution presents a subsonic flow region at the 
configuration nose, behind the normal shock. The 
extension of this region depends of the flow 
properties (Mach number, pressure, etc.) and of the 
geometry characteristics. This subsonic flow region 
propagates around all geometry due to the transport 
phenomena originated by the viscous formulation. 
At the geometry trailing edge appears a viscous 
wake, where a great loss of flow energy and the 
formation of circulation bubbles are predominant. 
The shock develops normally: normal shock at the 
geometry stagnation line, oblique shock waves 
along the configuration and Mach wave far from the 
geometry. Good characteristics of symmetry are 
observed in the solution. 

 
Figure 49. Translational/rotational temperature contours. 

 
Figure 50. Vibrational temperature contours. 

 
 Figure 49 presents the contours of the 
translational/rotational temperature distribution 
calculated at the computational domain. The peak of 
the translational/rotational temperature occurs close 
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to the configuration nose and at the viscous wake at 
the geometry trailing edge. The peak value of this 
temperature is approximately equal to 7,830 K. 
 Figure 50 exhibits the contours of the vibrational 
temperature distribution calculated at the 
computational domain. The vibrational temperature 
peak occurs close to the configuration nose. This 
peak is approximately equal to 6,751 K. The 
effective temperature to be employed in the 
chemical model, Trrc, is approximately equal to 
7,271 K, which indicates meaningful N2 and O2 
dissociation phenomena. Figures 49 and 50 present 
good symmetry characteristics. 
 Figure 51 shows the velocity vector field to this 
viscous flow. As mentioned earlier, there is the 
formation of a boundary layer separation region, 
with the formation of a pair of circulation bubbles. 
These bubbles are well captured by the solution. In 
this region there is a great loss of energy. This 
energy is dissipated through the circulation bubble 
structures. The adherence and impermeability 
conditions are guaranteed by the viscous 
formulation. Good symmetry characteristics are 
observed. 

 
Figure 51. Velocity vector field and streamlines. 

 
 Figure 52 presents the mass fraction distribution 
of the five chemical species studied in this work, 
namely: N, O, N2, O2 and NO along the geometry 
stagnation line. Good dissociations of N2 and O2 
occur with both reaching a constant value close to 
the geometry nose. Good formations of N, in 
relation to its initial value, and of O. It is also seen a 
good formation of the NO at the stagnation line, at 
the post-shock region, presenting the biggest 
absolute variation among the species that were 
formed. Meaningful formations were reached with 
an effective temperature little bigger than 7,270 K. 
This is the behavior presented to the structured, 
viscous, first-order accurate in space, solution. 

 
Figure 52. Mass fraction distribution at the 

reentry capsule stagnation line. 
 
4.5.3 Inviscid, structured and second order 
accurate case 

 Figure 53 exhibits the pressure contours 
calculated at the computational domain to the 
inviscid, structured, second-order accurate in space, 
case. This second-order accuracy is obtained by the 
[16] scheme employing a TVD “MUSCL” 
procedure, with minmod non-linear limiter. The 
non-dimensional pressure peak is approximately 
equal to 1,312 unities, superior to the respective 
peak obtained by the inviscid, first-order accurate, 
solution. The pressure field also is more severe than 
the respective field of the inviscid, first-order 
accurate, solution. The pressure peak occurs at the 
configuration nose. Good symmetry characteristics 
are observed in the figure. 

 
Figure 53. Pressure contours. 

 
 

 Figure 54 shows the Mach number contours 
calculated at the computational domain. A vast 
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region of subsonic flow is formed at the 
configuration nose, behind the normal shock. This 
region is formed by the shock intensity and its 
extension depends on the flow properties (Mach 
number, pressure, etc.) and on the geometry 
characteristics. The shock wave develops normally: 
normal shock wave at the symmetry line, oblique 
shock waves along the configuration and Mach 
wave far from the geometry. Good symmetry 
characteristics are observed in the solution. 

 
Figure 54. Mach number contours. 

 
 Figure 55 presents the translational/rotational 
temperature distribution calculated at the 
computational domain. The translational/rotational 
pressure peak occurs at the configuration nose and is 
approximately equal to 7,094 K. 

 
Figure 55. Translational/rotational temperature contours. 

 
 Figure 56 exhibits the vibrational temperature 
distribution calculated at the computational domain. 
The vibrational temperature peak occurs at the 
configuration nose and is approximately equal to 
6,539 K. The effective temperature to be considered 

to the chemical formulation, Trrc, is approximately 
equal to 6,811 K, which is meaningful to capture the 
N2 and O2 dissociations. This temperature is smaller 
than the respective one obtained by the inviscid, 
first-order accurate, solution and indicates that 
minor N2 and O2 dissociations should occur. 

 
Figure 56. Vibrational temperature contours. 

 
 Figure 57 presents the velocity vector field to 
this inviscid flow case calculated with the second-
order accurate [16] scheme. The tangency condition 
is guaranteed by the inviscid formulation. Good 
symmetry characteristics are also observed. 

 
Figure 57. Velocity vector field. 

 
 Figure 58 exhibits the mass fraction distribution 
of the five chemical species studied in this work 
along the geometry stagnation line. Good N2 and O2 
dissociations occur, with the N2 reaching a constant 
value close to the configuration nose. Good 
formations of N, in relation to its initial value, and 
of O and of NO, with the O presenting the biggest 
variation among the formed species, occur. With it, 
it is possible to affirm that meaningful formations 
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were reached with an effective temperature of 6,811 
K (smaller than in the inviscid, first-order accurate, 
case). This is the behavior presented to the 
structured, inviscid, second-order accurate in space, 
solution. 

 
Figure 58. Mass fraction distribution at the 

reentry capsule stagnation line. 
 

4.5.4 Viscous, structured and second order 
accurate case 

Figure 59 presents the pressure contours calculated 
at the computational domain to the structured, 
viscous, second-order accurate, case. The non-
dimensional pressure peak reaches an approximated 
value of 1,351 unities, inferior to the respective one 
obtained in the viscous, first-order accurate, solution. 
The pressure peak is located at the configuration 
nose. The pressure field is also globally less severe. 
Good symmetry characteristics are observed in the 
solution. 

 
Figure 59. Pressure contours. 

 
 Figure 60 exhibits the Mach number contours 
calculated at the computational domain. A subsonic 

flow region, observed in the other solutions too, is 
formed at the configuration nose, behind the frontal 
shock. This subsonic flow region propagates around 
the reentry capsule geometry until the trailing edge. 
The extension of the subsonic region at the 
configuration nose depends on the flow properties 
and on the geometry characteristics. At the 
configuration trailing edge, a viscous wake is 
formed, where the formation of circulation bubbles 
occurs, as seen earlier. This region is typically of 
great loss of energy and pressure. Good symmetry 
characteristics are observed. 

 
Figure 60. Mach number contours. 

 
 Figure 61 shows the contours of the 
translational/rotational temperature distribution 
calculated at the computational domain. The 
translational/rotational temperature peak assumes 
the approximated value of 7,788 K, close to the 
geometry nose. Figure 62 presents the vibrational 
temperature distribution calculated at the 
computational domain. The vibrational temperature 
peak occurs also close to the configuration nose and 
reaches the approximate value of 7,487 K. The 
effective temperature to be considered in the 
chemical calculations, Trrc, reaches the 
approximated value of 7,636 K, which is an 
appropriated temperature to promote the N2 and O2 
dissociations close to the reentry capsule geometry. 
This temperature is superior to that obtained to the 
viscous, first-order accurate, case and, with it, more 
N2 and O2 dissociations are expected. 
 Figure 63 exhibits the velocity vector field 
calculated at the computational domain. As can be 
observed, the boundary layer detachment at the 
trailing edge region of the reentry capsule and the 
formation of a pair of circulation bubbles due to the 
viscous phenomena and due to the adverse pressure 
gradient in this region occur. Good symmetry 
characteristics are observed in the solution. 
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Figure 61. Translational/rotational temperature contours. 

 
Figure 62. Vibrational temperature contours. 

 
Figure 63. Velocity vector field and streamlines. 

 
 Figure 64 shows the mass fraction distribution of 
the five chemical species studied in this work, 
namely: N, O, N2, O2 and NO along the geometry 
stagnation line. A slight N2 dissociation occurs, 
whereas good dissociation of O2 close to the 

configuration nose happens. Good formation of N, 
in relation to its initial value, and good formation of 
O occurs. It is also seen a good formation of NO 
along the stagnation line, at the post-shock region. 
The increase at the formation of NO would be 
bigger than that of the O, whether a reduction in 
relation to its initial behavior has not occurred. This 
reduction in the NO mass fraction close to the 
geometry nose is due to the constancy reached in 
this region by the N2 and O2 dissociations and due to 
the increase in the formation of the N and of O. 
Even so, meaningful formations were reached with 
an effective temperature little bigger than 7,600 K, 
although with minor N and NO formations than 
those obtained with the viscous, first-order accurate, 
case. In this last case, a bigger effective temperature, 
Trrc, was reached. This is the behavior presented by 
the viscous, structured, second-order accurate in 
space, solution. 

 
Figure 64. Mass fraction distribution at the 

reentry capsule stagnation line. 
 
4.6 Shock Position of the Double Ellipse Case 
(Shock at the Nose) 
In this section is presented the behavior of the shock 
position in ideal, in thermal equilibrium and 
chemical non-equilibrium ([23]), and in 
thermochemical non-equilibrium conditions. Only 
first-order solutions are compared because the 
second-order ideal gas solutions did not present 
converged ones. 
 The detached shock position in terms of pressure 
distribution, in the inviscid case and first-order 
accurate solution, is exhibited in Fig. 65. It is shown 
the ideal-gas-shock position, the thermal 
equilibrium and chemical non-equilibrium shock 
position ([23]), and the thermochemical non-
equilibrium shock position. As can be observed, the 
ideal-gas-shock position is located at 1.20 m, 
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whereas the thermal equilibrium and chemical non-
equilibrium and the thermochemical non-
equilibrium positions are located at 1.00 m. As 
referred in the CFD literature, in reactive flow the 
shock is closer to the configuration. As can be 
observed in this inviscid solution, the reactive 
shocks are actually closer to the double ellipse than 
the ideal shock. 

 
Figure 65. Shock position (Inviscid case). 

 
Figure 66. Shock position (Viscous case). 

 
 The detached shock position in terms of pressure 
distribution, in the viscous case and first-order 
accurate solution, is exhibited in Fig. 66. It is shown 
the ideal-gas-shock position, the thermal 
equilibrium and chemical non-equilibrium shock 
position ([23]), and the thermochemical non-
equilibrium shock position. As can be observed, the 
ideal-gas-shock position is located at 1.0 m, whereas 
the thermal equilibrium and chemical non-
equilibrium and the thermochemical non-
equilibrium positions are located at 0.80 m. As 
mentioned above, in reactive flow the shock is 
closer to the configuration. As can be observed in 

this viscous solution, the reactive shock is actually 
closer to the double ellipse than the ideal shock. 
 
4.7 Shock Position of the Reentry Capsule 
Case (Shock at the Nose) 
In this section is presented the behavior of the shock 
position in ideal, in thermal equilibrium and 
chemical non-equilibrium ([23]), and in 
thermochemical non-equilibrium conditions. Only 
first-order solutions are compared because the 
second-order ideal gas solutions did not present 
converged ones. 

 
Figure 67. Shock position (Inviscid case). 

 
 The detached shock position in terms of pressure 
distribution, in the inviscid case and first-order 
accurate solution, is exhibited in Fig. 67. It is shown 
the ideal-gas-shock position, the thermal 
equilibrium and chemical non-equilibrium shock 
position ([23]), and the thermochemical non-
equilibrium shock position. As can be observed, the 
ideal-gas-shock position is located at 1.60 m, 
whereas the thermal equilibrium and chemical non-
equilibrium and the thermochemical non-
equilibrium positions are located at 1.40 m. As 
referred in the CFD literature, in reactive flow the 
shock is closer to the configuration. As can be 
observed in this inviscid solution, the reactive 
shocks are actually closer to the reentry capsule than 
the ideal shock. 
 The detached shock position in terms of pressure 
distribution, in the viscous case and first-order 
accurate solution, is exhibited in Fig. 68. It is shown 
the ideal-gas-shock position, the thermal 
equilibrium and chemical non-equilibrium shock 
position ([23]), and the thermochemical non-
equilibrium shock position. As can be observed, the 
ideal-gas-shock position is located at 1.35 m, 
whereas the thermal equilibrium and chemical non-
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equilibrium and the thermochemical non-
equilibrium positions are located at 1.25 m. As 
mentioned above, in reactive flow the shock is 
closer to the configuration. As can be observed in 
this viscous solution, the reactive shock is actually 
closer to the reentry capsule than the ideal shock. 

 
Figure 68. Shock position (Viscous case). 

 
4.8 Aerodynamic Coefficients of Lift and 
Drag 
Table 5 exhibits the aerodynamic coefficients of lift 
and drag obtained by the problem of the double 
ellipse, with structured discretization, to the reactive 
formulations. Both reactive formulations of thermal 
equilibrium and chemical non-equilibrium ([22-23; 
34]) and thermochemical non-equilibrium are 
considered in this comparison. These coefficients 
are due to the pressure term alone. The contribution 
of the friction term was not considered. 
 
Table 5 Aerodynamic coefficients of lift and drag 

to the structured double ellipse case. 
 

Studied Case cL cD 
1st-Order/Inviscid/TECNE(1) -0.138 0.589 
1st-Order/Viscous/TECNE -0.113 0.608 
2nd-Order/Inviscid/TECNE -0.120 0.573 
2nd-Order/Viscous/TECNE -0.103 0.575 
1st-Order/Inviscid/TCNE(2) -0.139 0.588 
1st-Order/Viscous/TCNE -0.114 0.605 
2nd-Order/Inviscid/TCNE -0.119 0.570 
2nd-Order/Viscous/TCNE -0.104 0.574 

(1) TECNE: Thermal Equilibrium and Chemical Non-Equilibrium. 
(2) TCNE: Thermal and Chemical Non-Equilibrium. 
 
 To the problem of the double ellipse, there is not 
a symmetric geometry in relation to the x axis. 
Hence, a different value of zero is expected to the 
lift coefficient. By Table 5, it is possible to note that 
the most severe value to cL was that of the [16] 

scheme with first-order accuracy, in an inviscid 
formulation, employing the thermochemical non-
equilibrium model. The maximum cD was obtained 
by the solution of the [16] scheme, first-order 
accurate, in a viscous formulation, employing the 
thermal equilibrium and chemical non-equilibrium 
model. 
 Table 6 exhibits the aerodynamic coefficients of 
lift and drag obtained by the problem of the reentry 
capsule, with structured discretization, to the 
reactive formulations. These coefficients are due to 
the pressure term alone. The contribution of the 
friction term was not considered. 
 To the problem of the reentry capsule, a 
symmetric geometry in relation to the x axis, a zero 
value is expected to the lift coefficient. By Table 6, 
it is possible to note that the solution closest to this 
value to cL was that of the [16] scheme with first-
order accuracy, in a viscous formulation, employing 
a thermochemical non-equilibrium model. The 
maximum cD was obtained by the solution of the [16] 
scheme, first-order accurate, in a viscous 
formulation, employing a thermal equilibrium and 
chemical non-equilibrium model. 
 
Table 6 Aerodynamic coefficients of lift and drag 

to the structured reentry capsule case. 
 

Studied Case cL cD 
1st-Order/Inviscid/TECNE 4.1x10-10 3,99 
1st-Order/Viscous/TECNE -1.8x10-10 4.38 
2nd-Order/Inviscid/TECNE 2.6x10-9 4.08 
2nd-Order/Viscous/TECNE -4.1x10-10 4.31 
1st-Order/Inviscid/TCNE 4.2x10-10 3.98 
1st-Order/Viscous/TCNE -1.2x10-10 4.37 
2nd-Order/Inviscid/TCNE 2.4x10-9 4.04 
2nd-Order/Viscous/TCNE -6.2x10-10 4.30 

 
4.9 Quantitative Analysis 
In terms of quantitative results, the present authors 
compared the reactive results with the perfect gas 
solutions. The stagnation pressure at the double 
ellipse and the reentry capsule noses was evaluated 
assuming the perfect gas formulation. Such 
parameter calculated at this way is not the best 
comparisons, but in the absence of practical reactive 
results, these constitute the best available results. 

To calculate the stagnation pressure ahead of the 
double ellipse, [31] presents in its B Appendix 
values of the normal shock wave properties ahead of 
the configurations. The ratio pr0/pr∞ is estimated as 
function of the normal Mach number and the 
stagnation pressure pr0 can be determined from this 
parameter. Hence, to a freestream Mach number of 
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15.0, the ratio pr0/pr∞ assumes the value 290.20. The 
value of pr∞ is determined by the following 
expression: 

 

                              
2

initial

a
pr

pr
∞∞

∞ ×ρ
=                      (20) 

 
In the present study, for the double ellipse case, 

prinitial = 794 N/m2, ρ∞ = 0.001kg/m3 and a∞ = 
334.210m/s. Considering these values, one 
concludes that pr∞ = 7.109 (non-dimensional). Using 
the ratio obtained from [31], the stagnation pressure 
ahead of the configuration nose is estimated as 
2,063.03 unities. Table 7 compares the values 
obtained from the simulations with this theoretical 
parameter and presents the numerical percentage 
errors. As can be observed, all solutions present 
percentage errors less than 22.00%, which is a 
reasonable estimation of the stagnation pressure. 
 

Table 7 Comparisons between theoretical and 
numerical results (Double Ellipse). 

 
Case pr0 Error (%) 

Inviscid/Structured/1st  
Order 

1,628.59 21.06 

Viscous/Structured/1st  
Order 

1,859.08 9.89 

Inviscid/Structured/2nd 
Order 

1,723.96 16.44 

Viscous/Structured/2nd 
Order 

1,836.43 10.98 

Inviscid/Unstructured/1st 
Order 

1,731.01 16.09 

Viscous/ 
Unstructured/1st Order 

1,881.12 8.82 

 
 The same analysis is valid to the reentry capsule 
problem. In the present study, for the reentry 
capsule case, prinitial = 3,885 N/m2, ρ∞ = 0.004kg/m3 
and a∞ = 317.024m/s. Considering these values, one 
concludes that pr∞ = 9.664 (non-dimensional). Using 
the ratio obtained from [31], the stagnation pressure 
ahead of the configuration nose is estimated as 
1,405.73 unities. Table 8 compares the values 
obtained from the simulations with this theoretical 
parameter and presents the numerical percentage 
errors. As can be observed, all solutions present 
percentage errors less than 10.00%, which is a good 
estimation of the stagnation pressure. 

 
 

Table 8 Comparisons between theoretical and 
numerical results (Reentry Capsule). 

 
Case pr0 Error (%) 

Inviscid/Structured/1st  
Order 

1,296.75 7.75 

Viscous/Structured/1st  
Order 

1,387.52 1.30 

Inviscid/Structured/2nd 
Order 

1,311.97 6.67 

Viscous/Structured/2nd 
Order 

1,351.02 3.89 

 
4.10 Computational Performance of the 
Studied Algorithms 

Table 9 presents the computational data of the 
reactive simulations performed with the [16] scheme 
to the problem of the double ellipse in two-
dimensions. In this table are exhibited the studied 
case, the maximum number of CFL employed in the 
simulation and the number of iterations to 
convergence. The maximum numbers of CFL 
presented the following distribution: 0.3 in four (4) 
cases (33.33%), 0.2 in six (6) cases (50.00%) and 
0.1 in two (2) cases (16.67%). The convergence 
iterations did not overtake 7,000, in all studied cases. 
However, the time wasted in the simulations was 
much raised, taking until days (2) to convergence 
(to four orders of reduction in the maximum residual 
and viscous cases). This aspect can be verified in the 
computational costs presented in Tab. 11. 
 

Table 9 Computational data of the reactive 
simulations to the double ellipse. 

 
Studies case: CFL: Iterations: 

1st-Order/S(1)/I(2)/2D/TECNE 0.3 851 
1st-Order/S/V(3)/2D/TECNE 0.3 2,041 
2nd-Order/S/I/2D/TECNE 0.3 711 
2nd-Order/S/V/2D/TECNE 0.3 2,397 
1st-Order/U(4)/I/2D/TECNE 0.2 2,221 
1st-Order/U/V/2D/TECNE 0.1 6,570 

1st-Order/S/I/2D/TCNE 0.2 1,219 
1st-Order/S/V/2D/TCNE 0.2 3,013 
2nd-Order/S/I/2D/TCNE 0.2 1,018 
2nd-Order/S/V/2D/TCNE 0.2 2,734 
1st-Order/U/I/2D/TCNE 0.2 2,205 
1st-Order/U/V/2D/TCNE 0.1 6,407 

(1) S: Structured; (2) I: Inviscid; (3) V: Viscous: (4) U: Unstructured. 
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Table 10 Computational data of the reactive 
simulations to the reentry capsule. 

 
Studies case: CFL: Iterations: 

1st-Order/S/I/2D/TECNE 0.4 1,050 
1st-Order/S/V/2D/TECNE 0.1 7,805 
2nd-Order/S/I/2D/TECNE 0.4 880 (3)(1) 
2nd-Order/S/V/2D/TECNE 0.1 4,879 (3) 

1st-Order/S/I/2D/TCNE 0.4 1,136 
1st-Order/S/V/2D/TCNE 0.1 6,882 
2nd-Order/S/I/2D/TCNE 0.4 780 (3) 
2nd-Order/S/V/2D/TCNE 0.1 3,941 (3) 

(1): Orders of reduction of the residual magnitude. 
 
 Table 10 presents the computational data of the 
reactive simulations performed with the [16] scheme 
to the problem of the reentry capsule in two-
dimensions. In this table are exhibited the studied 
case, the maximum number of CFL employed in the 
simulation and the number of iterations to 
convergence. The maximum numbers of CFL 
presented the following distribution: 0.4 in four (4) 
cases (50.00%), and 0.1 in four (4) cases (50.00%). 
The convergence iterations did not overtake 8,000, 
in all studied cases. However, the time wasted in the 
simulations was much raised, taking until days (3) 
to convergence (to four orders of reduction in the 
maximum residual and viscous cases). This aspect 
can be verified in the computational costs presented 
in Tab. 11. 
 It is important to emphasize that all two-
dimensional viscous simulations were considered 
laminar, without the introduction of a turbulence 
model, although high Reynolds number were 
employed in the simulations. 
 Table 11 exhibits the computational costs of the 
[16] scheme in the two-dimensional reactive 
formulations. This cost is evaluated in seconds/per 
iteration/per computational cell. They were 
calculated using a notebook with processor INTEL 
PENTIUM Dual Core with 2.3GHz of “clock” and 
2.0 GBytes of RAM, in the Windows 7 environment. 
In the two-dimensional case, considering thermal 
equilibrium and chemical non-equilibrium, the 
cheapest algorithm was due to [16], inviscid, first-
order of accuracy, unstructured, whereas the most 
expensive was due to [16], viscous, second-order 
accurate, structured. In terms of the relative 
percentage error, the former is 55.01% cheaper than 
the later. Considering, now, thermochemical non-
equilibrium, the cheapest algorithm was due to [16], 
inviscid, first-order of accuracy, unstructured, 
whereas the most expensive was due to [16], 
viscous, second-order accurate, structured. In terms 
of relative percentage error, the former is 59.64% 

cheaper than the later. The computational costs due 
to a thermochemical non-equilibrium model are, in 
general, more expensive than the thermal 
equilibrium and chemical non-equilibrium ones. 
 
Table 11. Computational costs of the [16] scheme 

in the reactive cases. 
 

Studied Case Computational 
Cost(1) 

I/1st-Order/S/2D/TECNE 0.000684 
V/1st-Order/S/2D/ TECNE 0.001075 
I/2nd-Order/S/2D/ TECNE 0.001013 
V/2nd-Order/S/2D/ TECNE 0.001438 
I/1st-Order/U/2D/ TECNE 0.000647 
V/1st-Order/U/2D/ TECNE 0.000775 

I/1st-Order/S/2D/TCNE 0.001554 
V/1st-Order/S/2D/ TCNE 0.002086 
I/2nd-Order/S/2D/ TCNE 0.003132 
V/2nd-Order/S/2D/ TCNE 0.003305 
I/1st-Order/U/2D/ TCNE 0.001334 
V/1st-Order/U/2D/ TCNE 0.002552 

(1) Measured in seconds/per iteration/per computational cell. 
 
 
5 Conclusions 
This work, the second part of this study, presents a 
numerical tool implemented to simulate inviscid and 
viscous flows employing the reactive gas 
formulation of thermochemical non-equilibrium 
flow in two-dimensions. The Euler and Navier-
Stokes equations, employing a finite volume 
formulation, on the context of structured and 
unstructured spatial discretizations, are solved. 
These variants allow an effective comparison 
between the two types of spatial discretization 
aiming verify their potentialities: solution quality, 
convergence speed, computational cost, etc. The 
aerospace problems involving the “hot gas” 
hypersonic flow around a double ellipse and around 
a reentry capsule, in two-dimensions, are simulated. 
 To the simulations with unstructured spatial 
discretization, a structured mesh generator 
developed by the first author ([32]), which creates 
meshes of quadrilaterals (2D), was employed. After 
that, as a pre-processing stage ([33]), such meshes 
were transformed in meshes of triangles. Such 
procedure aimed to avoid the time which would be 
waste with the implementation of an unstructured 
generator, which was not the objective of the 
present work, and to obtain a generalized algorithm 
to the solution of the reactive equations. 
 In this work, the unstructured formulation of the 
two-dimensional Euler and Navier-Stokes reactive 
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equations is presented. In [20], the first part of this 
study, it was presented the structured version of the 
calculation algorithm in two-dimensions. This work 
completes the formulation on structured and on 
unstructured contexts. However, solutions to the 
structured and unstructured cases are presented in 
both papers. 
 The reactive simulations involved an air 
chemical model of five species: N, O, N2, O2 and 
NO. Seventeen chemical reactions, involving 
dissociation and recombination, were simulated by 
the proposed model. The Arrhenius formula was 
employed to determine the reaction rates and the 
law of mass action was used to determine the source 
terms of each gas species equation. 
 The algorithm employed to solve the reactive 
equations was the [16], first- and second-order 
accurate. The second-order numerical scheme was 
obtained by a “MUSCL” extrapolation process in 
the structured case (details in [17] and [35]). This 
process gives to the [16] algorithm TVD properties, 
which enhances its solutions quality. For more 
details about TVD algorithms in 2D and 3D, the 
reader is encouraged to read [36-39]. In the 
unstructured case, only first order solutions are 
presented. The algorithm was implemented in a 
FORTRAN programming language, using the 
software Microsoft Visual Studio 2008. Simulations 
with a notebook with processor INTEL PENTIUM 
Dual Core 2.30GHz of “clock” and 2.0GBytes of 
RAM memory was employed to perform the 
numerical experiments.  
 The results have demonstrated that the most 
correct aerodynamic coefficient of lift is obtained by 
the [16] scheme with second-order accuracy, in a 
viscous formulation, to a reactive condition of 
thermochemical non-equilibrium. Considering 
thermochemical non-equilibrium, the cheapest 
algorithm was due to [16], inviscid, first-order 
accurate, unstructured. Moreover, the shock position 
is closer to the geometry as using the reactive 
formulation than the ideal gas formulation. It was 
verified in the inviscid and viscous cases. In 
comparison with the perfect gas formulation, the 
reactive simulations gave the best results to the [16] 
scheme in its second order accuracy version, 
according to the expected behaviour for a high 
resolution scheme. Errors less than 22% were 
obtained with this version of the [16] algorithm in 
the determination of the stagnation pressure at the 
body nose, for both double ellipse and reentry 
capsule configurations, emphasizing the correct 
implementation and good results obtained from the 
reactive formulation. Values of this parameter were 

evaluated and proved the significant potential of the 
present numerical tool. 
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