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Abstract: This paper is concerned with one type of boundary value problems (BVPs). We first construct Green
functions for a second-order four-point difference equation, and try to find delicate conditions for the existence
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theorem in a cone and Leggett-Williams fixed point theorem.

Key—Words: Discrete system; Positive solutions; Cone; Nonlinear alternative; Leggett-Williams fixed point theo-

rem; Fixed point.

1 Introduction

In this paper, we consider the following discrete sys-
tem boundary value problem:

N?uy(k = 1) + fi(k, ur(k),ua(k)) = 0,

ke [1,T],

N?ug(k — 1) + fa(k, ur(k), ua(k)) = 0,

ke [1,T],
(1)

with the boundary condition:

Aul(()) = aul(ll), Aul(T) = bul(lg), (2)

Aug(0) = aug(ly), Aua(T) = bus(ly),

where " > 1 is a fixed positive integer, Au(k)
u(k + 1) — u(k), A%u(k) = A(Lu(k)), [1,T) =
{1,2,...,T} C Z the set of all integers, [1, l2 €
[L,T), h <l 0<a<#,0<b<{£and0 <
aly +bly <14a, § =a(l —bly) —b(1 —aly) > 0.

Many problem in applied mathematics lead to
the study of difference system, see [1] and [2]
and the references therein. Recently, much atten-
tion has been paid to the existence of positive so-
lutions of scalar difference equations [3],[4],[5].[6],
[9],[14],[18],[19],[20] and discrete difference systems
[8],[13],[16].

In [15], Tian considered the multiplicity for four-
point boundary value problems

Nu(k — 1) + q(k) f(k,u(k), Au(k)) = 0,

ke N1,T),
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w(0) = au(ly), w(T+1)=0bu(ls).

Sun and Li [14] investigated the following discrete
system
APui (k) + fi(k,ui(k), uz(k)) =0, k€ [0,T),

APuy(k) + fok,ur(k), ua(k)) = 0,

with the Dirichlet boundary condition

ke [0,T7,

u1(0) =wr (T +2) =0, u2(0) =uz(T+2) =0,
by using Leggett-Williams fixed point theorem, suf-
ficient conditions are obtained for the existence three
positive solutions to the above system.

Motivated by the above works, our purpose in this
paper is to study problem (1),(2). Under suitable con-
ditions on f; and f5, we show that the boundary value
problems (1),(2) have one or two positive solutions.
Since the construction of Green functions for differ-
ence equations may be more complicated and over-
loaded than that for differential equations, the diffi-
culty of this paper is constructing Green functions for
(1)(2), which play important roles in the verifying of
the existence of positive solutions for the given differ-
ence systems . Furthermore, the system (1), (2)con-
sists of two second order difference equations. To
the authors best knowledge, no paper has constructed
Green functions for a second order four-point differ-
ence equation (1), (2). This paper attempts to fill this
gap in the literature.

The rest of the paper is organized as follows.
First, we shall state two fixed point theorems, the
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first of which is a nonlinear alternative of Leray-
Schauder type, whereas the second is krasnosel’skii’s
fixed point theorem in a cone. We also present the
Green’s function for problem (1), (2). In Section 2,
criteria for the existence of one and two positive so-
lutions to boundary value problems (1), (2) are estab-
lished. In Section 3, three positive solution for bound-
ary value problems (1), (2)are obtained. In section 4,
we give the conclusion of my paper.

1.1 Several lemmas

In order to prove our main results, the following well-
known fixed point theorems are needed.

Lemma 1 ([7]) Let X be a Banach space with EE C
X closed and convex. Assume U is a relatively open
ball of E with0 € U and T : U — E is a continuous
and compact map. Then, either

(a) T has a fixed point in U, or

(b) there exists u € OU and A € (0,
u = NT'u.

1) such that

Lemma 2 ([7]) Suppose X is a Banach space, K C
X is a cone. Assume 1,$y are open subsets of X
with € Qq, Q1 C Qo. LetT : KN (QQ\Ql) — K

be a completely continuous operator such that either

(@) ||Tull < |ull, Yue KNOQ and ||Tu| >
|lul[, Yue KNoQe,or

®)  NTull > |Ju|, Yue KNo and ||Tull <
llull, Yue K noQs.

Then, T has a fixed point in K N (Q2\1).

Lemma 3 Ler 0 := a(1l —bly) —b(1 —aly) # 0, then
fory:[1,T] — R™, the problem
(3)

Nu(k —1) +y(k) =0, ke1,T),

Au(0) = au(ly), Au(T) = bu(ls), 4

has a unique solution

T
ulh) = IS )

7=1
(1—612 +abkl11

-+ Z 1—J)y

lo— 1
(1 az;) + abk - )

j=1
— Y k= D).

Proof: We proceed from (3) and obtain

NPk —1) = —y(k),
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after adding from 1 to ¢ — 1, we have

> y(),

j=1

Au(i — 1) = Au(0) —

and then adding (5) from 1 to k,

u(k) =u(0)+ kAu(0) —
= u(0) + kAu(0) —

From (4) and (6), we can see that

1—aly +ak <
= fzy@)
j=1

-1
=W LDES 1, i)
=1
lo—1
AR S 1, i)

j=1

O

Lemmad Let § # 0, the Green’s function for the
boundary value problem

~N%u(k—-1)=0, ke1,T], (7
Au(0) = au(ly), Au(T) = bu(ly), ®)
is given by
%(1 + kb — blo),
1<j<min{k—-1,1; —1} <T;
S1(bj + 1 bh)
+(j — k)(ably — ably — a)],
O0<k<j<h-1L
%(karl ~bly)(1 + aj — aly),
G(k,j) = L <j<min{k—1,y—1}<T;
%(bj+ 1~ bly)(1 + ak — aly),
max{k,l1} <j <l —1;
%(1 +ak —aly) + (j — k),
lo<j<k—-1<T;
%(1 + ak — aly),
max{k,lo} < j <T.

Lemma S5 Suppose 1 <1 <lp <T+1,0<a<
£, 0<b< i, 0<al+bly <1+a,d>0. The
Green'’s function G(k, j) satisfies

G(k,j) >0, for0<jk<T+1,  (9)

Issue 10, Volume 11, October 2012



WSEAS TRANSACTIONS on MATHEMATICS

G(k,j) =z~ max G(k,j), for

0<k<T+1
lh <k<l, 1<y <T+1,

where vy is defined as

10)

_m.n{ 1+ bly — bl
T Sb(T+1)+1—bl2)(1+al2—all)’
1+ bly — bl
a(l'+1)+1—-aly

an

Proof: Notice that

min G(k,j) = min{(ls(l + bly — bl),

kle[h,lz} ]
5(1—&-[)11 —bl2)<1+aj—al1)7 5}
= 1(1 +bly — blg)
0
1
k —(1+b(T"+1)—0l
Gk g) = max{ 514 0T + 1) - ),

( + b(T—l— 1) — blg)(l +aj — all),
(bj +1-—- blz)(l +aj — all),

(a(T+1)+1—al)+ (j — k),
(

aj+1— all)}

OﬂHoq\Hoqw—oq\H

= max{(ls(l +b(T + 1) — bla)(1 4 aly — aly),

1
ST+ +1-a).
Let
B min{ 1+ bl — blsy
Tz (T 1)+ 1 - bla)(1 +aly —aly)’
14 bly — bl

a(T+ 1) +1—aly
it is obvious that 0 < « < 1. Therefore, we have

G(k,j) =z~ max G(k,j),

0<k<T+1
forly <k <l, 1<j<T+1.

2 Main result

Let the Banach space B = {u :
endowed with norm,

0,7 4+ 1] — R} be

= k
[Jullo R [u(k)l,
and X = B x B with norm
| (w1, u2)|| = max{||u1llo, [luzllo},
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and
K = {(ul,u2) €X: u(k)>0, kel0,T+1],
i > i 7.:172 3
min (k) = 3wl i = 1,2}

where + is defined as (11), then K is a cone in X.

The following theorem gives an existence princi-
ple for boundary value problems (1),(2). This results
is used later to establish the existence of one positive
solution of (1),(2).

Theorem 6 Let f; : [1,T] x R? — R, i = 1,2 be
continuous. Suppose that there exists a constant M,
independent of \, such that

[ull # M, (12)

for any solution u = (uy,u2) € X of the boundary
value problem

NPuy (k= 1) + Afr(k, ur (k), ug(k)) =
kell, ]
NPug(k — 1) + A fa(k, ur (k), ug(k)) =
kell, ]
(13)
and
Auy(0) = auy(lr), Aui(T) = bui(lz),
Auz(0) = aug(ly), Aua(T) = bus(ls),
(14)

where X\ € (0,1). Then, boundary value problems
(1),(2) have at least one solution u = (u1,us) € X
such that ||ul|| < M.

Proof: Let the operator 7' : X — X be defined by

T(ul,UQ) = (Ul(k),Ug(k)) ke [O,T+ 1],

where

T

=2 ¢

(K, J) fi(d,ur(d), u2(4)), i=1,2.

Then, it is noted that 7" is continuous and completely
continuous and that solving (13),(14) is equivalent to
finding a v € X such that u = A\T'u.

In the context of Lemma 1, let

U={u=(ui,u2) € X: |jul| < M}.

In view of (12), we cannot have Conclusion (b) of
Lemma 1, and hence, Conclusion (a) of lemma 1
holds, i.e., (1),(2) have a solution u € U with [ju|| <
M. The proof is complete. O

Issue 10, Volume 11, October 2012



WSEAS TRANSACTIONS on MATHEMATICS

Our next results offer the existence of one and
two positive solutions of (1), (2). For convenience,
the conditions needed are listed as follows.

(Hy) fi: [1,7] x [0,00) x [0,00) — [0, 00) is con-
tinuous, 7 = 1, 2;
(Hg) For each i € {1,2}, assume that

filk,ur,u2) < a;(k)wit (ur)wiz(ug),

for (k,u1,u2) € [1,T] x [0,00) x [0,00),

where o; : [1,7] — (0,00), and wy : [0,00) —
[0,00), I = 1,2 are continuous and nondecreasing;
(Hs) There exists ~ > 0 such that

r> diwﬂ(r)wz-g(r), 1=1,2,
where
T
d; = G(k i
ker[g%l] (K, 7)ei(5);

=1

(Hy) Foreach i = {1,2}, there exist 7; : [l1,l2] —
(0,00), I = 1,2 such that

filk,u1,u2) > Ty (k)wq(u), k€
[llal2]7 up > 0;
(Hs) There exists R > r such that for V | €
{1,2}, = € [yR, R], the following holds for some

i (depending on [) in {1, 2}:

l2
v Y Glou, j)mu(j) (15)

j=h

x < wy(z
where o;; € [0, T + 1] is defined as

I
ZQ G(ou, j)ma(j) = Z G(k, j)Ta(j

Jj=h

max
kelo, T+1]

(Hs) There exists L € (0,r) such that for VI €
{1,2}, = € [yr,r], inequality (15) holds for some 4
(depending on /) in 1, 2.

Theorem 7 Suppose that (Hy) — (Hs) hold. Then,
boundary value problems (1),(2) have a positive solu-
tion u* = (u¥,ud) € X such that ||u*|| < r, where r
is defined by (Hs).

Proof: First, we consider the following boundary
value problem

Nus(k = 1) + fi (b s (k) s (k) = O,
) ke [1,T],
Azug(k — 1) + fQ(k' ul(k),uQ(k‘)) =0,
ke l,T],
(16)
E-ISSN: 2224-2880

929

Yitao Yang, Fanwei Meng

and
Auq(0) = auy(lh), Aui(T) = bui(ly), (17
Auz(0) = aug(lr), Auz(T) = bua(la),

where f; : [1,T] x R? — R is defined by
filk,uy,up) = fi(k,|u1|, lug|), i=1,2.

It is obvious that fl 1s continuous.
We shall show that (16), (17) have a solution. For
this, we look at the following problem:

Azul(k - 1) + )‘fl(ka ul(k)>u2(k)) = 07
) ke [1,T],
AQUQ(I{; — 1) + )\fQ(k‘, ul(k‘),UQ(k‘)) =0,
ke [1,T],
(18)
and
Aul(O) = ul(ll), Aul(T) = bul(lg), (19)
AUQ(O) == UQ(ll), AUQ(T) = b’u,z(lg s
where A € (0,1). Let u = (u1,uz) € X be any solu-
tion of (18), (19). We claim that
[[ull # 7. (20)

In fact, it is clear that

ui(k) = A1) Gk, §) fu(d,ua (5), u2(5)),
1],

kelo,T+

G(k, 5) f2(j, u1(j), u
kEel0, T+

ug(k) = A1,

Noting that (21), (Hz) and (Hgs), it follows that

(an}
IN
S
=

I
>

<
™=

1G(%c,j)ﬁ(j,ul(ﬁ,uz(m
k,7)f1(7, [ui(5)], lu2(4)])

G(k, j)ai(d)win(Jur(5)wiz(|u2(d)])

IA Il
> >
M= TS T

IN
>

G (k, j)ar(g)wn (fJulDwra(fJull)

.
Il
—

max

(B Z G(k,j)aa(4)
Vke [0 T+ 1].

<wii(

|u|)wi2(]ul|)
= dyw1 ([Jul))wiz(||ul),

This immediately leads to

[utllo < drwrn([Juf)wiz(f|ul])- (23)
Similarly, from (22), (Hz) and (Hs), we have
[uzllo < dowar ([Jul[)waz ([|ul])- 24
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If

|lu|| = ||upllo, forsomep € 1,2,

then (23), (24) yield

lull < dpwpr ([[ulDwpa([[u),

from which we conclude, by comparing with (Hs),
that ||ul| # r.

It now follows from Theorem 6 that bound-
ary value problems (16),(17) have a solution u* =
(uj,u3) € X such that ||u*|| < r. Using a similar
argument as above, we see that ||u*|| # r. Therefore,

|u*|| < 7. (25)
Moreover, for V k € [0,T + 1], we have
T . re . . .
ui(k) = > G(k,j) 10, ui(5), u3(4))
r (26)
= ZIG(k,j)fl(j,\UT(J’)HU%U)D,
]:
T . re . . .
uz(k) = 30 G(k, j) f2(4,ui(5), u3(4))
s 27
= ZlG(k,j)fz(j,\UT(J’)HU%U)D‘
]:
and it follows immediately that
uw(k)>0, kel0,T+1], i=1,2 (28
S0,
T . . . .
ui(k) = > G(k, ) f1(J, [ui(5)]; [uz()])
s (29)
- ZlG(kaj)fl(jvuf(]%u;(j))v
j:
T . . . .
us(k) = 32 G(k, ) f2(4, [ui(5)]; [uz(4)])
s (30)
- ZlG(k,])fQ(j,UT(]),Uz(j)),
]:
ie., v* = (uj,u3) € X is a positive solution of
boundary value problems (1) and (2) and satisfies
]| <. O

Theorem 8 Suppose that (H1) — (Hs) hold. Then,
boundary value problems (1),(2) have two positive so-
lutions u*,u € X such that

0 <[[u| <r<|lul <R,

where r and R are defined by (Hz) and (Hs).
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Proof: The existence of u* is guaranteed by Theorem
7. We shall employ Lemma 2 to prove the existence
of u.

LetT : K — X be defined by

T(Ul,’LLQ) = (Ul(k), UQ(k)), ke [O,T + 1],
where

Ui(k) =Y Gk, j) fi(§: w1 (), u2(5)),

=1

i=1,2.

First, we shall show that 7" maps K into itself. For

this, let u = (u1,us) € K. Then, it follows immedi-

ately that
Ui(k)>0, kel0,T+1], i=

1,2. 31

Then, we obtain for each i € {1,2},

k) = 33 Gk ). 10).a(3)

R

I
—

<

maxpeo.r+1] Gk, 5) fi(J, w1 (4), v (4)),
0,7 +1].

J
ke

As aresult,

T
[Uillo < Zlmaxke[o,ﬂl] Gk, 3) fi(d,u1(5), ua(4)),
J:

i=1,2.

(32)

Now, in view of (32) and Lemma 5, we have for Vk €
[ly,02], i =1,2,

Ui(k) =

T

. N .
> vj; x| G(k,5)fi(j,ur(5), u2(j))

> Uillo-

o8

1

J

Therefore,

(33)
kE[h,lg]

Combining (31) and (33), we obtain T'(K) C K.
Also, the standard arguments yield that 7" is com-
pletely continuous.
Let
O ={ueX: ||ul|<r}

and Qo ={ueX: ||u| <R}

‘We claim that
(i) |Tul < [ul,
(@) |NTul| = [Jull,

foru € K N0y,
foru € K N os.
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To justify (i), let w = (u1,u2) € K N 08y, then
|lu|| = r and by (H>) and (Hs3) we have

M=

0 <Uik)=

J=1

i G(k,j) fi(d; ur(d), u2(j))
> Glkug)aili)e

<
= i1 (u1(5))wiz(u2(7))
< wa(lula(lul) 35 Gk, o)

T
<wn(lrlhwsa(lrl), max 32 Gk ol
) 1=

= diwa ([rDwia(l|7]) < 7= |lull,
kel0,T+1], i=1,2.

Therefore,

Uillo < [Juf|, i=1,2,and so
[Tl = max{|U]lo, [Tallo} < [lull
Next, we prove (ii). Let
u = (u1,u2) € K NoNs.
So,
[[ull = max{[[uillo, [luzllo} = R = [lupllo,
for some p € {1,2}. Then, it follows that
0<wuy(k) <R, kel0,T+1],

and
up(k:) > ’)/R, ke [ll,lg].
Thus, we have
YR <up(k) <R, ke [l,lp). (34)

In view of (34), (H4) and (Hs), we find that the fol-
lowing holds for some i (depending on p) in {1, 2} :

~

Ui(aip) = j; G(Glp>J)fZ(]>ul(]>7u2(]))

> Glow )il m () us()

Jj=bh

lo
2 z% G(Uipaj)Tip(j)wip(up(j))
J=t1
lo
> j; G(oip, j)Tip(§)wip(VR)

lo
> E G(Uz'pa ])TZP(J)

j=h

—_

R
12 Py . . - R
Y Z G(oip, j)Tip(J)
Jj=h
= [lull
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Hence,

Uillo > [|ull, and so [[Tul| > .

Having obtained (¢) and (iz), it follows from
Lemma 2 that 7" has a fixed point & € K N (Q22\),
i.e., 4 is a positive solution of (1), (2) and

r < all < R.

Using a similar argument as in the proof of Theorem
7, we see that

r < || < R.

O

It is noted in Theorem 8 that ||u*|| may be zero.
Our next result guarantees that ||u*|| # 0.

Theorem 9 Suppose that (H1) — (Hg) hold. Then,
boundary value problems (1),(2) have two positive so-
lutions u*,u € X such that

O0<L<|u*|<r<|ul <R,

where L, r and R are defined by (Hg), (Hs) and
(Hg), respectively.

Proof: The existence of « is guaranteed by Theorem
8. We shall employ Lemma 2 to show the existence of
u*. Suppose that the set {2y and the map 7" : K — K
are the same as in the proof of Theorem 8.

Let
Q3 ={ue X: ||ul| <L}

From the proof of Theorem 8, we see that

(@) | Tul| < ||ul|, forue K Noy;
thus, it remains to prove that
(i) || Tul| > ||ul|, forue K NoQs.

For this, let
u = (u1,u2) € K NoQs.
Assume that
llull = |lupllo = L, for some p € {1,2}.
Then, we have
yL <wuy(k) <L, kell,ls). (35)

In view of (35), (H4) and (Hg), we find that the fol-
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lowing holds for some i (depending on p) in {1, 2} :

Uiow) = 3 Glows i) fi(Gur(3), us(3))

.
Il
—

> 5 Glow DG 1), )

Jj=h

lo
> j; G(Uz’pv ])sz(])wzp(up(]))

lo
> Zl G(Uz’paj)Tip(j)Wip('yL)
J=l1
lo
= —Zl G(Uz’pvj)'rip(j)
J=h fyL
l2 . .
v 3 Glowp, j)Tip(d)

Jj=h
= [|ull.

=L

Hence, ||U;|lo > ||u||, and so | Tu|| > |Jul|.
Having obtained (¢) and (i7), we conclude from
Lemma 2 that 7" has a fixed point

w* e KN (m\Qg),

i.e., u* is a positive solution of boundary value prob-
lems (1), (2) and

L <|u*|| <

Using a similar argument as in the proof of Theorem
7, we see that

L <|u*|| <

O
Example: Consider the following boundary value
problem:

11
ANuy(k— 1) + pexp(uf +uj) =0,
k € [1,20],
11
ANug(k — 1) + pexp(uf +ud) =0,
ke [1,20],

(36)
with the boundary condition:

Aui(0) = tui(5), Aui(20) = 19%“1(10)7
AUQ(O) = gU2(5), A’LLQ(20) = WUQ(lo),
(37)
where 1 > 0. It is easy to prove that (H;) — (Hs)
are satisfied when p is small enough. Hence, it fol-
lows from Theorem 8 that boundary value problems
(38), (39) have two positive solutions when g is small
enough.
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Remark 10 [f conditions (Hz) and (Hs) are replaced
by (H2)" and (Hs)', respectively, where
(Ha)' for eachi € {1,2}, assume that

filk,ur,u2) < a(k)wir(u1) + Bi(k)wiz(uz),

for (k,uy,u2) € [1,T] x [0,00) x [0, 00),

where o, B; : [1,T] — (0,00), and wy : [0,00) —
[0,00), | = 1,2 are continuous and nondecreasing;
(Hs)' There exists v > 0 such that

r > difwir(r) +wie(r)], i=1,2,

where
o T Nevs (4
d max{ke%%ﬁ | Sha Gk o),
T . s L
reax >im1 G(k»])ﬁz(ﬁ}a i=1,2,

then, similar conclusions are true.

3 Three positive solution for bound-
ary value problems (1), (2)

Let the Banach space B = {u : [0,T7 + 1] — R} be

endowed with norm,

= k)|,
Jully =, max | (k)|
and X = B x B with norm
[ (w1, u2)|| = max{{juilo, [luzllo},

and
P - {(ul,uQ) €X: w(k)>0, kel0,T+1],

in wi(k) > lluillo, i = 1,2,
3,0 2 e =12}

where ~ is defined as (11), then P is a cone in X.
A map « is said to be a nonnegative continuous
concave functional on P if

a: P —[0,4+00)
is continuous and
altz + (1 1)y) > ta(z) + (1 - Haly)

forall z,y € Pandt € [0, 1].

For numbers a,b such that 0 < a < b and v is a
nonnegative continuous concave functional on P we
define the following convex sets

P,={zxeP: |z| <a},
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P(a,a,b) ={z € P: a < a(z), ||z| <b}.

Leggett-Williams fixed point theorem. Let A :

P. — {z € P: ||z|| < a} be completely continuous

and o be a nonnegative continuous functional on P

such that a(z) < ||z|| for all z € P.. Suppose there

exist 0 < d < a < b < ¢ such that

(i) {z € P(a,a,b) : a(z) >a} # 0 and a(Az) >

a forx € P(a,a,b);

(id) || Az]| < d for o] < d:

(ii1) a(Ax) > a for x € P(a,a,c) with ||Az|| > b.
Then A has at least three fixed pointsz1, x2, T3

satisfying

lz1]| < d, a< a(z),

l|zs|| > d, and a(z3) < a.

Theorem 11 Suppose that f; : [1,T] x [0,+00) X
[0,4+00) — [0, +00) is continuous and that there ex-
ist numbers a and d with 0 < d < a such that the
following conditions are satisfied:

(@) ifj € [1,T], ui, ug > 0 and u; + ug < d;

then fi(j,u1,us) < i = 1,2, where D =

T
G(k,9);
ke%%}il]jgl (k. 3);

(ii) there exists ig € {1, 2}, such that f;,(j, u1,u2) >

2D’

%, j € [1,T], ui, uz > 0 and u; + u2 € |a, %],
T
where C' = min > G(k,j);
kG[ll,lg] j=1

(iii) one of the following conditions holds:

fi(Gyua,u2) < 1

A lim ma. 1=1,2;
( ) u1+ug—>00 jG[O,)Y(“} U1 + U2 2D’ B
(B) there exists a number ¢ such that ¢ > ¢ and

Y
if 7€ [L,T], ui, ug > 0, uy + ug < c then
. & .
fi(gyur,u2) < 5o 0T 1,2.
Then the boundary value problem (1), (2) has at least
three positive solutions.

Proof: For u = (uj, ug) € P, define

a(u) = min ul(k)—kknﬁin ua(k),

ke(ly,l2] 1,l2]

A(ul,uQ) = (Ul(k), UQ(/‘J)) ke [O,T + 1],

where

Ui(k) =Y Gk, j) fi(§.ur (), ua(4)), i=1,2,

J=1

then it is easy to know that « is a nonnegative con-
tinuous concave functional on P with o(z) < ||z|| for
x € Pandthat A: P — P is completely continuous.
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For the sake of convenience, set b = %
Claim 1. If there exists a positive number 7 such
that .
fi(j,Ul,Uz) < ﬁ’ 1=1,2
for j € [1,T], u1, ug >0, ug + ug < r, then
A: P.— P,.

Suppose that u = (u1, ug) € Py, then

T

Ui = max Gk, ) fi (G, ui1(5), ua(j
|| ’l||0 ke[O,T-‘,—l}];l ( j)fz(] 1(]) 2(]))

r T

—D=-,i=12

<2D o T b
Thus
r r
|Au|| = |lutllo + [Juzllo < = + = =1

2 2

Then there exists a number ¢ such that ¢ > b and A :
P. — P.. From Claim 1 with » = d and (i) that A :
E — Py.

Claim 2. We show that
{u € Playa,b): a(u) >a} # 0 and a(Au) >
a foru € P(a,a,b)
In fact,

u= (k) ualh)) = (457157

4 7 4
€{u € P(a,a,b): a(u)>a}.
For u = (u1(k),ua(k)) € P(c,a,b), we have

b > |luillo + [Juzllo > ui(k) + uz(k)

> min ui(k) + min wus(k) > a,
kelly o]

€ll1,l2] 2

for all k& € [l1,l2]. Then, in view of (ii), we know that

min Uy (k) = min S Gk ) fioGrua (), us(5))

ke(ly,la] ke[l l2] j=1
a T
2o G(k.7) =
7Oy O =
and so
A = min Uj(k)+ min Us(k
al4w) = min D1k + min | Va(k)
> min U, (k) > a.
kelly,la)

Claim 3. If u € P(o,a,c) and ||Au|| > b, then
a(Au) > a.
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Suppose u = (u1,u2) € P(a,a,c) and ||Au| >
b, then, by Lemma 5, we have

Uitk) = min Y Gk, ) fiGs ur(j), u2(5))

min
ke€l1,lz2] kel l2] j=1
_ L Glk)
ke(l1,l2] j=1 ogri?ga%(ﬂ G(k,j)
Ogrélél%(+lG(ka])fi(]aul(])aUQ(]))a
T
S N ) :
> ’ngloglglg%ﬂG(kaj)fz(%ul(])aw(]))
=Ui(k)llo, i=1,2.
Thus
min U, (k) > ~||U;(k)lo, i=1,2,
ke[ll,lz}
and so
A = in Up(k in Us(k
oldu) = min G(k) &, i U ()

> (11 llo + 1U21]0)
= Aull > 76 = a.

Therefore, the hypotheses of Leggett-Williams the-
orem are satisfied, hence the boundary value prob-
lem (1), (2) has at least three positive solutions u =
(u1,uz), v = (v1,v2) and w = (wy, we) such that

Jull < d,

< mi k i k),
a< i vilk)+ min oa(k)

> d with i k i k) < a.
[l > dwith min wi(k)+ min wa(k) <a

The proof is complete. g

Example: Consider the following boundary value
problem:

A2u1(k — 1) + f1<k, ul(k),uQ(k)) = 0,
k € [1,20],
AQUQ(I’J — 1) + fQ(k‘, ul(k),uQ(k)) = 0,
k € [1,20],
(33)
with the boundary condition:
Aup(0) = tui(5), Auy(20) = 19%1“(10),
AUQ(O) = 6“2(5)’ A’LLQ(QO) = m’lm(l@),
(39)
k n 88 (u
4485800 ' 224290
+ug),
0<wu;4+uy <1
fi(kvul(k)7u2(k>) = k ! 88 2 £
4485800 + 224290[ (
Vur +ug — 1) + 1],
ur +ug > 1.
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Then, boundary value problem (38), (39) has at least
three positive solutions.

Proof: Choose d = 1, a = 1600. By computation, we
know

57, 12145 11190
TT 900" T 89 7T 89
Thus
k 88
i(kyur(k),ua(k)) =
ilkswn k). u2(K)) = fiasa0 24900 ™ T2
89 d
< = —,
524290 2D
for k € [1,20], 0 < wup +wuz <1, and
k 88
filk, un(k), u2(k)) = eesess + 291200 00
142400
1) +1 _a
Vur +ug —1)+1] > o0 = O
for k € [1720]7 1600 <wup+up < %
lim max f0M) _ g 1 i— 1.9

2D’
To sum up, by an application of Theorem 11, we

know that (38), (39) has at least three positive solu-
tions.

uituz—00 j€[0,7] U1 + U2

4 Conclusion

In this paper, we first construct Green functions for
a second-order four-point difference equation, and try
to find suitable conditions on f; and fo, which can
guarantee that the boundary value problems (1),(2)
have one, two or three positive solutions. Our work
presented in this paper has the following new fea-
tures. Firstly, BVP (1),(2) is a four-point bound-
ary value problem, which is very difficult when con-
structing Green functions. Secondly, the main tool
used in this paper is Leray-Schauder type [7], kras-
nosel’skii’s fixed point theorem in a cone [7] and
Leggett-Williams fixed point theorem [17] and the re-
sult obtained is the multiple positive solutions of BVP
(1),(2). Thirdly, the system (1), (2)consists of two sec-
ond order difference equations.
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