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Abstract: Liu, Liu, and Liu, in the paper “A novel three-dimensional autonomous chaos system, Chaos,
Solitons and Fractals. 39 (2009) 1950-1958”, introduce a novel three-dimensional autonomous chaotic
system. In this paper, the fractional-order case is considered. The lowest order for the system to remain
chaotic is found via numerical simulation. Stability analysis of the fractional-order system is studied
using the fractional Routh-Hurwitz criteria. Furthermore, the fractional Routh-Hurwitz conditions are
used to control chaos in the proposed fractional-order system to its equilibria. Based on the fractional
Routh-Hurwitz conditions and using specific choice of linear controllers, it is shown that the fractional-
order autonomous system can be controlled to its equilibrium points. In addition, the synchronization of
the fractional-order system and the fractional-order Liu system is studied using active control technique.
Numerical results show the effectiveness of the theoretical analysis.
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1 Introduction chaos and control in fractional-order systems have
been studied, including Lorenz system [4], Chua
As a 300-year-old mathematical topic, fraction- system [5], Chen system [6], Rossler system [7],
al calculus has always attracted the interest of Newton-Leipnic system [8], Liu system [9] and so
many famous ancient mathematicians, including on.
L’Hospital, Leibniz, Liouville, Riemann, Grun- In 2009, Liu et al. gave a novel three-
wald, and Letnikov [1]. Although it has a long his- dimensional autonomous chaotic system [10],
tory, it was not applied in our real life because it which is not different from Liu system in Ref.
seems to be more difficult and fewer theories have [11]. In this paper, the dynamical behaviors and
been established than for classical differential e- feedback control to steady state of the fractional-
quations. In recent decades, fractional-order dif- order autonomous system are studied. The lowest
ferential equations have been found to be a pow- order for the system to remain chaotic is found
erful tool in more and more fields, such as physic- via numerical simulation. Furthermore, we are
s, chemistry, biology, economics, and other com- going to use the fractional Routh-Hurwitz con-
plex systems [2, 3]. The interest in the study of ditions given in [12, 13, 14] to study the stabili-
fractional-order nonlinear systems lies in the fac- ty conditions for the fractional-order system, and
t that fractional derivatives provide an excellent the conditions for linear feedback control are ob-
tool for the description of memory and hereditary tained as well. Moreover, the synchronization of
properties, which are not taken into account in the fractional-order autonomous system and the
the classical integer-order models. Studying dy- fractional-order Liu system is also studied using
namics in fractional-order nonlinear systems has the active control method in Ref. [15]. This
become an interesting topic and the fractional cal- paper is organized as follows: Section 2 gives
culus is playing a more and more important role the integer-order autonomous system. Section 3
for analysis of the nonlinear dynamical system- presents the fractional derivatives and the lowest
s. Some work has been done in the field, and the order for the fractional-order autonomous system
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to remain chaotic. Section 4 gives stability anal-
ysis of the fractional-order chaotic autonomous
system. Section 5 presents chaos control of the
fractional-order autonomous system, and the nu-
merical simulation is also given. In Section 6, the
active control technique is applied to synchronize
the novel fractional-order autonomous system and
the fractional-order Liu system [9]. Finally, in
Section 7, concluding comments are given.

2 The integer-order chaotic au-
tonomous system

Ref.  [10] reported a three-dimensional au-
tonomous system which relies on two multiplier-
s and one quadratic term to introduce the non-
linearity necessary for folding trajectories. The
chaotic attractor obtained from the new system
according to the detailed numerical as well as
theoretical analysis is also the butterfly shaped
attractor, exhibiting the abundant and complex
chaotic dynamics. This chaotic system is a new
attractor which is similar to Lorenz chaotic at-
tractor. The chaotic system is described by the
following nonlinear integer-order differential e-
quations, called system (1):

Ccll—f = —ax — ey?

d

Y =by +kxz (1)
% = —cz — mxy

Liu et al. had studied and analyzed its forming
mechanism. The compound structure of the but-
terfly attractor obtained by merging together two
simple attractors after performing one mirror op-
eration was explored.

When ¢ = 1, b = 25, ¢ = 5, e = 1,
k = 4, m = 2, the system (1) has three real
equilibria E1(0,0,0), F2(—1.250,—1.118, —0.559)
and F3(—1.250,1.118,0.559). The chaotic attrac-
tor and the equilibria are show in Fig.1, and
the initial value of the system is selected as
(0.2,0,0.5),as in Ref. [10].

At equilibrium E7(0,0,0), the Jacobian ma-
trix of system (1) is given by

—a —2ey O
Ji=1 kz b kx
—my —mr —c
-1 0 0
=0 25 0 (2)
0 0 -5
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These eigenvalues of the Jacobian matrix comput-
ed at equilibrium E;(0,0,0) are given by

Al =—-1,2=25,A3=-5H

Here A5 is a positive real number, A\; and A3 are
two negative real numbers. Therefore, the equi-
librium F4(0,0,0) is a saddle point. So, this equi-
librium point is unstable.

At equilibrium FEs(—1.250,—1.118, —0.559),
the Jacobian matrix of system (1) is equal to

~1 2236 0
2236 25 -5 (3)
2236 25 -5

Jy =

These eigenvalues of the Jacobian matrix comput-
ed at equilibrium F5(—1.250,—1.118,—0.559) are
given by

A\ = —4.38776, Ao = 0.443881 + 3.34638;

Az = 0.443881 — 3.346387

Here A; is a negative real number, Ao and
A3 are a pair of complex conjugate eigen-
values with positive real parts. Therefore,
the equilibrium FEo(—1.250,—1.118, —0.559) is a
saddle-focus point. So, this equilibrium point
E5(—1.250,—1.118,—0.559) is unstable.

At equilibrium Fs5(—1.250,1.118,0.559), the
Jacobian matrix of system (1) is equal to

~1 -2236 0
2236 25 -5 (4)
2236 25 -5

J3z =

These eigenvalues of the Jacobian matrix com-
puted at equilibrium E3(—1.250,1.118,0.559) are
given by

A1 = —4.38776, Ay = 0.443881 + 3.34638;

Az = 0.443881 — 3.346387

Here A; is a negative real number, Ao and
A3 are a pair of complex conjugate eigenval-
ues with positive real parts. Therefore, the
equilibrium F3(—1.250,1.118,0.559) is also a
saddle-focus point, and the equilibrium point
FE5(—1.250,1.118,0.559) is also unstable.

For dynamical system (1), we can obtain

0 dz

0 dr, 0  dy 9 dz
0z dt

VV = %(E)+@(E

)+ ) =—at+b—c=p

()
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Figure 1: The chaotic attractor and the equilibria of system (1).

With p = —a 4+ b — ¢ = —3.5, here p is a nega-
tive constant, dynamical system described by (1)
is one dissipative system, and an exponential con-
traction of the system (1) is

dV _
— ept —e 3.5t

o (6)

In dynamical system (1), a volume element Vj is
apparently contracted by the flow into a volume
element VpeP! = Vye 35 in time ¢. It means that
each volume containing the trajectory of this dy-
namical system shrinks to zero as t — 400 at an
exponential rate p. So, all this dynamical system
orbits are eventually confined to a specific sub-
set that have zero volume, the asymptotic motion
settles onto an attractor of the system (1) [16].

3 Fractional derivatives and
chaos in the fractional-order
chaotic autonomous system

3.1 Fractional derivatives and the

fractional-order autonomous sys-
tem

There are several definitions for the fractional-
order differential operator, but the following def-
inition is most used:

Dy(z) = J" Y™ (z),a > 0 (7)
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Where m = [a], i.e., m is the first integer which is
not less than «, y(™ is the general m-order deriva-
tive, J? is the B-order Riemann-Liouville integral
operator [17], which is expressed as follows:

L /j (x —t)P7L2(t)dt, >0 (8)

70 = 75

The operator D is generally called ” a-order Ca-
puto differential operator”. If the initial value
a =0, D% is denoted by D, .

The fractional-order autonomous system is
described by the following nonlinear fractional-
order differential equations, called system (9):

dily 2
g = —ar — ey
y _
s = by +krz (9)
A8z — _cr — max
a7 Y

where the fractional differential operator is the
Caputo differential operator; i.e., d%z/dt% =
D% 4 = 1,23, 0 < q1,92,q3 < 1, and it-
s order is denoted by ¢ = (q1,492,q3), D? =
(dBzx/dtt d2x/dt? dBx/dt?) here. For com-
paring with the integer-order system (1), we also
leta=1,0=25,c=5,e=1,k=4and m =2,
with initial state (0.2,0,0.5).
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3.2 Chaos in the fractional-order au-
tonomous system

Consider the following fractional-order differential
equation:

Diy(z) = f(t,y(t)),0<t<T
(10)
It is equivalent to the Volterra integral equa-
tion
m—1 ( )tk 1 t 1
v = > g [ =9 s u(e)ds
iz K T@) o

(11)
Diethelm et al. have given a predictor-
correctors scheme [18, 19], based on the Adams-
Bashforth-Moulton algorithm to integrate E-
q-(11). By applying this scheme to the fractional-
order autonomous system, and setting h = T//N,
tp, =nh,n=0,1,---,N € Z*, system (9) can be
discredited as follows:

ha1
_ D p D
Tn+l = To + 7F(q1 1 2) (_aanrl — €Yn+1Ynt1)
ha n
a1, jnt1(—ax; — ey;y;)

a9 2

ha2
Yn+1 = Yo + m(byﬁﬂ + kxy 25 40)

h42
- w1 (by; + k
+N@+®§:%]+ﬂ%+>%%>

a3
_ p D D
Zp+1 = 20 + )(_CZTH-l - mxn+1yn+1)

(g3 +2

q3+2 Z a3 jn+1(—cz; — ma;y;)

where
2’ =x0+ = Y Brjnt1(—az; — eyjy;)
) =
Y= F( Zﬁz] nt1(by; + kxjz))
q =0
2= Z B3,jn+1(—czj — mx;y;)
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ndi+l _ (n—n%)(n+1)%, =0
(n—j+2)%t
Qg =+ - ) 1<j<n
—2(n — j + 1)@+
1, j=n+1
h% . . s .
Bijm+1 = ” (n=j+2)%+(n-j)%),0<j<n.
1

The error estimate of the above scheme is
max;—o,1,...N{|y(t;) — yn(t;)|} = O(hF), in which
p=min(2,1+¢;) and ¢; >0, 1 =1,2,3.

Using predictor-correctors scheme, when ¢ =
q2 = q3 = «, the simulation results demonstrate
that the lowest order for the system (9) to remain
chaotic is « = 0.91. When a = 0.89, a = 0.90
and a = 0.91, the x — y phase portrait is show in
Fig.2 to Fig.4.

4 Stability analysis of the
fractional-order chaotic au-
tonomous system

4.1 Fractional-order Routh-Hurwitz

conditions
Consider a three-dimensional fractional-order sys-
tem o)
dngf;%t) - f($7y7 Z) (12)
dqdfitZ%t) - Z(I’ Y, Z)
dti3 T ($7 Y, Z)

Where ¢1, 2,93 € (0,1). The Jacobian matrix of
the system (12) at the equilibrium points is

of/ox Of/dy 0Of]0=
0g/0x dg/0y 0g/0z
Oh/0x Oh/Jy Oh/Oz

(13)

The eigenvalues equation of the equilibrium point
is given by the following polynomial:

P(\) = X3 + a1 \? 4 ag) + a3 (14)
a1, as and ag is the coefficients of the polynomial

and its discriminant D(P) is given as:

27a3
(15)

D(P) = 18a1azaz + (aaz)® — 4aza? — 4a3 —

Lemma 1 If the eigenvalues of the Jacobian ma-
triz (13) satisfy

larg(A\)| > ma /2, e = max(qi1, g2, q3) (16)
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Figure 2: The x — y phase portrait of system (9) when o = 0.89.

i.e. all the roots of the polynomial Eq.(14) satisfy
Eq.(16), then the system is asymptotically stable
at the equilibrium points.

The stability region of the fractional-order
system is illustrated in Fig.5, in which o, w refer
to the real and imaginary parts of the eigenvalues,
respectively. It is easy to show that the stabili-
ty region of the fractional-order case is greater
than the stability region of the integer-order case.
Using the results of Ref. [13, 19], we have the
following fractional Routh-Hurwitz conditions:

(i) If D(P) > 0, then the necessary and suf-
ficient condition for the equilibrium point to be
locally asymptotically stable, is a; > 0, az > 0,
aias — az > 0.

(ii) If D(P) < 0, a; > 0, as > 0, asz > 0,
then the equilibrium point is locally asymptoti-
cally stable for o < 2/3. However, if D(P) < 0,
a; <0, az <0, a > 2/3, then all roots of Eq.(14)
satisfy the condition .

(iii) If D(P) <0,a1>0,a2 >0, a1a2 —az =
0, then the equilibrium point is locally asymptot-
ically stable for all a € [0, 1).

(iv) The necessary condition for the equilib-
rium point, to be locally asymptotically stable, is
az > 0. The proof for above conditions can be
seen in detail from Ref. [12, 13].

4.2 The stability of equilibrium points

We assume ¢ q2 q3 «a, and
the fractional system (9) has the same equi-

E-ISSN: 2224-2880
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libria F1(0,0,0), E2(—1.25,—1.118,—0.559) and
FE3(—1.25,1.118,0.559) as integer system (1).
When « > 0.91system (9) exhibits chaotic be-
havior, and the attractor and the equilibria are
shown in Fig.6, when a = 0.91.

If the equilibrium point is E(x*, yx*, z*), the
Jacobian matrix of system (9) is

—a —2ey 0
J=| kz b kx
-my —mx —c

The characteristic equation of the Jacobian ma-
trix J is

N4 (a—bt-c) N2 (—ab—bet-acthkmrs>+2eky*z) A

+(—abe+ akmaz +* —2ekma xy % +2ceky * 2%) = 0
(17)

Theorem 2 For the parameters a = 1, b = 2.5,
c=5,e=1,k =4 and m = 2, the equilibrium
point Ey of system.(9) is unstable for any o €
0,1) .

Proof: Whena=1,b=25,c=5,e=1,k=4
and m = 2, substituting coordinate of E; into

Eq.(17), we can get the characteristic polynomial
as follows

A 43502 100 —125=0 (18)

The eigenvalues of Eq.(18) is A\; = =5, Ao = —1,
A3 = 2.5. Here A3 is a positive real number.
Therefore, according to Lemma 1 the equilibrium
point E; is unstable for any a € (0,1). O
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Figure 3: The x — y phase portrait of system (9) when o = 0.90.

Theorem 3 When the parameters a = 1, b =
25, c=5,e=1, k=4 andm =2, if a < 0.91,
then equilibrium points Eo and Es of system (9)
are stable.

Proof: When a = 1, b = 25, ¢ = 5, e = 1,
k = 4 and m = 2, substituting coordinate of Fs
or E5 into Eq.(17), we can get the characteristic
polynomial as follows

A3 43502 £ 7.49998)\ 4 49.9997 =0  (19)

The eigenvalues of Eq.(18) is Ay = —4.388, \g =
0.444 — 3.3465, \3 = 0.444 + 3.3465. \; = —4.388
is a negative real number, and the arguments of
X2 = 0.444 — 3.3467, A3 = 0.444 + 3.346j are -
1.43892 and 1.43892, respectively. |arg(A23)| =
1.43892 > ma/2 = 1.42942. Therefore, according
to Lemma 1, if & < 0.91, then system (9) is stable
at equilibrium points E5 and E3, although the real

part of the eigenvalues is positive. O

5 Chaos control of the
fractional-order autonomous
system

5.1 Chaos control of the fractional-
order autonomous system

The controlled fractional-order autonomous sys-
tem is given by:

Zdztzzf = —ax — ey? — k1 (x — x%)
e = by + kxz — ko(y — yx) (20)
Zﬁf = —cz —may — k3(z — z%)

E-ISSN: 2224-2880

where E(x+,y*, z*) represents an arbitrary equi-
librium point of system (9). The parameters
ki, ko, ks > 0 are feedback control gains which
can make the eigenvalues of the linearized equa-
tion of the controlled system (20) satisfy one of
the above-mentioned Routh-Hurwitz conditions,
then the trajectory of the controlled system (20)
asymptotically approaches the unstable equilibri-
um point E(x*, y*, zx).

Substituting the coordinate of E(zx,y*, z%)
into system (20), we get the Jacobian matrix
refers to E(xx*, yx*, zx) as follows

—k1—a —2eyx 0
J = kzx —ko+b kxx (21)
—my*x  —mx*x —k3z—c

and the corresponding characteristic equation is

PA) =X+ (a—b+c+ ks + kg + k3)\2

+(—ab — bc+ ac — bky + cky + aks + cko + k1k2

+aks — bks + kiks + koks + kmax #2 +2eky * 2%)

+(*6Lbc — bcky + acks + ckiko — abks — bkiks

+akoks + kikoks + akma %% +kkymax?

—2ekma * y %2 +2ceky * z * +2ekkzy * zx) = 0
(22)

and its discriminant is

D(P) = 18ajasa3 + (ara2)* — dazal — 4aj — 27a3

Issue 8, Volume 11, August 2012
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Figure 4: The x — y phase portrait of system (9) when o = 0.91.

where

ar=a—b+c+ ki +ko+ ks

+aks — bks + k1ks + koks + kmx 52 +2eky * zx

a3 = —abc — bcky + acky + ck1ko — abks — bk1k
+akoks + kikoks + akma %% +kkymax®
—2ekmax * y *> +2ceky * z x +2ekksy * z*

(23)

5.2 Some conditions for stabilizing the
equilibrium point

When a =1, b=25,c=5,e=1,k =4 and
m = 2, because of the complexity of the condition,
we only consider the situation k; = ko = k3 = 5.
When § > 2.5, we have D(P) > 0, a1 > 0, a3 > 0,
a1as > ag at the equilibrium point E7, and all
the eigenvalues are real and located in the left
half of the s-plane. So Routh-Hurwitz conditions
are the necessary and sufficient conditions for the
fulfillment of Lemma 1.

Whena =1,b=25,c=5e=1, k = 4,
m=2and k; = ko = k3 = 8 € R, we can obtain
D(P) <0, a; > 0, ag > 0, ag > 0, then the equi-
librium point Ey and Ej is locally asymptotically
stable for any a < 2/3.

E-ISSN: 2224-2880
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5.3 Simulation results

The parameters are chosen as o = 0.92, to ensure
the existence of chaos in the absence of control.
The initial state is taken as (0.2,0,0.5), the time
step is 0.1(S) , and the control is active when
t > 80(s) in order to make a comparison between
the behavior before activation of control and after
it.

We simulate the process of which system
(20) stabilizes to the equilibrium point £1(0, 0, 0).
When ki = ko = k3 = 8 = 3, we have D(P) > 0,
a1 > 0, ag > 0 and ajas > ag, and the three root-
s are Ay = —8, A2 = —4, A3 = —0.5, so system
(20) is asymptotically stable at F1(0,0,0), Fig.7
displays the simulation result.

We have also simulated the process of
which system (20) stabilizes to equilibri-
um points  F3(—1.250,—1.118, —0.559) and
E5(—1.250,1.118,0.559), wusing the feedback
control method. When k; = ky = k3 = 8 = 0.1,
a = 0.6, we have D(P) < 0, a; > 0, ag > 0,
az > 0 and the roots of P(\) = 0 are A\; = —4.488,
Ao = 0.344 4 3.34675, A3 = 0.344 — 3.3465. In this
case, the integer-order system is unstable because
the real part of Ao and Az is positive, however,
the arguments of the right half-plane eigenvalues
are 84.1° | indicating that the eigenvalues are
located in the stable region of the fractional-order
autonomous system as shown in Fig.5, and the
system’s cone makes an angle 54°.  Hence,
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Figure 5: Stability region of the fractional-order system.
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Figure 6: The chaotic attractor and the equilibria of system (9).
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Figure 7: Stabilizing the equilibrium point Ej.

the controlled fractional-order system (20) is
asymptotically stable at Fo and F3, as shown in
Fig.8. and Fig.9.

6 Synchronization between two
different fractional-order sys-
tems

The synchronization of chaotic fractional-order
systems have attracted increasing attention, be-
cause of its application in secure communication
and control processing [20, 21]. In this section, we
focus on investigating two different systems: the
novel fractional-order autonomous system and the
fractional-order Liu system, using the active con-
trol technique in Ref. [?].

Let the novel fractional-order autonomous
system (9) be the drive system:

dilx; 2
d%gql = —axr1 —eyy
Yy __
ddqtqg - byl + kx121 (24)
3z1
Jids- = —CZ1 — mx1y1

and the response system is the fractional-order
Liu system, which given as

da
d%q? = a(y2 — x2) + w1
qtqy22 = By — Oxo20 + Us (25)
o2 = —0z + ha3 + ug
Where U = (u1,uz,u3)? is the active control

function. Here, the aim is to determinate the

E-ISSN: 2224-2880

controller U which is required for the drive sys-
tem (24) to synchronize with the response system
(25). For this purpose, we define the error states
between (24) and (25) as e} = zo—x1, €2 = Y2— Y1
and e3 = z9 — z1. The error dynamic system can
be expressed by

e =ales —e1) + (a — a)zy + ayr + ey? +w
2 = Beq + Bt — byt — Oxazs — kaiz1 + us
;fq? = —des+ (c— )z + hx% + mx1y1 + ug

(26)
Define the active control function U =
(u1,u2,u3)” as follows:

up = —(a — o)y — ayy — ey? + Vi(t)
ug = —fBx1 + byr + Oxoz9 + kx121 + Vg(t)
uz = —(c — 6)z1 — ha3 — mayy; + V3(t)
(27)
and Vi(t), Va(t) and V3(t) are the control inputs.
Substituting (27) into (26) gives

dite, _ a(eg — 61) + Vl(t)

JE
d%%z = fBe1 + Va(t) (28)
G = —oe3 + Va(t)

The error system (28) is a linear system
with the control input function [Vi, Vs, V3]T =
Hle1,ea,e3)T, where H is a 3 x 3 matrix. Let
J denote the Jacobi matrix of system (28) at e-
quilibrium point e; = 0(i = 1,2, 3).

—a o 0
J=H+| B 0 0
0 0 -6
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Figure 8: Stabilizing the equilibrium point Ej.
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Figure 9: Stabilizing the equilibrium point E3.
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We can choose the suitable matrix H, and
let the eigenvalues of J satisfy the Lemma
l:larg(N)| > ma /2, = max(q1, ¢2,q3). Thus syn-
chronization between the fractional-order drive
system (24) and the fractional-order response sys-
tem (25) is achieved. For example, we can choose

a—1 —a 0
H = -5 -1 0
0 0 6—1

In the following numerical simulation, the pa-
rameters are chosen as a = 1, b = 2.5, ¢ = 5,
e=1k=4m=2 a=10, g =40, § = 2.5,
0 = 1 and h = 4. The fractional order is set
as g1 = g2 = q3 = 0.98, and the initial states
of the drive system (24) and the response system
(25) are taken as (0.2,0,0.5) and (2.2,2.4,38) re-
spectively. Simulation results of the synchroniza-
tion between the fractional systems (24) and (25)
are displayed in Fig.10.From Fig.10, we can find
the novel autonomous system and Liu system are
globally synchronized asymptotically for ¢ > 198.

7 Conclusion

In this paper, chaos control of a fractional-order
autonomous chaotic system is studied. Using
predictor-correctors scheme the lowest order for
the fractional-order autonomous system to remain
chaotic is found via numerical simulation. Fur-
thermore, we have studied the local stability of
the equilibria using the fractional Routh-Hurwitz
conditions. Analytical conditions for linear feed-
back control have been implemented, showing
the effect of the fractional order on controlling
chaos in this system. The synchronization of
the fractional-order autonomous system and the
fractional-order Liu system is also investigated us-
ing the active control method. Simulation results
have illustrated the effectiveness of the proposed
controlled method.
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