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Abstract: - The Angular Coordinate System is a new and original mathematical Coordinate System introduced
by the author in the mathematical domain. It has own properties similar to other coordinate systems such as
Cylindrical coordinate system, Cartesian coordinate system or any other coordinate system. The main goa of
introducing this coordinate system is to describe the whole universe in 2D space using two angles only formed
by the center of a unit circle of the universe. This new coordinate system is introduced also to facilitate the
drawing of many complicated curves that are difficult to produce using the traditional coordinate systems. It has
many applications in physics for example the unit circle can be considered as a black hole and we have to
describe the formed universe according to this black hole using only two angles. In this paper a complete study
isintroduced for the new coordinate system and few examples are presented in order to give an idea about how
to form and study curvesin the Angular coordinate system.

Key-words:-Angular coordinate system, two angles, unit circle, black hole, Cartesian coordinate system,
mathematics.

1 Introduction

In mathematics, there exist numerous coordinate T We talk about the Cartesian coordinate system in
systems in different spaces such as Cartesian 2_D space, every point (_P) has two co_ordlnates, f[he
coordinate system [1] [2], cylindrica coordinate first is horizontal coordinate (X,) which determine
system [3], Polar coordinate system [4], Bipolar the position of the point (P) in the horizontal axis, the
coordinates [5], Elliptic coordinate system [6] and ~ second is the vertical coordinate (Y, ) which
many others coordinate systems [7-11]. The main determine the position of the point (P) in the vertical
goal of introducing these systems was to facilitate the axis. The same principal can be applied on the
study of certain curves in each system and each Angular Coordinate system in 2D Space; every point
system has its own properties and definitions that has two coordinates (a4, @), the first one (a,) isthe
allow it to form an independent coordinate system. coordinate of the point (P) from the center of the
The most important coordinate system and the easiest space (also called center of the unit circle), this angle
one is the Cartesian coordinate system in which one is determined in degree or in radian (it will be
can easly determine any point in the space by two explained in the following sections), the straight line
coordinates (x, y). Some curves are easiest to be that passes from the center of the space (the center of
determined in some coordinates rather than others, the unit circle) and passes by the point (P) form an
for this reason we see a huge number of coordinates angle with the horizontal axis caled (a;). The
system that can be very useful in some cases. And second coordinate of the point (P) is also an angle
also for this reason, the author introduced a new named (a,) which is the angle of the formed tangent
coordinate system named Angular coordinate system. on the unit circle that also passes by the paint.

In mathematics, the Angular coordinate System isa  The two formed angles create a space measured only
new and original coordinate system introduced by the by these two angles instead of the linear coordinate
author in the mathematical domain. The main goal of system. So every point in the space has two
this new coordinate system is to construct a new angles (a4, a,), every curve in the space depend on
space based on two angles only. These two angles  two angles which are also (a;, a;) S0 we can create
(a4, @y) can determine the position of any point in curves by using these two angles for example
the Angular coordinate system 2D space similar to a; = 2a, + cos (ay).
the Cartesian coordinate system in which every point In the second section, a definition of the unit circleis
has two coordinates (X,; Yp). presented. In the section 3, some applications in
mathematics of the Angular coordinate system are
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presented. In the section 4, Properties of the Angular
coordinate system in 2D space are presented. In the
section 5, Steps of study for afunction in the angular
coordinate system are presented. In the section 6,
examples of applications are presented. And finally
in the section 7, aconclusion is presented.

2 Definition of theunit circle

The unit circle (refer to figure 1) is the center of the
space formed by two angles (a4, a;), the formed
space is outside the unit circle, which means we can’t
find any point inside the circle. This can have many
applications in physics to describe the universe and
how the space is formed outside the black holes and
stars. The radius of the unit circleis equal to “1” in
this study but it can take any value depending on the
usage for example it can take the radius of the Sun if
we want to study the objects that turn around it, it can
take the radius of a black hole in order to study the
objects around it and so on.

Q10
az0 X

—

Fig.1: represents the unit circle with two angles
(a4, ay) and the point P outside the circle.

In the Figure 1, the straight line formed by the center
of the unit circle (O) and the point (P) outside the
circle is called “center line”, this line has an angle
(ay) from the axis “OX”, and the formed angle helps
us to determine the position of the point (P) in the
space.

The line (O'P) formed by the point (O') which is
tangent on the unit circle and the point (P) in the
gpace named “tangent line” forms a segment (0OO’)
with an angle (a,) from the axis (OX).

E-ISSN: 2224-2880

807

Claude Ziad Bayeh

The intersection of the “center ling” and the “tangent
line” form the point (P). So every point in the space
is formed by the intersection of two lines “ center ling”
and “tangent line’, which form two angles (a4, a,).
Therefore every point in the space is determined by
two unique angles (a4, @,). The curves can be drawn
by using one angle in function of the other one, for

examplea; = 2a, ++/(a; + 5).
. y e
X
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Fig.2: represents the unit circle with two angles
(a4, ay) and the point P outside the circle.

The angle (00'P) is dways equal to 90° as it forms
the tangent line on the circle that passes on the point
(P) and the point (O’).

The angles (a;) and (a,) are aways measured from
the (OX) axis.

Theangle (0'0P) = a; — a,.

Therefore, sin(a; — ay) = (;;:
And cos(a; — a3) =22 _ R
1 2 op — oP
So the distance OP = ———— 1)
cos(a;—ay)

the radius of the unit circle is known (equal to 1) so it
is easy to determine the distance (OP) by knowing
the two angles (ay, a3).

The angle a; is always greater or equal to the angle
ay.

If a; = a, thenthe point (P) is on the circle.
0<a;—a, <90°

)
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2.1 Instrument made for Angular coordinate
system

We can make an Angular coordinate system as an
instrument used to determine the distance of any
point in the space by following these steps:

- make a plastic plate as circular piece and put the
angleson it asin thefigure 3.

- put two heads of laser, the first one is on the “center
line” and the other one is on the “tangent ling” asin
figure 4.

-in order to determine the distance of a point from the
center we should turn the lasers on and center the
lights of lasers to pass through the point (P) as in
figure 5.

-inthe figure 5, we can read the angles (a;) and (a,)
then determine the position of the point (P) and the

distance (OP). Therefore OP = R

cos(ay—ay)
If we take the figure 5, we consider that R=0.5m, and
we read that a; = 26.2° and a, = —38° therefore

R 0.5
opP = cos(ai-az)  cos(262—(-38)) 1.148m and the

point (P) has the following coordinates P(ay; @,) =
P(26.2°%;—-389)

Fig.3: represents the unit circle made as an
instrument.
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the angle (029

Fig.4: represents the unit circle made as an
instrument with two heads of lasers one on the
“center line” and the other on the “tangent line”.

Beam of laser

Fig.5: represents how one can determine the position
of a point in the space by the intersection of the
beams of laser at the point (P).

3. Application in mathematics of the
Angular coordinate system

3.1 Distance between two points M and N in
the 2D space

Let’s consider two points in the space M (a4; a,) and
N(By; B2) (refer to figure 6).
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Fig.6: represents the distance between two points M
and N.

We can determine the distance between the two
points using the angular coordinate system as the

following:
R

M = e ©
and ON = cos(B1—p2) . (4)
Theangle MON = MOX + XON = a; — f5; (5)
And sin(MON) __ sin(OMN) _ sin(ONM) ©6)

MN ON oM
The equation (6) is the relation of angles and

segments inside the triangle.

MN? = OM? + ON? — 2- OM - ON - cos (MON) (7)
= MN? = OM? + ON? —2-0OM - ON - cos (a; — B;) (8)

We replace the equations (3) and (4) in the equation
(8) and we obtain
R 2 R 2
(i)
cos(a; — az)) cos(f; — f52)
) cos (a3 — B1)
cos (a; — az)cos (B — B2)
Considering that
a=a,—aandf =p; —f,
Therefore:

e = () e () - ame
~ \cos(a) cos(B)
cos (a1—P1)

1 1
MN = R\/cos (@)? + cos (B)? cos (a)cos (B) (9)

The equation (9) is the equation of the distance
between two points in the Angular coordinate system
2D space.

MN2=(

cos (a1 — B1)

cos (a)cos (B)

3.2 Equation of a line in the Angular
coordinate system in 2D space

Considering the eguation of a line in the Cartesian
coordinate system such asy = ax + b. We have to
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convert this equation into the Angular coordinate
system depending on angles. This can be done by
using the following steps:

Let's consider a point (M) on the line, then M € y
and yy =axy +b

. Y=aX+b

Fig.7: represents the liney =ax+b and M is a
point of thisline.

Considering the coordinate of the point (M) in the
Angular coordinate system is M (y4;v>)

Withy, = XOM

Therefore, sin(y;) = (y)—;gl = yy = OM - sin(y;) (10)
cos(y;) = ;—Z = xy = OM - cos(y;) (12)
By replacing the equations (10) and (12) in the
equation y,, = ax,, + b we obtain:
OM -sin(y;) = a-OM -cos(y;) + b (13)
We have to determine the parameters a and b. So we
consider two point also included into the line which
are A(aq; @) and B(By; f2). The coordinate of the
two points verify the equation of the line so we can
write the following equations:
OA-sin(a;) =a-0A-cos(a;) + b
{OB -sin(f;) =a-0B-cos(B;) + b

(14)
(15)

To find the parameter a we subtract (15)-(14) and we
obtain:

__ OB-sin(f1)—0A-sin(a,)

- OB-cos(f1)—0A-cos(aq) (16)
In order to eiminate the “center lines’ 04 and OB
we use the equation (3)

R
0A cos(a;—ay) - cos(a) (17)
OB = R (18)

cos(B1—B2) _ cos(h)
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We replace the equation (17) and (18) in the equation
(16) and we obtain:
_ cos (a)'sin(B1)—cos(B)-sin(aq) (19)
cos (a)-cos(B1)—cos(B)-cos(aq)

The equation (19) is the equation of the parameter a

To find the parameter b we replace the equation (19)
in the equation (14) and we obtain:

_ p €os (B1)sin(ay)—cos(ay)-sin(B;)
b=R cos (a)-cos(B1)—cos(B)-cos(aq) (20)
The following important formula (21) can be used
sin(m — n) = cos(n) sin(m) — cos(m) sin (n) (21)

sin (a1—B1)
cos (a)-cos(B1)—cos(B)-cos(aq) (22)

So, b =R

The equation (22) is the equation of the parameter b

The equations (10), (11), (19) and (22) can be
replaced in the equation y, = axy, +b and we
obtain,

cos(a) sin(B1)—sin(aq) cos(B)
cos (a)-cos(B1)—cos(B)-cos(aq)

sin (a1—B1) (23)

cos (a)-cos(B1)—cos(B)-cos(ay)

sin(y;) = cos(yy)

cos (¥)

Considering that

_ cos(a)sin(By)—sin(ay) cos(B) __
1= Ccos (@ycos(Br)—cos(B)cos(ar) (24)
bl — sin (a1-B1) _b (25)

cos (a)-cos(B1)—cos(B)-cos(aq) TR

Therefore the equation (23) will be as the following:
sin(y;) = cos(y1) a; + cos (¥)b, (26)

The equation (26) is the eguation of a line in the
Angular coordinate system.

The equation (26) can be simplified as the following:

sin(yy) _ cos(y1) cos(yz)+sin(yq)sin (¥;)
cos(y1) =at cos(y1) b1
= tan(yy) = a; + by (CO(S())/Z) + tan(yy) sin(y,))
_ —1 {a1+bq cos(y,
= Y1 = tan ( 1-b sin(y,) ) (27)

The equation (27) is the simplified equation of aline
in the Angular coordinate system.

3.2.1 Example of an equation of a line in the
Angular coordinate system in 2D space

Considering the equation of a line in the Cartesian
coordinate system suchasy = x — 8.

We have to convert this equation into the Angular
coordinate system depending on angles. This can be
done by using the following steps:

» Suppose that the point Q isincluded in the line and
Q(5,—3), therefore the distance
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0Q =52 + 32 =+/34 = 5.83095

tarccos (%
_ (%) +(¥o) _(30.9637°
a1 = y = 0
tarcsin (—ZQ = —30.9637
l (xq) +(vo)
= @, = —30.9637°
And
@, = a; — arccos % = —111.0887°
(xo) +(ve)

Therefore  Q(—30.9637°,—111.0887°%) is the
coordinates of the point Q in the Angular coordinate
system

e Suppose that the point P is included in the line and
P(—2,—-10), therefore the distance
OP =22 + 102 =104 = 10.198

X
+ ___r
. tarccos (Fe=="=3) _{101.30990
L= ¥\ | —78.699
tarcsin ( (xP)2+(yP)z)
= B; = —101.3099°
And

B, = 1 — arccos (\/ﬁ) = —185.6825°
Therefore P(—101.3099°%,—185.6825%) is the
coordinates of the point P in the Angular coordinate
system.

Issue 9, Volume 11, September 2012



WSEAS TRANSACTIONS on MATHEMATICS

Fig.8: representstheliney = x — 8 and two points Q
and P of thisline.

By knowing the coordinates of two points Pand Q in
the Angular coordinate system it is easily to
determine the equation of the line in the Angular
coordinate system.

_ cos(a) sin(B,)—sin(a,) cos(B)
a1 = cos (a)-cos(B1)—cos(B)-cos(aq)

(24)

a;
c0s(80.125°) sin(-101.3099°)-sin(-30.9637°) cos(84.3726°)
cos (80.1259)-cos(—101.3099%)—cos(84.3726%)-cos(—30.96379)

>a =1

sin (a1—P1)
cos (a)-cos(B1)—cos(B)-cos(aq)

b, =
b,

(25)

sin (—30.9637°+101.3099°)
cos (80.1259)-cos(—101.3099%)—cos(84.37269)-cos(—30.96379)
= b, =-8
= sin(y;) = cos(y1) a; + cos (y)by
= sin(y;) = cos(y;) — 8 cos(y)
This is the equation of the line that passes through
two points Pand Q.

(26)

3.3 Determine the coordinates of Angular
coordinate system from the Cartesian
coor dinate system

When we have the point M(x,y)in the Cartesian
coordinate system and we want to transfer this point
to the Angular coordinate system M (a4, a,) then we
follow these steps:

R R
cos(aq—ay) o cos(a)

oM =

©)

Finding the angle (a;)

Xy = OM - cos(ay) =/ (xy)? + (yu)? - cos(ay)

(11)
— M
= cos(ay) = e,
— M
= a4 = *arccos (m) (28)
yu = OM -sin(ay) =/ (xy)? + (yu)? - sin(ay)
(10)
. _ Ym
= sinay) = TG+ o2
— ; M
= a4 = tarcsin (W) (29)
XM
_ Farceos (\/ (xM)2+(ym)2)
A T+ o2
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The equation (30) gives the position of the point M
asitssign.

If xp = 0 and yy,
If xp = 0 and yy
If xp < 0andyy
If xp; < 0andyy

=0
<0
=0
<0

=0>m
<0=>n
=>0=>o
<0>m

Finding the angle (ar)
R R
cos(ay = az) = gp = s
R
a, = a; — arccos (m)

34 Determine a vector in the Angular
coor dinate system in 2D space

(31)

Considering a vector in the Cartesian coordinate
system AB = (xg — x)T+ (Yg — Ya)J (32)
(refer to figure 9)

Fig.9: represents the vector AB in the Angular
coordinate system.

xg = OB - cos (f;) and yg = OB - sin ()
x4 = OA - cos (ay) andy, = OA - sin (@)

=1 cos cos(a > sin sin(a >
=45 = R(5E — ) (G )
(32)
Considering that
a=a—ayandp =p —f
The equation (33) is the equation of a vector in the
Angular coordinate system.

Remark: if the angle a is constant and if a; is
variable therefore the Point describes a circle of
center “O”.

4 Properties of the Angular coordinate
system in 2D space

In this section, we are going to determine some
important geometrical and analytical properties of the
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Angular coordinate system in order to draw
equations and curves such asa; = a, + % In this

paper we aretaking a; = f(ay).

4.1 Derivation of afunction

Considering a derivable curve f(x) in the Cartesian
coordinate system, therefore:

f/(x) = lim f(xp)—f(xa) (33)

Xp—X4 XB—XA
Withxg = x4 + ¢
= f’(x) = limxB_mA Xp—%4
111’1’1 f(XA+E)—f(XA) — llm f(xA+£)_f(xA)
e>0 (xa+e)—xp £-0 S

fxp)—f(xa) _

Fig.10: represents the two points A and B of acurve.

The equation (33) can be written in the Angular
coordinate system as following:

_ __ psin(ay)
f(XA) = YA R cos(a)
_ _ psin(By)
f(xB) N R—Cos(ﬁ)
_ pcos(ay)
Xa = cos(a)
Xp = cos(f1)
B cos(h)
RSin(ﬁl)_RSin(al)
'(x) = i “cos() " cos(@)_
= f (X) - cos(Bll)lm cos(aq) <RC05(B1)_ Cos(a1)>
k cos(B) " cos(a) cos(B) cos(a)

= f'(x) = lim(Sin(ﬁl) cos(a)—sin(a,) cos(B)

B—a “cos(By) cos(a)—cos(ay) cos(B)

Considering that
B=a+e,fi=a1+g,andf, =a,+¢&
Thene =¢ — &,
Therefore f — a isequivaent to e — 0 then
’ . sin(aq+&1) cos(a)—sin(ay) cos(a+e
f (xA) - B—I)%(cosgai+£3 cosEa;—cos((all)) cos((a+s))) ( )

We have two cases:
eife > 0and|e| = |g | theneg; = 0
The equation (34) will be:
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’ T sin(a) cos(a)—sin(a4) cos(a+e)
fCa) = lim( )

cos(aq) cos(a)—cos(aq) cos(a+e)

= f'(x4) = lim (Sin(“l) COS(“)—cos(a+s))

£—0 \cos(ay) cos(a)—cos(a+e)

' __1:.. sin(ayq)
= fx) = Ll—r}(l) cos(ay)

= tan (a,)
eif e > 0and|e| < |g| theng; » 0F
The equation (34) will be:
, T sin(a4+¢&1) cos(a)-sin(a4) cos(a)
f (xA) - g}glgi(cos(a1+sl) cos(a)—cos(ay) cos(a)

, T sin(aq+&4)—sin(aq)
= f (xA) - g}gr(}i(cos(a1+sl)—cos(a1))
= f'(xq) =

sin(a4) cos(g1)+cos(aq)sin (g1)—sin(ay)

)

g0t cos(aq) cos(g1)—sin(aq)sin (81)—COS((11)) (35)
We have
2
cos(e;) =1— % (36)
3
sin(g;) = & — a8 — & (37)

6
By putting the equations (36) and (37) in the
equation (35) we obtain finally:

! —_ 1 _—
f'(xq) = ——— cotan(a)

4.2 Study of € in different regionsin the space

The space of the Angular coordinate system can be
divided into 8 regions as shown in Figure 11.

The study of regions helps us to understand how a
curve can be described in the space and how it is
moving.

Fig.11: represents the regions of the Angular
coordinate system space.

These regions help us to study the variation of the
angle , &; and ¢, in the space.
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Remark:

p=a+e

Pr=arte =+ e=¢6 -6

If B - athene - 0, which means that the Point B
is going to the Point A as shown in the figure 10.

eRegion (1):

As shown in the figure 12, the point A is in the
region (1) (at the left part of (OBC) outside the circle)
Therefore:

eg=p—a;<0ande, =0, —a, <0

e <0if leg| > |el

Se=g —& > ;
1 2 {8201f|51|S|£2|

"A" in Region (T)

Fig.12: represents the point A in the region (1) of the
Angular coordinate system space.

eRegion (1'):

As shown in the figure 13, the point A is in the
region (I') (at the right part of (O'BD) outside the
circle)

Therefore:

g=pf1—a;>0ande; =, —a, >0

e <0if |le| <lel

Se=g—&> .
v {8201f|81|2|£2|

D

Y

"A" in Region (I')
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Fig.13: represents the point A in the region (I’) of the
Angular coordinate system space.

eRegion (1V):

As shown in the figure 14, the point A is in the
region (1V) (in the triangle (OBQO’) outside the circle)
Therefore:

eg=p—a;>0ande, =0, —a, <0
Se=¢g—8&>0= ¢ > |g]

ary /©
av) D
(D ar)

. )

f /%

v
I B;: x: _a-‘(l_H )

i 4
"A:iﬁ_RE'g’i;;l Iv)

Fig.14: represents the point A in the region (V) of
the Angular coordinate system space.

eRegion (1V’):

As shown in the figure 15, the point A is in the
region (IV’) (in the region (CBD) outside the circle)
Therefore:

g=pf—ay<0ande;=p,—a, >0
Se=g—& <0 |e| > |&g]

(r)

o

"A" in Region (TV')

Fig.15: represents the point A in the region (IV") of
the Angular coordinate system space.

eRegion (I1):
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As shown in the Figure 16, the point A is in the
region (1) (in the segment (OB) outside the circle)
Therefore:

g=p—ar=0ande;, =0, —a, <0
Se=g—& >0 |g] > |g]

(III')

"A" in Region (II)

.
i

Fig.16: represents the point A in the region (1) of the
Angular coordinate system space.

eRegion (11'):

As shown in the figure 17, the point A is in the
region (1) (in the segment (BD) outside the circle)
Therefore:

g=p—ar=0ande;, =0, —a, >0
Se=¢6—6&<0= g > |g]

N

"A" in Region (IT)

Fig.17: represents the point A in the region (11') of
the Angular coordinate system space.

eRegion (111):

As shown in the figure 18, the point A is in the
region (111) (in the segment (O’ B) outside the circle)
Therefore:

g=p—a;>0ande; =6, —a, =0

E-ISSN: 2224-2880
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De=¢g—6&>0= gl =|g]|

(11T

. -

"A" in Region (IIT)

Fig.18: represents the point A in the region (1) of
the Angular coordinate system space.

eRegion (111"):

As shown in the figure 19, the point A is in the
region (111") (in the segment (BC) outside the circle)
Therefore:

g=p—a;<0ande;, =,—a, =0
Se=¢g—-6<0= e =|g]|

(I1T')

S

"A" in Region (III')

Fig.19: represents the point A in the region (111') of
the Angular coordinate system space.

€ has a varied sign and magnitude according to the
movement of the curve in the Angular coordinate
system.

4.3 Different movement of the curve

4.3.1 Approach of the curve to the center of the
angular coordinate system.
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If the angle B; is constant and the angle 8, is
approaching from the angle 8, then we say that the
curve is approaching from the center of the space.

y (D B

p1°

20 X

o)

"A" in Region (II)

Fig.20: represents the point A in the region (1) of the
Angular coordinate system space.

4.3.2 Separate (recede) of the curve from the
center of the angular coordinate system.

If the angle B, is constant and the angle B, is
separating from the angle B;, then we say that the
curve is separating from the center of the space.

/”’ y T e
.i il '4{510 II"|
0~.JB20 ;/

: 7

\\ P

"A" in Region (II')

Fig.21: represents the point A in the region (II') of
the Angular coordinate system space.

4.3.3 Approach of the curve to the tangent of the
unit circle of the angular coordinate system.

If the angle S, is constant and the angle B, is
approaching from the angle §,, then we say that the
curve is approaching to the tangent of the unit circle
of the angular coordinate system.
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"A" in Region (III)

Fig.22: represents the point A in the region (l11) of
the Angular coordinate system space.

4.3.4 Separate (recede) of the curve from the
tangent of the unit circle of the angular
coordinate system.

If the angle B, is constant and the angle B; is
separating from the angle §,, then we say that the
curve is separating from the tangent of the unit circle
of the angular coordinate system.

(1IT)
- /
B1o
20 X
Ol
"A" in Region (IIT')

Fig.23: represents the point A in the region (111') of
the Angular coordinate system space.

4.3.5 Clockwise turn of the curve from the unit
circle of theangular coordinate system.

We define

° dBZ = ”2 - 3’2

cdf;, = ”1 _3’1

(38)
(39)
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. d_ﬁl _ 5”1_3/1

ag,  B",B', (40)
The equation (40) is the variation of 8, regarding 5,
with always the verified condition:
0<pB— P, <90° (41)
If dB; < 0, then the curveisturning Clockwise.
If dB, < 0, then the curveisturning Clockwise.

o y S,
1)

Bre |

| 20 X|

/

0

"A" in Region (I')
Fig.24: represents the point A in the region (I') of the

Angular coordinate system space.

4.3.6 Counterclockwise turn of the curve from the
unit circle of the angular coordinate system.
We define

° dﬁZ = //2 - :8,2 (38)
¢ dﬁﬁl =ﬁ‘B”1B_ B'1 (39)
° u = 1Py

dﬁZ B'/Z_B/z (40)

The equation (40) is the variation of 8, regarding S,
with always the verified condition:
0<p;— P, <90° (41)

If dB; >0 , then the curve is turning
Counterclockwise.
If dB,>0 , then the -curve is turning

Counterclockwise.

by
o

S

"A" in Region (1)
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Fig.25: represents the point A in the region (1) of the
Angular coordinate system space.

4.3.7 Approach of the curve to the unit circle of
the angular coordinate system.

If the angle B; and 8, are approaching to each other,
then we say that the curve is approaching to the unit
circle of the angular coordinate system.

"A" in Region (IV)

Fig.26: represents the point A in the region (IV) of
the Angular coordinate system space.

4.3.8 Separate (recede) of the curve to the unit
circle of theangular coordinate system.

If the angle B, and 3, are separating for each other,
then we say that the curve is separating from the unit
circle of the angular coordinate system.

. -

"A" in Region (IV")

Fig.27: represents the point A in the region (1V’) of
the Angular coordinate system space.
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4.4 Study of the derivation of curves in the
angular coordinate system

Aswe have 8 regions (refer to figure 26) we consider
acurve in the Angular coordinate system and a point
“P” belongs to the curve. The nearest point to the
point "P" must be in one of the possible 8 regions of
the space

(I1T)

Fig.28: represents the regions of the Angular
coordinate system space.

dO(l > 0 dal
d(x2>0=>d—a2>0 (42)
The curve is turning in the counterclockwise

direction.

*region | {

dal < 0 dal
da2<0:>d_oc2>0 (43)

The curveisturning in the clockwise direction.

s region I’{

dal = 0 dal _
day, >0 da, 0 (“44)
The curve is approaching to the center.

*region II {

. ' da’1 =0 daq _
region I1 {daz <0 o, 0 (45)

The curveis separating (receding) from the center.

. dal < 0 dal _
region I11 {daz —0> R (46)
The curve is approaching to the tangent of the unit

circle.

day >0 da;, _
daz = 0 da, =t (47)
The curve is separating (receding) from the tangent

of the unit circle.

s region I1I' {
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da; <0  day
da2>0:>da2<0 (48)

The curveis approaching to the unit circle.

eregion IV {

dal > 0 da’l
da2<0=>d_az<0 (49)

The curveis separating from the unit circle.

eregion IV’ {

« If the curve is approaching, then @ = a; — a, is
decreasing.

 If the curve is separating (receding), then «a =
a; — a, isincreasing.

* If da; change the sign, then the curve change the
turning. The samefor da,.

45 Study of the summit of a curve in the
angular coordinate system

We define a summit when the da; and da, change
their signs (for exampleda; > 0 - da; < 0)

We have many cases to study as following:

4.5.1 Minimum summit

When both da; and da, change their signs
da; <0->da; >0

{da2 <0->da, >0 (50)
In the case of equation (50) we say that the curve has

minimum summit asin figure 29.

"-\.‘__‘_\_ =

Fig.29: represents a curve with a minimum summit.

4.5.2 Maximum summit
When both da; and da, changetheir signs
{da1>0—>da1<0

da, >0->da, <0 (51)
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In the case of equation (51) we say that the curve has
maximum summit asin figure 30.

PR
/ \\
_-".’f. \.".
| T
X
/0 )
L ot/ \
P — _/,/ 0 f.r \
\

Fig.30: represents a curve with a minimum summit.

4.5.2 Paint of changing sign

When one of two angles da, or da, changesitssign
.{da1>0—>da1>0 50

da, >0->da, <0 (52)
In the case of equation (52) we say that the curve has
changed the direction from region (I) to region (1V")
(refer to figure 28).

da; >0->da; <0
’ {daz >0->da, >0 (53)
In the case of equation (53) we say that the curve has
changed the direction from region (I) to region (1V)
(refer to figure 28).

da; >0->da; =0
.{da2>0—>da2>0 (54)
In the case of equation (54) we say that the curve has
changed the direction from region (I) to region (1V)
(refer to figure 28).

da; >0->da; >0
) {daz >0->da, =0 (55)
In the case of equation (55) we say that the curve has
changed the direction from region (1) to region (I11")
(refer to figure 28).

The same principal can be applied for other signs.

5 Steps of study for a function in the
angular coordinate system

We have mainly 8 principal steps:

1- Find the Domain of definition of the curve using
the following equation 0 < a; — a, < 90°. Try to
reduce the domain as possible.

2- Study of the movement and estrangement of the
curvewitha = a; — a5.
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3- Study of the derivation of the curve da,/da,,
da; and da,.

4- Study the variation of da;and da, in order to
know the regions of the curve.

5- Study the asymptoteif it exists in the domain.

6- Draw the table of definition

7- Find if there are particular points

8- Draw the graph

6 Examples of applications

In this section, some examples are done in order to
give an idea about how to study a curve in the
Angular coordinate system similar to the Cartesian
coordinate system.

6.1 Example 1: a; = a, + 30°

1- Find the Domain of definition of the curve using
the following equation 0 < a; — a, < 90°. Try to
reduce the domain as possible.

c0<a;—a, <90°=0<a,+30°—a, < 90°
>0<a,+30°—a, <90°=0<30°<90°
The domain of definition is always correct whatever
isthe angles

= aq =] —o; oo

Or the equation is periodic with

ay(ay +360°) = a, + 30°

Therefore the period is equal to 2w = a; = [0; 2m]
or a; = [0°%360°]

2- Study of the movement and estrangement of the
curvewitha = a; — a,.

sa=a, —a, =30°s0 it is constant therefore we
can deduce that it describe a circle with center “O”.

3- Study of the derivation of the curve da,/da,,

da, and da,.
. da _ d(a,+30°) —1>0
daz daz

Or a, = [0°;360°]

day=a"1—a'y >0

Therefore we can say that the curve is turning into
the counterclockwise direction v. Therefore there is
no summit.

4- Study the variation of da, and da, in order to
know the regions of the curve.

cda; =a"y—a'y >0

da, =a",—a’, >0

Thecurveisintheregion (1)

5- Study the asymptoteif it existsin the domain.
* There is no asymptote because

limg, o a; = 30°

limgy, 360 47 = 390° = 30°
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6- Draw the table of definition

az | O° 360¢°
a constant

da

daz *

da +

daz +

ai1 |[30° " 390¢°

7- Find if there are particular points

a; 0° 90° 180° | 270° | 360°

a, 30° 120° 210° | 300° | 390°

8- Draw the graph

Fig.31: representsthe curve a; = a, + 30°.

9- Function programmed in Matlab
%----Beginning of the Program----
%Angular Coordinate System
%Principal Circle

r=1; %Radius of the central circle

c2=0:0.1:360; % in radiant from O to
2*Pl

cl=c2;
xc=r.*cos(pi*cl/180)./cos(pi*cl/180-
pi*c2/180);

yc=r.*sin(pi*cl/180)./cos(pi*cl/180-
pi*c2/180);

%Function Al1=F(A2)
A2=-180:0.1:180; %Domain of definition

of "A2"

A1=A2+30;%Equation

%Drawing in the Cartesian Coordinate
system which 1is equivalent to the
Angular Coordinate system 1iIn this
Program
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X=r.*cos(pi*Al1/180)./cos(pi*Al/180-
pi*A2/180);
y=r.*sin(pi*Al1/180)./cos(pi*Al/180-
pi*A2/180);

%Plot the result

figure(1);

plot(xc,yc, "r");hold on;
plot(x,y);grid;

axis([-10 10 -10 10])
%----End of the Program----

6.2 Example2: a; = 1/a,

1- Find the Domain of definition of the curve using
the following equation 0 < a; — a, < 90°. Try to
reduce the domain as possible.

* Thefirst conditionisthat a, # 0

1
0Sa —a <90°=0<——a<90°
2

<90°=0<1-a,?<90%,

2

az
as

0<l-a,2>-1<a,<1

And1— a,? < 90%x, = a,2 +90%, —1>0

= (ay +45° —V2026) - (@, + 45° + V2026) > 0

=0

02 |- 4542026 -45+V2026 *+°
a2+45-42026 - - L
az+45+y2026 - + +

+ - +

Therefore the domain of definition islimited by:

a, €] — 45 +/2026; 1]

2- Study of the movement and estrangement of the
curvewitha = a; — ;.

1-a,?
oa:—az >0

az
da _ —-1-

daz azz
curve is approaching from the unit circle

2

< 0 Therefore we can say that the

3- Study of the derivation of the curve da,/da,,
da, and da,.

-% = ;—12 < 0 Then we have two possible regions
2 2

(V) and (1V").

4- Study the variation of da;and da, in order to
know the regions of the curve.

eda, =1>0=da; <0 Then the region is (1V)

and we can say that the curve is approaching from
the unit circle

5- Study the asymptoteif it exists in the domain.
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° limaz_)l al = 10
lima2_>_45+m a; = 9001110

hma2—>—4s+\/m a=90°
There is an asymptote.

6- Draw the table of definition

a2 |-45+v2026 10

a -

o T

dat
daz

da -
daz +

71 —
a1 -45+2026 —m 10

7- Find if there are particular points
a, 0.02° | 0.04° | 0.05° | 0.1° | 1°
a, 50° 25° 20° 10° 1°

8- Draw the graph

10 T T T T T T T

A :

Fig.32: representsthecurve a; = 1/a,

9- Function programmed in Matlab
%----Beginning of the Program----
%Angular Coordinate System
%Principal Circle

r=1; %Radius of the central circle
c2=0:0.1:360; % in radiant from 0 to
2*Pl

cl=c2;
xc=r.*cos(pi*cl/180)./cos(pi*cl/180-
pi*c2/180);
yc=r._*sin(pi*c1/180)./cos(pi*cl/180-
pi*c2/180);
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%Function Al=F(A2)
%A1=1/A2
A2=0.011109:0.00001:1;
definition of "A2"
Al=1./A2;%Equation

%Domain of

%Drawing in the Cartesian Coordinate
system which is equivalent to the
Angular Coordinate system in this
Program

X=r.*cos(pi*A1/180) ./cos(pi*Al/180-
pi*A2/180);

y=r.*sin(pi*A1/180)./cos(pi*Al/180-
pi*A2/180);

%Plot the result
Ffigure(1);
plot(xc,yc, "r");hold on;

plot(x,y);grid;
axis([-10 10 -10 10])
%----End of the Program----

6.3 Example 3: a; = ay? — 10

1- Find the Domain of definition of the curve using
the following equation 0 < a; — @, < 90°. Try to
reduce the domain as possible.

0 < a,?—10 —a, <90°

VAT +1 —V41 +1 .
=0<|a———F—|{a@z———— <%0
We have two cases:
a
+1-\41 1+v41
a2 |- 2 2 +c0
Q- 1+241 ) ) ' .\
az-ﬁ'f‘@ N .
+ - +

The first domain is] — oo; “A U AL 4 oo

2 2’

b- a,? — 10 — a, < 90°

. 1 V401 1, Va01 <0
2T T 27T
+1-Y401  1+v401
az |- 2 2 +o0
az-J’%m - - c# +
az--+1= 1 - O + +
+ . +
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The second domainis] — ‘/4_021_1 ; ‘/W;“ [
Therefore the common domain of a, is
VA0T-1 —Va1+1,, ,V41+1 V401+1
=== U=
=] —9.512; —2.7015]U[3.7015; 10.512[

And the domain of a;is
=] — 80.487; —2.7015]U[3.7015; 100.51249][

2- Study of the movement and estrangement of the
curvewitha = a; — a5.

°a=a1—a2 =a22_10_a2

da

. @ =2a,—1

For a, > % the curveis separating

For a, < % the curveis approaching

3- Study of the derivation of the curve da,/da;,

da; andda,.
dal
[

da,

Ifa2>0=>

= 2(12

dal

>0

dal

Ifa2<0:> <0

da;

4- Study the variation of da;and da, in order to
know the regions of the curve.

da
—1 — 2a,
da,

fa,>0=

dzl > 0 then the possible regions are (1)

and (I'). Thereforeda, > 0 the only possible region

is(l)

If a, <0=-— o < 0 then the possible regions are
2

(V) and (IV’). So da; < 0 therefore the possible
regionis (I1V).

da1

5- Study the asymptoteif it existsin the domain.

elim o7, @ = 90° Thereforeit is an asymptote
27T
lim  a=0°
—/41+1
205

lim 550 @ = 90° Thereforeit is an asymptote
2

2

6- Draw the table of definition
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+1-¥401 +1-V41 *1 4449 144201
a2 2 2 2 2 2
(o} - +
a [—w & D _—
da
E + +
dai - +
d(lz - +
ai .m?i — e 27 1, 100.5
7- Find if there are particular points
a, —90 | g0 40 70 50°
a, 710 15° 6° 39° | 2490°

8- Draw the graph

Fig.33: representsthe curve a; = a,? — 10

6.4 Example 4: a; = a, + 80° + cos(a;)
The shape of this function will be as following:

821
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0 ] 3 0 2 4 6 8

10

Fig.34:
cos(ay)

represents the curve a; = a, +80° +

6.5 Example5: a; = a, + 80° + 4 - cos(a;)
The shape of this function will be as following:

Fig.35:
4cos(ay)

represents the curve a; = a, +80° +

7 Conclusion

The Angular coordinate system is an origina study
introduced by the author in the mathematical domain.
The main goa of introducing this system is to
facilitate the study of some curvesthat are not easy to
study in the other coordinate systems. Moreover, the
author proposed an instrument that gives the position
of any point in the 2D space. By using this
coordinate system, we can describe the whole
universe in 2D space using two angles only formed
by the center of a unit circle of the universe. A deep
study is introduced in order to know how the angular
coordinate system works and how to study curvesin
this system. Some examples are introduced in order
to give an idea about how to study a curve in all
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details. The Angular coordinate system can have
many applications in mathematics, physics and
engineering and it can facilitate the study of many
complicated curves that are aimost difficult to study
in the traditional coordinate system.

And finally as a conclusion, this coordinate system is
very important in physics in which we can consider a
black hole as the unit circle and we have to study the
behavior of the external universe according to this
black hole. In this way we can form a universe in
which the black hole is the center of it and we form
curves of defined objects such as rocks, planets, stars
and so on.
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