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Abstract: By using the fixed point theorem of cone expansion and compression of norm type and monotone iterative

technique, we study the following equation

(8p('(1)))" + Aq(t) £ (£, u(t)) = 0,

and

(p(u'(£)))" + a(t) f(t, u(t), w'(t)) = 0,

subject to boundary conditions:

W/ (0) = au(€) =0,

te(0,1),

te(0,1),

W/ (1) + Bu() = 0,

where ¢,(s) = |s|P=2-s, p > 1, the existence and iteration of positive solutions are proved. The interesting point
is the nonlinear term f is involved with the first-order derivative explicitly in section 3.

Key—Words: Positive solutions; p—Laplacian; Boundary value problem; Monotone iterative technique; Completely

continuous; Cone.

1 Introduction

In this paper, we study the existence of positive solu-
tions for the four-point boundary value problem (BVP
for short) with p—Laplacian

(6p(u'(£)) + Aq(t) £ (t, u(t)) = 0,

and
(p(u/ (1)) + a(®) f(t, u(t), /(1) = 0,
subject to boundary conditions:

W'(0) —au(§) =0, (1) +Bu(n) =0, O

where ¢y (s) = [s|P~2 -5, p > 1, (¢,) 7" = g, £+
% =1¢&n e (0,1), AX>0and€& <1, a €
(0, %), B € (0, ﬁ) By determining the range of \
and using the fixed point theorem of cone expansion
and compression of norm type, we get the positive so-
lutions for (1), (3). Furthermore, by using monotone
iterative technique, we not only obtain the existence of
positive solutions for (2), (3), but also construct some
iterative schemes to find the solutions.

€(0,1), ()

te(0,1),
(2)
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Equations of the above form occur in the s-
tudy of the n-dimensional p—Laplace equation, non-
Newtonian fluid theory and the turbulent flow of a gas
in a porous medium [11]. When the nonlinear term f
does not depend on the first-order derivative, Eq.(2)
has been studied extensively, and the existence and
multiplicity results are available in the literature [1-
4,13-18]. However, there are few papers dealing with
the iteration of positive solutions when the nonlinear
term f is involved in first-order derivative explicitly.
In [5], the authors considered the triple positive solu-
tion for two-point boundary value problems with one-
dimensional p—Laplacian

(p(2'(£)) +a(t) f(t,x(t), 2 (t)) = O,
z(0)=0==(1)

te(0,1),

z(0) =0 = 2/(1).

Bai [6] considered the following boundary value prob-
lem

(6p(@' (1)) +a(®) f(t,2(t), () =0, t€(0,1),
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together with one of the following boundary condi-
tions:

agy((0)) — Bp(2'(0)) = 0,
vop(a(1)) + 6¢p(2'(1)) = 0,
or
2(0) — g1(2'(0)) =0,
z(1) + g2(a'(1)) = 0,
by means of the Avery-Peterson fixed point theorem,
sufficient conditions are obtained that guarantee the
existence of at least three positive solutions. The so-
lution is nonnegative, if it has, under the condition f
is nonnegative, but this result can’t be generalized to
four-point BVP (1),(3) and BVP (2),(3). That is the
main dlfﬁculty to us. In our paper, we give a condition
a e (0, ) B € (0, 117]) to overcome this difficulty.
Recently, in [7], using a fixed point theorem due to
Avery and Peterson, which we can refer the reader

to [10], Wang studied the following boundary value
problems

(6p(a' (1) +a(t) f (8, x(t), x(t—1),2'(t)) = 0,

subject to one of the following two pairs of boundary
conditions:

z(t) =¢&(t), —-1<t<0,
z(1) =0,
z(t) =¢&(t), —-1<t<0,
Z(1)=0

More recently, in [8], using the fixed point theorem
of cone expansion and compression of norm type,
we discussed the positive solution for the following
boundary value problems with sign changing nonlin-
earity

(p(u)) + f(t,u,u') =0, te0,1],
subject to the boundary value conditions:

n

> Biu(&s).

=1

Zaz 51 u(l) =

We can see that all the results obtained in the
above papers are only the existence of positive solu-
tions under some conditions, but it is more useful to
us is give a way to find the solution. So in the sec-
tion 3 of this paper, we not only obtain the existence
of positive solutions for (2), (3), but also construct
some iterative schemes to find the solutions. To our
knowledge, this is the first paper to obtain iteration of
positive solutions to a four-point p-Laplacian bound-
ary value problems (2),(3). The emphasis here is that
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the nonlinear term is involved explicitly with the first-
order derivative explicitly.

Throughout, it is assumed that:
(H1) fe€C([0,1] x [0,+00), (0,+00)), A > 0;
(Ha) f € C([0,1] x [0,4+00) x
(—00,+00), (0, 400));
(Hs)  q(t) is a nonnegative measurable function
defined on (0,1), ¢(f) # 0 on any subinterval of
(0,1). In addition, fol q(t)dt < 4o00;
(Ho) &ne (0,1)andé <, a € (0,g), 8 €
0, 5.

2 Existence of Positive Solutions to
BVP (1),(3)

In this section, by determining the range of A, and
using the fixed point theorem of cone expansion and
compression of norm type, we study the existence of
positive solutions for the four-point boundary value
problem with p—Laplacian

(¢p(u' (1)) + Aq(t) f(t,u(t) =0, t€(0,1),
subject to boundary conditions:

u'(0) —au(€) =0, /(1) + Bu(n) =0,
where ¢P(S) = ‘3‘p72 "8, p > 17 <¢P)71 = ¢q7 %—i_
=1L A>0 &En e (0,)andE <, a €
0,¢), B€ (0, 1%).

Let X = C[0, 1] be endowed with the maximum
norm,

- \»C:\»—A

Jull = max (o).

From the fact (¢, (u/(¢))) = —Aq(t) f(t,u(t)) < 0,
we know that v is concave on [0, 1]. So, define the
cone K by

K ={u e X|u(t) >0, uis concave on [0,1]} C X.

For any z € C[0,1], =(t) > 0, we consider the
following boundary value problem:

(6p(u' (1)) () + Aq(t) f (£, x(t)) = 0, t € (0, 1()4)

u'(0) — au(§) =0, u/'(1)+ Bu(n) =0. (5)

Lemma 1 For any x € C]0,1], z(t) > 0, BVP
(4),(5) has a unique solution u(t) which can be ex-
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pressed in the form

864§ M) (. a(r)i)
= I8 64l () (7.l ds
12 6gl[7 Aa(r) £ (7. 2(r))dr)ds,
0<t<o,
ut) = §6a(J;} Ma(r) (7, a(r))dr)
— [M g3 Aa(r) f(r, o(r))dr)ds
I 647 Aq(r) £, 2(r))dr)ds,
o<t<l1,
(6)

where o is the unique solution of Q(t) = v1(t) —

va(t) =0, 0 < t <1, in which

0= 2o, ([ Janstratryir)

+ [on( [ Jasratnar) s @

0 =500 ([ M) (rr(rar)
+/tn 8q (/t Aq(T)f(T,x(T))dT) ds. (8

Proof: Firstly, we consider () is a strictly increas-
ing continuous function defined on [0, 1] three possi-
bilities.

(i) If &€ <t < n,itis obvious that Q(t) is a strictly
increasing continuous function.

(1) If t < £, we have

Q1) = Loq (J§ ra(r)f(r,2(r))dr)
+ I 60 (I Aq( > < ,asm)czf)
“i (S Aa(r w(f))df)

7 6q (JF Aq( > < a(r))dr)d

= 1¢q (fo /\q z(7)) 7')
5¢q (ft Aq(T (7)) 7')

fg ¢q (JF )\Q( ) ( x(7))dr)d

We can see that () is a strictly increasing continu-
ous function.
(iii) If ¢ > n, we have

Q(t) 1¢q (fo Aq(7)f(T, m(T))dT)
+ J¢ 04 (M) F(r,a(r))dr ) ds
~5og (S 2a(r <T xm)dT

— J7 64 (J M(r) f (7 2(r)

= L6, (g ra(n)f <r :cm)df)
—L6q (J) A7) £, w(r))dr

+ fg’ o (fst /\q(T)f(T,x(T))dT) ds.
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We can see that () is a strictly increasing continu-
ous function. Q(0) = v1(0) — v2(0) < 0, Q(1) =
v1(1) — v2(1) > 0 implies a unique o € (0,1) such
that Q(o) = 0. So, u(t) is continuous at ¢ = o and
u(t) satisfies the equation (4),(5), therefore, u(t) is a
solution of BVP (4),(5).

Then we will prove that the solution u(t) of BVP
(4),(5) can be expressed in the form (6). We claim that
for the unique o € (0, 1) we have u/(o) = 0. If not,
without loss of generality, we assume that u’(¢) > 0.
This implies u(¢) = 24/(0) > 0, u(n) = —%u’(l) <
0, which is a contradiction.

First, by integrating the equation of the problem (4)
on (o, 1) we have

£ ()= aul [ NS5, (6)ds), O
thus
u(t) ~u(t) =~ [ 6u( [ Nalr)(r,alr))ir)ds)
ie.,
1 s
=u()+ [ 6ol [ M) a(r))dr)ds),
’ (10)
lee ¢t = 1 on (9), we have u/(1) =
—gbq(fal Aq(s)f(s,x(s))ds). By the equation of
the boundary condition (5), we have
u(n) = 56q(f, Aa(s)f(s,2(s))ds)
= (1) + [y dg(J; Ma(r)f (7,2(r))dr)ds),
so we have
u(t) =5, M@ FsaloNds)
= [y @a(J5 Aa(7) f (7, 2(7))dr)ds)

by (10),(11), for ¢t € (o, 1) we have

u(t) = 5e(f, Aa(r) f(r,2(7))dr)
- f;{ $q(Js Aa(T)f (7, 2(7))d7)ds
+ e $a(J7 Aa(7)f (7, 2(7))dT)ds

Similarly, for ¢ € (0,0), by integrating the equation
of problem (4) on (0, o), we have

ult) = 390(Jy Aa(r)f (r,a(r)dr)
_fo bq(J7 Aq(7) f (7, z(7))dT)ds
+ Jo dg(J7 Aq(7) f (7, (7)) dr)ds.
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Define an operator 7" : K — X by

Bon(J5 A7) <T u(r))dr)
fo Pq f Aq(T ,u(r))dr)ds
1 a2 N(r > ( u(r))dr)ds
0<t<
(Tu)(®) = 56a([} Ma(r) u(r))a)
— [M g3 Ma(r) (7, u(r))dr)ds
[ 60(J7 Aa(r) f(r, u(r)dr)ds
oc<t<l1.
(12)

Lemma 2 Assume that (Hy), (Hs), (Hy) hold. Then
T : K — K is completely continuous.

Proof: From the definition of 7', we deduce that

(6p(Tw)' (1)) = =Aq(t) f (¢, u(t)) < 0, t € (0,1),

(Tu)'(0) — a(Tu)(€) = 0,
(Tw)'(1) + B(Tu)(n) =0,
and
(Tu)(€) — (Tu)(0) = [5(Tu)(s)ds
< &(Tu)(0) = a&(Tu)(€),
using (Hs), we have (T'u)(§) — (Tu)(0) < (Tu)(&),

which implies that (T'w)(0) > 0. Similarly, we can
prove that (T'u)(1) > 0. This shows that T'(K) C K,
and each fixed point of 7" is a solution of problem
(1),(3). We claim that 7' : K — K is completely con-
tinuous. The continuity of 7" is obvious since ¢g4, f is
continuous. Now, we prove 1’ is compact.

Let 2 C K be an bounded set. Then, there exists
R > 0, such that Q C {u € K|||lu|| < R}. For any
u € €2, we have

0< A fy q(r)f(r,x(r))dr
< )\maXse[o,l},ue[o,R] f(s,u) fo1 q(r)dr =: M.

From the definition of T, we get
ITu| < %%(E) + ¢q(¥)7 0<t<o,
5%q(M) + ¢q(M), s<t<l.

On the other hand, for all © € €2, we find

|(Tu)' (1)) < éq(M)

In view of the above two equations, we have T is
uniformly bounded and equicontinuous, so we have
T is compact on C10, 1].

Therefore, we have T' : K — K is completely con-
tinuous.

0<t<l.
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Lemma 3 ([9]) Suppose E is a real Banach space,
K C FE is a cone, let Q1,9 be two bounded open
sets of E such that 0 € Qy, Q1 C Qa. Let operator
T : KN (Q\Q) — K be completely continuous.
Suppose that one of two conditions hold

(1) NTzl| < lzfl, VeeKnoh, [Tz =
llz||, Vz e K noQs;
(i) |NTx| = |lzl|, VeeKno, [Tzl <
|lz||, Vze K NoQs,

then T has at least one fixed point in K N (Q2\).

Lemma 4 ([12]) Letu € K, 0 € (0,
then u(t) > 0||ul|, t € (0,1 — 0].

1Y is a constant,

Lemma 5 Suppose that conditions (Hy), (Hs), (Hy)
hold, then there exists a constant § € (0, 1) which
satisfies

1-6
0< / g(t)dt < oo,
0
Furthermore, the function
A() = f3 ¢ (JL a(r)dr) ds
+ [0 0y (JF g(r)dr)ds, te 9,16,
is positive continuous function on [0, 1 — 0|, therefore

A(t) has minimum on [0,1 — 0]. Hence we suppose
that there exists L > 0 such that A(t) > L.

Let

= lim inf min ,
Ja = ul=8 te0.1] (Jul)P~"

# = lim sup max ————
7= ul=6" tef0.1] (Ju))P

Theorem 6 Suppose that conditions (Hy), (Hs), (Hs)
hold, and let f~, > 0, {0 < oco. Then problem (1),(3)
has at least one positive solution if

2r—1 1
where M = %[ + 3z -|—2]<;5q (fo q(s)d )
Proof: From (13), there exists £ > 0, such that
2r—1 1
<A< ——— (14
(oo )bt == (o eart Y

(I) For fixed €. In view of f° < oo, there exists H; >
0, such that for u : 0 < |u| < Hj, we have

Flt,u) < (F°+e) (luh)P”
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LetQ; ={ue X : ||lul| < Hi},whenu € KNoQy,

we have
7] = (T0) (o)
= 1264 U 2a( 7 utr))an)
+ 17 0y (7 Ma(r) (7, u(r))dr) ds

+56q (J; Aa(r)f (7, u(r))dr)
07603 Malr) 1 u(r))dr) ds|

< [0 U7 2a(r) (0 + )l ar)
FE 00 (I Aa(m)(f° + ) [ul*~r) ds
+56q (J3 Aa(r)(f0 + &) JulP~dr)
0760 2 2a(r) (80 + Dalp=dr) ds|
< $[ 2 (0 =l U o))

X + )0 ullgy (S a(7)dr) ds
+EATL(fO + )0 full g (S} a(r)dr)

LN 9 ully (U o) s

< AE+5+4206, (Jo a(r)dr) A (FO+e)t ul
= M0+ €)0Ju
< [full,

therefore, we have || Tu|| < ||lu]|. -
(D) In view of fo, > 0, there exists Ho > 0, such

that for u : |u| > Ha, we have

f(tu) = (foo =€) (Jul)"™!
Let Hs = max{%, ng}, Qs =
{ue X : ||ul| < Hy}. By lemma 4, we have

when u € K N 9y, we have

Ollull < ful <flull,  te6,1-6].

We consider three possibilities.
(i) Ifo € [0,1— 0], then for u € K N0, by Lemma
5, we have

2| Tul| = 2(Tu)(o)

> [7 dq (7 Xa(7) f(7,u(r))dT) ds

+ [) g (J2 Xa(r) f(r,u(r))dr) ds

> fe gbq f Aq(T) f(m,u(T))dT) ds

+ 70 6q (2 Ma() f (7, u(r))dr) ds

> J5 dq (JZ Ma(7) (foo — )0 Hu||P~1dr) ds
+ 070 g (f A(T)(foo — )0~ |ul[P~1dr) ds
= XY (foo — )10 ull[ [ &g (J7 q(7)dT) ds
+ %9, (f q(r)dr) ds]

= N (foo — €)TLOA(O)|ul]

> M7 foo — €)9LOL||ul| > 2|jul.
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(ii) If o € (1—6,1), then for u € KNINs, by Lemma
5, we have

|Tu]l = (Tw)(o)
> fé’ 60 (J7 Aa(r) (7, u(r))dr) ds
P60 (J10 Ma(r)f(r, u(r))dr) ds
g (J377 Mal(7) (foo — )07 |ul|P~ L7 ) ds
e H(foo = )T OlLfy ™ 64 (1) a(r)dr) ds
= XY (foo — €)1 10[u] A(1 - )
> N (foo = )77 10]Jul| L > |ful].

(iii) If o € (0,0), then for u € K N 02, by Lemma
5, we have

ITull = (Tw)(o)
>f 6q (Jo M(r)f (7, u(r))dr) ds

? bq (J§ Aa(r) f(7,u(r))dr) ds
>fe* 9q (Jy Aa(7)(foo = £)07 Ylul[P=dr) ds
> XY (foo — ) 0)|ul|[fy ™" &g (J§ a(r)dr) ds
— 0 (fa — )6 ul|A(9)
> M (foo =)0 ul| L = luf.

Therefore, for any u € K N0Qq, we all have || Tu|| >
Jull.

By Lemma 3, we have operator 7' has a fixed
pointu € KN (Qo\ Q1), and H; < [Jul] < Ho,
S0 u is a positive solution of BVP (1), (3).

Theorem 7 Suppose that conditions (Hy), (Hs), (Hs)
hold, and let fy > 0, f>° < oo. Then problem (1),(3)
has at least one positive solution if

2r—1 1
g1 fo L1 <A< Fonr T (15)
Proof: From (15), there exists € > 0, such that

2r—1 1
) T R T

(D) For fixed . In view of fy > 0, there exists Hy > 0,
such that for u : 0 < |u| < Hp, we have

(fo—¢) (Jul)"™!

||ul| < Hi},whenu € KNOSYy,

ftu) =

LetQ ={ue X:
we have

Ollull < |ul < lull, tel0,1-0]
We consider three possibilities.
(i) Ifo € [0,1— 0], then for u € K NI, by Lemma
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5, we have

2|Tul] = 2(Tu)(0)
> [i7 60 (IS 2a(r)f(r,u(r))dr) ds
+ 1 60 ([ Aa(r) (7, u(r))dr) ds
> 7 60 (J7 Xa(7) (7, u(r)dr) ds

+ 270 (2 2a() (r,u(r))dr) ds

> 77 00 (12 Na(r) (fo — )07~ [ulP~dr) ds
+ 12 q (3 Ma(r) (fo — £)07~ [ulP~1dr) ds
= X (fo = o) 0l[ullLfg g (J7 a(r)dr) ds
+ [0y (3 a(r)dr) ds

> N0 (fo ~ <)t 1OA(B) u

> X (fo — )7L lul > 2lfull.

(ii)) If o € (1—0,1), then for u € KNIN, by Lemma
5, we have

wwanw>

>h%fm u(r))dr) ds
%JWMUﬂ<mM@

>a$9¢qflem<xm—fwwﬁww*m)¢

> N (fo = )0 0ul [y 6y (1 a(r)dr) ds

= XY (fy — )77 10]ul A(1 - 0)

> XY (fo — )71 0]lull L > [Jul].

(iii) If o € (0,0), then for u € K N 09, by Lemma
5, we have

|1 Tu|| = (Tw) (o)
> [Loq (f2 Ma(r) f(r,u(r))dr) ds

> [y 60 (J5 Ma(r) f(7,u(7))dr) ds

> 7000 (5 Ma()(fo — €)0P~Y|ul[P~dr) ds
> MY fo — &)1 0lull[fy 0 ég (fi a(r)dr) ds
= MY (fo — €)710]|ul| A(9)

> NL(f — €)1 |ul|L > [lul.

Therefore, for any u € K N0y, we all have || Tu|| >
Ju.

(D) In view of f* < oo, there exists Hy > 0,
such that for w : |u| > Ha, we have

Fltu) < (F° +€) (ju)P~!

Here there are two cases to consider, namely, where f
is bounded and where f is unbounded.

Case 1. Suppose f is bounded. There
exists A > 0, such that f(t,u) < AP~L

Let Hs = max{%, /\‘1’*11\M}7 Qo =
{ue X: ||lul| <Hy}, when v € K N 09y,

E-ISSN: 2224-2880 801

Dehong Ji, Weigao Ge

we have

Tl = (Tu)(o) =
4 [160 U8 2a) (o u(r)in)
FE 0g (J7 Aa(r) (. u(r))dr) ds
+40q (1) Aa(r)f(7, u(r))dr )
0704 3 Ma() (7 u(r))dr) |

< §[30, (I Aa(r)arar)
+ ¢ &g (J7 Ag(T)AP~Ydr} ds
+56q (/) Aa(r)Ar—tdr)

+ [T g (J2 Ag(T)AP~LdT) ds}

< §[2x1a, (JF alr)an)

+ JE NI AG, (J7 a(r)dr) ds

+EX LA, () g(r)dr)
NG (7 alr)dr) ds]

< 312+ 5+ 26, (Jg a(r)dr) x71A
= MA'A < Hy = ||ul|.

Case 2. Suppose f is unbounded. Let Ho >
max {Hy, Ha}, when t € [0,1], and 0 < |u| <
Hy, we have f(t,u(t)) < f(t,Hz). Let Qo =
{ue X : ||lu]| < Hz},whenu € K N 90Ny, we have

|Tul| = (Tw)(0)
= 4[24 U5 211 utr)yan

+f5 6q (J7 Aa(r) f (7, u(r))dr) ds

+36q (S} Aa(r) f (7, u(r))dr)

+ [T g (S5 Mg(7) (7, u(r))dr) ds]
< 3 [200 U5 2a(r) (7, Hir)
+ fg bq (f7 Ag(7)f(r, Ho)dr) ds
+304 (J3 Aa(r) (7, Hp)dr)
S bq (2 Aa(7) f (7, Hy)dr) ds}
<3 {mq (S5 Aa(T)(f>° + €)(Ha )P~ dr)
+f§ bq (fZ Aq(T)(f° + €)(Ha)P~tdr) ds
+%¢q (fal Ag(T)(f> + 5)(H2)p_1d7')
+ [T g (f2 Aq(T)(f> + &) (Ha)P~dr) ds}
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1 1)\61—1(]“00 + )77 (Hy) g (fol (T)dT)
HNITL(f° 4 €)1 (Hy) g, (fo dT)
BXI L(fo 4 )17 (Hs) gy (fo g(r)dr
FXTL(fo0 4+ £) 17 (Ha) g (fol Q(T)dT)
= XTTL(f + )17 (Hy)
L+ 1+ 200, (Jfy a(r)dr)
= X )t (Ha)M
< Hy = ||u]|.

Therefore, we have ||Tu|| < ||u]|.

By Lemma 3, we have operator 7' has a fixed
pointu € K N (Q\ ), and H; < |lul| < Ho,
so u is a positive solution of BVP (1), (3).

3 Existence and Iteration of Positive
Solutions to BVP (2),(3)

Let X = C[0, 1] be endowed with the maximum nor-
m,

Jull = v { s (o), gm0}

0<t<1

From the fact (6, (u/(£)))’ = —q(t) f(t,u(t), w'(¢)) <
0, we know that u is concave on [0, 1]. So, define the
cone K by

K = {u € X|u(t) > 0, uis concave on [0, 1]} C X.

For any x € C![0,1], x(t) > 0, we consider the
following boundary value problem:

(¢p(u' (1)) (1) +a(t) f(t,2(t),2'(t)) = O,
a7

u'(0) — au(§) =0, u/'(1)+ Bu(n) =0.  (18)

Lemma 8 For any + € C'[0,1], x(t) > 0, BVP
(17),(18) has a unique solution u(t) which can be ex-
pressed in the form

0<t<o,
u = %qﬁqu;} (7)f (. 2(7), (7))
Jy 6a(J3 a(r) f(r,2(7), 2/ (v))dr)ds
+J; dq(f; a(r) f(r,a(r), ' ())dr)ds,
o<t<1,
(19)
where o is the unique solution of Q(t) = vi(t) —

va(t) =0, 0 < t <1, in which

oit) = 260 ([ an)(ratr). o' ()ir)
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(7, 2(7), x'(T))dT) ds.  (20)

+/;¢q( 411

1

Yo ([ dmsatn.a'rar)

+/ bq (/ (T,l’(T),SU/(T))dT) ds. (21)

Proof: The proof of this Lemma is similar to Lemma
1, so we omit here. -
Define an operator 7' : K — X by

Loq(J5 () f (7, u(r), u/(7))dr)
— J5 6a(J7 a(7) (7 ulr), v/ (7))dT)ds
+ o ¢q(J7 a(r) f(r,u(r), ! (7))dT)ds,
_ 0<t<o,

B¢Q(f q(7) f (7, u(r), 4/ (7))dr)
S dq(J2 a() (7 u(r), ' (7))dr)
(7))dr)

e alr) firalr). o
oc<t<l1.
(22)

Lemma 9 Assume that (Hy) — (Hy) hold. Then T :
K — K is completely continuous.

va(t) =

\]

\]

ds
ds

Proof: From the definition of T, we deduce that

(¢p(Tu) (1)) = —q(t) f(t, ul(t),«(t)) <0,
€ (0,1),
(Tu)'(0) — a(Tu)(€) =0,

(Tu)'(1) + B(Tu)(n) =0,

and

(Tu)(€) — (Tu)(0) = [5(Tw)(s)ds < &(Tu)'(0)
= ag(Tu)($),

using (Hs), we have (T'u)(¢) — (Tu)(0) < (Tw)(€),
which implies that (Tw)(0) > 0. Similarly, we can
prove that (T'u)(1) > 0. This shows that T'(K) C K,
and each fixed point of T is a solution of problem
(2),(3). We claim that T : K — K is completely con-
tinuous. The continuity of 7" is obvious since ¢, f is
continuous. Now, we prove T is compact.

Let 2 C K be an bounded set. Then, there exists
R > 0, such that @ C {u € K]|||u|]| < R}. For any
u € ), we have

0< fyalr)f( "(r))dr < X
MaXse(0,1],ue(0,R],ve[-R.R) f (84, v) Jo q(r)dr

rou(r),u

From the definition of T', we get

Lo— -
r 29q(M) + ¢g(M), 0<t<
el { ¥ 6o(8) + 64(0 <
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On the other hand, for all v € €2, we find
[(Tw)' (t)] < ¢q(M)

In view of the above two equations, we have TS is
uniformly bounded and equicontinuous, so we have
TS is compact on C[0, 1].

From (22), we know for Ve > 0, 39 > 0, such
that when |t; — t2] < J, we have

’¢p(TU)/(t1) - ¢p(Tu)/(t2)’
= 2 q(r) f(ru(r), /' (r))

<e.

0<t<1.

So ¢,(T€)’ is uniformly bounded and equicontinu-
ous, 50 ¢,(T€2) is compact on C°[0, 1], therefore we
have (T2)" is compact on C°[0, 1].

The Arzela-Ascoli theorem guarantees that TS is rel-
atively compact on C''[0, 1], which means T is com-
pact. Therefore, we have T : K — K is completely
continuous.

Let

A = max{ oy} o(r)dr)(L+ ),
sa(fi aman(1+ )}

We will prove the following result.

Theorem 10 Assume that (Ha)—(Hy) hold, and there
exists a > 0, such that

(Cl) f(ta x, yl) S f(t7 T2, 92)7
Jorany0<t <1, 0<mz <wy<a,
0< [yl < g2l < @

(Ce) max f(t,a,a) < ¢ (3)

(Cs) f(t, 0,0)Z0 for0<t<1.

Then the boundary value problem (2),(3) has one pos-
itive solution w* € K such that 0 < w* < a, 0 <
|(w*)| < aand lim T'wy = w*, lim (T"w)" =

n—oo n—oo
(w*)'where

max {(L +1), (5 +1-1)}

wlt) =a max{(2+1), (3+1)} vsrst
Proof: We denote
Ko ={ue K| |lul| <a},
and o
K,={ue K| |u|| <a}.
E-ISSN: 2224-2880 803
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We first prove T : K, — K,. Letu € K,, then

< < < <
0= u(t) < max [u(®) < Jul| <a,  (23)

/ < ! < < a.
/(0] < max ()] < Jull Sa. @4

So, by assumptions (C7) and (Cs), we have

In fact,

T = e { s (o) (0] s (T ()]}

— max {(Tu)(0), (Tu)(0), —(Tu)(1)}.
Therefore, for u € K,, we have

(Tu)(0) = §q(fg a(7)f (7, u(r),u'(1))dr)
+ J ¢q(JS a(r)f(r,u(r), v/ (7))dr)ds,
= 30q(J; a(r) f (7, u(r), /' (7))dr)

+ Jg 8q(Jg a(T)f (7, u(7), ! (7))dT)ds,

< maX{%(fol g(r)dr)(1+ 3),

Sa(fi a(ran(1+ 3}

Thus, we obtain that
|Tu| < a.
This means T : K, — K,. Let

max {( +1), (+1-1)}
max{(é +1), (% + 1)}

wo(t) =a

)

1
L =a,([ ardn)+ ).
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1
3

= Two, then w; € K,, we denote

Y= ¢q(/01q(7)d7)(1 +
Let wy

Wni1 = Tw, =Ty, (n=0,1,2,---). (26)

Since T : K, — K,, we have w, € TK, C
K, n=0,1,2,---.
Since T is completely continuous, {wy, }ro, is a se-
quentially compact set,

w1 (t) = TWO(t)

505 a(r) (. wo(r), wip(r))dr)

+ [ bq(J7 a(r) f (7, wo(7), wh(7))dr)ds
0<t<o

Loq( [} () (7, w0(r), wh(r))dr)

+ ftn ¢q(f; q(7) f(mywo(T),wh(T))dr)ds,
c<t<l1

< g maxf Lo,(J3 a(r)dr) + £ 0y([} a(r)dr)ds,

560 a(r)ar) + J7 6,3 a(r)dr)ds
max {®, U}

IN

fol q(T)dr)
fo q(r)dr)(1+1),04( fo )}

= lwo(@)],

Hence by induction, we have

jwh 1 (D] < Jwn, (0],

n=1,2---.

Wp+1 < W,

0<t<l,

E-ISSN: 2224-2880 804
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Thus, there exists w* € K, such that w,, — w*. Let-
ting n — oo in (26), we obtain Tw* = w* since T is
continuous.

If f(¢, 0, 0) #£ 0, 0 < t < 1, then the zero
function is not the solution of (2),(3). Therefore, w* is
a positive solution of (2),(3).

Corollary 11 Assume (Ha) — (Hy), (C1), (C3)
hold, and there exist 0 < a1 < ag < --- < ap, such
that

(C4)  max f(tap,ap) < Gp(5) b =1,2,--,m,

0<

<partwularly, lim, 0 max f(t,7,0) =0,

k=1,2,-,n).

Then the boundary value problem (2),(3) has n pos-

itive solutions w;, € K such that 0 < wj <

ag, 0 < |(wg)] < ar and lim T'wy, =
n—o0

wy, nlLHc}o(ankO)/ = (wy)'where

max {(L +1), (5 +1-1)}

wko (t) = ag
max {(+1), (3 +1)}
0<t< 1.
Example: Consider the following boundary value
problem
(Ju|2u') + f(t,u(t), /() =0, 0<t<1,
(27
1 1
W(0) —u(3) =0, (1) +u(z)=0, (28
where
1 1
ft,z,y) = —t2 +t+ ~x + —y>
4 8
We notice that p = %, qt) =1, a=p8=1, {=
37 n=s

If we take a = 1, then we have A = 2.
Furthermore, we get f(¢, x, y) satisfies:

(C1) f(t, @1, y1) < f(t, @2, y2), forany
0<t<1, 0<z <we <1,
0 <[y1] <yl <15
(C2) max f(t.a,0) = £(5,1,1) < 63 (%)
_ f
(Cg)f(t 0 0)Z0 for0<t<1.
Then by Theorem 10, the boundary value problem

(27),(28) has one positive solution w* € K such that
0 <w' <1 0<[(w) <1and lim T"w =
n—oo

= (w*)".

w*, nli_)nglo(T”wo)’

Issue 9, Volume 11, September 2012



WSEAS TRANSACTIONS on MATHEMATICS

4 Conclusion

In this paper, firstly, by determining the range of A,
we obtain at least one positive solution for the BVP
(1), (3) using the fixed point theorem of cone expan-
sion and compression of norm type. Secondly, we use
monotone iterative technique to study problems (2),
(3), we not only obtain the existence of positive so-
lutions for (2), (3), but also construct some iterative
schemes to find the solutions. To our knowledge, this
is the first paper to obtain iteration of positive solu-
tions to a four-point p-Laplacian boundary value prob-
lems (1),(3) and (2), (3). The solution is nonnegative,
if it has, under the condition f is nonnegative, but this
result can’t be generalized to four-point BVP (1),(3)
and BVP (2),(3). That is the main difficulty to us.
The novelty of this paper is that we give a condition
a € (O,%), B e (O,ﬁ) to overcome this difficul-
ty. To the author’s knowledge, this is the first paper
can be found in the literature on the existence of pos-
itive solutions and iteration of positive solutions to a
four-point p-Laplacian boundary value problems.
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