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Abstract: In this paper, a generalized Bernoulli sub-ODE method is proposed to construct exact traveling
solutions of nonlinear evolution equations. We apply the method to establish traveling solutions of the
variant Boussinseq equations, (2+1)-dimensional NNV equations and (241)-dimensional Boussinesq and
Kadomtsev-Petviashvili equations. As a result, some new exact traveling wave solutions are found.
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1 Introduction

It is well known that nonlinear evolution equa-
tions (NLEEs) are widely used to describe many
complex physical phenomena such as fluid me-
chanics, plasma physics, optical fibers, biology,
solid state physics, chemical kinematics, chemi-
cal physics, and so on. So, the powerful and ef-
ficient methods to find analytic solutions of non-
linear equations have drawn a lot of interest by
a diverse group of scientists. In the literature,
there is a wide variety of approaches to nonlinear
problems for constructing traveling wave solution-
s. Some of these approaches are the homogeneous
balance method [1, 2], the hyperbolic tangent ex-
pansion method [3, 4], the trial function method
[5], the tanh-method [6-8], the non-linear trans-
form method [9], the inverse scattering transform
[10], the Backlund transform [11, 12], the Hirota’s
bilinear method [13, 14], the generalized Riccati
equation method [15, 16], the Weierstrass elliptic
function method [17], the theta function method
[18-20], the sine-cosine method [21], the Jaco-
bi elliptic function expansion [22, 23], the com-
plex hyperbolic function method [24-26], the trun-
cated Painleve expansion [27], the F-expansion
method [28], the rank analysis method [29], the
exp-function expansion method [30], the (G'/G)-
expansion method [31-40] and so on.

In [41], we proposed a new Bernoulli sub-ODE
method to construct exact traveling wave solu-
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tions for NLEEs. In this paper, we will apply
the Bernoulli sub-ODE method to construct ex-
act traveling wave solutions for some special non-
linear equations. First, we reduce the nonlinear
equations to ODEs by a traveling wave variable
transformation. Second, we suppose the solution
can be expressed as an polynomial of single vari-
able G, where G = G(&) satisfied the Bernoul-
li equation. Then the degree of the polynomial
can be determined by the homogeneous balance
method, and the coefficients can be obtained by
solving a set of algebraic equations.

The rest of the paper is organized as follows.
In Section 2, we describe the Bernoulli sub-ODE
method for finding traveling wave solutions of
nonlinear evolution equations, and give the main
steps of the method. In the subsequent section-
s, we will apply the method to find exact trav-
eling wave solutions of the variant Boussinseq e-
quation, (2+1)-dimensional NNV equations and
(2+1)-dimensional Boussinesq and Kadomtsev-
Petviashvili equations. In the last Section, some
conclusions are presented.

2 Description Of The Bernoulli
Sub-ODE Method

In this section we describe the Bernoulli Sub-ODE
Method.

First we present the solutions of the following
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ODE:
G' 4+ \G = uG?,
where A # 0, G = G(§).
When p # 0, Eq. (1) is the type of Bernoulli
equation, and we can obtain the solution as
1
g + de*t ’

where d is an arbitrary constant.
When p = 0, the solution of Eq. (1) is given

by
(3)

(1)

G = 2)

G = de ¢,

where d is an arbitrary constant.
Suppose that a nonlinear equation, say in two
or three independent variables z, y, t, is given by

(4)

where u = u(x, y,t) is an unknown function, P is a
polynomial in u = u(z,y, t) and its various partial
derivatives, in which the highest order derivatives
and nonlinear terms are involved. By using the
solutions of Eq. (1), we can construct a serials of
exact solutions of nonlinear equations:

Step 1. We suppose that

P(u7ut,uxvuy7 7utt7uazt,uxx,uxy---) = Oa

u(z, y, t) =u(§), &=¢&y,t). (5
The traveling wave variable (5) permits us reduc-
ing (4) to an ODE for u = u(§)

P(u, o', u", ...)=0. (6)

Step 2. Suppose that the solution of (6) can
be expressed by a polynomial in G as follows:

u(€) = amG™ + ap1G™ M+ g, (7)

where G = G(§) satisfies Eq. (1), and @y, am—1
..., ap, j are constants to be determined later
with a,, # 0. The positive integer m can be de-
termined by considering the homogeneous balance
between the highest order derivatives and nonlin-
ear terms appearing in (6).

Step 3. Substituting (7) into (6) and using
(1), collecting all terms with the same order of
G together, the left-hand side of (6) is converted
to another polynomial in G. Equating each coef-
ficient of this polynomial to zero, yields a set of
algebraic equations for a,,, am—_1..., k, ¢, A and
1h.

Step 4. Solving the algebraic equations sys-
tem in Step 3, and by using the solutions of Eq.
(1), we can construct the traveling wave solutions
of the nonlinear evolution equation (6).

In the following sections, we will apply the
method described above to some examples.
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3 Application Of The Bernoul-
li Sub-ODE Method For The
Variant Boussinseq Equations

In this section, we will consider the variant
Boussinseq equations [42, 43]:

(8)
9)

Up + Uy + Vg + QUgyr = 0,

vt + (U'U)x + BUgzs = 0,

where « and 3 are arbitrary constants, 5 > 0.
Supposing that

§ =k(z —ct), (10)
by (10), (8) and (9) are converted into ODEs

—cu +ud + v — akcu™ =0

(11)

—cv’ + (w) + 2" = 0. (12)
Integrating (11) and (12) once, we have
1 2 2 .1
—cu+§u +v —ak‘cu’ = g1, (13)
—cv +uv + Bk = g, (14)

where g1 and go are the integration constants.
Suppose that the solution of (13) and (14) can
be expressed by a polynomial in G as follows:

u(€) = Y, (15)
=0

0(6) = Y b, (16)
=0

where a;,b; are constants, G = G(&) satisfies Eq.
(1).

Balancing the order of u? and v in Eq. (13),
the order of u” and wv in Eq. (14), then we can
obtain 2m =n, n+2=m+n= m=1, n=2,
so Egs. (15) and (16) can be rewritten as

u(€) = a2G? 4+ a1G + ag, ag # 0, (17)

v(€) = byG? +b1G + by, by A0,  (18)

where a1, ag, ba, by, by are constants to be de-
termined later.

Substituting (17) and (18) into (13) and (14)
and collecting all the terms with the same power
of G together, equating each coefficient to zero,
yields a set of simultaneous algebraic equations
as follows:

For Eq. (13):
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GO : —cao—gl—i—%a%—i—bozo.
G': by + apa; — ca; — ak?*ca;\? = 0.

G? —cay + by + 3ak’caiu)\ + %a% -
dak?cas)? 4+ agas = 0.

G3 . ajas — 20k?*caip® + 10ak?caspu = 0.
G*: La2 —6ak’cazp® = 0.

2

For Eq. (14):
GO : —cbg — g2 + agby = 0.

Gl biag + a1bg — ¢by + ﬁk2a1)\2 =0.

G? : —cby+aiby — 3betak?ay u+4Bk%as\? +
asbg + agby = 0.

G3: 25k:2a1u2+a1b2—lOﬁk‘zagu)\—i—agbl =0.
G* . asby + GﬁkQaQ,uQ =0.
Solving the algebraic equations above yields:

as = 12ak?cp?,
a1 = —12ak’cp,
1 ( B+2ac?+2X2a2k2 2 )

ap = 3 ac ’

. _GR12,,2 _ 2
by = —68k“p ,2b12—2 ?Bk‘ B, (19)
bo = _g(%)’

_n2 4 414 .4
go = _g(%),
A2 2 4 414 .4

91 = %( 4cta +3522—24A a*k*c )

Combining with (2) and (3), under the conditions

u # 0, we can obtain the traveling wave solutions

of the variant Boussinseq equations (8) and (9) as

follows:

1 B8+ 20c? + 22202 k3c?

w© = o t: )
—12ak?cp(

L)
& 4 ders

2.2 2

_ 2,272 2
n(E) = _é( B+ 2 a’k=c

4 a?c?

B uN———

—68k2 2 2
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Remark 1 When p = 0, we obtain the trivial
solutions.

Remark 2 The ezxact traveling wave solutions
(20)-(21) of the variant Boussinseq equations are
different from the results in [42, 43], and have not
been reported by other authors to our best knowl-
edge.

4 Application Of The Bernoulli
Sub-ODE Method For (2+41)-
dimensional NNV Equations

In this section, we consider the (2+1)-dimensional
NNV equations [44-46]:

Ut + QUzgy + Dlyyy + cuy + duy

= 3a(uv), + 3b(uw)y, (22)
Ug = Uy, (23)
Uy = Wy (24)

Suppose that
§=kx +ly + wt. (25)

By (25), (22), (23) and (24) are converted into
ODEs

wu! + ak3u" + bl + cku! + diu/

= 3ak(uwv)’ + 3bl(uw)’, (26)
ku' = I/, (27)
' = kw'. (28)

Integrating (26), (27) and (28) once times, we
have

wu + ak3u” + b3 + cku + dlu

= 3akuv + 3bluw + g1, (29)
ku = lv + ga, (30)
lu = kw + gs, (31)

where g1, g2, g3 are the integration constants.

Suppose that the solutions of (29), (30) and
(31) can be expressed by polynomials in G as fol-
lows:

u(©) = Y ad, (32)
=0

v(©) = Y b, (33)
=0
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w(©) = Y ad, (34)
=0

where a;, b;, ¢; are constants, G = G(§) satisfies
Eq. (1).

Balancing the order of «” and uv in Eq. (29),
the order of v and v in Eq. (30), the order of u
and w in Eq. (31), then we can obtain m + 2 =
m+n m=n m=8= m=n=38=2, 50
Eq.(32), (33) and (34) can be rewritten as

u(€) = a3G” + a1G + ap, az #0, (35)

v(€) = baG? +b1G + by, by 0,  (36)
w(g) = CQGQ + ClG + Cpo, C2 75 0, (37)

where as, a1, ag, ba, b1, by, co, c1, ¢y are con-
stants to be determined later.

Substituting (35), (36) and (37) into (29),
(30) and (31) and collecting all the terms with
the same power of G together, equating each co-
efficient to zero, yields a set of simultaneous alge-
braic equations as follows:

For Eq. (29):
GY:  ckag + dlag — 3akagby — 3blagcy
—go +wap = 0.
G —3akagby — 3blagey + dlay + ak3ai\?
+cka — 3akaiby + blPai A2 — 3blaic
+wai = 0.
G? —3a/~c3a1u)\ + ckaos — 3akagby — 3blagco

+dak3as)? — 3akai by — 3bl3a1u)\ + wasg
+4bl3as\? — 3blajcy + dlag — 3akasby
—3blascy = 0.

G3 —3akaiby + 2b13a1 p® + 2ak3aq
—3akasby — 3blajcy — 10ak3a2,u)\
—10bl3agpu — 3blase, = 0.

G —3akagby — 3blases + 6akasp®
+6bl3agp® = 0.

For Eq.(30):

G':  kag—1lbyp— g2 = 0.
G':  kay—1by =0.
G?:  kag—1by =0.

G . lag — kcg — g3 = 0.
Gl . la1 — k‘Cl =0.
G%:  lag —key =0.
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Solving the algebraic equations above yields:

as = 2lk,u2, a1 = —2lpIk, ag = aop,
by = 2k2u2, by = —2uk*X, by = by,
co =202, ¢y = =2ul’\, k=Fk, =1, w=uw,
_ 1-3ak3ag — 3bl3ag + di®k + ak*I\?

=3 b2k
1 k2l — 3ak®lbg + bIAN2k + wik
3 biZk ’
—3ak3ag — 3bl3ag + ak*N? + bl* N2k
g1 = —ao )
Ik
g2 = kag — lby,
_1-6b%ag — 3akPag + dI’k + k1N
95 = 73 12b
 1ck® — 3ak®lby + bI*A%k + wik
3 12b ’

(38)

where k, [, w, ag, by are arbitrary constants.

Under the condition p # 0, combining with
(2) and (3), we can obtain the traveling wave so-
lutions of the (2+41)-dimensional NNV equations
(22)-(24) as follows:

wl(€) = 2k (—¢)* — 2k (5

T3 gene T gee) T

(39)

1 1
v(§) = 2/?2#2(W)2 - 2M/€2>\(m) +bo
(40)

= 202 (——)? —2ulPA(~——
1 —3ak3ag — 3bl3ag + di*k + ak*I)\?
3 12
lck‘QZ — 3ak?lby + bI* Nk + wik
bl2k

(41)

w

where £ = kx + ly + wt.

Remark 3 Some authors have reported some ex-
act solutions for the (2+1)-dimensional NNV e-
quations in [44-46]. To our best knowledge, our
results (39)-(41) have not been reported so far in
the literature.

Remark 4 When p = 0, we obtain the trivial
solutions.
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5 Application Of The Bernoulli
Sub-ODE Method For (241)
dimensional Boussinesq and
Kadomtsev-Petviashvili equa-
tions

In this section we will consider the following
(24+1) dimensional Boussinesq and Kadomtsev-
Petviashvili equations [47] :

Uy = q:Ev (42)
UQ? - an (43)
Qt = Qrzz + Qyyy + 6(qu)x + 6(qv)y‘ (44)

In order to obtain the traveling wave solutions of
(42)-(44), we suppose that

e
v x? y? =7 )
Q(‘% Y, t) - Q(f)a <45)
E=ar+dy — ct,

where a, d, c are constants that to be determined
later.

Using the wave variable (45), (42)-(44) can be
converted into ODEs

du' —aq =0, (46)
av’ —dq =0, (47)
(a® 4+ d*)¢" — c¢q — 6auq’
—6aqu’ — 6dvg’ — 6dgv’ = 0.  (48)
Integrating the ODEs above, we obtain

du — ag = g1, (19)
av — dqg = go, (50)

(a® 4 d)q" — cq — 6auq — 6dvg = g3.(51)

Supposing that the solutions of the ODEs above
can be expressed by a polynomial in G as follows:

l
= Z aiGi, (52)
=0
= i bG", (53)
=0
9(§) =D ad, (54)
=0

where a;, b;, ¢; are constants, and G = G(&) satis-
fies Eq. (1).

Balancing the order of v’ and ¢’ in Eq. (52),
the order of v" and ¢’ in Eq. (53) and the order of
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¢" and v¢’ in Eq. (54), we have [+1 =n+1, m+
l=n+1, n+3=m+n+1 = Il=m=n=2.
So Eq.(52)-(54) can be rewritten as

u(€) = a2G? + a1G + ap, az # 0, (55)
v(€) = byG? +b1G + by, by #0, (56)
u(§) = 2G? + 1G4 ¢, ¢ # 0, (57)

where a;, b;, ¢; are constants to be determined
later.

Substituting (55)-(57) into the ODEs (49)-
(51), collecting all terms with the same power
of G together, equating each coefficient to zero,
yields a set of simultaneous algebraic equations
as follows:

For Eq. (49):
GY: agd — acy — g1 = 0.

G': a1d —ac; = 0.
G?: asd — acy = 0.

For Eq. (50):
GY: aby — ga —dcy = 0.

G': ab; —dc; = 0.

G?: —dey + aby = 0.

For Eq. (51):

GY: —g3 — ccy — 6dbgcy — 6aagey = 0.

G': —6aaico — 6dbicy + ade; A2 — 6dbycy
—6aapc; + d3c A\ — cep = 0.

G? . 4a3ca\? — 6aagey — 6dbicy — 6aaicy
—6aascy + 4d3ca\? — ceg — 3d3cl,u)\
—6dbgey — 3a301p)\ — 6dbycyg = 0.

G3 : —6aagc; — 6dbacy + 2a3cyp? — 10d3cop)

—6aaicy — 10(1302,ux\ — 6dbicy

+2d3cip? = 0.

—6dbycy = 0.

G* . 6d362,u2 —6aasco + 6a302u2

Solving the algebraic equations above yield-
S:
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Case 1:

2,2

2
ap = ap, a1 = —pAa’, az =a“p’,

by = by, by = —d*p), by = d*p/?,

a=a,

co = co, 1 = —dpda, ¢z = dp’a,

g2 = abyg — dcg, g1 = dag — acp, d =d,

—6a3cy — 6d3cy + a*d)\? — 6d%bga — 6a%agd + d*X%a
ad ’

CcC =

—6a3co — 6d3co + a*d)\? + d*N%a
ad ’
(58)

where ag, by, co, a, d are arbitrary constants.

g3 = —¢Co

Assume p # 0, then substituting the results
above into (55)-(57), combining with (2) we can
obtain the traveling wave solution of (2+1) di-
mensional BKP equation as follows:

1 1
2 2 2 2
= — )" — A
Ul(g) au(g_’_de,\g) 2 a(u+d6)\§)+a07
(59)
1
2 2 2 2
1)1(5)— M('L)f"i‘d )\f) MA(,u d€>‘f)+b0’
(60)
Q1(€) = dﬂ2a(u +d )\5)2 dlu’)‘a(u +d )\5) + co,
(61)
where
—6aco — 6d° 4dN?
€ = az +dy — a”co co+a p
ad
G2 a2 442
B 6d“bga — 6a“agd + d*X\ at (62)
ad
Case 2:
ap = ag, a1 = a1, az = d*p?,
bo = by, b1 = a1, by = d*u?,
d=d, c= 6d(—bo + ao),
co=co, €1 = —a1, cg = —d?u?, (63)
g2 = —dbg — dco, g1 = dag + dcy,
a = _d7 g3 = 07
E-ISSN: 2224-2880 623
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where ag, by, co, a1, d are arbitrary constants.

Similarly, under the condition p # 0, we can
obtain traveling wave solutions of (2+1) dimen-
sional Boussinesq and Kadomtsev-Petviashvili e-
quations as follows:

(65)
() =~ (s ) — (g g) e
@2\s) = #§+d,\§ 1“+de/\f 05
(66)
where
& = —dx + dy — 6d(—bo + ap)t. (67)
Case 3:
ap = ag, a1 = %d2,u)\(—% + %\/gz),
w = (-} + 1VEi),
bo = by, b1 = FpuAd?, by = d*p?,
co = cg, c1 = 3d>uN(5 £ 1/30),
— 2 2( 1\[1)
d—d,a—(f 1\[@), (68)
¢ = —6dag(} + 1[1') — 6dby,
91 = dag — dco(2 1\[@)
= dbo( % ) dCo,
g3 = 07
where ag, by, cg, d are arbitrary constants.
Thus
u3(§) = d2ﬂ2( 3+ 1\fl)( H+d€/\§) (69)
FiPua(-1 + %\fz)(%dekg) + ao,

v3(§) = dQMZ(W)Z + %W\CF(W) + bo,

(70)
03(6) = 1P (5 +
+3d2uA(3 £

+1 \[Z)( ”+de>\§)

%\[2>( Tide ,\,s) =+ co, (71)

1 1.1
E=(=+= \[z)dx+dy+[6dao(215\/§i)+6db0]t,

272
(72)
where 1 # 0.
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Case 4:

ag = ag, a1 = %dQ,u)\(—% + %\/gz),
as = d*p?(—5 £ 1V/3i)

bo = bo, b1 = —a1 (3 £ 5V/3i),
by = d2’u2
co = co,c1 = —ar(—5 £ 1/3i),
co = d* (L £+ 3V/3i) (73)
d=d,a=(3+1V3i)d,
¢ = —6dag(% £+ $v/3i) — 6dby
g1 = dag — deo(5 £ 5V/30),
g2 = dbo(3 £ 1/3i) — dco,
g3 =0,
where ag, by, co, d are arbitrary constants.
Then
ug(§) = d2ﬂ2( 3+ l\fZ)(u+d AE) (74)
+%d2ﬂ)‘(_% + %\[Z)( “+de>‘5> =+ ap,
v4(§) = &? 2( N+Ze)\f)2 (75)
—a1(} + 1V30) (adme) + o
() = Pu*(3 £ 5V3i) (5 + 1[1)(“61 x)?
*alﬂffjil\/h)ﬂg;aﬁz)4*0m
(76)
1 1
€= (212fz)dx+dy+[6dao(2iix/gi)—FGdbo]t,
(77)
where p # 0.

Remark 5 When p = 0, we obtain the triv-
1al solutions. The traveling wave solution-
s established for (2+1)-dimensional Boussinesq
and Kadomtsev-Petviashvili equations (59)-(61),
(64)-(66), (69)-(73), (74)-(76) have not been re-
ported by other authors to our best knowledge.

6 Comparison with Zayed’ re-
sults

In [46,43], Zayed solved the (2+1)-dimensional N-
NV equations and the variant Boussinseq equa-
tions by using the (G'/G) expansion method re-
spectively. In this section, we will present some
comparisons between the established results in
Section 3-4 and Zayed’ results.

Let g1, A1 represent p, A in [46] re-
spectively. Then in (39)-(41), considering
E-ISSN: 2224-2880
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d, 1, A, ag, by, |, k, w are arbitrary constants,
if we take

A+ B
d=———, u=B—A, A=/} —4pu,
ﬁ\%_@“ H 1 H1

aOZOZ(]—Q;Ll, lzl, /{7:1, b0:—2,u1,
A+ B

\/)\% —4/“

1
—c —Gan — 3b(70 — SAD),

w = 3(a+b)(ag—2u1)— —(a—i-b)()\%—ll/il)

where A, B, agp, 7o are defined in [46], our solu-
tions (39)-(41) reduce to the solutions derived in
[46, (3.32 )-(3.34)]. Furthermore, under the con-
dition A =0, B#£0, \i >0, 1 =0, (39)-(41)
reduce the solitary solutions in [46, (3.41)-(3.43)].

If we take
1A+ B
d= —F——m—=, p=1A— B, A=14/4 — A2,
; h/ﬂ—)\% 2 K1 1

a0:a0—2u1, l:1, kZl, b0:—2,u1,
iA+ B

(i)
1 1

w = 3(a+b)(ap—2p1)—

1
—c = Ga — 3b(70 — SAD),

then our solutions (39)-(41) reduce to the solu-
tions derived in [46, (3.35)-(3.37)]. So in this way,
our results (39)-(41) extend Zayed’ results for the
(2+1)-dimensional NNV equations in [46] .

For the variant Boussinseq equations, we note
that our solutions (20)-(21) are different solutions
from the results in [43, (33)-(38)].

7 Conclusions

In this paper we have seen that some new trav-
eling wave solutions of the variant Boussinseq e-
quations, (2+1)-dimensional NNV equations and
(2+1)-dimensional Boussinesq and Kadomtsev-
Petviashvili equations are successfully found by
using the Bernoulli sub-ODE method. The main
points of the method are that assuming the solu-
tion of the ODE reduced by using the traveling
wave variable as well as integrating can be ex-
pressed by an m-th degree polynomial in G, where
G = G(&) is the general solutions of a Bernoulli
sub-ODE equation. The positive integer m can be
determined by the general homogeneous balance
method, and the coefficients of the polynomial can
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be obtained by solving a set of simultaneous alge-
braic equations.

Compared to the methods used before, one

can see that this method is concise and effective.
Also this method can be applied to other nonlin-

ear

problems.
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