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Abstract: - In this paper, a general expression of the Shapley value for fuzzy games on vague sets is proposed,
where the player participation levels are vague sets. The existence and uniqueness of the given Shapley value
are showed by establishing axiomatic system. When the fuzzy games on vague sets are convex, the given
Shapley value is a vague population monotonic allocation function (VPMAF) and an element in the core.
Furthermore, we study a special kind of this class of fuzzy games, which can be seen as an extension of fuzzy
games with multilinear extension form. An application of the proposed model in joint production problem is

provided.
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1 Introduction

Cooperative fuzzy games [1] describe the situations
that some players do not fully participate in a
coalition, but to a certain degree. In this situation, a
coalition is called a fuzzy coalition, which is formed
by some players with partial participation. A special
kind of fuzzy games, which is called fuzzy games
with multilinear extension form [9], was discussed.
In [2], the author defined a class of fuzzy games
with proportional values, and gave the expression of
the Shapley function on this limited class of games.
Later, reference [12] pointed the fuzzy games given
in [2] are neither monotone nondecreasing nor
continuous with regard to rates of players'
participation, and defined a kind of fuzzy games
with Choquet integral forms. The Shapley function
defined on this class of games is given. Recently,
reference [3] expanded the fuzzy games with
proportional values to fuzzy games with weighted
function. And the corresponding Shapley function is
also given. The fuzzy games with multilinear
extension form and Choquet integral form are both
monotone nondecreasing and continuous with
respect to rates of players’ participation.
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As a well-known solution concept in cooperative
game theory, the Shapley value for fuzzy games [2,
3, 6-8, 12] has been studied by many researchers.
Besides the Shapley value, the fuzzy core of fuzzy
games [13, 14] and the lexicographical solution for
fuzzy games [10] are also discussed. When every
player’s participation level is 1, a fuzzy game
reduces to be a traditional game. Namely, the
traditional game is a special case of the fuzzy game
[1]. Furthermore, the Shapley value for fuzzy games
with fuzzy payoffs [4, 15] is also considered.

All above mentioned researches only consider the
situation where the player participation is
determined. There are many uncertain factors during
the process of negotiation and coalition forming. In
order to reduce risk and get more payoffs, when the
players take part in cooperation, sometime they only
know the determining participation levels and the
participation levels that they do not participate. At
this situation, fuzzy games can not be applied. But
the vague sets [5] can well describe the participation
levels of the players. Based on above analysis, we
shall study fuzzy games on vague sets, where the
player participation levels are vague sets.
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This paper is organized as follows. In the next
section, we recall some notations and basic
definitions, which will be used in the following. In
section 3, the expression of the Shapley value is
given and an axiomatic definition is offered. Some
properties are researched. In section 4, we pay a
special attention to discuss a special kind of fuzzy
games on vague sets and give and investigate the
explicit forms of the Shapley value for this kind of
fuzzy games.

2 Preliminaries

2.1 The concept of vague sets

Let X be an initial universe set, X= {x1, Xz,...,Xn}. A
vague set over X is characterized by a ruth-
membership function t, and a false-membership
function f,, t,: X—[0, 1], f,: X— [0, 1]satisfying t,
+f, <1, where t,(x;) is a lower bound on the grade of
membership of x; derived from the evidence for x;,
and f,(x;) is a lower bound on the negation of x;
derived from the evidence against x;. The grade of
membership of x; in the vague set is bounded to a
subinterval [t,(x;), 1 — f,(x)] of [0, 1]. The vague
value [t,(x), 1—f,(xi)] indicates that the exact grade
of membership s ,(x;)of x; may be unknown, but it is

bounded by t,(x) < z(x;) < 1-1f,(x;), where t, +f, < 1.

When the universe X is discrete, a vague set A can
be written as

A= 3 I 00)L- 001/ %, X eX.

1<i<n

Let the vague sets x=[t(x), 1—f(x)] and y=[t(y),
1—1(y)], where 0<t(x)+f(x) <1 and 0<t(y)+f(y)<1,
then

(1) x A y=[t(x) A t(y), 1= (f(x) v f(¥))];
(2) xv y=[t(x) v t(y), 1= (f(x) A f(Y))];
(3) xsy = t(x) <t(y), f(x) = f(y);

(4) x=y <= tX)=t(y), fF)=f(y).

2.2 Some basic concepts for fuzzy games on
vague sets

LetN ={1,2,...,n}be the player set, and P(N) be the

set of all crisp subsets in N. The coalitions in P(N)

are denoted by S, To,.... For S € P(N), the

cardinality of S, is denoted by the corresponding

lower case s. A functiony,:P(N) >R, satisfying
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Vv, (D) =0, is called a crisp game. LetG,(N)denote

the set of all crisp games in N.
A vague set S in N is denoted by

S= Z [ts (),1- fs M1/i :[tsvesuppS - fs]’

ieSuppS

where SuppS ={ieN| ts(i)>0}denotes the support of
ts, and e*"%° — fy ={(1— f ());.oups} - O < to(i) (i)
< 1 for any ie SuppS. tg(i) indicates the true

membership grade of the player i in vague set S,
and f, (i) denotes the false membership grade of the

player i in vague set S. e>*** denotes a n-dimension
vector, where e>PP(i) = 1 for any i e SuppS,
otherwise, e>*"5(i) = 0. The set of all vague sets in N
is denoted by TF(N). Let Se TF(N), the cardinality

of ts is denoted by |SuppS| and |Supp(e*™ — f.)|
indicates the cardinality of Supp(e®®™ - f)=
{i eSuppU |1- f (i) >0}. For any S, Ke TF(N), we
use the notation S < K if and only if ts(i) = t«(i) and
fs(i) = fc(i) or ts(i) = fs(i) =0 for any ieN. A
function v:TF(N) > R, , satisfying v(&)=0 , is
called a fuzzy game on vague sets. Let G, (N)

denote the set of all fuzzy games on TF(N). For any
S e TF(N), v(t;) is said to be true value for S,

andv(e>™® — f.)is said to be upper value for S.
Let S, Ke TF(N), we have

(ts vt =t () vt (i),
(ts At ) =t () At (i),

(fs v £)(0) = fs () v fi (1)
and
(fs A £ )(0) = fs () A fi (1)

forany ieN.

Definition 1 Letve G, (N)and UeTF(N), vis said
to be convex in vague set U if

V(ts Aty ) +V(ts vt ) > v(t) +v(ty)
and
V(eSuppSuSuppK _(fs v fK))+V(eSuppSmSuppK _(fs A fK))
2v(eSuppS _ fs) +V(eSUPPK _ fK)

forany S, Kc U.
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Definition 2 Let veG,(N) and U e TF(N), the
vector x:{<x§,x1f>,<x§,x2f>,...,<x;,xnf >} is said to
be an imputation for v in U if

(1) x'>v(t, (), x" >v(@-f, (i) VieSuppU ;

@ D x=v(ty), D % =v(Ee* —f,).

ieSuppU ieSuppU

Definition 3 Letve G, (N)and UeTF(N), the core
C, (U,v)for v in U is defined by

CV(U'V):{X={<X:’X‘f>i65uppu}| Z X =Vlk),

ieSuppU

z Xif —v(e™ - 1), Z X > V(ty),

ieSuppU ieSuppS

DX 2v(Ee™ - f),vS cU }
ieSuppS

Definition 4 LetveG,(N) and U e TF(N), the
vague setS c U is said to be a carrier for vin U , if
we have

V(ts Ate) =Vv(ty)
and
V(eSS _ (A f)) = v (e - £y )
foranyK cU .

From Definition 4, we know the vague set S cU
is a carrier for v in U if and only ift, and e>*° — f,
is a carrier for vint, and > — f,, respectively.

Similar to the definition of population monotonic
allocation function (PMAF) [11], we give the
definition of VPMAF as follows:

Definition 5 Let veG,(N) and U e TF(N), the
vector y - {<y't ! yif >ieSuppU }
forvin U, if ysatisfies

1) Z Yit =V(ts), Z Yif ZV(eSuppS )

ieSuppS ieSuppS

is said to be a VPMAF

vScU;
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2)yi (t) < Yi(t) vy (€ = fi) <y (87— f)

VieSuppK ,vS,KcU st.KcS.

3 The Shapley value for fuzzy games

on vague sets
Similar to the definition of the Shapley value for
traditional games and fuzzy games, we give the
definition of the Shapley value for fuzzy games on
vague sets as follows:

Definition 6 Let veG,(N) and U € TF(N). A
function ¢: G, (N) > R, is said to be the Shapley

value for v in U, if it satisfies the following axioms:
Axiom 1: If S is a carrier for v in U, then we have

V(t) = D d(t,,v)

ieSuppS

and

V(eSuppS _ fs) — Z ¢| (eSuppU

ieSuppS

—f,.v);

Axiom 2: Fori, j e SuppU , if we have

V(tK Vtu (')) = V(tK Vv tu (J))
and

V(e — (i v (1)) = (™ = (fi vy (1))

for any K c U withi, j ¢ SuppK , then we get

¢, V) =¢;(t,.v)
and
¢ (™ — f,,v) =g, (™™ - f,,v);
Axiom 3: Let v,we G, (N), we have
Pty v +w) =ty ,v) + o, , W)
and

(&> —t,,V+w)

= (&> —t,,V) + g(e>* —t,,W).

Theorem 1 LetveG,(N), Ue TF(N) and the

function <(p(tU V), (™Y — f, ,v)>:GV (N) >R,
defined by
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alev)= Y AV VL) -vE)) Q)
and
pE™ Ty = Y B
esote 1
x(V(E — (f v f () -vE™ - £,)  (2)

for anyi e SuppU , where
A =|SuppK | (| SuppU | —|SuppK |-1)!/|SuppU |!

and

eSuppK _ fK

ﬁesuppu _ fU

(Supp(e>™” — f,)|—|Supp(e™™ — f,)|-1)!
|Supp(e®™™ — f,) ! '

= Supp(e>™ — f,)|!

t, ct, if and only ift, (i) =t, (i) ort, (i) =0 for any
ieSuppU , and f, < f,if and only if f, (i) = f, (i)
or f, (i) =0for anyi e SuppU .

Then <go(tu V), 0> — 1, ,v)> is the unique
Shapley value for v in U.

Remark 1 ¢(t,,v) is said to be the player true

Shapley values and p(e>* — f,,v) is said to be the

player upper Shapley values. When the given fuzzy
games are convex, the interval number

(o(ty V), @™ —1f,,v)) is called the player

possible payoffs with
function.

respect to the Shapley

Proof. Axiom 1: For anyi e SuppU \SuppS, from
Definition 4, we have

v(t v, (1) =v(ts A (L v, (1))
=V((t; At) v (ts AL (i)
=V(ts Aty)

= V(tK)

for any K c U withi ¢ SuppK .
From (1), we get

V(ts) =V(ts Aty)

= V(tu )
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D pty.v)

ieSuppU

S0S A Wt v () - Vi)

ieSuppU ty cty ,izSuppK

Z Z ﬂLlf (V(tK v tu (I)) - V(tK ))

ieSuppsS ty <ty ,igSuppK

> ot,.v);

ieSuppS

Similarly, we have

V(eSuppS _ fs) — Z (Pi (eSUPPU _ fU ,V) .

ieSuppS
Axiom 2: From (1), we get

@ (V)

= > AWt vt () -v(t)

ty cty ,igSuppK

= Z ﬂuK (V(tK Vi (')) _V(tK )) +

tK Q[U f
i, jeSuppK

Y AW v () v (1) -t v (1))

tycty,

i, j#SuppK

= Z ﬂuK(V(tKVtu(j))_V(tK))+

tK Q[U ,
i, jeSuppK

Z ﬂL;J(UtU (i)(v(tK v, (1) vty (1) - vt v, (i)

tycty,

i, j#SuppK

= Z :BL:< (V(tK Vi (J)) _V(tK ))
tx <ty jeSuppK

=0; (tu 'V) ;

Similarly, we obtain

9, (€% — £, ,v) =, (€™ — f,,v).

From (1) and (2), we can easily get Axiom 3.
Uniqueness: For any ve G, (N) and U e TF(N),

since v restricted in U can be uniquely expressed by

z atK utK

ty Cty te #@

aeSuppK _f ueSuppK _f
SuppK K K
fycfy.e —f =20

where
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oy = Z (_1)ISUpPKI—ISuerSIV(tS)'

tscte

- [eSHPPK — £y =[PP — fgy ) A SUPPS
aeSuppK,fK - Z (_1) “ ) V(e - fs):

fscfy

1 toctocty
u (t.)= K=5=
i (s) {0 otherwise
and
U (eSuppS_f): 1 ngfsng.
e 1o otherwise

From Axiom 3, we only need to show the
uniqueness of pon unanimity gameu, andu g
— 'K

wheret, = .
Sincet, is a carrier foru, , from Axiom 1 and

Axiom 2, we get

——— ieSuppK
(oi(twut,(): | SuppK | .

0 otherwise

Similarly, we have

SuppU
b (e - fU vueSuppK_fK )

1 )
i e Supp(ePPr — f
_ Tsupp@™ ] <P <),
0 otherwise

The proof is finished.

Theorem 2 LetveG,(N)and Ue TF(N), ifv is
convex in U, then

ot E™ - 1,v)

isa VPMAF forvin U.

ieSuppU }

Proof. From (1) and (2), we can easily get

z @i (ts,v) =V(ts)

ieSuppS

and

> pE -

ieSuppS

fo,v) =v(Ee™™ - f,).

In the following, we shall show the second
condition in Definition 5 holds.
From Definition 1, we have
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V(ts v tU (I)) - V(ts) 2 V(tK Vv tu (I)) _V(tK)

and

V(e — (fg v T, (1)) - v (e - £))

>y — (i v fy (i) - V(e - 1)

for any Kc Sc U, wherei ¢ SuppS .
When|SuppK |+1=|SuppS |. For anyW < S, we
have

w W H
ﬁK:Z s

HcS\K
where

B¢ =1SuppW |1(| SuppK || SuppW | -1)!/| SuppK |!
and

won _|SUppPW v H) [ SuppS [ -|SuppW v H) | -1)!

) | Supps !
From (1), we get

@ (t V)

= > Bty v (i) -Vv(t,))

ty Sty ,igSuppW

<Y Bty v v () -Vt V)

ty Sty ,igSuppW

= 2 X AWl vt v @) -V vE))

ty ct, HSS\K
igSuppW

= D> Bty v () - V()
ty ctg i£SuppW
=, (t;,V)
for anyi e SuppK .
By induction, we have ¢, (t,,V) < ¢ (t,v) for any
K< ScU andanyieSuppK .
Similarly, we have

?; (e - f V) <o (e - fs,v)
foranyK < S cU and any i € SuppK .
Thus, we obtain{<gai (t,,Vv), ¢ (™™ — 1, ,v)>
is a VPMAF for v in U.

ieSuppU }

Theorem 3 LetveG,(N)and UeTF(N). Ifvis
convex in U, then
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{{otaE™ - 1W) .t U,

ieSuppU }

Proof. From Theorem 1, we obtain

Z @ (ty,v)=Vv(t,)

ieSuppU

and

> g (e — f,,v) = v

ieSuppU

-f,).

From Theorem 2, we have

v(ts) = Z o (ts,v) < Z o (ty,v)

ieSuppS ieSuppS

and
V(esuppS _ fs) — Z ?, (eSuppS _ fs ,V)
ieSuppS
< 2 ™ -1,

ieSuppS

Namely,

SuppU
{<(/)i (). o1 (8 fy ,V)>iESUppU } € UWY).

Corollary 1 Letve G, (N)and UeTF(N). Suppose
v is convex in U, then

[{at .o E —1,v)

is an imputation for v in U.

ieSuppU }

Proposition 1 Let veG,(N) and U € TF(N) .
Suppose we have

v(ts vt (1)) —v(ts) = v(t, (i)
and
v (eSS —(fs v £, () —v(Ee™™ - f)=v(- f, (i)

forany S cU with i ¢ SuppS .
Then we have

&; (tu ’V) = V(tu (I))
and

% (esuppu = fu,v)=v@- 1, ().

E-ISSN: 2224-3402

53

Fan-Yong Meng, Yan Wang

Corollary 2 Letve G, (N)and UeTF(N) . Suppose
we have

V(ts Vv tU (')) = V(ts)
and
VM (g vy (D) = V(e - £,)

forany S cU with i ¢ SuppsS .
Then we have ¢ (t,,V) = ¢ (e*™" - f,,v)=0.

Proposition 2 Letv,weG,(N) and U e TF(N) .
Suppose we have

V(ts v tu (')) _V(ts) < W(ts v tu (')) - W(ts)
and

V(Y — (£, v £ (i) - v(EeM™ — f,)
<SW(ES™Y — (f, v £, (i) - W(Ee™™® — f,)

for any i e SuppU and any S cU with i SuppS .
Then we have

@ (L, ,V) <o (t, W)
and

@ (™7 — 1, V) <@ (™™ — ;W)

for any i e SuppU .

4 The Shapley value for a special kind

of fuzzy games on vague sets
In this section, we will discuss a special kind of
fuzzy games, which is named as fuzzy games with
multilinear extension. The fuzzy coalition value for
this class of fuzzy games is written as in [9]:

Vo (R)= Z {HieTO R(i)HieSuppR\To @- R(i))}vo (To) )

To=SuppR
3)

where R is a fuzzy coalition as usual.
LetG, (N) denote the set of all fuzzy games on

vague sets with multilinear extension form. For any
SeTF(N), we have

Vo (ts) = Z {HieHOtS (i)HieSuppS\HO (1_ts (i))}Vo(Ho)
(4)

and
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Vo (€% — fg) =

2,

HocSupp(e™™® - )

(T, 0= ()

1_IieSupp(eS“ppS_fs)\Ho fS (I)}VO(Ho) : (5)

When we restrict the domain of G, (N) in the

setting of GO (N), from definitions of VPMAF and
imputation given in section 3, we can get the
definitions of VPMAF and imputation forv, in U.
Here, we omit them.

Definition 6 v, € G,(N) is said to be convex if
Vo (Ty) + Vo (Sp) SV (S, UTy) +V, (S; N T,)
forallS,, T, € P(N).

Definition 7 For v, e Gy (N) and U e TF(N), the
core Cy (U, v, ) forv, in U is defined by

cv"(u,vo)={x={<x:,x5>iesuppu}| > X =Vo(t,)

ieSuppU

S K % 1), T K 2w,)

ieSuppU ieSuppS

DX 2V (™ - £), VS gu}.

ieSuppS

Theorem 4 Letv, eGO(N), UeTF(N) and the
function <(po(tu Vo), 0° (837 — f, ,v0)>: GJ(N) -
R, defined by

>oA Y L 3)

tyx <ty igSuppK Hy<SuppK

g”io(tu Vo) =

XITgupsirt, (L=t (1))} (Vo (Ho L) Vo (Ho)) (6)

and
(oio (eSuppU _ fu aVo)

>

fkcfy,
izSupp(e®'PPX —f, )

eSuppK _ fK
eSuppu _ fU

)

HocSupp(e®*™ - f, )

{@= 1, ()

X, @y T, s, To (D)
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x(vo (Hy wi) =V (Hy)) (7)
for anyi e SuppU , where B ﬁ:ssp'ffj . ct, and
f, < f, are like in Theorem 1.
Then <go°(tu,vo),go° (™™ — f, ,vo)> is the unique
Shapley value for vg in U.

Proof. From (4) and (5), we have

VO (ts v tU (I)) - Vo (ts)

= >ty (T b (DI, s, L=t ()}

Ho<Supps
x(Vo (Ho i) =V, (Hy))
and

Vo (esuppSUi - ( fs Vv tu ('))) —Vo (esuppS - fs)

>

Ho=Supp(e™*™ - f5)

{(@W=f, DIy, (= f, (D))

HjeSupp(eS“ppS—fS)\Ho fU (J)} (VO(HO v I) _VO(HO)) .

From Theorem 1, (6) and (7), we know the
existence holds.

In the following, we shall show the uniqueness
holds.

Since v, € G (N) , the restricted in U can be
uniquely expressed by

z % utK
ty Cty A =D
Vo = )
aeSuppK _ fK ueSuppK _ fK
f c fy ,SPPK 2D

where

a, = Z (_1)\SUPDK\—ISUPpSIVO (ts)

tsctye

and
_ [P — fi |-[e5PP° — £ | Supps
aeSUDpK_fK - Z (_1) ‘ *Vo (e - fS) :
fs = fx

U, and Ussppc_, @S given in Theorem 1.
K
Thus, we get

i e SuppK

o (ty,u, ) =1 |SuppK |
0 otherwise
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and
q)io (eSUpDU - fU 1ueSUDPK_fK )
L i e Supp(e®™ - f,)
=1 |Supp(e®™ - f)| “
0 otherwise

Theorem 5 Letv, e G) (N) and UeTF(N). If the
associated crisp game v, € G,(N) of v, is convex,

then {(0°(t, vo). 0 ™ ~ %)
VPMAF forv, in U.

‘ } is a
ieSuppU

Proof. From (6) and (7), we can easily get

Z ¢7io(ts’vo) =V (ts)

ieSuppS
and

3 QP (€ — £y, Vo) =V (€% — ) .

ieSuppS

Next, we shall show the second condition holds.
From the convexity ofv, e G,(N), (4) and (5), we

get v, e GO (N) restricted in U is convex. From
Definition 1, we get

Vo (ts v 1, (1)) = Vo (ts ) = Vo (t v 1, (1)) — Vo (L)
and

Vo( SuppSul (f Vf (|))) ( SuppS _ fs))

2V, (€97 = (i v 1, (1)) = Vo (27 — f)

forany K Sc U, wherei ¢ SuppS .
From (6), (7) and Theorem 2 , we obtain

o (te Vo) <@ (s, Vo)
and
(Pio (esuppK = fi Vo) < ¢io (eSuppS —f5.V)
forany K =S cU and anyi e SuppK .

Namely, {<(0io (tu ’Vo)a(Pio (esuppu - 1:U 'Vo)>ieSuppU} Is a
VPMAF forv, in U.

Theorem 6 Letv, e GO(N) and Ue TF(N). If the

associated crisp game v, € G,(N) of v, is convex,
then
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T ORSYICEE WS))

ieSuppU

fecou.wo)

Proof. The proof of Theorem 6 is similar to that of
Theorem 3.

Corollary 3 Letv, e GJ(N)and UeTF(N). If the
associated crisp game v, € G,(N) of v, is convex,

then {<goio (s Vo) (€™ = fy, V)

imputation forv, in U.

_ } is an
ieSuppU

Theorem 7 Letv, e GY(N) and Ue TF(N). If the
associated crisp game v, € G,(N) of v, is convex,
then the core C{) (U,v,) = @ and it can be expressed
by

cow, vo>—{x H4x ) || X

ieSuppU

z {HieHotU (i)HieSuppU\Ho (1-t (i))}yH

Ho<SuppU

D X =

ieSuppU

{IT,q, @ T, (i)

Ry <Supp(eS*™ -1, )

f, (i)} y®,VH, < SuppU,

ieSupp(eSPY — £, )\R,

vy e C(H,,V,), VR, < Supp(e>*™ - f,),

vyR0 € C(RO’VO)} )

where C(H,,Vv,) denotes the core in H, for v, and
C(R,,v,) denotes the core in R, forv, .

Proof. The proof of Theorem 7 is similar to that of
Proposition 4.1 given in [15].

Since the fuzzy games in GJ(N) establish the

specific relationship between the fuzzy coalition
values and that of their associated crisp coalitions.
The properties for this class of fuzzy games can be
obtained by researching their associated crisp games.

5 Numerical example

There are three companies, named 1, 2 and 3, that
decide to cooperate with their resources. They can
combine freely. For example So= {1, 2} denotes the
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cooperation between company 1 and 2. Since there
are many uncertainty factors during the cooperation,
each player is not willing to offer all its resources to
this specific cooperation. In another word, they only
supply part of their resources. In order to reduce risk
and get more payoffs, when the players take part in
this cooperation, they only know the determining
participation levels and the participation levels that
they do not participate. For example, the company 1
has 10000 units of resources, the determining
participation level is 3000 units, and 2000 units are
not devoted to cooperation. Namely, the true
membership grade of the player 1 is 0.3 = 3000/
10000, and the false membership grade of the player
1is 0.2 = 2000/10000. In such a way, a vague set is
interpreted. Consider a vague coalition U defined by

U= Z [t, (1).1- T, (1)]/i

ie{1,2,3}

=[0.3, 0.6]/1+ [0.2, 0.3)/2 + [0.6, 0.8]/3.

If the crisp coalition values are given by table 1

Table 1. The fuzzy payoffs of the crisp
coalitions (millions of dollars)

So Vo(So) So Vo(So)
Ty 1 {13} 3
2 2 {23} 5
3 1 {123} 10

.2 6

From table 1, we know that when the company 1
and 2 cooperate with all their resources, then their
payoff is 6 millions of dollars.

When the relationship between the values of the
fuzzy coalitions and that of their associated crisp
coalitions as given in (4) and (5). Namely, this fuzzy
game belongs to GJ'(N) . From (6), we get the

player true Shapley values are

o (ty Vo) =042, 97 (t,,V,) =0.64,

05 (t,V0) =084

From (7), we get the player upper Shapley values
are

00 (™ — 1 Vo) =g (€% ~ f, v5) =111

P2 (%™ — T, v,)=1.28.

Since the associated crisp game is convex, we
know that the player Shapley values is a VMPAF
and an element in its core.
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Furthermore, the player possible payoffs with
respect to the Shapley function are [0.42, 1.11],
[0.64, 1.11] and [0.84, 1.28].

6 Conclusion
In some cooperative games, the players only know
the determination participation levels and the levels
that they do not participate. The fuzzy games on
vague sets can well solve this situation. For this
purpose, we research the fuzzy games on vague sets
and discuss the Shapley value for fuzzy games on
vague sets. When the given fuzzy games on vague
sets are convex, some properties are investigated.
Furthermore, we study a special kind of fuzzy
games on vague sets. The Shapley value and the
core for this kind of fuzzy games are studied.
However, we only study the Shapley value for
fuzzy games on vague sets and it will be interesting
to study other payoff indices.
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