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Abstract: The performance of fluid transportation model through non-circular elbow ducts with wall mass 
injection in predicting the velocity and pressure fields is important in Industrial applications. The present work 
pertains to the two-dimensional numerical analysis of the developing turbulent fluid flow with uniform mass 
injection through the top wall of a rectangular elbow. A numerical experimentation using control volume 

formulation considering standard k  turbulence model has been conducted to study different parameters like 
the velocity distributions, size and shape of the recirculation bubble as well as the friction factor etc. The size and 
strength of the recirculation bubbles generated in the bend regions are affected by the continuous entry of mass 
injected through the wall of the elbow. The results show that the velocity field, reattachment points, friction 
factor etc. are influenced by the side mass injection. The recirculation bubble has been observed to diminish in 
size by the injection of mass with corresponding changes in the velocity and the friction factors. 
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1 Introduction 

The developing turbulent flow in non-circular ducts 
with one-walled fluid injection or suction of 
additional mass into the main flow has been widely 
encountered in engineering applications, including 
the design and analysis of nuclear reactors, 
combustion chambers, food-drying processes, fuel 
cell stacks, purification processes by reverse 
osmosis and also bend ducts or pipes used for 
industrial flow applications. Clear understanding of 
fluid flow is essential for developing reliable design 
tools for a wide range of energy saving as well as 
conversion devices such as compact heat 
exchangers, electronic circuitry cooling systems, 
cooling channels in gas turbine blades, ventilation 
and air-conditioning systems and heat ducts used in 
thermal power and chemical process plants. The 
main flow in such ducts is influenced by the 
secondary motions in the plane perpendicular to the 
stream wise direction, commonly referred as the 

secondary flow, causing distortion of the axial flow. 
In the bend regions effect of secondary flow and 
consequent vortices are predominant, thus 
significantly impacting the main axial fluid flow 
performance of the duct devices. Several studies on 
turbulent fluid flow in ducts or pipes etc. with wall 
injection have been extensively conducted during 
the past decades and they are available in the 
literature. In their study, Dutta and Nandi [1] 
expressed their views that secondary flow 
superimposed on primary axial flow is formed in a 
pipe bend during fluid flow due to centrifugal force. 
Secondary flow is dependent on curvature ratio, 
Reynolds number and flow condition. Wang, Ren, 
Sun, Yang and Tu [2] described in their study the 
development of secondary flow and flow separation 
in the case of 900 elbow. They had also remarked   
that the flow at the central part and along the 
circumference wall is influenced by the centrifugal 
action and the pressure difference respectively. Wu, 
Liu, Luo, Chen and Dai [3] studied the flow field 
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characteristics of the 900 rectangular elbow in push-
pull ventilation device. Debnath, Bhattacharjee, Roy 
and Majumder [4] analysed experimentally the 
turbulent air flow in a two-dimensional rectangular 
elbow at high Reynolds numbers. They investigated 
the velocity profiles, flow separation, re-circulation 
and friction drag etc. in detail. In their study, the 
effects of Reynolds numbers on the variable 
discharge of the blower coupled with inlet of the 
elbow and the possible existence of the recirculation 
zones generated in the flow region had also been 
investigated. MOSSAD, YANG and SCHWARZ 
[5] carried out the numerical study on sharp right-
angled elbow where energy loss is more than curved 
elbow because of the formation of a  separation 
zone. Hossain and Hossain [6] analyzed the velocity 
distribution and formation of flow pattern 
throughout the bent channel and compared the 
computational results with k  and Reynolds 
Stress Model. In another study, Hossain, Hossain, 
Pramanik and Ahmed [7] investigated the deviation 
of turbulent kinetic energy, turbulent dissipation 
rate, eddy viscosity and turbulent intensity with the 
rise of Reynolds number through the bent region of 
curved pipe using k  and k   turbulent 
model. Rathore, Mondloe and Upadhyay [8] 
analyzed the flow characteristics of 900 bent pipe 
computationally using finite volume method and 
compared the results so obtained with the straight 
pipe having the equal length using ANSYS Fluent. 
Baydar and Ozmen [9] had carried out an 
experimental as well as numerical study to 
investigate flow field of a confined jet issuing from 
the lower surface and impinging normally on the 
upper surface. The mean velocity, turbulence 
intensity and pressure distributions in the 
impingement region were obtained for Reynolds 
numbers ranging from 30,000 to 50,000 and a 
nozzle-to-plate spacing range of 0.2 m – 6 m. 
Devahastin and Mujumdar [10] numerically studied 
the flow patterns and mixing characteristics of 2-D 
confined laminar impinging slot streams, using 
control-volume-based computational fluid dynamic 
(CFD) software (PHOENICS Version 2.2.2). The 
numerical predictions of turbulent plane jets 
discharged normal to a weak or moderate cross 
stream flow were presented by Kalita, Dewan and 
Dass [11]. The predictions were presented to 
illustrate the flow pattern involved and to assess the 
performance of the standard k model by 
comparison with the available experimental 
observations of Ramaprian and  Haniu [12] and 
Haniu and Ramaprian [13] for three different jet to 
cross stream velocity ratios six, nine, and ten 

respectively. Devahastin and Mujumdar [14] 
performed a parametric study of the flow and 
mixing characteristics of 2-D confined turbulent 
opposing-slot jets, using a new composite 
turbulence model that they developed by 
incorporating the Yap correction and a formula for 
the turbulent (eddy) viscosity into a low-Re k
model. The structure of the flow generated by the 
interaction of suction into a circular inlet and a 
cross-flow was studied by Hold, Calay and O'Brien 
[15] using flow visualization and experimental 
measurements with hot-wire anemometer and yaw 
probes. This study investigated the flow field close 
to the inlet hole generated by the interaction 
between the cross-stream flow and the suction flow 
into the inlet. In the year 1961, the authors Ricou 
and Spalding [16] carried out an experimental 
investigation for turbulent axi-symmetric jets. Their 
experimental works provided the measurements of 
free jet entrainment parameter. After 5 years, Olson 
and Eckert, [17] conducted a bench mark 
experimental study on the fully developed turbulent 
flow of air at Re = 28,000 to 82,000 entered 
uniformly through a porous circular tube wall. They 
observed a reduction of friction factor due to the 
side injection in a turbulent main flow. Exley and 
Brighton [18] were among the leading researchers to 
estimate the size of the recirculation zone with the 
central jet flow. The effect of variation in the 
velocity ratio between the inner and outer jets on the 
separation and reattachment of the flow was 
examined theoretically and experimentally. The 
standard k  model was employed by 
Elghobashi, Pun and Spalding [19] to predict the 
separation and reattachment zones in coaxial jet 
flows successfully. Experimental and analytical 
studies of the jet in a cross-flow had been conducted 
by a number of investigators. It was reported by 
Andreopoulos and Rodi [20] on measurement in 
flow generated by a jet issuing from the circular 
outlet in a wall into a cross-stream along this wall. 
The outcome were the estimation of three-
dimensional mean flow, turbulence fields  and the 
physical explanation of various phenomena 
associated as well as their dependence on the 
velocity ratio. Pietrzyk, Bogard and Crawford [21] 
presented the results of a detailed hydrodynamic 
study of row of inclined jets issuing into a cross-
flow. Khodadadi and Vlachost [22] performed both 
the numerical and experimental study of confined 
coaxial turbulent jets for the turbulent mixing of a 
primary jet and its surrounding fluid in a pipe with 
inlet conditions. Detailed profiles of the axial mean 
and R.M.S. velocities were measured with a laser 
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Doppler anemometer and they observed strong flow 
separation near the wall of pipe. Yang, Tsai and 
Tsai [23] experimentally investigated the effect of 
uniform mass bleeding in the direction normal to the 
bulk turbulent flow over a back step. Roy and 
Bertrand [24] performed a theoretical and 
experimental study on 2-D laminar flow mixing in a 
Y-junction similar to the opposing jet flow. The 
effects of the angle between the two branches of a Y 
junction and the air flow rate on the flow patterns 
were examined numerically and analytically. Their 
experiments showed that the flow in the exit became 
unstable at a critical Reynolds number of Re > 500 
when the axis of the two inlet jets was in the directly 
opposed direction. A numerical investigation of the 
mixing characteristics of opposing heated line jets 
with a horizontal cross-flow in rectangular channel 
was done by Chang and Chen [25] using a 
turbulence k  model. They emphasized for the 
effects of momentum flux ratio and incident angle 
on the mixing behavior of lateral jets with the cross-
flow. Fric and Roshko [26] and Kelso, Lim and 
Perry [27] observed that the interaction of the jet 
flow with the cross-stream produced large scale 
coherent structures or vortices in the flow field, 
which control the mixing processes. These 
structures along with the side wall effect make the 
flow field complex and three-dimensional. However 
the three-dimensional effects may not be significant 
in certain regions of the flow field. Dianat, 
Fairweather, and Jones [28] had made predictions of 
axi-symmetric and two-dimensional impinging 
turbulent jet with a standard k  turbulence 
model. In earlier, the standard k model of 
Launder and Spalding [29] has been used 
extensively to simulate the turbulent round jets in a 
cross flow. Patankar, Basu and Alpay [30]; 
Catalano, Chang and Mathis [31]; Hwang and 
Chiang [32]; He, Guo, and Hsu [33] and many 
others have predicted round turbulent jets in a weak 
and moderate cross flow (R, jet to cross stream 
velocity ratio 2 ) using the standard k
turbulence model. Ajersch, Zhou, Ketler, Salcidean, 
and Gartshore [34] investigated the interaction of 
multiple jets in cross flow both experimentally and 
numerically. Liou, Liao, Chen, and Lin [35] studied 
the turbulent flow fields resulting from an oblique 
jet injecting from a rectangular side-inlet duct into a 
rectangular main duct with an aspect ratio 3.75 
without a forced cross-flow in terms of laser-
Doppler velocimetry measurements. The main 
focuses were the effects of the side jet angle (θ) and 
side-jet flow rate (Qs) on the mass entrainment 
upstream of side-jet port and the flow field in the 

rectangular duct. A numerical study of Ali, 
Fujiwara, and Leblanc [36] on mixing and 
combustion of hydrogen transversely injected into a 
main airstream was carried out by solving two-
dimensional full Navier-Stokes equations, with an 
aim to increase the mixing and combustion 
efficiencies of the injected fuel. Hahn, Je and Choi 
[37] employed the Direct Numerical Simulation 
(DNS) technique for analyzing turbulent channel 
flow with permeable walls. They predicted a 
reduction of viscous sub layer thickness due to side 
mass injection flow. Nirmolo [38] studied the 
multiple jets radially injected inwardly from a 
cylindrical chamber wall and outwardly from a 
chamber centerline into a cross-flow by 
experimental method and numerically using 
FLUENT-CFD code. The chamber diameter was 
varied from 0.3m to 3.0m and the number of nozzles 
from 4 to 32.The authors Beheshti, Ghorbanian, 
Farhanieh, Teixeira and Ivey [39] evaluated the 
stability margin with various mass flow rates and 
angles of injection in an axial compressor. Cassina, 
Beheshti, Kammerer and Abhari [40] studied on the 
aspect ratio of injector and the injection angle in an 
axial compressor stage equipped with the discrete 
tip injections. Disimile and Toy [41] experimentally 
investigated the confined vortex dominated jet flow 
in cross flow and concluded that the flow in the 
downstream became very complicated than the free 
jet in cross flow, indicating flow instability. They 
estimated the changes of the vertical structures and 
correlated it with the downstream distance. In the 
same year, the numerical investigation of Ko [42] 
was to find out the effects of side mass injection at 
different angles on the mixing phenomena. He 
concluded that the secondary flow becomes 
influential when the side injection angle increases 
and mixing gets enhanced. The effects of the 
streamline curvature and finite edge velocity on the 
flow field of a turbulent plane jet in cross-flow were 
studied by Pathak, Dewan and Dass [43] 
numerically by incorporating the curvature effect in 
the k  turbulence model. Majumder and Sanyal 
[44] had shown the reduction of the predicted 
friction factor, recirculation zone, turbulent shear 
stress and turbulent energy flux with increase in the 
side injection velocity in turbulent pipe flow. Saha, 
Majumder and Sanyal [45] carried out a numerical 
investigation employing modified k model for 
the turbulent flow through an axi-symmetric circular 
duct with side mass injection at various injection 
angles to resolve the re-circulation flow regions 
with increase of injection angle. The numerical 
study of Kumar and Das [46] of the turbulent dual 
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jet comprising of a plane wall jet and a plane offset 
jet had been carried out using the standard high 
Reynolds number two-equation k  turbulence 
model. Majumder, Saha and Das [47] conducted a 
numerical investigation to study the effects of twin 
turbulent side mass injection with cross flow 
through a circular duct using modified k  model 
considering 1/7th turbulent velocity profile at inlet 
of a circular duct. A parametric study of Dae-
Woong Kim, Jin-Hyuk Kim and Kwang-Yong Kim 
[48] on the aerodynamic performance of a transonic 
axial compressor combined with a groove and tip 
injection was performed using three-dimensional 
RANS equations. Recently, Ma and Lai [49] made a 
good comparative study of five most widely used 
two-equation turbulence models in predicting the 
developing flows in two 90° curved rectangular 
ducts. These include the standard k model, the 
shear stress transport k   model, and three low-
Reynolds number k models by Jones and 
Launder, Launder and Sharma, and Nagano and 
Hishida respectively. The paper has provided a 
detailed comparative verification for applying the 
five most widely used two-equation turbulence 
models to predicting curved rectangular duct flows, 
which are a kind of proto-type flows in fluid 
engineering. Their numerical results indicate that 
the computation efficiency of the standard k
model is the highest among the five turbulence 
models for both the fully three-dimensional and the 
nominally two dimensional 90°- curved duct flows.  
Much research has been carried out relating to the 
interaction of confined mainstream turbulent flow 
with cross jet flow. On the other hand, information 
for the case where the turbulent fluid is injected into 
the turbulent mainstream turbulent flow in double-
elbow duct seems to be limited. The published 
literatures report only a very few studies on non-
circular bend ducts incorporating mixed mode 
analysis of the turbulent fluid velocity field due to 
the effect of side mass injection through the duct 
wall. The flow characteristic in any non-circular 
duct with wall injection is more complex than those 
for solid walls. . Study of such a complex flow in a 
bend non-circular duct is very important for having 
useful information about the turbulent flow field 
from which the complex re-circulatory flow is 
generated in the bend regions. At present little 
information is available on such flows apart from 
that detailed by the authors in the present study.  
The standard k  turbulence model has been 
widely used in modeling mixing the flow field in 
presence of side mass injections for combustion 
chamber and other many industrial fluid flow and 

heat transfer applications because of its robust and 
reasonable accuracy in predicting complex flows; 
good agreement between predicted and 
experimental data was also observed in different 
engineering problems. Therefore, the standard

k  model in CFD code FLUENT 6.3 has been 
selected to model the problem of cross jet on 
turbulent main stream flow in a circular elbow in the 
present study. 
 

2 Physical Model and Solution 
Method 

The study of strength and stabilization of the 
recirculation bubble due to wall injection flow is 
important to research scholars, because of its 
relevance to reduction of momentum energy loss. 
The experimentation is much expensive; the 
numerical method is therefore chosen here to obtain 
the results. In the present work, the inward uniform 
line jets are discharged at an angle 900 through the 
upper wall into a mainstream cross flow in an 
elbow. A detail physical model of a fixed two-
dimensional axi-symmetric elbow duct with its 
injection grooves used for the present numerical 
experimentation is illustrated in Figure1.The 
mainstream flow is incompressible, steady and 
turbulent in an elbow with aspect ratio for its 
rectangular cross section depth to length is 1:11. 
The working fluid is air allowed to enter with its 
uniform velocity profile at a constant value,

inu 5m / s  corresponding to inRe 40900  . The 

inlet and wall temperatures remain constant as 300K 
throughout the experiment. The top wall injection 
slot width of winj = 0.03m has been chosen for the 
work. The density and dynamic viscosity of the 
working fluid air are taken as 3

air 1.133 kg / m 

and 5
air 1.87 10 kg / ms    respectively. 

The control volume formulation of Patankar [50] 
with Power law scheme is adapted for solution of 
re-circulating flows generated in the mainstream 
turbulent flow field in an elbow. The numerical 
method provides the 2-D results of velocity field, 
recirculation bubble size and skin friction along the 
walls of the elbow. 
The present work is concerned with the numerical 
study of velocity distributions downstream the 
injection flow held through the top wall in an elbow 
duct. The 2-D time–averaged governing continuity 
and momentum equations for an incompressible, 
Newtonian fluid and steady turbulent flow along 
with standard k turbulence model equations in 
Cartesian co-ordinate (x, y) system have been 
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computationally solved based on some boundary 
conditions. The standard wall function of Launder 
and Spalding [29] has also been adopted for the 

solution of the standard k equations for the 
turbulent flow near the boundary wall region. 
 

 

 

Figure 1. Schematic 2-D views of physical model and coordinate system (All dimensions are in mm) 
 

2.1 Numerical Procedure 

A numerical calculation to predict the developing 
mainstream turbulent flow with an inward injection 
flow through the upper wall injection slot inside an 
elbow of rectangular cross-section has been 
performed. A two-dimensional (2-D) rectangular co-
ordinate (x, y) system has been considered for the 
analysis, and the mean flow components in x, y 
directions have been resolved based on some 
boundary conditions. The effect of the one-walled 
inward radial turbulent injection flow on the 
mainstream turbulent fluid flow through the elbow 
has also been analysed. The current method also 
provides the corresponding changing values in the 
velocity and skin friction factors along the walls of 
the elbow. The 2-D time-averaged turbulent Navier-
Stokes and standard k  turbulence model 
equations with standard wall function empirical 
laws are solved numerically along with the 
continuity equation to simulate the turbulent flow 
field in an elbow. To simplify the numerical 
simulation by using a 2-D mathematical model with 
Control volume scheme, the flow properties are 
assumed constant throughout the elbow. The control 
volume formulation of Patankar [50] with Power-
law scheme is taken into account as a basis for 
solution of re-circulating flows generated in the 
mainstream turbulent flow field in an elbow. The 
standard wall function of Launder and Spalding [29] 
has also been adopted for the solution of the 
standard k equations for the turbulent flow 
near the boundary wall region. The CFD code 
Fluent @ v.6.3 has been employed as the platform 
in the simulation effort for the numerical work. The 

results of the computational simulation with an 
improved accuracy for the given physical model are 
exhibited and plotted accordingly for discussion and 
making conclusions finally. 

 
2.2 Mathematical Modeling 

The mathematical modeling, numerical techniques 
and grid independence study employed for 
Computational Fluid Dynamics (CFD) analysis of 
systems are considered in order to obtain numerical 
solution of the governing equations of the turbulent 
fluid flow. The mathematical equations governing 
the turbulent incompressible Newtonian fluid flow 
and convection heat transfer are formulated based 
on three physical principals: (1) the law of 
conservation of mass, (2) the law of conservation of 
momentum and (3) the law of conservation of 
energy. In the mathematical description of fluid 
flow it is necessary to assume that quantities such as 
velocity, pressure and temperature vary 
continuously from one point to another. This is the 
assumption of continuum. In mathematical 
representation of the physical principles 
implemented for incompressible turbulent fluid 
along with the concept of continuum the governing 
equations are formulated in the form of partial 
differential equations. The conservation equation for 
mass is referred as continuity equation and the 
conservation equations for momentum are called 
momentum (Navier-Stokes) equations. The two-
dimensional time–averaged governing continuity 
and momentum equations for an incompressible, 
Newtonian fluid and steady turbulent flow along 
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with standard k turbulence model equations in 
Cartesian co-ordinate (x, y) are as follows: 

2.2.1 Conservation of Mass 

Continuity equation: 0
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2.2.2 Conservation of Momentum  

X-Component equation: 
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 Y-Component equation: 
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Where pvu ,,  are the time-averaged mean velocity 

components along x and y directions and the mean 
pressure of the turbulent fluid respectively.  
According to Prandtl-Kolmogorov relation the 
derived formula for eddy viscosity is given by

2 2

t tC , C 
   
 

   
    

   
; t , C  are 

turbulent kinematic viscosity and empirical 
turbulence constant, while, k  and   stand for 
turbulent kinetic energy and its dissipation rate 
respectively. 
 
2.2.3 Turbulence Modeling 
 
Standard k  equations (SKE) for turbulent fluid 
flow: 
The model transport equations for scalars (k, ε) is 
governed by the principal of Advection = Diffusion 
+ Generation (Production) – Dissipation. They can 
thus be written as 
Turbulent Kinetic Energy (k) equation: 
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Where, the term G corresponds to the turbulent 
shear production rate (due to energy transfer from 
the mean flow to turbulence by the mean velocity 
gradient) of the turbulent kinetic energy, k  while 
 is its destruction rate. G can be expressed in 
terms of velocity gradients and turbulent viscosity 
as: 
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Turbulent dissipation rate (ε) equation: 
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Here, Cµ, C1, C2, k  and  are the empirical 

turbulence constants, the values of which have been 
accepted from (Launder and Spalding, 1974) are 
given in table1. 

Table1. Values of empirical turbulence 

constants 

Standard  
turbulence 

model 

Cµ C1 C2 k ε 

 0.09 1.44 1.92 1.00 1.30

All the mathematical models formulated with sets of 
partial differential equations are subjected to some 
appropriate boundary conditions. The choice of 
CFD code of FLUENT for the study is based on the 
fact that the more common control volume based 
technique adopted in commercial FLUENT version 
6.3 software package is used to convert differential 
form of the governing equations to algebraic form of 
the equations. The control volume method (CVM) is 
more efficient and easier to program in terms of 
CFD code development for computing the solution 
of incompressible turbulent flows The CVM method 
enjoys an advantage in memory use and speed for 
very large complicated problems like turbulent 
flows and source term dominated flows (premixed 
combustion) etc. The most popular turbulent model 
like standard k–ε model available directly in 
FLUENT software code is well described in the 
literature and has been used in this situation for 
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analyzing complicated turbulent flow fields in an 
elbow. The computational effort in terms of CPU 
time per iteration is much less for standard k–ε 
model than any other turbulence models employed 
for solving the complicated turbulent flow fields. 
The turbulence model, standard k-ε is derived by 
assuming that the flow is fully turbulent and the 
effects of molecular viscosity are negligible. For 
locations near walls, the standard k-ε model, 
therefore, demands an additional model, which 
comprises the effects of molecular viscosity. The 
standard k-ε model is therefore valid only for fully 
turbulent flows and no-slip condition at wall is taken 
into consideration. The model constants as taken in 
computation may have default value. The 
comparisons show that the standard k-ε model does 
not indicate the best agreement with experimental 
data for the same flow conditions in an elbow. The 
k-ε model can not predict the results precisely. 
The inputs files that were used for FLUENT version 
6.3 software are also used for the current study. The 
test input parameters are generated to match the 
simulation process in the software. The 
computational 2-D domain and grid, along with 
assumed boundary conditions related to the present 
test case are also generated for incompressible 
turbulent flow field in an elbow. The transportation 
of turbulence flow in an elbow is then simulated 
using a standard k-ε turbulence model with standard 
wall functions. The length of the computational 
domain is to be chosen such that the local Reynolds 
number at the exit section of the elbow must be 
assumed high, which is needed for the fully 
developed turbulent flow at the exit of the elbow.  A 
second-order upwind scheme is used for spatial 
discretization for the momentum and turbulence 
transport equations. The air properties and other 
input values used in the simulation process were to 
take from the FLUENT database. Symmetry 
boundary conditions are also assumed in the upper 
and lower wall, as resolving the near-wall flow field 
is not as important as resolving the compressible 
Newtonian turbulent air flow field for this numerical 
experimentation. 
For validation of CFD code used in the present 
study, the computed turbulent mean axial velocity 
distributions were compared with experimental 
results [51] for the same geometrical configuration 
with turbulent air flow and imposing identical 
conditions for both cases. The predicted velocity 
distributions at different station locations were 
compared with the experimental values for a 
qualitative match and overall reliability. There 
should be a visual similarity between the computed 
and experimental results in terms of general trend 

and curvature (near bends) etc. The relative error of 
the computed result from the experimental data at 
any station-distance along x-axis or y-axis direction 
did not exceed 8.0 percent in respect of large range 
values of turbulent Reynolds number. Moreover, the 
streamline contours and velocity vector plots 
obtained using CFD FLUENT code are able to 
qualitatively and reliably predict the turbulent flow 
field of air along the elbow length considered for the 
current numerical study. 

3 Boundary conditions 

The boundary conditions (B.C.) considered for the 
present study can be formulated as follows: 

 Inlet: u = u = 5 m/s and v = v = 0. Accordingly,  

	Re  = 4.09×104, this has been kept 

constant. 

Turbulence intensity (I) of inflow at inlet I  = 10% 
of the incoming fluid flow turbulence intensity. 
Distribution of the turbulence flow parameters at 
inlet are described as kin = (0.5) ×I U  and 

ε C / k / Kw  where K = 0.41, w = 0.135m. 
 
Wall: No-slip condition (Except injection slot) 

u v 0  ; 
k

0
y y

 
 

 
 

Injection slot:	u = u  = 0; 	v v  and 
turbulence Intensity, I = Iinj =10% for the given 
physical model. The dimensionless injection 
velocity (Reinj) through the injection slot can 

now be written as  Re
		

 

Axis: 

v 0, for the mainstream 

flow through the elbow considering symmetric flow. 
 
Outlet: 
The pressure of fluid at outlet is Poutlet = Patmosphere. 

Wall Function: 
Standard wall function is considered as follows: 

 
pY  

Wall 
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Near wall region 
y u

y 


 


and
wu





. 

u is 

the friction velocity, and dimensionless velocity 

becomes
u

u
u

 
, in viscous layer velocity profile 

becomes 
u y   

)(

2
1

4
1

pEIn

kCpu

w 


   ,  




 pyCk

p

4
12

1



where
py  is the near wall point and 63.11p ,

0.9E . This corresponds to the requirement that 

the εandk equations must be integrated up to the 
buffer region and not up to the wall and the 
equilibrium condition is generation =dissipation i.e. 
G   The corresponding k  at the near wall 

point is: 
2

1

2





C

u
k p   and pp

u



 

3

  , u is 

the friction velocity given by

2
1

4
1

kCu w
 


 and  is the Von 

Karman constant having value 0.42. This is the 
standard wall function which is used along with the 
modified k  model. 

Table 2. Turbulent flow velocity details for 
injection slot width 0.03m 

 

winj(m) uin (m/s) vinj(m/s) (VR) (Reinj) 

0.03 5.0 

2.0 0.4 3635 

4.0 0.8 7271 

6.0 1.2 10906 

Table 2 contains velocity details used for numerical 
calculation. 
 

4 Results and Discussion 

The turbulent flow patterns near the bends can be 
visualized from streamline contours as well as 
velocity vector plots shown in Figures 2 and 3 
respectively. Three strong recirculation zones have 

been generated near the bend regions. In the lower 
part of the upper horizontal limb the possible 
existence of the largest re-circulation zone has been 
identified as Recirculation-3. The results show that 
the secondary flow creates the generation of a 
number of recirculation zone of different sizes and 
the possibilities of formation of vortices for 
turbulent flow fields in elbow. A considerable 
amount of kinetic energy of the developing 
mainstream flow is lost due to generation of 
recirculating flows. Figure 5 further shows the clear 
front views of three separate recirculation bubbles 
of different sizes generated in presence of the effect 
of three different radial injection flow velocities an 
injection slot of width winj = 0.03m. It is 
understandable that the recirculation-2 as indicated 
in Figures 2, 3 and 5 becomes gradually smaller and 
weaker as the value of velocity ratio increases. The 
size (length and height) of each recirculation bubble 
has also been determined in the present numerical 
study. 
The computation of incompressible two-
dimensional turbulent flow with imposed boundary 
conditions concerns determination of mean axial 
velocity profiles in a flow field at different station 
distances along the upper horizontal limb of the 
elbow geometry. Distributions of the mean stream 
wise velocity component (u) for the turbulent flow 
of the working fluid air (Pr≈0.71) at different 
station-distance ratios like x/L = 0.5510, 0.5578, 
0.5850, 0.6802, 0.7482, 0.8163, 0.8843 and 0.9863 
in the downstream of the wall injector are plotted in 
Figures 4 for three different injection velocities 
(Reinj) of air flow. It is now observed for first three 
station-distance ratios that all the distribution 
profiles of the mean velocity component ( ) are 
with their respective peak values exist close to the 
centre line of the elbow. 
Secondly, from Figures 4 the numerical result plots 
show the development of mean axial velocity 
profiles with possible existence of a recirculation 
zone due to the secondary flow as the value of 
station-distance ratio with respect to the total length 
increases along the bottom wall of the upper 
horizontal limb of the elbow. Further, the flow goes 
downstream, the maximum axial velocity moves 
toward the top wall and as a result, the velocity 
profiles are slightly distorted and a clear velocity 
peak develops near the top wall. The developing 
velocity profiles however show no influence of 
secondary flow resulting in reattachment of the 
mainstream flow in downstream end of the elbow. 
Near the duct outlet, the velocity peak weakens and 
the profiles become smoother indicating a likely to 

WSEAS TRANSACTIONS on HEAT and MASS TRANSFER 
DOI: 10.37394/232012.2020.15.12

Rabin Debnath, Somnath Bhattacharjee, 
 Arindam Mandal, Snehamoy Majumder, 

 Debashis Roy

E-ISSN: 2224-3461 90 Volume 15, 2020



be fully developed turbulent flow at the exit of the 
elbow.  
From the plots it is clear that the k-ε model 
prediction is not very encouraging. Probably this 
attribution is due to the fact that a k-ε model 

provides very poor results in recirculating flow and 
it requires quite modifications particularly to take 
care of the stream line curvatures as discussed detail 
in [52].  
  

 

Figure 2. 2-D Streamline contour at different injection velocities. 
 

Figure 3. Velocity vector plots along the elbow length at different injection velocities. 
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The secondary or the reverse flow is inducted by the 
transverse pressure gradient or due to negative 
pressure occurred in the mainstream turbulent flow 
indicating the existence of flow separation near the 
bend regions in an elbow. The other important 
parameter like local skin friction factor has been 
evaluated from the velocity field. The average 
values of friction factor  fC at different axial 

station distances of the elongated length S(m) 
downstream of the wall-injector have been plotted 
in Figure 6 for both the walls. The maximum local 

friction factor occurs in the third recirculation zone, 
then decreases and finally increases asymptotically 
along the bottom wall far downstream of the 
injection slot. For upper wall, the occurrence of 
maximum local friction factor is closer to the third 
recirculation zone, and then decreases. Finally the 
variation shows constant values far downstream of 
the injection slot. Friction experienced by the main 
stream turbulent flow along the upper wall is 
comparatively higher than that of the lower wall.
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Figure 4. Distribution of mean velocity component ( ) at different stations 

Table 3. Effect of different injection velocities on the size of recirculation bubbles 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 5. Front view of Recirculation bubbles generated in three separate zones 
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winj (m) (m/s) Recirculation-1 Recirculation-2  Recirculation-3 

  Length 
(m) 

Height 
(m) 

Length 
(m)

Height 
(m)

Length 
(m) 

Height 
(m)

0.03 

 

2.0 0.082 0.056 0.097 0.160 0.370 0.070 

4.0 0.085 0.054 0.095 0.073 0.360 0.066 

6.0 0.084 0.052 0.095 0.063 0.340 0.062 
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Table 3 shows the final size of each of three 
recirculation bubbles in (X-Y) plane due to the 
effect of different injection velocities through an 
injection slot of width winj=0.03m. The 
corresponding Figure 7 also shows the change of 
non-dimensional values of height to length ratio of 
the three recirculation bubbles in respect of 
increasing velocity ratios between the injection 
turbulent velocity and the velocity of the turbulent 

flow at inlet. A major effect of the increasing 
velocity ratio on the size and strength of the second 
recirculation bubble has been clearly observed for 
wall injector of width winj=0.03m. It reveals that 
almost no effect on the third recirculation bubble 
and a minor effect on the first bubble are obvious 
from the Figure 7. 
 

 

 
        Figure 6. Distribution of local friction factor  

 
downstream wall injector  

 

Figure 7. Effect of Velocity Ratio on size of Recirculation bubbles 
 

5 Conclusion   

In this paper, it was attempted to analyze and solve 
the complicated turbulent flow fields by using CFD 
code, FLUENT @ version 6.3 commercial software 
code. The computational results show clearly the 
complicated flow field including flow separation 
and reattachment behind the wall-injector. The 
variation of injection velocity has a profound effect 
on the velocity field and other parameters of the 
turbulent fluid. The local wall shear as well as 
friction factor along the upper wall of the elbow 
have been observed to decrease in the far 
downstream region of the top wall-injector with 
increase in injection velocity. 
The current study ascertains that the size and 
strength of recirculation bubble reduces with 

increase of the side mass injection velocity or side 
mass Reynolds number. It also leads to a significant 
reduction of loss of the transport momentum energy 
of the turbulent fluid. 
Finally, the current study also clears the facts that 
the performance of the forced convection turbulent 
flow in elbow ducts can practically be improved 
through the use of the technique - wall mass 
injection. The low cost, easy installation and 
maintenance associated with this technique are 
obviously more attractive compared to other 
techniques available. Moreover, the numerical study 
in the paper may encourage for experimental 
research work and design of energy saving-cum-
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efficient industrial heat exchanger, ducting system 
and equipment for engineering applications. 

6  Scopes for future research work 

The future research work is still required to assess 
the effects of many important aspects for dense 
single or double phase convection flows in ducts. 
Some useful directions which can lead to the way of 
future research work in the field of high potential 
fluid flow and heat transfer mechanisms for 
different bend ducts are as follows. 

1. A detailed study of compressible fluid flow 
under unsteady and various boundary 
conditions will certainly be very useful in 
many engineering applications. 

2. A research study for understanding the 
physical mechanism of the flow fields and 
heat transfer characteristics for the non-
Newtonian fluids in different ducts and 
pipes etc. can be carried out in future. 

3. A thorough investigation in 3-dimensional 
coordinates for pressure and velocity fields 

of turbulent fluid flow and heat transfer 
characteristics in bend ducts or pipes and 
other different complex geometries, under 
so many real conditions, will enormously 
explore the physics of the duct or pipe 
flows. 

4. A future study considering the effects of (a) 
swirl motion of the turbulent fluid flow at 
inlet, (b) wall injection jet flows and (c) 
wall roughness on the both of steady and 
unsteady mixed turbulent convection flow 
field in  three dimensional bend flows under 
variable property and conditions is 
essentially required in order to provide more 
realistic description of the transport 
phenomena in practice. 

Moreover, the current study will help a lot to set up 
the feasible experimental work for research and 
design of energy saving-cum-efficient industrial 
heat exchanger, ducting system or equipment. 

 
NOMENCLATURE 

 

	 , 	  Mean Velocity along X and Y axes 
respectively, m/s 

  Co-efficient Dynamic viscosity of fluid
at room temperature, kg/ms 

x  The distance of the station  
measured from the inlet end of the 
elbow, m  

Re  

L 

Reynolds number 

Length of the duct 

air
 

Density of air, kg/m3      Vinj     Injection flow velocity, m/s 

k, ε Turbulent Kinetic energy, m2/s2 and 
its dissipation rate, m2/s3 dy

du Velocity gradient of the upper and 
lower wall of the elbow 

T  Absolute temperature, K  Reynolds number of  injection flow 

 Injection slot width, m G Turbulent shear production rate 

I Turbulence Intensity, % Cf Local skin friction factor  

 Injection Velocity, m/s S Total Elongated Length, m 

2-D Two Dimensional k, ω Turbulent Kinetic energy, m2/s2 and its 
specific dissipation rate, 1/s 
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