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Abstract:— The most significant problem in many industrial applications such as flows in combustors and 
nozzles is the study of mixing properties of jets. At present, the problem of control of enhancing the mixing in 
the low-speed flows is well studied while in the high-speed flows this problem is still important. In this paper 
the supersonic turbulent forced jet of perfect gas in a supersonic coflow is studied numerically. The simulation 
is performed using the three-dimensional LES filtered Navier–Stokes equations coupled with the Smagorinsky 
turbulence model, the solution of which is based on the third-order non-oscillatory (ENO) scheme. For the 
turbulent jet control and the mixing enhancement problems the inlet deterministic excitation (forcing) with 
various frequencies and perturbation amplitudes is proposed. It is revealed that the behaviour of the growth of 
shear layer is governed with deterministic forcing at the entrance. A namely, including forcing gives much 
more quickly pairing of the vortices and the rise of thickness of shear layer in compare to the ‘natural’ jet 
(without forcing). Additionally, the variation of excitation frequency nonuniformly influences on the rolling up 
of the vortices; the decrease of frequencies slows down roll-up process and enlarges vortices stretch in the 
streamwise direction. The obtained turbulence properties are in good agreement with experimental data. 

 
Keywords:— Numerical simulation, supersonic jet, perfect gas, Navier-Stokes equations, mixing 

enhancement, forced jet, spectral initial conditions. 
 
1 Introduction 

The study of the mixing properties of jets has an 
important role in many industrial applications such 
as: turbulent mixing of the jet of fuel with flowing 
air in the combustion chambers, jet interactions at 
the launch of rocket and space mechanism with 
launch equipment etc. The problem of enhancing 
the mixing has been explored by many authors both 
experimentally [1]-[8], [18] and numerically [9]-
[17]. 

For example, the comparison of the two jet 
regimes: 
1) the natural jet (which mimicked a realistic 
experimental profile of coaxial jets), 2) the natural 
jet with additional excitations; has been performed 
numerically with the DNS approach [13]. They 
revealed that imposing of the additional forcing to 
the jet gave more homogenous mixing without a 
spot of unmixed fluid. 

In the [14] jet shear layers were excited over a 
series of excitation Strouhal numbers and azimuthal 
modes (axisymmetric, helical, and flapping). 

The wide variation in the preferred mode of 
Strouhal number was shown to be tightly linked to 
evolution, spacing, and scale of the coherent flow 
structures, which dominated the jet shear layer’s 
development. 

The study of the vortex dynamics and the 
statistics of bifurcating jets was performed in [15]. 
Authors analyzed in detail the three-dimensional 
coherent structures resulted from every case of 
specific forcing and explained their impact on the 
statistical behavior of bifurcating jets. They found 
out the most efficient strategy of jet control was a 
combination of an axisymmetric excitation of the 
preferred frequency and a flapping excitation at the 
subharmonic frequency. 

The detailed survey of the shear flow research on 
active and passive control of flows relevant to 
propulsion applications, with an emphasis on 
exploring the underlying low mechanisms was given 
in [16]. A namely, the advantages and the 
disadvantages of the following excitation:   artificial 
excitation of jets, natural excitation and screech, 
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complex nozzles, induced screech and multi-jets, 
studies of excitation techniques and other aspects of 
jet flows, passive control by tabs,  flow separation 
control and dynamic stall were discussed. 

In [17] the mixing efficiency improvement 
problem was studied on example of the gaseous jets 
with and without additional excitation using the 
LES approach. Authors revealed that the application 
of the low energetic small amplitude excitation of 
the gas phase resulted in bifurcating jet. 

The experimental result of the study of steady 
and pulsed control jets in enhancing the mixing rate 
of a high Reynolds number and high subsonic Mach 
number jet has been represented in [18]. This study 
has shown that the use of control jets (steady and 
pulsed) was an effective mixing enhancement 
technique. The results revealed that significant 
potential core length reduction has been achieved by 
using the control jets.  The jet cross section became 
highly asymmetric and the jet-spreading rate 
increased considerably in the orthogonal plane in 
the case of the control jets.  

Most of the above mentioned studies analyzed 
low-speed flows though the problem of control of 
enhancing the mixing in high-speed jets is still open. 
The aim of this paper is the numerical study of 
supersonic turbulent forced jet of perfect gas in 
coflow with a focus on the mixing control. The 
schematic diagram of the flow is shown in Fig.1.1: 

 
 

 
Fig.1.1. Schematic diagram of the computational 

domain 
 
 

2 Physical models and numerical 
methods 

 
2.1 Governing Equations 

Basic equations for the problem are the system of 
the three-dimensional filtered by the LES Navier-
Stokes equations for the compressible turbulent 

perfect gas in the Cartesian coordinate system 
written in the conservative form as: 
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where vectors of dependent variables and vector 
fluxes are defined by  
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Components of the viscous stress tensor are 

given as: 
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The heat flux is defined by  
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The effective viscosity is equal to the sum of two 
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viscosities: sgsleff µµµ += , where lµ  is 

determined by the Sutherland formula and sgsµ : 
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where C is the model coefficient which is varied 
during the simulations, ∆ is the width of filter which 
is equal to the spatial step. 

The pressure and the temperature are given as: 
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In the system (1) vwu ,,  represent the 

components of the velocity vector, ρ  is the density, 

vc  is the specific heat at constant volume, γ  is the 
ratio of specific heats, ∞M  is the flow Mach 
number. 

The system of equations (1) is converted to the 
non-dimensional form, where the flow parameters  

∞∞∞ Tρu ,,  are taken as reference values, for the 

pressure P  and the total energy tE the reference 

values are 2
∞∞uρ ,  the length scale is the initial 

vorticity thickness of a mixing layer : 
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where uuuu ∆−= ∞ /)(~

   ∞−=∆ uuu 0  
Pr , Re  are the Prandtl and Reynolds numbers. 
Index 0 corresponds to the parameters of the jet and 
index ∞ corresponds to the parameters of the flow. 

  
2.2 Boundary and initial conditions 

At the channel entrance the inlet condition is given 
by a velocity profile in the way:  
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and in the shear layer of the thickness θδ  the 
hyperbolic tangent function is taken: 
 

)/5.0tanh()(5.0)(5.0)( 00 θδφφφφφ zz ∞∞ −++=  (5) 
where  ).,,( wvu=φ  

Here xH , yH  and zH  are length, width, and 
height of the computational domain, respectively, 
and R  is the radius of the jet orifice. 

Methods, using preliminary calculation 
(recycling methods), generate values in the 
additional zone, and then these values are used as 
boundary condition at the entrance in the main zone 
[19]-[21].  It was obtained that these methods can 
only be used in the homogeneous flows, for 
example, the completely turbulent flows. In the 
algebraic and spectral methods a set of random 
numbers, satisfying the given statistic values of the 
turbulence is used [22]-[24].  

The ways of imposing the anisotropy and the 
inhomogeneity into the velocity field in the spectral 
methods leads to the similarity between the 
simulated turbulence and the real turbulence. From 
review of literature it follows that the more 
perspective are the spectral methods, since these 
methods provide the most real view of investigated 
flow. Key part of the method is the imposing of an 
anisotropic field of perturbations including the set of 
random numbers, satisfying the given statistic 
values of the turbulence. 

In agree with the above the “natural” fluctuation 
velocity field at the entrance natural

i txV ),(


 from (4) 
is given by analogy as in [23], and the spectral 
boundary conditions at the entrance for this case are 
as follows: 
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where d  is the random frequency and nϕ  is the 
random phase shift, both determined in the interval 
[0;1], here N taken as 100=N  and nq  is the 
normalized amplitude : 
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where E(k) is  the modified von Karman energy 
spectrum: 
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The forced velocity  forced

i txV ),(
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 is given in the 
following form:  
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In (8) )(zG  is the Gauss function 

),2/exp()( 22
θδzzG −=  A, B and С are the 

perturbation amplitudes taken in the range of 3-10% 
of the velocity base

ixV )(


, ω is the excitation 
frequency, which is determined either from 
experiments or estimated using the linear stability 
theory [25]-[26]. 

In the output and the lateral boundaries the non 
reflective boundary conditions are specified [27].  

 
2.3 Numerical Schemes 

Preliminary, at the level of the jet injection, a 
thickening of the grid is introduced for a more 
accurate numerical solution. Then the system (1) in 

the transformed coordinate system is written in the 
form: 
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The solution of the system (9) is performed with 

semi-implicit method  proposed in [28,29]. 
Firstly, the linearization procedure is applied to 

the equations (9).  Then, the factored scheme of the 
linearized system is written.  This form reduced the 
three-dimensional matrix inversion problem to the 
three one-dimensional problems in directions ξ , ζ  
andη . Secondly, the obtained one-dimensional 
problems are solved implicitly with matrix sweep 
method for the vector U~ . Here, the advective terms 
are approximated using the third-order ENO scheme 
in detail represented by authors in [28, 29].  The 
central differences of the second order accuracy are 
used for approximation of diffusion terms.  

 
3 Results and discussion 

The verification of the numerical model is 
conducted by the comparison of the computational 
results with the experimental data of [30] for the 
problem of the shear layer, where two parallel flows 
with different Mach numbers are given with 
following parameters: 

 
1M  2M  cM  21 / UU

 
21 / ρρ  

1.80 0.51 0.51 0.36 0.64 
 
where

)/()(,/)( 21122111 aaUaUaaUUM cc ++−=  is 
the convective Mach number and  21,UU  are the 
velocities of the upper (index 1) and the lower 
(index 2) flows respectively and 21, aa  are the local 
sound velocities of the flows. The pressure on the 
entrance is constant for two flows, the size of 
domain is: ,60=xH ,20=yH 20=zH and the 
computational grid is of 271x101x101 nodes. 

The results of comparison of turbulent quantities 
with experiments are shown in Fig. 3.1-3.3 for the 
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cross section with x = 18. For streamwise and lateral 
turbulence intensities and Reynolds stress profiles 
the good agreement with experiment is obtained. 

Below represented the results of numerical 
simulation of the stated problem with following 
parameters: ,1∞ =M  20 =M , 510Re = , the 
diameter of orifice is 6=d , the pressure 

atmP 1= is constant. The size of computational 
domain is: ,200=xH 30=yH , 30=zH and the 
jet center is located at the point with the coordinates 

250 =y , 250 =z .  
Fig. 3.4 represents the dynamic of the vortices 

structures in the shear layer solved without forcing 
of the jet. The result shows that to the time t = 37.5 
the vortices are started formed and they are moving 
downstream (Fig. 3.4 (b)). Pairing of the adjacent 
vortices with forming the larger ones is 
demonstrated in Fig.3.4 (c). And the relatively 
stable turbulence occurs to the time t = 62,5  
(Fig.3.4 (d)). 

In Fig. 3.5 – 3.6 the results with and without 
forcing of the jet are represented. For the excited jet 
in the boundary condition (8) at the entrance for 
streamwise velocity the parameters taken as:  A = 
0.06, B = 0, C = 0, and for the transverse velocities:  
A = 0, B = 0.06, C = 0 with frequencies: 

12/,9/,6/ πππω = . 
From comparison of the figures, it is visible (Fig. 

3.5) that in the "natural" case (Fig.3.5 (a)) the 
formation of the vorticities is occurred much later. 
While including the excitation for all three 
frequencies (Fig. 3.5 (b-d)) gives much more 
quickly pairing of the vortices and growth of their 
sizes. Additionally, Fig.3.6 shows that the variation 
of the frequency nonuniformly influences on the 
growth and pairing of the vortices. 

The growth of the shear layer is shown on the 
picture of the vorticity thickness  

max

0

)/( zu
uu

∂∂
−

= ∞
ωδ  in Fig 3.7 for frequencies 

12/,9/,6/ πππω = .This picture demonstrates 
nonlinear growth of the vorticity thickness for all 
cases. From figure it is visible that for the excited jet 
with frequency 9/πω = ,  the lines are higher 
compared to others. Apparently, this is due to the 
fact that in the case of 6/πω =   (Fig.3.6 b) the 
roll-up process is quicker, in comparison with others 
(Fig.3.6 c, d), consequently, the density of the 
formed vortices is higher. 
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Fig. 3.1. Streamwise turbulence intensities 
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Fig. 3.2. Lateral turbulence intensities. 
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Fig. 3.3. The Reynolds stress profiles 
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Fig. 3.4. Evolution of vorticity isolines at various 
times for natural jet in co-flow 

 
The decrease of the frequencies slows down the 

pairing process and enlarges vortices stretch in the 
streamwise direction which gives the growth of the 
vortices thickness (Fig. 3.7 c, d).  However, the 
vorticity thickness in the case of 12/πω =  
decreases because of the too much stretching of 
vortices in the streamwise direction. (Fig. 3.7 d). 

The isolines of vorticities (Fig. 3.8) and the 
distribution of vorticity thickness (Fig. 3.9) are 
illustrated the influence of the excited jet with 

9/πω =  to the mixing properties. 
 

 
 

 

 

 

 
 

Fig. 3.5. Isolines of vorticity for natural jet in co-
flow (a) and forced jet in co-flow with various 
frequencies: (b) 6/π , (c) 9/π  and (d) 12/π  

 
The result shows that the increase of amplitudes 

from 0.03 to 0.1 gives growth of the maximum of 
ωδ  from 30 to the 135 (Fig. 3.9). 
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Fig. 3.6. Instantaneous isosurface for densities taken 
from 3D simulation of the natural jet in co-flow (a); 
the forced jet in co-flow with various frequencies: 
(b) is for frequency ,6/π  (c) is for frequency 9/π  

and (d) is for frequency 12/π  

 

 
 

Fig. 3.7. Vorticity thickness for natural jet case and 
forced jet case with various frequencies 

 
 

 

 

  
Fig. 3.8. Isolines of vorticity for forced jet in co-

flow with frequency 9/π for various amplitudes: (a) 
A and B are 0.03, (b) A and B are 0.06 and (c) A and 

B are 0.1. 
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Fig. 3.9. Vorticity thickness ωδ  for the forced jet 

case with frequency 9/π  and for the various 
amplitudes. 
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