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Abstract: - The particular characteristics of flows inside channels present high interest to the industrial sector 
concerning pipes design, construction, corrosion and control issues. In the present paper the numerical estimation 
and investigation of incompressible viscous flows inside inclined step pipes are approached trying to produce 
accurate flow variables results and certain data concerning the separation zones and the inclination angle effect 
according to the various Reynolds numbers values. Cartesian grids are generated for the domain discretization in 
combination with a block-nested refinement technique, trying to avoid the huge computational memory is needed 
when the aspect ratio of the physical domain is high enough. The angle effect is investigated concerning the 
recirculation zones and the energy flow losses, trying to predict the optimum geometrical selection of pipes related 
to the flow rate, hydraulic diameter and inclination angle. The Navier – Stokes equations are solved using an 
artificial compressibility method in combination with upwind numerical schemes. Various results are presented for 
several grid sizes and Reynolds numbers for four different inclination step angles. It seems that this flow is 
characterized by extended recirculation zones even at low Reynolds numbers, but using the appropriate step angle 
according to the flow rates values the energy losses can be minimized.   
 
 
Key-words: - flow in pipes, inclination angle, block nested grids, recirculation, numerical estimation 
 
 
 
1 Introduction 
The sudden expansion pipes are extensively used in 
the industrial sector as in power plants, aluminium 
production processes or oil and gas companies. The 
relationship among the width and the inclination angle 
of the channel is quite important in order the 
recirculation areas as well as the major energy losses 
to be avoided. In this paper the numerical 
investigation of this issue is developed, trying to 
produce a computational model and flexible tool for 
industrial applications.  
 Such tools are quite useful for related applications 
and several proposed methods have already been 
developed. Interesting approaches for sudden 
expansion channels can be found at Lee [1] and 
Santos [2] work, where emphasis is given not only to 
the computational estimation of the flow but also to 
the experimental validation of the results [3, 4]. By 
the other hand some important numerical results 
concerning the aforementioned flow simulation in 

channels has been presented by Louda [5, 6], who 
applies a finite element method producing quite 
satisfied accuracy focusing at the recirculation zones’ 
location [7]. Pressure behavior is analyzed extensively 
by Razani [8], while a three dimensional approach is 
presented by Kaiktsis [9]. Wallin [10], develops an 
explicit methodology and present flow variables 
results for high Reynolds numbers flows which is 
applied quite satisfactory for the sudden expansion 
channels flow simulation and computation [11].   
 However the numerical simulation and estimation 
of flows for industrial pipe flow applications, 
according to our research, shouldn’t be only accurate 
and independent according to the flow conditions, but 
also, simple, flexible and easily adaptable for any pipe 
flow application. In all the above approaches, quite 
important flow information is presented, although lack 
of specific details exists concerning the inclination 
angle effect to the developing flows in order to 
present useful conclusions and technical advices for 
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numerous industrial applications. By the other hand in 
most of the cases, the refinement technique which is 
applied is quite efficient but not so simple and flexible 
in order to be easily adapted in every individual 
industrial case. In most of the cases hybrid adapted 
grids are generated in order to overcome the incline 
edge of the sudden expansion channels and a local 
adaptive refinement technique is developed in order to 
provide better accuracy at the crucial flow areas.  
However Cartesian grids present better flexibility and 
support as well as easy discretization of the governing 
equations, if of course the geometry description 
allows to be applied. Corrier [12] has presented a 
quite flexible Cartesian grid scheme, which can be 
independent by the geometrical bound and produces 
accurate flow results, while similar approaches 
develop techniques based on approximated bounds 
creation using only grid lines in order to describe the 
flow domain [13].  Apparently, the uniform Cartesian 
grid generation cannot be satisfied when geometries 
with high aspect ratios are simulated. Interesting 
refinement techniques have been presented by Wang 
[14], where a quadrilateral grid generator is presented 
based on cell cutting [15, 16], while in Pan’s approach 
[17], a ghost cells method for incompressible flows is 
developed promising a flexible scheme for channels’ 
flows. Even in finite elements methodology the 
adaptive refinement techniques promise high accuracy 
achieving reduction of the computational memory 
simultaneously [18].   
 
 
1.1  Aim and objectives 
The inclination angle effect and the location of the 
separation zones inside sudden expansion channels are 
numerically investigated in the present paper. In 
addition main objective of our work is not only the 
extended calculation and presentation of the related 
flow results, but also the development of a flexible, 
simple and easy to be applied computational scheme, 
adaptable to any relating industrial application.  In 
order to achieve the physical domain discretization, 
Cartesian grid methodology is developed using only 
grid lines, which can be applied for every channel 
geometry domain [19]. This method is based on an 
initial approach of Tseng [20], while it has been 
already applied successfully for pipe flows prediction 
in our recent research work [21]. Refinement 
technique will be developed based on block nested 
sub-grids sequence at the crucial areas of the 
geometry, using various refinement factor values and 

grid levels [22, 23]. Flux vector splitting methodology 
in combination with the artificial compressibility 
technique will be used for the Navier-Stokes equation 
solution [24], an accurate scheme which has been 
previously applied in various internal and external 
flows numerical estimation. The scheme is cell-
centered, using finite volume technique, while special 
treatment will be presented concerning the boundary 
conditions application among the various types of 
domain interfaces after the grid generation [25]. 
Numerical calculations will be analyzed for three 
different inclination angles of the pipe and for various 
Reynolds number values trying to predict the 
relationship of the step angle with the recirculation 
zones, the energy losses and the flow characteristics, 
as well as the grid independence and the accepted 
accuracy of the block nested refinement technique. 
Validation of the results is performed using the 
corresponded ones by the literature as well as by 
commercial numerical software.     
 
 
2 Theoretical Analysis And Numerical 

Methodology 
The mathematical modeling is comprised of three 
main sections; the grid generation technique, the 
exploitation and application of the boundary 
conditions and finally the numerical solution of the 
governing equations. However, due to the block 
nested refinement technique, a special treatment is 
needed concerning the boundary conditions 
application, according to the type of each physical 
domain bound and the location of each sub-grid.  
 
 
2.1  Cartesian grid approach 

Concerning the numerical estimation of flows inside 
pipes, the Cartesian grids are more appropriate, 
although non - Cartesian bounds are met according to 
the channels’ shape. At the flow case of the inclined 
step pipes, there is only one non-Cartesian bound, 
which is not enough to force the hybrid grids 
development and usage as some of the researchers 
prefer [5], although the accuracy of the results is very 
satisfied and acceptable. In our method all the 
geometry bounds are laid on Cartesian grid lines and 
consequently in order to succeed it, an approximated 
bound close as possible to the original one is 
produced.  The initial description of the geometry is 
achieved by a set of data points, which are used in 
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combination with the rule of minimum distance in 
order to produce the new approximated data ones (fig. 
1). All the new points, which have been extracted by 
this procedure, are grid nodes and these are connected 
using straight grid lines, applying the saw-tooth 
method. For the case of inclined step pipes, only one 
bound is non-Cartesian, which will be re-generated 
using the above method as we can see at Fig. 2. More 
details about this technique can be found in our 
previous research work [21, 25].  
 

 

Fig. 1. Approximated points definition and procedure  

 In order to overcome issues concerning the high 
aspect ratios, which are presented in all the pipes’ 
structures, a refinement technique is necessary to be 
applied in order to reduce the computational time and 
memory and achieve the desired accuracy 
simultaneously. The refinement technique which has 
been chosen is a block - nested methodology by the 
use of a hierarchical structured grid approach. The 
method is based on using a sequence of nested 
rectangular meshes in which numerical simulation is 
taking place (Fig. 3). The whole domain is a rectangle, 
whose sides lie in the coordinate directions, except for 
the case of the inclined step outer bound. Concerning 
the inclined domain location, only three edges are 
straight lines, while the fourth edge is a crooked one, 
due to the used approximation technique. We simulate 
the domain based on as many refine grids as we need 
according to the flow domain demands [25]. The 
proposed nested algorithm contains several levels of 
grids. We name the coarsest level l=0 and each next 

refine sub – grid is named l+1. We define the integer 
refinement factor I, as follows:  

      11 //   mmmm dzdzdxdxI .          (1) 

 
where I is the refinement factor, 1mm dxanddx  the 
grid’s resolution in longitude for the m grid level and 
for the m+1 (next) grid level, respectively, while 

1mm dzanddz  the grid’s resolution in latitude for the 
grid levels as above.  The I is always a power of two, 
while the choice of the location for the nested grids is 
usually decided according to the velocity differences 
among the adjacent cells. 
 

 

Fig. 2. Connection method (saw-tooth) for the 
approximated points at the inclined step bound.  

 

2.2 Governing equations & numerical scheme 
In order to numerical calculate the incompressible flow 
along the pipes we solve the system of the Navier – 
Stokes equations in combination with the mass 
conservation one. The N-S equations in Cartesian 
coordinates, two dimensional can be seen below:  
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after the addition of the artificial compressibility term 
β, a is a switch for the activation of the axisymmetric 
terms (α=0 is non axisymmetric, a=1 axisymmetric 
flow field), Re the Reynolds number and Q  the 
unknown solution vector, as follows:  
 

                (6) 
 
with p being the pressure, and (u, w) the velocity 
components in physical space,        and        are 
respectively the convective and diffusive flux vectors 
at the plane  zx, .  
 

Fig. 3. Block nested grid refinement approach for a short 
pipe, based grid size: 81x11, one (1) and two (2) levels of 
refinement and integer refinement factor equal to two (2). 

 In order to avoid the lack of the pressure term by 
the unknown solution vector, we introduce the 
artificial compressibility term β and by this way we 
achieve the connection among the convective flux 
vectors and the unknown flow variables vector Q. We 
could probably introduce one more equation in order 
to calculate the pressure, but this would forbid the 
implicit scheme development [24]. 

 Apparently, the above N-S equations are the 
governing equations for unsteady flows, although we 
will study and estimate only steady flows in the 
present research work. However, this form of the 
equations can be used for the solution of steady flow 
fields as in our case as we know that these are non-
linear and iterative method are needed for their 
solution. In these steady cases the time derivative is 
used for the construction of an iterative technique 
using the artificial time step    in order to define the 
final steady state. Here, we extend the Flux vector 
splitting (FVS) method for solving incompressible 
flow fields implicitly. In such flow fields the splitting 
of the convective flux vectors has to change sense 
because of their non-homogeneous property. The 
values of the flux vectors at the cell faces are 
approached by upwind schemes up to third order of 
accuracy. The un-factored discretized Navier-Stokes 
equations are solved by an implicit second order 
accurate in time scheme, using Gauss-Seidel 
relaxation technique.[27] The finite-volume 
methodology is applied, cell centered, while the value 
of the β term is usually equal to the reference velocity.  
 
 
2.3 Boundary conditions 
Special treatment of the boundary conditions is 
needed due to the block nested grid algorithm 
development. The conditions which are appropriate to 
be applied are related to the type of the interface that 
is met during the numerical solution of the flow 
equations.  

 
2.3.1 Boundaries at the physical bounds 

The boundaries at the physical bounds are either 
Dirichlet either Neumann conditions, according to the 
bound nature, as these can be seen at the below Table 
1 with reference to Fig. 4,  where         are the 
velocity components,   the pressure and the indicator 
ref shows the reference values of the field.   
 The method which is applied in our approach is a 
finite volume methodology which in the case of the 2-
D Cartesian grids is almost similar with the finite 
difference one. According to the location of each 
bound, backward or forward differences are applied in 
order to set the appropriate conditions. Similar 
approaches successfully have been developed in pipe 
simulation in our previous research work or even in 
numerical schemes with other various applications 
[26,27].   
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Table 1: Boundary conditions for the inclined step pipe 
(Fig. 4) 

Geometry 

Bounds 

(Fig. 4) 

Boundary Conditions 

AB 
Inlet conditions        , 

0,0 





x

p
w  

AC No slip condition (wall) 

0,0 





z

p
wu  

CD No slip condition (wall) 

0,0 





z

p
wu  

DE No slip condition (wall) 

0,0 





z

p
wu  

EF Outlet    
  

              
 

BF No slip condition (wall) 

0,0 





z

p
wu  

 

2.3.2 Boundaries among course – fine interfaces 

At the initial steps of the block nested algorithm, the 
velocity values will be transferred from a coarse 
interface (grid level     ) to a refine one (grid level 
      ).  It is important to be mentioned that in this 
stage the artificial (ghost) cells are neglected:  
 

                 (7) 
 

where      and        are the axial velocity 
components at the refined grid level and      the 
corresponded one at the coarse level.  At the specific 
flow case study in various sub-grids domains, the 
vertical velocity component is equal to zero (0) and so 
this is set at the aforementioned boundaries. However, 
even if    , the values will be transferred by a 
similar way with the axial velocity components as 
above:  
 

                 (8) 
 

All the symbols are as these described above 
(paragraph 2.3.1). 

 

2.3.3 Boundaries among fine – course interfaces 

In the case that the boundary values must be 
transferred through fine – course interface the below 
formula is applied:  

 
     

           

 
  (9)   and      

           

 
    (10) 

where the values are as described above.  
 

 
2.3.4 Boundaries among fine – fine interfaces 

In some cases, according for example the location of 
the separation zones inside the pipe, fine grids are 
adjacent and the variables values have to be 
transferred among them.  The level of the grids 
receives the same value in both of the sub-grids and 
the velocity values are given as it can be seen below:  

 
                                            (11) 

 
 

2.3.5 Boundaries among course- course 

interfaces 

As the aforementioned grid methodology is applied 
only for rectangular Cartesian grids and sub-grids, 
there are some cases that course grids will be adjacent 
and the related boundary conditions must be set in 
order the numerical calculation to take place. In that 
case the boundaries application is developed as at the 
above case fine-fine interface (Eq. 11). 
 
 
3 Results and Discussion 
The inclination angle effect is going to be investigated 
to the incompressible flow inside pipes as various 
industrial applications are based on this type of flow 
and pipe. In order to succeed that and manage to 
present accurate evidence about the flow 
characteristics, the Cartesian block nested technique 
will be applied with the appropriate choice of sub-
grids and refinement levels as well, trying to reduce 
the CPU time, reduce the computational memory and 
keep the desired accuracy of our flow results.  
Consequently, validation data are presented in order to 
prove first of all the accuracy of the numerical 
scheme, as well as the efficiency of the block nested 
algorithm. By presenting the following extended 
analysis we attempt to enhance previous research 
work which has been done on the aforementioned 
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flow fields [3,28] and extend our research work in 
incompressible viscous flows inside pipes [19,29].   

 
 

 

Fig. 4. Geometry description of the inclined step pipe. The 
dimensionless lengths of the channel vary according to the 

Re value. 

 

3.1   Incline step pipe geometry  
The geometry description and the related dimensions 
can be seen at the above Fig. 4.  
 The relevant height      has set equal to 1 for 
dimensionless purposes and it is the maximum 
hydraulic diameter of the pipe. The inlet area receives 
       height as we study a sudden expansion pipe.    
In order to investigate the inclination angle effect to 
the flow, we present various calculations for four (4) 
different inclination angles values: 10ο, 30ο , 45ο  and 
90ο  (Fig. 5), for five different Re values: 100, 400, 
800, 1200 and 1700. The numerical solution has taken 
place using uniforms and block nested grids one or 
two levels of refinement and various grid sizes in 
order to prove the grid independence of the final 
solution.  
 
 
3.2   Recirculation lengths and points 

The results that are presented have been produced 
using grid size 351x26, with two refinement grid 
levels and I=2. In all the cases the expansion ratio is 
set to be equal to 2 (Fig. 4). At the following tables 
the separation zones of the lower and the upper wall 
of the pipes are presented according to the inlet flow 
rate for the above Re values. Detachment and 
reattachment points have been located in order to 
provide even more efficient information concerning 
the exact location of the separation zones.  
 For validation purposes all the numerical cases 
solved using the commercial software ANSYS and 

two (2) of these are presented for inclination angle 
equal to 90 deg for all the range of the used Re, using 
uniform grid sized 651x26. 

 

Fig. .5 Geometry description of the incline step pipe for 
different values of the inclination angle. 

 
Table 2: Recirculation lengths and related points –lower 
wall: Inclination angle 10 deg. Grid, 351x13, l=2, I=2.  

 
 

In addition the present work results are 
compared with the corresponded ones by the literature 
where the convergence is accepted. The appropriate 
modifications have been performed  in order to 
present the relating results according to the expansion 

Re Lower Wall   

 Recirculation 

Length 

 

Detachment 

Point 

Reattachme

nt Point 

100 No detection No detection No detection 
400 No detection No detection No detection 
800 No detection No detection No detection 

1200 4.53 17.47 22.00 
1700 8.07 18.71 26.78 
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ratios which have been used in each case (Tables 8, 
9).  

 
Table 3: Recirculation lengths and related points –upper 
wall: Inclination angle 10 deg. Grid, 351x13, l=2, I=2. 

 
 
 

Table 4: Recirculation lengths and related points – lower 
wall: Inclination angle 30 deg. Grid, 351x13, l=2, I=2.  

Re Lower Wall   

 Recirculation 

Length 

 

Detachment 

Point 

Reattachment 

Point 

100 0.39 8.90 9.29 
400 4.15 8.26 12.41 
800 6.46 8.26 14.72 

1200 7.56 8.26 15.91 
1700 8.94 8.26 17.20 

 
 

Table 5: Recirculation lengths and related points – lower 
wall: Inclination angle 30 deg. Grid, 351x13, l=2, I=2.  

Re Upper Wall   

 Recirculation 

Length 

Detachment 

Point 

Reattachment 

Point 

100 No detection No detection No detection 
400 No detection No detection No detection 
800 4.74 13.54 18.28 

1200 7.54 14.51 22.05 
1700 10.07 15.85 25.92 

 
 

Table 6: Recirculation lengths and related points – lower 
wall: Inclination angle 30 deg, ANSYS – Fluent, Cartesian 

uniform grid 651x26.   
Re Lower Wall 

 Recirculation 

Length 

 

Detachment 

Point 

Reattachment 

Point 

100 0.44 8.89 9.33 
400 4.28 8.28 12.56 
800 6.58 8.28 14.86 
1200 7.74 8.28 16.02 
1700 9.03 8.28 17.31 

Table 7: Recirculation lengths and related points – upper 
wall: Inclination angle 30 deg, ANSYS – Fluent, Cartesian 

uniform grid 651x26.  
Re Upper Wall 

 Recirculation 

Length 

Detachment 

Point 

Reattachment 

Point 

100 No detection No detection No detection 
400 No detection No detection No detection 
800 5.02 13.55 18.57 
1200 7.72 14.55 22.27 
1700 10.13 15.93 26.06 

 
 

Table 8: Recirculation lengths and related points – lower 
wall: Inclination angle 45 deg. Grid, 351x13, l=2, I=2.  

 
 

Table 9: Recirculation lengths and related points – upper 
wall: Inclination angle 45 deg. Grid, 351x13, l=2, I=2. 

 
 As it is depicted by all the tables, there are 

mainly two separation zones the most, inside the 
channel          , while the recirculation at the 
upper wall cannot be detected when the Re is equal to 
100 and 400 in most of the cases. 
 As the flow rate increases, the recirculation length 
increases as well as on both of the channel’s walls. 
However, although the detachment points at the lower 
wall remain at the same position for all the inlet 
velocities (around 8.26 except for the case of 
Re=100), the one at the upper wall is moving forward 
according to the related Re. Despite of this fact the 
recirculation length at the upper bound is increased as 
the Re increases. For the value of Re equal to 100 

Re Upper Wall   

 Recirculation 

Length 

Detachment 

Point 

Reattachment 

Point 

100 No detection No detection No detection 
400 No detection No detection No detection 
800 4.57 8.85 16.34 

1200 7.54 8.53 18.71 
1700 10.28 8.48 19.68 

Re  Lower Wall 

 Recirculation 

Length 

 

Detachment 

Point 

Reattachment 

Point 

100 1.24 8.10 9.34 
400 3.82 8.10 11.92 
800 6.68 8.10 14.78 

1200 8.99 8.10 17.09 
1700 10.86 8.10 18.96 

Re Upper Wall 

 Recirculation 

Length 

Detachment 

Point 

Reattachment 

Point 

100 No detection No detection No detection 
400 1.78 11.49 13.27 
800 4.20 13.81 18.01 

1200 6.19 15.75 21.94 
1700 8.72 17.20 25.92 
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although the separation zones are not so extended, it 
seems that there is a low width recirculation at the 
upper surface of the pipe, which, when the Re is equal 
to 1700, receives a significant value. However it 
seems to be reasonable according to the expansion 
ratio as well as to Fig. 8.  In Tables 4 – 7 the related 
information is presented for the inclination angle 
value equal to 30 deg.  

 
Table 10: Recirculation lengths and related points – lower 
wall: Inclination angle 90 deg. ANSYS – Fluent, Cartesian 

uniform grid 651x26.   
Re Lower Wall 

 Recirculation 

Length 

 

Detachment 

Point 

Reattachment 

Point 

100 1.30 8.05 9.35 
400 3.35 8.05 11.40 
800 4.15 8.05 12.20 

1200 5.25 8.05 13.30 
1700 5.85 8.05 13.90 

 
 

Table 11: Recirculation lengths and related points – upper 
wall: Inclination angle 90 deg. ANSYS – Fluent, Cartesian 

uniform grid 651x26.   
Re Upper Wall 

 Recirculation 

Length 

Detachment 

Point 

Reattachment 

Point 

100 No detection No detection No detection 
400 1.20 11.55 12.75 
800 4.60 12.00 16.60 

1200 6.80 12.60 19.40 
1700 8.60 13.10 31.70 

 
 

The numerical estimation has been developed using 
both of the computational techniques (block – 
Cartesian and ANSYS) for validation purposes, where 
the convergence of the results is acceptable, 
presenting very low relative error (        
                   . It seems that the 
development of the recirculation in both of the pipe’s 
walls is higher than the previous case (angle equal to 
10 deg), the detachment point of the lower wall 
remains in constant position and the upper wall 
separation zone is moving forward according to the 
Re.  
 Similar effects are depicted to the following tables 
(Tables 8 - 13), where all the recirculation zones data 
are presented with all the necessary details. The main 
findings by the above tables are that as you increase 
the flow rate, the expansion of the separation zones is 

increased as well. The relating recirculation data are 
presented for the present methodology and other 
corresponded by the literature in the following Tables 
14 and 15 .  
 

 
Table 12: Recirculation  lengths and related points lower 

wall: Inclination angle 90 deg, grid 351x13, l=2, I=2.  
 

Re Lower Wall 

 Recirculation 

Length 

 

Detachment 

Point 

Reattachment 

Point 

100 1.17 8.05 9.22 
400 3.71 8.05 11.76 
800 6.25 8.42 14.67 

1200 7.53 8.45 15.98 
1700 8.12 8.50 16.62 

 
Table 13: Recirculation  lengths and related points upper 

wall: Inclination angle 90 deg, grid 351x13, l=2, I=2.  
 

Re Upper Wall 

 Recirculation 

Length 

Detachment 

Point 

Reattachment 

Point 

100 No detection No detection No detection 
400 1.72 11.55 13.27 
800 4.40 12.75 17.15 

1200 6.75 15.15 21.90 
1700 7.85 16.01 23.86 

 
 
The present work numerical data have been 

retrieved by 351x13 grid size, l=2 and I=2. It seems 
that the convergence is acceptable since the relative 
errors receive very low values. However in some 
cases, certain differences are depicted. These seem to 
be developed due to the different grid sizes, the 
different entrance pipe lengths or the differences to 
the outflow boundary conditions application.  

 
Table 14: Recirculation zones data comparison 

among various methodologies through literature 
Re 800 Lower 

rec/ion 

length 

Upper 

rec/tion 

length 

Detac.  

upper 

Reatt. 

upper 

Gartling [32] 12.200 11.260 9.700 20.960 
Erturk [31] 11.830 11.070 9.470 20.553 
Keskar [33] 12.190 11.250 9.710 20.960 
Santos [1] 11.950 -- -- -- 
Lee [2] 12.700 -- -- -- 
Present work 12.500 11.050 9.830 20.880 
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Table 15: Validation of the present recirculation results for 
step 90 deg and       

⁄    

Re Lower wall  recirculation length 

 Present work Erturk [31] 

100 2.340 2.922 
400 7.420 8.237 
800 12.500 11.834 
1200 15.060 14.299 
1700 16.240 16.917 
 
 
As we can see by the following figures, no detection 
of recirculation is presented in very low Re, while the 
appearance of the upper bound recirculation depends 
on the Re values and the inclination angle as well 
(Fig. 6).  The influence of the inclination angle is very 
clearly presented, showing that as you increase the 
value of the angle more recirculation length is 
expected according to the Re although the behavior of 
the fluids at the lower and at the upper wall is not the 
same (Fig. 7 and 8).  
 The sudden expansion, which takes place, cannot 
exist without the separation zones cost. However all 
the above results have been developed according to 
     equal to 1 and therefore the above cases are 
dimensionless. Consequently according to the pipe 
hydraulic diameter as well as the inlet flow rate, the 
responsible engineer can choose the optimum 
combination in order to achieve the maximum 
expansion and the lower recirculation simultaneously. 
These findings are confirmed at the Fig. 6. Through 
these graphs the influence of the Re to the 
recirculation expansion is depicted for two values of 
the inclination angle. It seems that as more you 
increase the Re value as more the recirculation is 
developed for both of the pipes walls. Exactly the 
similar findings are concluded for all the other values 
of the inclination angle.  
 Interesting conclusions can be retrieved by Fig. 7 
and 8, where the influence of the inclination step 
angle is presented to the recirculation expansion on 
both of the pipe walls. As it can be seen in the related 
figures, as the inclination angle increases for a 
constant Re, the recirculation length at the lower wall 
is increased in all of the cases, with more significant 
values at Re values 800, 1200 and 1700. This seems to 
be expected although maybe a higher increase should 
be addressed according to the flow rate changes. Our 
overall results seems to be compatible with Louda’s 
ones [5], although he has studied inclined step flows 

for different Re values.  Additionally, the lowest 
lengths are presented at the lowest Re values and the 
highest ones at the corresponded highest numbers. 
 

 

(a) 

 

(b) 

Fig. 6a, b. Inclination angle variation according to the Re 

values. 
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Fig. 7. Recirculation lengths at the lower wall of the pipe 
according to the inclination angle for various Re.  

 
 

 However, the separation zones behavior is not the 
same at the upper wall of the pipes as at the lower 
ones. As we can clearly see in the Fig. 8, the more the 
inclination angle is increased the less extension of the 
upper wall recirculation is developed through the pipe, 
if we assume that the Re remains constant. However, 
again at the highest Re values, the more extended 
lengths are presented. It is important that this 
relationship is followed by the flow in all the various 
Re and by this way we may conclude that this 
relationship applies for all the range of Reynolds 
number of laminar flow.  
 Concerning the numerical procedure and the 
computational solution that it has been applied, it’s 
worth mentioning that the CFL number is possible to 
receive high values for Re less than 1200. At the case 
of Re equal to 1700, many oscillations are appeared to 
the flow field if the CFL remains at high levels. 
Additionally in these cases the CPU time is sometimes 
huge or in some other cases no convergence of the 
flow field can be achieved. It is recommended for Re 

higher to 1300, the CFL to be less than 10, in order to 
achieve a stable and  robust solution although in some 
cases the CPU time is much higher than was expected.  
However, in our numerical scheme, the dimensionless 
time step CFL can receive very high values, from 0.1 
to 10000 and most of the times lead to a very fast 
convergence. These issues  are  expected  due  to  the 

 
 

Fig. 8. Recirculation lengths at the upper wall of the pipe 
according to the inclination angle for various Re numbers. 

 
 

numerical technique nature in combination with the 
physical domain characteristics and aspect ratio values 
as these can be met in most of the numerical schemes, 
even the commercial ones [29,30].  
 By the other hand, important role for the 
convergence of the scheme is occurred by the number 
of dimensionless lengths of the pipe downstream of 
the step. It seems, after several test cases, that the Re 
value has a significant impact on this issue, as it was 
expected. For this reason, for the case of Re equal to 
1700 more than 40 dimensionless lengths are needed 
(50 have been used), otherwise many oscillations are 
developed through the flow field and the convergence 
is almost impossible, even if the appropriate values of 
CFL and artificial compressibility term have been 
chosen.  
 However, as we have concluded after several test 
cases in this field, the channel length downstream of 
the step affects the quality and the accuracy of the 
numerical results as sometimes the flow field is 
converged without oscillations. In our future research 
the appropriate limits for this parameter requires 
further investigation, ensuring that every solution is 
length independent.  
We agree with most of the researchers, who they 
claim that the entrance length of the pipe affects the 
numerical solution in low Re [31, 33]. According  to  
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Fig. 9. Velocity profile along the pipe; a=30 deg and 
Re=400.  
 

 
Fig. 11. Velocity profile along the pipe; angle=30 deg and 

Re=1700. 
 

 
the literature an entrance length more than 6 
dimensionless ones should be enough in order not to 
affect the flow distribution inside the pipe. In order to 
create an independent solution we have applied eight 
(8) lengths for the entrance pipe and it seems that 
there is no influence along the fluid flow field.   
 

 
Fig 10. Velocity profiles; a=45 deg and Re=1700. 

 

 
Fig. 12. Velocity profiles; a=45 deg and Re=400. 

 
  In fig. 9 to 12, the axial velocity profiles are 
presented for various a and Re values. As it was 
expected the profile is parabolic inside the pipe, while 
in the certain x-coordinate location the recirculation 
zones are depicted. It can be seen that the mass flow 
rate is conserved as well as the development of the 
flow is not affected by the downstream and upstream 
pipe’s lengths.    
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Fig. 13. Velocity contours along the pipe. Block nested 
grid, I=2, l=2. a=10ο and Re=100. No recirculation zone is 

detected. 

Fig. 14. Velocity contours along the pipe. Block nested 
grid, I=2, l=2. a=10ο and Re=1200. Very clearly are 

depicted upper and lower wall separation zones. 

Fig. 15. Velocity contours along the pipe. Block nested 
grid, I=2, l=2.  a=30ο and Re=100. Brief recirculation zone 

at the lower wall near to the step bound. 

Fig. 16. Velocity contours along the pipe. Block nested 
grid, I=2, l=2, a=30ο and Re=800. Upper and lower wall 

separation zones. The lengths are close to each other. 

Fig. 17. Velocity contours along the pipe. Block nested 
grid, I=2, l=2.  a=30ο and Re=1200. Very clearly are 

depicted upper and lower wall separation zones. 

 

Fig. 18. Velocity contours along the pipe. Block nested 
grid, I=2, l=2.  a=45ο and Re=400. Very clearly is depicted 

the  lower wall separation zone. 

 

Fig. 19. Velocity contours along the pipe. Block nested 
grid, I=2, l=2.  a=45ο and Re=1700. Extended recirculation 

on both of the bounds.  

 

Fig. 20. Velocity contours along the pipe. Block nested 
grid, I=2, l=2.  a=90ο and Re=800.  
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Fig. 21. Velocity contours along the pipe. Block nested 
grid, I=2, l=2. a=90ο and Re=1200.  

 In order to present the developing flow inside the 
pipes according to the different values of the angle a, 
providing more information concerning the 
recirculation zones, we present the above velocity 
contours for various a and Re values (Fig. 13 – 21). In 
Fig. 13 and 14 the flow distribution is presented when 
the inclination angle (a) is equal to 10 deg, with no 
recirculation for Re=100 and extended upper wall 
flow separation for Re=1200.  In Fig. 15-17 velocity 
contours are presented for angle (a) equal to 30 deg 
where the separation zones are varied according to the 
Re values without any un-expectancy. The velocity 
contours for angle equal to 45 deg and 90 deg are 
finally presented in Fig. 18-21, providing certain 
details not only regarding the separation zones lengths 
but also for the related widths.  

 
3.3 Block nested algorithm efficiency  
Although a first validation attempt of our numerical 
method has been achieved through Tables 3-13, 
further investigation is needed in order to evaluate the 
efficiency of the proposed block nested grid algorithm 
to the aforementioned cases. For this purpose the 
computational  estimation of the flows has been 
developed using  various  types  of  Cartesian  grids,  
uniform and block nested ones with one (1) and two 
(2) levels of refinement. In the Tables 16 and 17 the 
used computational cells and the corresponded CPU 
time are presented for different grid types. By these 
data, it seems that using the block nested grid 
approach the CPU time is reduced significantly in 
some cases, more than 65%, maintaining constant and 
acceptable accuracy of the results. It’s worth 
mentioning that the computational memory is 
decreased in every refined approach case in 
comparison with the corresponded uniform one.  

Table 16: Computational cells and CPU time for various 
grid types and sizes; inclination angle a=30 deg. 

Inclination angle a=30 deg 

Grid type and 

size 
No of cells 

CPU 

time 

 

Re=400 

Uniform 651x26 14,980 531.24 
Block Nested 

321x13 I=2, l=1 
4,849 190.00 

Block nested 
321x13 I=2, l=2 

10,078 223.65 

Re=800 

Uniform 651x26 14,980 518.00 
Block Nested 

321x13 I=2, l=1 
4,849 205.15 

Block nested 
161x13 I=2, l=2 

10,078 237.49 

Re=1700 

Uniform 651x26 14,980 1067.72 
Block Nested 

321x13 I=2, l=1 
4,849 426.48 

Block nested 
161x13 I=2, l=2 

10,078 527.15 

 
 

Table 17: Computational cells and CPU time for various 
grid types and sizes; inclination angle a=90 deg. 

Inclination angle a=90 deg 

Grid type and size No of cells CPU time 

 

Re=400 

Uniform 651x26 14,989 708.30 
Block Nested 
321x13 I=2, l=1 

4,858 245.13 

Block nested 
161x13 I=2, l=2 

10,089 337.18 

Re=800 

Uniform 651x26 14,989 786.19 
Block Nested 
321x13 I=2, l=1 

4,858 302.73 

Block nested 
161x13 I=2, l=2 

10,089 393.26 

Re=1700 

Uniform 651x26 14,989 1550.36 
Block Nested 
321x13 I=2, l=1 

4,858 689.71 

Block nested 
161x13 I=2, l=2 

10,089 932.65 

 
 
However, the most significant reduction is presented 
on the CPU time values, which leads to the conclusion 
that the refinement technique is efficient enough 
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concerning the initial objectives and appropriate for 
the numerical solution of these flow fields.  

 
 

4 Conclusions 
The inclination angle effect to the recirculation zones 
and the behavior of the incompressible flow inside 
pipes is presented to the present paper with details. 
The flow characteristics, variables distribution, certain 
data infomration and points of upper and lower bound 
separation zones have been analytically presented for 
various values of Re. For the physical domain 
discretization we use Cartesian grids, despite of the 
non-Cartesian bounds existence and in order to 
overcome the huge amount of computational cells that 
are needed, in most of the cases, in order to receive 
the necessary fully developing flow, we develop a 
block nested refinement algorithm, which can be 
easily applied to the aforementioned flow domain. 
The artificial compressibility method has been applied 
for the numerical solution of the Navier-Stokes 
equations, while the appropriate way of the boundary 
conditions application has been studied according to 
each bound of the final discretized domain. It seems 
that if the Re is higher than 400  and less than 1700, 
two separation zones are developed inside the pipe in 
both of the bounds. The related detachment and 

reattachment points are clearly presented for every 
case and the final results show that in most of the 
cases the higher Re the more extended recirculation 
area for a certain inclination angle. The most 
interesting and useful conclusion is the influence of 
the inclination angle of the pipe to the separation 
zones, which seems to be not the same for both of the 
pipe’s bounds. More specifically, as the inclination 
angle is increased, it seems that the recirculation 
length at the lower wall is increased as well, for all the 
range of Re values. It’s worth mentioning, that our 
results have been validated for all the range of Re for 
various grid sizes uniform and ununiformed as well, 
either by the corresponded ones by the literature either 
by commercial software . By this way relating data are 
presented in order to prove the grid independence of 
our method as well as the validation and efficiency of 
the block nested algorithm with acceptable accuracy. 
It seems that the accuracy of the block nested 
algorithm is accepted while the CPU time can be 
reduced more than 50% in most of the cases according 
to the Re and the used refinement levels. Further 
research will be developed concerning the extension 
of the methodology to turbulent flows as well as to the 
study of the influence of the expansion ratio in similar 
pipes.  
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