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Abstract: Aerodynamic longitudinal damping derivatives are of great importance for aircraft stability and control
and for aircraft aeroelasticity problems. The classical methods adopted to calculate damping derivatives, using
USAF Datcom or wind tunnel tests, are not accurate enough for unconventional shaped aircrafts in particular.
Moreover, experimental methods refer to body pitch and plunge motion: it follows that the derivatives are affected
to a great extent by the frequency. Some authors have proposed quasi-steady methods, which fail at the transonic
regime. To overcome all of these shortcomings, a new approach, based on looping and heaving motion, is pre-
sented. The results of the proposed methods are validated, using CFD simulation with the NACA 0012 airfoil,
against the exact Theodorsen theory, indicial functions and numerical results from other authors.
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Nomenclature
Re Reinold Number
M Mach Number
V∞ freestream velocity, [m/s]
c airfoil chord, [m]
t time, [s]
T time period, [s]
ω frequency, [rad/s]
K reduced frequency, ωc/2V∞
α angle of attack
β sideslip angle
h translational vertical velocity, [m/s]
p, q, r angular rate components, [rad/s]
Cd drag cefficient
Cl lift cefficient
Cm pitching moment coefficient
Cn normal force cefficient
Cmac pitching moment coefficient w.r.t. the ac
Cl,α̇ coefficient derivative ∂Cl/∂(cα̇/2V∞)

Cd,α̇ coefficient derivative ∂Cd/∂(cα̇/2V∞)
Cmac,α̇ coefficient derivative ∂Cmac/∂(cα̇/2V∞)
Cn,α̇ coefficient derivative ∂Cn/∂(cα̇/2V∞)
Cl,q coefficient derivative ∂Cl/∂(cq/2V∞)
Cd,q coefficient derivative ∂Cd/∂(cq/2V∞)
Cmac,q coefficient derivative ∂Cmac/∂(cq/2V∞)

1 Introduction

The present work arose from the need to evalu-
ate the dynamics and new autopilot performances
of unconventional-shaped aircraft, such as modern
UAVs, during the design stage. The need to have
suitable commands, reliable flight controls and flight
simulators for pilot training before the first flights is
one of the most important keys to success when de-
signing an unmanned aircraft. For this purpose, pre-
dicting flight dynamics, or in other words, calculating
the classical and the dynamic derivatives with a good
precision, is of fundamental importance. The present
work has only been focused on longitudinal dynamics
for two reasons: first, longitudinal and lateral direc-
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tional dynamics can be considered uncoupled, within
certain limits [4]. Second, because the contents of this
article are not limited to longitudinal dynamics and
can easily be extended to lateral directional dynamics,
even in the case of cross-coupling of the dynamics.
Therefore the first aim of this work was to propose a
general validity methodology, with no regime limita-
tions, that can also be used during the design stage, if
coupled to a numerical code. The approach is based
on steady state maneuvers for the looping derivative
and on time consistent motion for the pitch-damping
derivatives, but with no frequency effects. The second
aim of this work was to validate the approach using
a commercial CFD code and the NACA0012 airfoil
because of the large amount of literature that is avail-
able about it. After introducing the state of the art
on dynamic derivative calculation, the approach will
be presented and analytically demonstrated under the
hypothesis of the superposition principle and, after a
brief description of the numerical simulations, the val-
idation of the methodology will be presented.

2 Description of the method
Damping derivatives govern longitudinal aircraft dy-
namics [12]. In the case of uncoupled dynamics and
small disturbance hypothesis, the perturbed longitudi-
nal equation may be expressed as


Cd
Cl
Cm

 =

Cd,α Cd,α̇ Cd,q
Cl,α Cl,α̇ Cl,q
Cm,α Cm,α̇ Cm,q


α
α̇
q

 . (1)

Two different kinds of motion have been consid-
ered to evaluate all the damping longitudinal deriva-
tives Cl,α̇, Cd,α̇, Cm,α̇, Cl,q, Cd,q, Cm,q and for sev-
eral attitudes: the heaving and the looping motion per-
formed varying the angle of attack. For the heaving
motion shown in Figure 1, the airfoil, or more in gen-
eral, the body, is animated by a vertical descent mo-
tion with constant acceleration, ḧ, or, in other words,
with a constant pitching velocity, (see Eq. 2), so that
the flow field is characterized by null q and variable α̇
as a result of the composition of the asymptotic flow
velocity and vertical body velocity, according to Eq.
2.

α(t) = arctan

(
ḣfluid
Vx

)
. (2)

Usually, the aerodynamic coefficients can be ex-
pressed as a linear combination of several contribu-
tions, for example, the lift coefficient can be expressed

Figure 1: Heaving motion for the CFD model obtained
through superimposition of the asymptotic velocity and
constant vertical acceleration.

as

Cl(t) = Cl,αα(t) + Cl,α̇[α(t), α̇]α̇ (3)

where the pitch damping coefficient, Cl,α̇ , has been
expressed in its most general non-linear form. Mo-
ment and drag coefficients have the same structure.

Therefore, in order to obtain a maneuver with a
constant pitch velocity, α̇ ≈ ḧ/V∞, and null angu-
lar velocity, q = 0, it is necessary to move the air-
foil in the vertical direction with a constant acceler-
ation, which is equivalent to superimposing a linear
time-increasing vertical velocity, ḣ. This motion, as
previously mentioned, produces a time varying α, but
the convenience of this motion is that all the higher
order contributions of the angle of attack are null,
dnα/dtn = 0 ∀n ≥ 2. Therefore, the only two contri-
butions to aerodynamics are α and α̇. Obviously, the
heaving maneuver requires relative motion between
the airfoil motion and the base flow.

As will be shown, if the heaving maneuver is re-
peated at different values of α̇, the α̇ contribution can
easily be calculated by subtracting the steady state
contribution, Cl,α(t), from the resulting coefficient,
Cl(t). The derivative is then obtained by dividing the
contribution by the constant pitching velocity, α̇.

The looping maneuver can be used to isolate the
effect of looping velocity, q, since the angle of at-
tack, α, is fixed and calculated at the quarter chord,
as shown in Figure 2. Moreover, there is no contribu-
tion of q̇ or higher order terms, therefore this maneu-
ver can be performed by simply giving curvature to
the flow field. This time, the aerodynamic coefficients
are expressed in terms of the looping derivatives, as
follows

Cl(t) = Cl,αα(t) + Cl,q[α(t)]q (4)

where the looping damping coefficient, Cl,q, has been
expressed in its most general form. If the heaving ma-
neuver is repeated at different values of q, the con-
tribution can easily be calculated by subtracting the
steady state contribution, Cl,α(t), from the resulting
coefficient, Cl(t). The derivative is then obtained by
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Figure 2: Looping motion for the CFD model obtained
with a constant rate velocity.

dividing the aerodynamic coefficient contribution by
the constant looping velocity, q.

2.1 Mathematical model
CFD simulations have been carried out using the com-
mercial CFD code, STAR-CCM+, which solves the
complete set of Navier-Stokes equations with the fi-
nite volume method under the hypothesis of a non in-
ertial reference frame. All the simulations were com-
puted for the NACA 0012 airfoil atRe = 2.5−3×106

and with a null Mach number. Moreover, two tur-
bulence models were considered. The fully turbulent
simulations were performed using the k − ω without
the transition model, the same k − ω two-equation
model was also used with the γ − ReΘ transition
model, which was necessary to evaluate the influence
of the transition and laminar separation, which also
occurs for static analysis for α > 5.5◦ [5], on dy-
namic simulations. The simulation settings were set-
tled as suggested by Malan et al [10]. The Unsteady
RANS equations were solved using a sequential al-
gorithm based on the SIMPLE method with a second
order discretization model. The time step was cho-
sen, in the time implicit algorithm, in order to obtain
a convective Courant number no greater than 10. The
computational domain dimensions and the boundary
conditions are reported in Figure 3. The velocity inlet
condition was imposed on all boundaries to overcome
some issues related to the combination of pressure and
the moving reference.

Three C-type structured grids have been gen-
erated in order to perform a sensitivity analysis in
the presence of moving boundaries and a transition
model. The mesh details are reported in Table 1.

Mesh Points on the airfoil Grid points

coarse 150 275× 90
medium 200 400× 110
fine 300 550× 130

Table 1: Mesh adopted to perform the sensitivity analysis.

Figure 3: Computational domain dimensions and bound-
ary conditions.

The details of the airfoil mesh are shown in Figure 4.

Figure 4: Medium (400× 170) near view.

The relative motion between the flow field and the air-
foil has been simulated considering a moving (or non-
inertial) reference frame. Star-CCM+ offers the pos-
sibility of physically moving grid points during tran-
sient analysis. With a moving reference frame ac-
tivated, the equations of motion are modified to in-
corporate the additional acceleration terms that occur
due to the transformation from the stationary to the
moving reference frame [2]. The unsteady heaving
motion has been obtained using the unsteady mov-
ing boundary technique, RBM (Rigid Body Motion)
that is available in Star-CCM+. The looping motion,
which does not require relative motion between the
flow field and the body, but only a constant curva-
ture of the base flow, has instead been simulated us-
ing the stationary moving reference frame technique,
MRF (moving reference frame) that is available in
Star-CCM+.
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3 Validation
The method here presented claims to calculate all
the longitudinal derivatives using looping and heav-
ing maneuvers, and it was decided to use CFD to vali-
date the method. It was therefore necessary to validate
the CFD model with both steady and unsteady well
documented test cases. Three different grid meshes
(coarse, medium and fine) were generated and com-
pared with the selected references. Figure 5 and 7
show that the medium grid mesh is the best compro-
mise between static solution accuracy and computa-
tional weight, on the basis of a comparison with ex-
perimental [1, 7].

0 10 20
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0.5

1

1.5
Re = 3× 106

α [deg]

Cl

Abbot
Gregory & O’Reilly
STAR-CCM+ fine

STAR-CCM+ medium

Figure 5: Static lift coefficient

−0.5 0 0.5 1 1.5

0.5

1

1.5

2

2.5

·10−2

Re = 3× 106

Cl

Cd

Abbot
Gregory & O’Reilly
STAR-CCM+ fine

STAR-CCM+ medium
STAR-CCM+ coarse

Figure 6: Static drag coefficient

The unsteady validation was first performed to estab-
lish whether the medium mesh grid had the same ac-
curacy with an unsteady validation and then to eval-

0 0.5 1 1.5
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0.5

1

1.5

2
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·10−2

Re = 3× 106

Cl

Cmac

Cranfield
STAR-CCM+ fine

STAR-CCM+ medium

Figure 7: Static pitching moment coefficient

uate the difference in aerodynamic forces with and
without the transition model. This issue has been eval-
uated because, the authors are not looking for the ex-
act aerodynamic forces on oscillating airfoils in this
work, but, as previously mentioned, just want to set
up a CFD model that is able to give suitable results
in order to validate the here presented methodology.
Moreover, since the here presented method is of gen-
eral validity and is not related to CFD, it can be ex-
ploited in any feasible way. Pitching motion [11], with
α(t) = 11 + 6 sin(ωt), Re = 2.5 × 106, M = 0.09
and K = 0.24, has been considered in order to evalu-
ate the performance and suitability of the CFD model
when the airfoil is simulated outside the linear range
of the lift curve. The purpose of this comparison is
firstly to validate the CFD model for the NACA 0012
airfoil and then to evaluate the importance of the tran-
sition model for this kind of simulation.

From Figure 8 and 9 it emerges that the medium
grid mesh is both accurate in predicting unsteady
aerodynamic forces and that there are no important
differences when using or not the transition model.
This is due to the fact that the laminar separation on
the leading edge of the NACA 0012 airfoil [5, 7] is
quite stable and does not cause stall because of lam-
inar separation, as was also observed by Ashraf et al
[3]. Therefore, the use of the medium mesh grid and
a fully turbulent flow is the best and lightest approach
to validate the here presented methodology.

4 Results
The results of the non-linear heaving and looping mo-
tion will be shown in this section. The longitudinal
damping derivative has been calculated starting from
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STAR-CCM+, trans OFF

Figure 8: Normal force coefficient comparison between
experimental results [11] and numerical simulation with
and without transition.

Eqs. 3 and 4, subtracting the steady state value of the
corresponding aerodynamic quantities, obtained with
static simulations, to obtain the aerodynamic coeffi-
cient dynamic contributions, and then dividing these
dynamic contributions by the value of the animating
variable that was considered, q or α̇.

4.1 Heaving
The novelty of this paper is that the angle of at-
tack prime derivative calculation, a direct calculation,
without any influence of other variables, is feasible
as will be shown in this section. The results of the
heaving motion presented in a previous section, with
constant vertical acceleration, ḧ, or equivalently the
angular rate, α̇, are plotted and compared with the an-
alytical value of the indicial function [14] for the lift
force shown in Figure 10 and 11. As far as the indi-
cial function is concerned, it is necessary to point out
that the value considered here has been approximated
to the function [4] in Eq. 5

φ(t) = 1− 0.165e−0.0455τ − 0.335e−0.3τ (5)

As is well known, the indicial functions for an
airfoil are derived by approximating the Wagner func-
tion [15], which is the basis of the Theodorsen the-
ory [13] that is not approximated. Therefore, the in-
dicial functions approximate the Theodorsen theory,
but also offer the great advantage of being very easy
to implement and develop for any aerodynamic body
if compared to the Theodorsen formulation. Here, the
indicial function is compared with the time evolution
of the aerodynamic coefficients, while the Theodorsen

0 0.2 0.4 0.6 0.8 1

−2

0

2

4

6
·10−2

t/T

Cmac

McAlister & Carr
STAR-CCM+, trans ON
STAR-CCM+, trans OFF

Figure 9: Moment coefficient comparison between ex-
perimental results [11] and numerical simulation with and
without transition.

results are presented in terms of the derivatives, since
it is rather easy to derive analytical derivative expres-
sions, bearing in mind that they are two sides of the
same coin, that is, the Wagner formulation.

−5 0 5 10 15 20

0

1

α [deg]

Cn

static
α̇ = −11.4 deg/s

α̇ = −22.92 deg/s

Figure 10: Static Cn and heaving Cn

Figure 10 shows the difference between the
steady state lift profile and time consistent heaving
motion. The presence of heaving motion lowers the
zero lift axis and delays the stall to higher angles of
attack, in agreement with what has been observed
by other authors [8]; the higher the heaving veloc-
ity, the higher the stall angles. Figure 11 shows a
comparison between the analytical value derived from
Theodorsen’s exact theory, and the results of the in-
dicial function and numerical simulation. It can be
noticed that the derivative is quite constant within
the linear lift range, and in good agreement with the
Theodorsen analytical value, and that the derivative
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Indicial function
α̇ = −11.4 deg/s

α̇ = −22.92 deg/s

Figure 11: Normal force derivative due to α̇

and sign change to a great extent outside the linear
range. The numerical simulation is a little more accu-
rate than the indicial prediction for high lift because
only a linear indicial function (see Eq. 5) has been
considered. Non linear indicial functions should be
used to improve the accuracy of the indicial formu-
lation, but the drawback, the necessity of calculating
these functions in the high lift region, would be rein-
troduced. The heaving maneuver, here presented and
reproduced exploiting numerical simulations, is able
to predict the value of both small and high angles of
attack, and offers the opportunity of parameterizing
the derivatives while varying the angle of attack, α,
and the pitching velocity, α̇. The drag force results
are shown in Figure 12 and 13 and the moment evalu-
ated at a quarter chord are given in Figure 14 and 15.
The moment pitching derivative, Cmac,α̇, is constant
for α < 5◦ and then changes considerably. The mi-
nor differences between the theoretical and numerical
values are due to the turbulent drag force which, ob-
viously, is not taken into account in the Theodorsen
theory or in the present linear indicial function. The
good comparison between the numerical and theoret-
ical data validates this methodology, which exploits
the heaving maneuver, to calculate the pitch damping
derivative when only the pitching velocity, α̇, is ex-
cited.

4.2 Looping
In order to complete the longitudinal damping deriva-
tive set (α̇ and q derivatives), the looping motion has
been performed to calculate the looping velocity, q,
contribution. The maneuvers have been repeated for
several angles of attack and extended to stall; the re-
sults are plotted in Figure 16, 18 and 19.
It can be observed that the lift coefficient slope is quite
constant while the stall is promoted by the looping ve-
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·10−2

α [deg]

Cd

static
α̇ = −11.4 deg/s

α̇ = −22.92 deg/s

Figure 12: Static Cd and heaving Cd

−5 0 5 10 15 20

0

5

α [deg]

Cd,α̇

α̇ = −11.4 deg/s

α̇ = −22.92 deg/s

Figure 13: Drag force derivative due to α̇

locity. The lift and moment coefficients are influenced
to great extent by the pitch rate, and it can be noticed
that the higher the pitch rate, the sooner stall occurs.
It can be noticed from Figure 17 that the lift looping
derivative, Cl,q, is quite constant for very small angles
of attack (α < 10◦), but if the angle of attack,α, is
increased the derivative decreases significantly and it
also changes sign. The drag coefficient is not influ-
enced to any extent by the looping velocity, as is well
known [6, 12], and it is plotted in Figure 18
Figure 20 shows that the moment coefficient looping
derivative, Cm,q, is almost constant for small angles
of attack (α < 10◦), while it increases significnatly
for higher angles of attack. The minor differences be-
tween theoretical and numerical values are due to the
effect of turbulent drag force. A comparison between
the results of the present work, considering angles of
attack from 0 to 15◦, the Theodorsen theory and Li-
mache and Cliff simulations [9], which are computed
at a zero angle of attack, is shown in Figure 17 and
20. It can be seen that there is very good agreement
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Figure 14: Static Cmac
and heaving Cmac
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Figure 15: Moment derivative due to α̇

between the Theodorsen linear theory and CFD sim-
ulations for angles of attack of less than 10◦. If the
looping velocity and angle of attack are increased, a
considerable variation of the lopping derivatives can
be observed, which cannot be neglected.

5 Conclusion
In this work, a brief introduction has been given on the
state of the art of the calculation of damping deriva-
tives, and the advantages and drawbacks of the dif-
ferent methodologies have been pointed out. The
aerodynamic response of the NACA 0012 airfoil has
been investigated for heaving and looping maneuvers,
respectively, and for unsteady and steady numerical
simulations, using the commercial CFD Star-CCM+
code, with the aim of evaluating the longitudinal
damping derivatives. The here proposed methodol-
ogy has been described and then analytically demon-
strated under the hypothesis of the superposition prin-
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Cl
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q = 11.5 deg/s

q = 22.9 deg/s

Figure 16: Lift force coefficient due to q
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Limache & Cliff
q = 11.5 deg/s

q = 22.9 deg/s

Figure 17: Lift coefficient derivative with respect to q

ciple. The looping and heaving maneuvers used for
the longitudinal damping derivative calculation and
the way of calculating these derivatives have also been
described. The results have been reported, and they
show very good agreement with the analytical values
of the indicial function, with the Theodorsen theory
and with other CFD methods used for looping simu-
lations. Therefore, the results show that the here pre-
sented method is useful when a complete set of lon-
gitudinal damping derivatives is needed, and it is able
to give information at any attitude, according to the
limits of the instruments (CFD, experimental end so
forth) used to simulate the maneuvers. The here pre-
sented methodology shows a general validity and is
not linked to CFD, but it can be exploited by any other
technique. The proposed technique, if used with CFD
codes, is rather cheap because it does not need any
remeshing or deforming mesh, but exploits meshes al-
ready set up for conventional aerodynamic analysis.
Moreover, although the pitching derivatives need time
consistent simulations, the looping derivatives can be
calculated through a simple steady state analysis, as
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Figure 18: Static Cd and looping Cd
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Figure 19: Static Cm and heaving Cm

shown for the looping maneuver. In short, the method-
ology here presented can easily be extended to lateral
directional dynamics, which will be the subject of fu-
ture work.
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