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Abstract: This work studies and clarifies some local physical phenomena in fluid mechanics, in the form of an
intrinsic analytic study, regarding the PDEs of the velocity potential and (especially) 2-D “quasi-potential” (their
simpler and special forms), over the “isentropic” or the 3-D (V, ) surfaces and along the “isentropic & isotachic”
space curves, written for any potential and even rotational flow of an inviscid compressible fluid for both steady and
unsteady motions. It continues a series of works presented at some conferences and a congress during 2006 — 2012,
representing a real deep insight into the still hidden theory of the isoenergetic flow. Applying the advantages offered
by the special virtual surfaces (“isentropic” and “polytropic”) and space curves (intersection lines of these surfaces)
introduced in the previous works, a simpler PDE of the 2nd order in only two variables, and more, a Laplace’s PDE
(for any rotational “pseudo-flow”, using a new smart intrinsic coordinate system), instead of the general PDE (Steichen,
1909, for plane potential supersonic flows only) of the 2nd order in three variables. So far, this equation was known as
being written for potential flows only. A model extension for rotational flows of a viscous compressible fluid was given.

Key-Words: rotational flows; steady and unsteady flows; inviscid and viscous fluids; compressible fluids; isentropic and
polytropic surfaces; Selescu’s isentropic & isotachic vector (dR;;), quasi-Laplace lines (quasi-isothermal quasi-potential)

1 Steichen’s vector equation; nomenclature 2 Steichen’s PDE of the velocity potential in
Joining the continuity and physical equations to the motion an orthogonal curvilinear coordinate system

equation (Euler) for an inviscid compressible fluid steady
irrotational (isentropic) flow (of a small fluid particle),
and using the local speed of sound a definition, one gets:

So far, to the best of the author’s knowledge, nowhere
in the world literature, except for some particular cases
(like the cylindrical and spherical coordinate systems),

vV =lV(V2) with V =V, so obtaining (see[1]) this equation was expressed. This author established
2a ’ Steichen’s PDE for a steady (and then unsteady) flow’s
AD = _v[ VO ] (Steichen), where, symbolical ly: velocity potential in its general expanded form ([2] —[5]),
24° considering a curvilinear coordinate system O&ng (with
1 3 1 0 o & d he, hy, h; — Lamé’s coefficients). The vector form of this
3 ;_ H h2 6x y y +g’ an equation (usually written for irrotational flows only) can
l_llhj be expanded as follows (now for rotational flows also):
J=
V-3 Ei—k O ik T4k 2 _ gel (nabla) W, =LLV(Vf) , With V, =V® , but now Q #0;
Shoox, Cox oy oz 2a
(Laplace’s and Hamilton’s operators, respectively), in = AD = Ev[ vq)_ 2] , or AD :iz(vq)i ,V)(2)(Di ,
a triorthogonal system of curvilinear coordinates X; ; 2a° 4
k;—a 3-D basis (versors of Ox; axes); h;— Lamé’s coefficients; h oo, 0D 0D, .
D = licall
V — the local velocity of translation (of the fluid particle) where A ox’ o oy’ " azz and, symbolically
- inter.lsityzof the local fluid field,; V =|V]; ®—the Velocify o b o b & ab o 2)
potential; @” = (dp/dp)s-s,= YA T, with y, & — constants (y, X, (Vd)i . V) D = x ox +g 6_y + % 0}
p, p are defined later); S — the specific entropy of the fluid ) ) )
particle; T — the static temperature (absolute) of the fluid _ oD\ o (00 T (30 6_
particle. For a general (rotational) inviscid flow we also ox > \oy)oy \oz)or
introduce: Q =V x V =2 @ — the vorticity, with: ® — the 5 5
local velocity of rotation (of the small fluid particle); i —the + 2@@i 2,00, 9 2,00, 9 } ]
specific enthalpy; ip =1+ V%2 — the total specific enthalpy. Ox Oy xdy Oy Oz Oyoz Oz OX OzX
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@; is the velocity quasi-potential — over the (V, Q); sheets
only, with (2 x V)-dR=TdS =0; dR € (V, ) plane, due
to Crocco’s equation for steady isoenergetic (ip = const.;
Vip=0) flows (see [6]): & X V=TVS; dR is a virtual ele-
mentary displacement. The (V, €); sheet (envelope of the
planes above, containing streamlines and vortex lines) is
isentropic (S = Sy; = const.), allowing to introduce a @; (see
[2]—[5] and section 10). The speed of sound ¢; is given by

a? =(dp/dp)g, =YRT, =(y~1)(W> ~V?)/2=
(r-1)[W? - (60, /ox)’ — (60, v}’ - (60, /2 )2,

where: p — the fluid static pressure; p — the fluid density;
vy — the adiabatic exponent (ratio of specific heats, C,/C,);
W — the gas maximum speed (corresponding to the expansion
into a vacuum) — an invariant quantity. For a perfect (an ideal)
gas: p = RpT, with R = C, — C, = const. The isentropic
surfaces are analogous to D. Bernoulli’s (Lamb’s) ones ([2]
—[5], [7]) for a barotropic fluid (B = V2 + Jdp/p + gz =By,
with: g—the acceleration of gravity). All the points M(x, y, z)
at which this new PDE (Q # 0) is satisfied belong to a certain
(V, Q); isentropic sheet. In the O&n_ curvilinear coordinate
system, and in a certain orthogonal system of curvilinear
coordinates q; (0q;q,qs) with the 3-D basis k; we have, resp..:

eI e ey

“hhh | hy on) &l h, &
3 1 ob

q@@may

s

3
Vook, 120y 100, 100 sk 0
h, 66 "h on  “h & Sh aq’
3k, 0 1 o0
viv)=v|vo) =Y Y| ——| | ;
( ) [( )] o h; 0q; ;(hj aqj']

@ =%1(w2 —VZ)JT_l[W2 - (Vo))

! Wz_L[%I_L(@T_L[@I
) I o) hilon) h;(&

S, (1 )
=7W?&ﬂ}

So, Steichen’s vector equation in section 1 becomes:

! 2%@}2[%@}2[@@}
hhp | b, &) anl b, an) | b, &

L @Jz_i(@j_i(@_@j
hlae) hilan) ml&
1

:i_a_@j&i( Ja@ 1( Ja@
y—1|hi\ &) &€ an)or hl&) g
2 DD 2 DD IDP 2 DD ID

W2 6 on deon | W2k on oC ond, | IhE O 6 agaE
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| lnh, ( j 1 alnhn( j | olnh, (8@]
h4 & (&) hy o h4 L &
1 8lnh§aq)+61nhna(1) oD o
Wl an & & on)& an

1 8lnhﬂa_q)+61nh€a_® 00 6D

& n on &Ljon&
1 6lnhC oD 6lnhé oD\ ob ob
T P A |

hh:\ & & & &) &
— a nonlinear PDE of the 2nd order in 3 variables, or
(using the classical symbols X and IT applied to some

variables indexed with the subscripts “i” and “j”) in
the compact scalar form below:

-1 1 &ol( V1]l ., o)
i~ T = wr oS L
2 ﬁh' =1 aql|:(JU1 JJ h; hia(h:| { Z(hﬁql]]
oD

n 2 3
3 aq)\ 0 _| Olnhy
_;{Hhiaqi Jhiaqj 0 [hiaqi (hiaqij ﬁ} -

In order to express the right-hand side of Egs. (1), (2) ina
more compact form, we must prepare the scalar product
in the right-hand side of Steichen’s equation, so having:

K oD Sk 0| 1aD)
Sh &

+
it

(1)

V-V vqbv[vq)] e h

A | F0 {ﬂnhfﬂ@ﬁmw@}
gjzlh&lihﬁqj hag, -hay, 2 a o oy

so, finally, the most compact symbolic expansion for the
scalar equation of the velocity potential @ is as follows:

r=1 1 3i£ﬁhj L |y 32}
2 th oo | e h, hﬁq T\ hag;

Fo 1 (6lnhj ap_dlnh acpﬂ

_ - oD aD
i=l =l &l hjalj hiaqi'hjalj 2 ali alj alj &]1

3 The 2-D velocity “quasi-potential” PDE
(for a rotational flow) in a smart intrinsic

orthogonal curvilinear coordinate system
In a system of 3-orthogonal intrinsic coordinates O&ng
tied to the isentropic (V, Q); surfaces (or OApv, with
A, W, v — lengths of the orthogonal arcs, with A and p
contained in the local plane tangent to (V, ); and v
directed along the normal), Laplace’s and Hamilton’s
operators (A and V), as well as the speed of sound ¢;
are given by the general expressions below (®; depends
on &, n and (oi, or on A, pu and vo; , where: dA = h:d&;
dp = h,dn and dv = h.d{ — the elementary arc lengths):
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Analogously, in Steichen’s equation — a nonlinear PDE of
the 2nd order in three variables — &, m and C (written for a
rotational flow — Q # 0, but on the “1” isentropic surface
€= {y) all the terms containing the partial derivative with
respect to C of the quasi-potential function ®; disappear
(0Dy/0C = 0) and its derivatives with respect to & 1 and {
disappear also, thus a nonlinear PDE of the second
order in only two variables — & and n — being obtained (a
simpler form for the 2-D velocity quasi-potential PDE):

82(13 100, 1 0dnbh)op,
hz&i hnﬁn & &

1 dlnh,) o0, . Wz—i(@jz_i(gj
W o |, hlae) mion)|
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2ac1>aq>ach i_nh(@cp}
h &

10l
ThH & o e & E_Efﬁ_J
) A Al

4 The case of the unsteady flow (see [5])
For the unsteady flow of a compressible fluid, the velocity
potential equation has the vector form below (t — the time):

2:;2 v(v?)= . B? ;(Vz)}witthwb;
o0 2
A@—z—v[vq) ] alz{at? at[(vcp) ]} or

AD-a’ =lvq>-v[(vq>)2] 0.9 (Vo) ] :

2 ot ot
(V, V, a and @ are now local instantaneous values) also
differing from the corresponding one for a steady flow

(see section 1) by the last two terms, or in expanded form:
s e
heh | 2 b, @ ) an( b, an ) ac| h, &
L[@T_L(@I_L(@T_Z@}
hz o€ hﬁ on hf 108 ot
ZL{L(@J2@+L( ]a@ 1( ja@
y=11hi\ &) & hilonjor hil&) &

2 DPFD, 2 WRFTD, 2 DIDITP
hthy € on d&n  hohi on & ondl  hehy &g &€ ALk

1 Olnh, [&DJ: 1 dlnh, La_cpj: 1 dlnh, (aipj
n e &) o ) nox

x| 26,(0)-

+; alnhga;q%ralnhnai) oD 60
hihi | on 6& & on)ag o
. 1 (Olnh, oD 61nhc oD ) 00 60
hih? &g 3'1 o ) an o
1 (0lnh, 50 8lnh§ oD ) 00 oD
hh & & & & e
70 4 IFQJ 1(&j2 IFQTE
—| == +—=| = | +—=|— ,
ot> h2lag) nilon) nilag

which reduces on a certain (V, Q); surface {={y to a
simpler form for the 2-D velocity quasi-potential PDE:

1 oD, . 1 oD, L 1 Olnh,h, )aq> 1 Olnfhh,) o0, y
M War w @& & k. o

R
g hi\ n ot
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_2 l(ad%jazd>i+1(ad>ijazd>i+ 2 wandy 1 [do, dnhyh)do, ] WZ_L(chiT
v-1|h:( &) & hilon) ar bl & on agn hi| de’ o dg 2l de

2 3
1 dlnh, (50, ' 1 élnh, (.Y 201 [dfbij d’®, Olnh, [d@iJ
+— A - T4 - s
e e ht oan  on y—1h; | dg ) dg* o \ d&
1 (Olnh, od, Jlnh, od, \od, oD, representing the simplest form for the equation of the
+ hzhﬁ o e + 3E  om ) o on now 1-D Velqcity quasi-potential ®; for a steadz ﬂow?
5 5 and more, using the elementary arc length dA = hdé&:
NLATG i(—aq)ij N d’®, dn(h,h,) do do,
8‘[2 h2l a h?2 iy n¢ il | W2 =
L PO i o da A
. . . 2 |(d®, )" d’®, Olnh, (dD,
5 Simpler forms of the 2-D velocity “quasi- = H ™ ] FTERRTY : ( m j } :
potential” PDE over the (V, Q); surfaces !
On a certain v = vy isentropic surface (V, Q); for a steady thus the streamlines being just the characteristic lines.
flow, using the elementary arc lengths d2 and du,one gets: Analogously, for an unsteady flow, the new PDE below

{achi N 8’®, oln(h,h,) o0, : dln(hh,) 60, }( becomes the simplest one also (®; depends 0;1 € and t):
o’ ow o o on o y_—l{@ +61n(lah¢)acb} [2(: - (&DJ L, ]
3] " ] o o
L —i{@)@—@@f}f—w g
hg g g %

- 2 2
_i{(&DIJZ an)i +(%J2 azq)l—'—Z@%aZ(Dl a& a& at a: aé

y-1[\an ) a? on ) ou oL ou Ao and more, with the elementary arc length d\ = h.d&:
3 3 2(1) 61n h : i
[omn, (o0 Y amn, (o, o, AR 2, |1 - (aq’} %
3 Y 2 a a o a a
‘. dnh, (60,) o0, Y
(o oo, olnh, 5o, oo, o0, [ J o', (@J 0 <12>1 +g(@j
w o eu) o el a) & o\

and the corresponding PDE of the 2-D velocity quasi-
potential for the unsteady flow case becomes simpler too:

6 Special forms of the 2-D velocity “quasi-

o0, o*d. dln(h,h,) 60, 6ln(h§h ) 60, potential” PDE along the quasi-Laplace
a2 o T n on | lines of a compressible fluid rotational flow
o0, ) o0, o0, On a certain virtual “i” surface, for an inviscid fluid flow we

x| 2C.(t) - ( i j ( J B Yt} have: V(V?2)]; + (Q x V)j=—(Vp/p)|:. Performing a scalar
or on ot multiplication of this relation by a virtual elementary displa-

s (o0 Vord. (60 VoD o0 6. 5°0. cement dR; € W , Q)|i2 (therefore an isentrppic virtual sur-
= ‘ >+ ‘ S+ L —1 ‘ face), we obtain: d(V7/2);=— (dp/p)|;, with: p=K;p', so
oL ou OL Op Ohou

v=1 |\ dh O a first integrable form. On the other hand, on any poly-

; 3 tropic virtual surface we have: (p/p"); = (p/p"); = const.;, or

_ Olnh, [aq)i ) + Olnh, [aq)i j p = const.;p", and so Vp = const.j-VJ(pn) = const.j-pn”JVp.
oA oA ou ou Performing its scalar multiplication by a virtual elementary
Olnh, o®. OJlnh, od. \od. 6. displacement dR; contained in the plane tangent to the poly-

+ [ =iy 1 J - — } tropic “§” surface, we obtain: dp|; = const;(p"~'dp)}. So, along

op Oh O op ) ok O the intersection “4j” lines (with: dR; = VS| x V(p/p")}) of

o’®, o[ 0D, : oD, ? the two surface families we have: d(V 2/2)\ij =— (dp/p)|ij =

+ a2 + ot ( an j + [ Py J : ®) —const.j (p" 2dp)|1J Analogously we have: p = const,; S
" and so: Vp = const.;: V(T‘V by = const.; TV 1)VT and:

Choosing the & intrinsic coordinate along the streamlines dp|; = const, (Tl/ e 1)d"[)[, Taking into account that through
direction (assumed as being known), the new PDE any mtersectlon ‘ij” line of the two surface families above
becomes an ODE (0®;/0& = d®;/d&) of the 2nd order: there is a “star (pencil) of sheets” passing (for various parti-
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[I%4)

cular values of the polytropic exponent “n”, e.g.: isentropic,
isothermal & isotachic, isobaric, isochoric and general poly-
tropic one), we can write along these lines: dS|/] dv 2/2)\IJ

~ (dplp)l = const; (¢°dp); = — const; [(T' ™ "dTyp]l=
0, or simpler: dSf;= dT}; = dV|; = dpl; = dp|1J d(p/p")}; =0,
so having: dRj =k'VS x VT =k'VS x VV =k VS x Vp =
ky'VS x Vp =ky'VS x V(p/p"). Through any point of this
rotational flow, such of “‘star of integral sheets” is passing.
Applying-a-scalarmultiplication-of*Steichen’s'PDE of the
compressible 2-D velocity “quasi-potential” @;;, VV;; =
Vi V(Vi))2a;” (with Vi = VD;) by the dR; above, one gets
VVidR; = Viyd(Vi?)2ai with d(Vi?) =0, and so VV; =0
(because dR;; # 0). Introducing the scalar function ®;;(E, 1)
one obtains a PDE identical to Laplace’s one: AD; =0, so
@; (&, ) being now a harmonic function. This simpler PDE
is valid for a certain rotational flow (V= V®;; =V x Vj;
#0; (p/p"); = const.) —a “quasi-incompressible” ﬂu1d beha—
vior along the intersection lines of any isentropic virtual
sheet with any polytropic one. Over flow’s isothermal &
isotachic virtual surfaces we have: [V| =V =V, = const,; or
VV-dR =dV =0 (the fluid has a “‘quasi-uniform” behavior).
The vector equation V-V(V?) = 0 (a zero-scalar product in
the right-hand side of Steichen’s equation), expressed,
say, in the Cartesian system in the expanded form below:

oV oV
A OV +VI—+ V] v, +V,V Ny +—
ox Y 0z Y ox
oV av ov, 6V
+V,)V, Y +V,V, X 1=0 ,
0z 8y 8x 0z

(not implying the existence of a potential) has the solutions:
1) V=0 (Vx=V,=V,=0), representing a trivial solution:
a) the equilibrium (fluid statics) case, and

b) the flow stagnation lines (p =po; T =Ty ), for the
plane flows and for some special axisymmetric flows;
2) V(V?) =0, where V(V?) =2V-VV =0 (the acceleration
beinga=Q x V=2wx V=TVS, like a Coriolis one,
the vectors V, Q and a forming an orthogonal system):
a) the flow of an incompressible fluid (p = const. = Vp =0,
and so: V(V?) =—2a*Vp/p = 0) — a liquid flow model;
b) a parallel and uniform flow of a compressible fluid
(V = const., with = 0) — a trivial solution also, and
c) the flow’s isotachic surfaces VV = 0, and especially
d(Vijz) = 0 (along the intersection “ij” lines above),
which seems to be the most important solution (Selescu),
due to the fact that over any “” isentropic surface we have
Vi =V®;, and so V;; = V®; also (a quasi-potential flow);
3) VL VV,orV L V(V?)—a very particular solution;
V(V?) L (the isotachic & isothermal surfaces), hence
the velocity V lies just on (is tangent to) the isotachic &
isothermal surfaces (having no component along the
normal), representing flows due to vortex distributions:
a) the plane flow of a compressible fluid due to a straight
infinite vortex filament, having two regions: subsonic and
supersonic, separated by a circular critical line, along which
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the Mach number reaches the value 1, all streamlines being
concentric circles, including a solid cylindrical nucleus (a
no-motion region); on its surface the maximum speed W is
reached (see fig. 1); b) the superposition of the flow above
with a uniform flow, parallel to vortex filament, all stream-
lines being co-axial circular cylindrical helices with the same
pitch; c) the same as above, but with a certain direction of
the uniform parallel flow; d) some flows of an inviscid
compressible fluid due to an infinite sequence of very close
vortex filaments, leading to streamlines patterns identical
(and velocity distributions somehow related) to those for
the well-known models of plane and axisymmetric flows
of a viscous fluid, like Couette and Hagen—Poiseuille ones;

for an extension to the viscous fluid flow see sections 10, 1 1)
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Fig. 1. The compressible fluid flow pattern (the velocity
distribution) due to a straight infinite vortex filament
— the free (irrotational) vortex plane flow

The vector field given in figure 1 corresponds to the
velocity field due to a straight infinite vortex filament
directed along the z - axis (normal to the x, y - plane):

r y X
Vx,y,z2)=—| -k, +k +k,-0].
(*x.y.2) 275( xz+y2 y)(2+y2 j

I" is the vortex constant intensity (the velocity circulation).
The lengths of the velocity vectors induced by the vortex
filament are proportional to their intensities (moduli)
|V(x, y,z)| =V=T/2n- (x> +y*)"*]1=T/(21R)

(a hyperbolic variation law). Their directions are tangent
to the concentric circles having the center in the origin,
and their senses are represented by arrowheads, corres-
ponding to a left-hand screw (counter-clockwise). Along
a certain circle (streamline) R = (x* + y*)"”* = const. , the
velocity vector has a constant modulus. So, these circles
are the flow isotachs (isotachic lines). The critical speed
¢ (for which V = a ) is reached along a circle of radius
R, =T72nc =T2m[(y + 1)po/2ypo]"” , and the maximum
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speed W (for which V = W) is reached along another
circle (the wall of the solid cylindrical nucleus — the
no-motion region), of minimum radius Ry =I[/27W
=T/21((y — Dpo/2ypo] = [(y — DAy + D]'* Re, so that
for the region R € (Ry, R.) the plane flow is supersonic
(V decreases from W to ¢) and for the semi-infinite region
R >R, the flow is subsonic (V decreases from ¢ to 0). This
field includes a vortex at its center (singularity), so it is
rotational. However, any simply-connected subset that
excludes the vortex line will have zero curl, & =0 (no
vorticity), the fluid particles performing circular translations
only. We give below a detailed explanation of solutions 2
and 3. Intersecting the isentropic (VS-dR; = dS; = 0) virtual
surfaces S = Sy; = const.; ({ = &y ) with the special isotachic
ones (V| =V =V, = const.j) one obtains a family (net)
of space curves along which Steichen’s PDE of the
compressible 2-D velocity “quasi-potential” @; (&, 1)
becomes again simpler, identical to Laplace’s one:
AD;; = 0, D;; (£, n) being now a harmonic function.
So, the solution Vj; of the general Steichen’s PDE
VV; = Vij-V(Vijz)/Zaijz , written for a special rotational
flow (Vij = V(Dij N Qij =V x Vij ?,'5 0 N |Vij| = VlJ = COl’lSt.ij ,
with Vi V(V, ijz) =), is now the solution of the system:
{VVi =V, -V(V})/2a} , with V,=VO (&) ;
V,-V(V})=0 ,

or, along the “ij” lines (V; = V; = Vj;, but not directed
along the “ij” lines; a; = a; = a;j; ©; = ®j):

{vvij =V, -V(V]))/2a; , with V, =V (&) ;

2 - o
V,-V(Vi)-dR; =0 , or, mainly:

=0

ij b
{d(vif )=0 @
this leading to VV;; = 0 and so obtaining the simpler
form: VVij = Aq)ij =0 ; with Vij = V(Dij =(V x \Pij )p;
¥;; # VG;; — the 3-D stream function vector (Selescu, see
section 7 in [7], for the mass flux density vector pVj):

PR /LA
" bhp | &( b & ) anl b, o
g a@ o[ oo,
6& gfﬁ anhnaﬂ {C=§oi

150 150 1dnbf)al 1 dnfyh)an }
4=
L af k& é oo @

&, Jrachij ,Onb,ho) 8, dlnch,) o,
T I

=0,

{C =Coi
.l

=0, ormore

_'9'
h

=0

i
V=V

V=Voi
3
for a steady flow, therefore an elliptic PDE, irrespective
of the “pseudo-flow” character (subsonic or supersonic),
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this representing the annulment of the first factor (inside
the first square brackets) in the left-hand side of PDE (3).
For an unsteady flow Steichen’s equation takes the form

A\ 1 |0°®, & .
VVij - 2aJA2' V(Vijz)z_;|: atzj +a( 112) , with:
Vi -V(Vijz'j: 0 , thisresultingin:
1 |’ &
AD, :a_i?{ atzJ +a[(vq)ij)2]} ’
or: A®, -ajz 2” +§[(V®ij)2] , with
2

so obtaining along the space curves (S = Syi; V=V,
i.e. coupling the cases 4 and 5 in subsection 1.2 in [7]),
for the function @;; (&, n, t) the following PDE:

{ | &, 1D, |1 Ot o0, 1aln(hgh§)6d):|
hZaz;.hn&nhéaééémanan

o0,) 1(ow;) o0,
x| 2C, (1) - h2 — | 5]
¢ ) hylon ot

2 |0, o 1 (o0, 1(o0,Y
ool e o nd e h o ’
Y 14 n

ormore 82cI>ij + azq)ij Olnh,h,) % + Oln.h, ) o0y “
o

+
a2 al A o

x| 20 (t)—| =L | -| =i | 21
o o a

2 |0, 5[[3% T [a@ﬁ ﬂ
y—1| a¢ &l an au

More, over flow’s isothermal & isotachic virtual surfaces
(VV =0) one can write V =V x Wy, this time W;,. (Z VGiy)
being a true 3-D stream function vector due to the fact that
over these surfaces the fluid has an incompressible behavior.

Until now, we used only the first equation of system (4):
A®;=0. The second equation (dVij2 =0, or [Vj| = const.;)
leads to the following vector condition (V lies on the
isentropic “1” surface =y, so being: V =Kk:V: + k,V,)):
2 2 2 2
_g o(Vi + V), . 5 o(V; + V)
h, o0& h, on
AV + V), ond AVE+ V),
ac
having for consequences: (V2 + V2 )i = fi;(n.0) , and
(V2 + V) = £54(50) , or globally: (V7 + V,)); = £;(0)

function of € only), which can be expressed as:

=0 , and so to:

=0 = 0 simultaneously,
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L[&D Jz i(aq)ij jz =1.({),orin compact form:
h2 | d 2l dqg ) '
3

(2)(3)
=f;(v) , ormore:

()

which must be also considered for solving the system (4),
besides the boundary conditions of respective rotational
flow, along an “ij” space line, lying on an isentropic

surface and an isothermal & isotachic “j” one.

=f;(v)=const.(v) ,

v=v(;;V=V;j

G‘ 2

7 Special forms of the 2-D velocity “quasi-
potential” PDE along other space lines

of a compressible fluid rotational flow

Intuitively, we can put the existence problem for a family of
space curves passing through any point also, along which
the velocity quasi-potential function ®; respects another
rule, e.g. the wave (vibrating string) PDE of the 2nd order
(in one space dimension), instead of Laplace’s one, that
means being of a hyperbolic type, just in its canonical form:
82(Dij (A, W, vg)/OAou+ - (lower order terms) = 0, irvespective
of the “pseudo-flow” character (subsonic or supersonic),
in the same OApv smart intrinsic triorthogonal curvilinear
coordinate system previously used. But we will treat this
problem, for simplicity reasons, in the classical Cartesian
system, at least for the beginning, to understand the new
proposed mechanism for solving the above problem,
this meaning to treat a true potential flow (throughout). In
the case of a rotational flow, like previously, the searched
for space curves must be obtained as being the intersection
lines of two surface families: 1. the isentropic (V, €2) ones,
allowing us to introduce a 2-D velocity quasi-potential @;;
and 2. the new special surfaces (like previous isotachic
& isothermal ones) over which another condition must be
satisfied. Let us write Steichen’s equation in the form:

0 oV, 0 ov ov oV,
Vx + Y+ Vz _i Vf X+V2 Y+VZ2 z
ox oz a’ ox Y oz
oV oV
+—= |+ V.V, —y+%
x )V a oy
ov, 8V

+VZV[ J =0, withk V, +k V +k,V, =V;
ox 0z

oV,

+vay(

a2=77_1[w —(VZev2evi)= Yzl(wz—vz) ;

L0V, .0V, oV, 1fav} av] v}
VX +Vy +VZ = — + +

ox oy oz 3| ox oy oz
=1VV3 , with V; =k, V] +k V) +k,V, |
3

thus obtaining a new special form for this equation:
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ov, oV
vwo 2 b Moy vy | D, D
y-1W?-V? |3 dy  ox

v, v, ] vy (avz +alﬂ}=o. s
oz oy ox oz

Now we impose (consider the possibility to satisfy):
VV-VVi/3a°=0 , or a&VV=VV3/3 , (6)
or in a more suggestive form: VV;/V(3V)=a*(V) —
the ratio of two divergences (in this case), condition
giving the new searched for special surfaces, concurrently
further satisfying Steichen’s PDE (5) above:

a@’VV =VV(V?)/2 , or, equating with that given by Eq. (6):
3VV(VH)=2VV; (#0) (7)
(not depending on a). Let us write Eq. (7) in a scalar form:

oV oV
v, +—=[+V V| —+ N,
oy ox | Y ez oy

generally valid along the intersection lines of the isentropic “i
surfaces with the *j” special ones satisfying Eq. (6). These
lines are solutions of the system formed by Egs. (5) and (6).
If VV5; =0, the problem reduces to that in section 6.
Introducing the velocity potential ®, V=V® , and:
V, =00/0x; V, =0®/dy; V,=00/0z; VV =AD,

z

y

+V VZ[

(7

6‘ 9

we obtain for the condition Eq. (6) the expanded equivalent

forms below (the PDE of the new searched for surfaces):
oV, oV oV

e aa

also expressing the orthogonality of the vectors V, and

oV, defined as follows:

V, =k (@ - V?)+k, (@ -V )+k,(@® - V?) ;

SV:anVX+k ~+K, v,
ox Y oy

(> V2 -0 ,

;(V, -

-0V =0);0r:
F0 5o

e P
[ )]
12833

2 2 27 A2
N Wz_y+1(6£j _(@J _[eo) |2
vy—1\ 0z 1) oy oz’
and for previous Eq. (7") (using Schwarz’ theorem):
26@8@861) 8CD8<D6<D GCDO(I)OCD
0x 0Oy 0x0y ay oz ayﬁz 0z Ox dz0x ’

just the sum of until now negligible terms with respect to
a’A® in the velocity potential PDE for small perturbations.

+| W2
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This result is very important and leads for the case of
a 2-D plane motion (V, = 0®/0z = 0) to the simplest
equation of the potential @ (a very particular situation):

Rt
oxy (8)

leading to a special plane flow: V, = fi(x); V, = fi(y) and ®
= [fi(x)dx + [f(y)dy = Dy(x) + Dy(y), like that in a channel
with hyperbolic walls, or a right-angled cormer), representing
the canonical form of a 2nd order PDE of a hyperbolic type
with constant coefficients. The condition Eq. (6) becomes:

v s
y—1\0x oy ox
+ [W2 —Y—H(GE] (ad)j d (GCDJ 0 ,or:
y—1\ oy ox dy
[w2 ) y+1(d<Dl Jz _(dcsz i(dfblj
vy—-1{ dx dy dx \ dx
J{wz _y_—f-l(dd)zj [dcb j } d (dq)zJ:O,or
y—1 dy dx dy \ dy
[WZ ALV szdv (Wz Ty y Jﬂzo
y=1" 7 )dx y-1" dy
— a first order ODE with two unknown functions.
The same results can be obtained for a 2-D axisymmetric
motion (in a meridian plane, in cylindrical coordinates),
leading to another special flow: Vy = fi(x); V. =f3(r); ® =
@y(x) + Oy(1), and (the most important), for a rotational
flow of a compressible fluid (over the isentropic surfaces,
in the smart intrinsic triorthogonal curvilinear coordinates),
instead of velocity’s potential ® appearing its 2-D quasi-
potential ®;. In the last case the relation (8) is more intricate,
due to versors direction variation (see the right-hand side of
the last equation in section 2), but the essential is the same, it
being satisfied only along the space curves — intersection lines
of the “i”” isentropic surfaces with the “”” special ones, irres-
pective of the “pseudo-flow” character (not depending on a).
Concluding, as regards the PDE of the velocity quasi-
potential ®@j;, through any point of a certain rotational
flow two interesting space curves are always passing:
1. the quasi-Laplace line (an elliptic PDE) — see section 6;
2. the new special line leading to a hyperbolic PDE.
Analogously we can suppose the existence of a third family
of space curves passing through any point of a certain
rotational flow, along which the velocity quasi-potential ®;;
respects another rule, corresponding this time to a PDE of
the 2nd order of a parabolic type, just in its canonical form:

=0 , (meaning: 0V,/0y =0V,/0x=0,

62(1)ij (\, 1, Vo))/Ou* + - (lower order terms) = 0, in the same

OApv smart intrinsic coordinate system, irrespective of the

‘pseudo-flow” character also. The analysis in sections 6
& 7 can be useful for other cases where the physical phe-
nomena lead to PDEs of the second order of a mixed type.
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8 A simple example: the 3-D conical flow
An interesting example of application was given in [8], estab-
lishing the general ODE (!) of the velocity quasi-potential ®;
=RWMe, %) = RVi(p) — on every “1” isentropic sheet y = ¥
for any (rotational, therefore non-isentropic) 3-D conical flow,
writing and analyzing it in the smart intrinsic generalized
spherical (conical) triorthogonal coordinate system (R, ¢, y):
(v =D+ | K@) [I'-V/+ 2V J(W? V2 =V)

—2(0"+V,W/* =0, with' =d/dp and " =d*/d p*,
instead of the usually written (approximate) PDE of the
velocity potential © =RV;,(0, ), with V=V, + V, (Helmholtz)
where: V,=V® and V,=V x ¥ or (see [9]) V,= O, VD,

V2 1

2 2 2
1 \lep\]a\le (up V 2 \/6p+vu)p
2} % }snﬁ 5.0 a
2V Vp Ny V2
== By coth] 1+—2 |V, =0; with (D:R-VP(G,(D):
a’si o a
1 v, 1 1 oV,
VRp:aCD Vv, - oD - 5_CD:___P
R R69 5] Rsi® oo sirf) dw

) obtaining'

#V }_ L (Y] 1 @,
a’sin’0| do | [sin’0 oo’

A L‘sz
[ j sirf0 &OJ}VP

2 oV, &, 1 (on
a #sith| dw

+ 2+i

%:
o

2

—— +co
a’sirtd 80 ow A0cw

with: & :VT_I(W2 V2 —Vf)z%l(w2 —Vﬁp—Vép—Vip)

Il g W) __L (%) ( :[10])
5 % Slnze o , (8e€e,c.g..

so a nonlinear PDE of the 2nd order in two variables
(the spherical coordinates 0, ®), obtained by throughout
neglecting the V, components (Vg;, Vg, Vi), SO being
an approximate PDE, though being an exact one when it is
written on the isentropic surfaces (V, ); { = {y (containing
streamlines & vortex lines) only, becoming now identical
to the general ODE of the velocity quasi-potential; V, —
the rotational part of V; V;(¢) = Vg (the radial component
of the velocity on the conical isentropic sheet “i”’). The
quasi-potential is: ®;(p) = R;V;, also having: R{//R;= V;/V{
(see [11]), getting by integration: R; = R;(p), representing
the polar equation of all flow streamlines contained in the
isentropic surface “i” (all being homotethic space curves,
their family being given by the polar equation: R; = RoRy;(p),
for various values of the positive constant Ry, with R;;(¢)
— a non-dimensional quantity depending on ¢ only).

The generalized spherical coordinate ¢ is defined by:
@=1(d6 + sin’0dw?)"? = [sinO[ (dInltan(6/2)])* + dw’]"* (9)
— the relation with the classical spherical coordinates,
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(R, 8, ), due to supersonic flow’s kinematics (see [11]):
¢> =07 +sin’0-®>. (10)
In the smart intrinsic orthogonal curvilinear coordinate system:
B=J[d¢? + F(p)dy]"™, which ony =2 = ct, becomes: p= .
The general ODE above is similar to the classical Taylor—
Maccoll one ([12], [13]) for an axisymmetric conical
(supersonic) irrotational flow, this one being a particular
case obtained for: ¢ = 0 and f(¢) = f(0) = sin 0, and so:
[In|f(@)|]' = [In|sin O]]' = cot O, the equation becoming:
(=D +cotd- V' + 27 (W =12 =)= 2" + V"> =0
and the sliding condition [11]: R'V’ =RV, with: ' = d/df and
"= d%/d6? and the solution ¥(0) = Vg — valid throughout
(the velocity quasi-potential @; () coincides in this case
with the velocity potential ®(8)). Along the “vector radii”
half-straight lines one gets a 2-D Laplace’s PDE, with the
solution @;/R = V; = Vy; = const.; (0). Through any flow’s
point an “ij”” line is passing (the intersection of two conical
surfaces: the isentropic “i” sheet = yo; = const.; and
the isotachic & isothermal “j” one ¢ = @g; = const.; ). This
means the searched “ij” line is a half-straight line passing
through the flow apex and the considered flow’s point.
Along any such a half-straight line the searched for
velocity quasi-potential @;; (¢, x) becomes a harmonic
function (the general non-linear Steichen’s PDE of the
2nd order becoming a 2-D Laplace’s PDE: Ad;; =0 —
with the solution: @;;/R = Vjj = Vg;j = const.;j (¢, %) .
The annulment of the radial component of the
acceleration vector, ag = 0 (the first equation of motion:
R —R¢’ =0 ), is identical to the “sliding condition”,
expressing the condition that the velocity V be tangent to
a certain streamline of the conical flow — the scalar product
V-n = 0, where n is the unit vector of the normal to the
streamline, having the components — R/(R* + R”*)"* and
R/(R*+R™?)" , respectively. It can be written in the forms:
RV'=RV(=®), or R/R=V/V; '=d/de
(representing the streamline’s ODE), leading to:

dinR dinfR | _1 dinR din|Vy| 1

dep de dep do
In fact, the “velocity quasi-potential” function ®@; must
also be a conical one, which means to be in the form:
@i (R, ¢, %0i) = i (R, ¢) =RV, x01) =R"“Vi(9) ,
this being a conical scalar “quasi-potential” of the n-th
order (n € Z); let choose its simplest form, that for the
first order (n = 1), having also a physical significance:

(Di (R9 ®, X)Ol) = cDi (R, (0) =R V(q)a XOi) = RI/I((”);

9,(p) = RR, =RV, ;= SR, dnlVi] _dinfo
do do do
the trivial system (product and sum of the logarithmic
derivatives of R and [Vy;| with respect to the generalized
spherical coordinate ¢), its solution and the analysis on
the existence domains for the “(quasi-)potential” @; (),
both from the mathematical viewpoint and the physical

b
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one (also including fig. 1, here reproduced as fig. 2)
— all from subsection 2.1 in [11], become valid again, this
time for any 3-D conical flow (both potential and rotational).
So, for an axisymmetric conical flow around a circular cone
this domain is § € (Bo, Br) with Bo=m/2 —6;and B =w/2—6,
where: sin’0, ~ 1/M* + [(y + 1)/2] sin®0 (see [14], [15]),
0., 6 being the solid cone and shock wave half-angles, resp.,
meaning that: sin = 1/M, sin v =[(y + 1)/2]"*sin 6, and
sin 0 (all < 1) are usually quasi-Pythagorean numbers
(sin’p + sin®v ~ sin’@, ), with sin®®, < [2/(y + 1)](1 — I/M?);
M is the emergent supersonic stream Mach number.

If is known or is given the conical flow velocity (quasi-)
potential @;(B), the system above admits the solution:

dInR/dp = din, [, /dB - \/ (dln\/@ /dﬁ)2 I
din[Vy|/dB = dIn [ | /dB + \/ (am o] fapf -1

ODEs which can be easily integrated, so being found
the solution (InR, In[Vyy), and further the (R, [Vii|) one.
We introduce now the hyperbolic functions:

coshu = diny ] /B sinh u = y dinfo [ fag) ~1,

so expressing the solution in the simpler form below:

dInR argch dlnd\cbi\ argeh dlnd\q>i\
b =e'=¢ P . InR=|e bdp;
dl dl
dll’l|VRi| argch nd‘CDl‘ argch nd‘ﬂ)l‘
———=¢" =¢ b 1n|VRi|=Ie Pdp;
dp
din, | ;]
. B —argch
R i drgchdlnd‘d)l‘ Ie ¥ ap
lnR—= e P dp ; R=R,e™ ;
0 Bo
din /| @;]
. B argch
|V | p argchw J.e a® ap
In;— = P dB;[Vis| =| Vi, 6™
n |V =1 ¢ p; Ri| =|Vry [©
Bo
R01

The existence conditions of the roots in first solution give:
D < Dye?® and @)= De®, with >0

relations which establish the existence domains of the
velocity potential @;(B) to obtain isentropic 2-D (plane,
axisymmetric and general 3-D) conical flows. It can be
noticed that for > 0 cannot exist isentropic 2-D conical
respectively, between their symmetric ones with respect to
the [3 axis, as one can see in fig. 2. The equations of motion
are getting the special forms (2.1.14), (2.2.1) and (2.2.2) in
[11]. The current cones (Cy): %, = 1/C, represent the isentropic
sheets ¥ = ¢(S —¢p) = ¢(Spi — ¢o) = 0 = 1/C,, in which is
analyzed the conical motion, these sheets being a particular
case of D. Bemoulli surfaces, namely for isoenergetic flows
(rigid surfaces in the fluid flow); the velocity V deriving
from a conical quasi-potential of the first order, on each “i”
such a sheet y =y having: Vi=VO®; ; ®;=R-V(p) —a
conical scalar quasi-potential, specific to the respective “1”
sheet, the general flow being rotational (€ # 0 , but with €,
=0, so that Q = kg Qg + k£2,) — also see section 1 in [8].
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In the classical spherical coordinate system (R, 0, ) and in
the smart intrinsic generalized spherical one (R, ¢, ), resp.,
the 1st equation of motion for a certain 3-D conical flow is:

a, =R—RO —Rsirff- & =R—R¢# =—(6p/R)/p=0,and
a, =R-R@7 —RF(¢) i’ =R-RE’ =R-R¢ =0, =0).

q;ocz(ﬁ-ﬁol

¢Oe'7(ﬁ-ﬁn)

e 5
} ol RN R
_,4.:..4/7/_!_/_;22_4_'7_ \\ __\_ _Ne_xss:b\_g-!;r
_B‘; I =gy ".‘._‘ “Po
: i 7(1;06-2(&&‘)
,q,ﬂeﬂH«J

D, =RV, >0
[T 77 )-existence domain~ [@] = @, & *(P-Pe) }with rlIlI!Iz 2 ol
777 existence domain @] < @, ¢*'* %) dp

m - existence domain
LS evistence domain
E’ non-gxistenoe domain
SNNNEN
- example: supersonic Prandtl - Meyer plane flows with complete

=z2(B=ps) e
2 ®, ™

} - physically incompatible solutions (B > B, )

1 - expansion @, =®, sinAf/sinip, (Mlﬂ/wsiﬁ,)'"l‘“:

2 - isentropic compression: ®,. = —@; ; (the reversalof 1)1, = /2% .
Fig. 1. The existence domains for the potential ®(p)
of the two-dimensional ( plane or axisymmetric ) conical flow

Fig. 2. Reproduction of fig. 1 from subsection 2.1 in [11]
(here we introduced the notation: A = [(y — )/(y + 1)]"*)
In the case of a plane conical flow: 0 =7/2; = sin6=1 and:
6 = 0; ¢ = ®. In the case of an axisymmetric conical flow,
the streamline is contained in a meridian plane (phenomenon
independent of ®): ® = @y = const.; = ©®=0;=0. In
the case of a general 3-D conical flow, using the notation
(10), one obtains the relation (9). There also are helicoidal

conical flows (see [11]) — 0 and » bound by a certain DE.
For all 2-D flows the first equation of motion takes the forms

R-Rf*=0, or: (dInR/dB)(dIn|R|/dB)=1 -~
the product of a pair of logarithmic derivatives with respect
to B equal to the unity (J is the angular coordinate: B = @ —
for the plane conical flows (Prandtl-Meyer); B = 6 and
B=m/2 —0— for the axisymmetric conical flows (Busemann—
Taylor—Maccoll) inside and outside a circular cone, resp.;
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the angle of attack o # 0; r is the cone local radius;
t=t/x=tana ; = o=atant ;

\\ |z

r=1/x ;

N\
N\

_ V(Z+t-20)+Z+t-1)(Z+1) 1

Yy + @+’ 7] G,

N

3b. Y =ReF(x,) = Re {Inw} = ln\/; =C};

x1+if
2 = T o2 ’
o= Y_";(Z-i;t _fz) —C =,
V +(z+1)

X, =y +izis a complex variable; y = y/x ;Z=27/x;X,y,2
— Cartesian coordinates, x — abscissa of cross section current plane
Fig. 3. Simple qualitative example of “generalized spherical”
smart intrinsic coordinate surfaces for the case of a circular cone
at a small angle of attack (cross section) — the incompressible
approximation (slender body; no shock wave), giving the relations
between the new spherical coordinates (R, ¢, x) and the Cartesian
ones; the flow is due to two semi-infinite line sources along cone’s
axis (a) and back (b), replacing it; (), (b), (n)—nodal and saddle lines;
3.a. the conical isentropic sheets y = xp; = c(S¢; — o) = 1/C; (a
smart intrinsic coordinate tied to Sy; — the local specific entropy
value), having as remarkable directrices: the 0z axis and a circle
(the solid cone trace) centered on it (both for C, = 0), and a right
strophoid (y = 0) centered on oz axis too (for 1/C, = 0); ¢, Sg;, ¢o> 0;
3.b. the conical sheets ¢ = ¢y; = C, (smart intrinsic coordinate),
orthogonal to the conical isentropic ones: VY(y,Z)- VZ(¥,Z) =0,

having as remarkable directrices: a Pascal’s limagon and the
circle at infinity (both for C; = 0 and centered on the 0z axis).
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= ¢@—for any 3-D conical flow in the intrinsic system); so:
arctan(dInR/dp) + arctan(din| R [/dB) =n/2 ;

(the curves InR and In|R | are symmetrically inclined with
respect to first bisectrix of (B, @) axes for any value of B3, like
a pair of characteristic lines with respect to velocity direction,
in both physical and hodographic plane). A simple example
of 3-D conical flow is given in fig. 3 (see fig. 1 in [2] —[4]).

9 Other possible application: a supersonic
axisymmetric rotational flow (quasi-conical),

confluent to a potential one (tronconical)
In a series of papers (see [16] —[19]) a new shock-free
axisymmetric configuration inspired by a Schlieren picture
(fig. 260 — a forebody in supersonic flow with isentropic
compression — achieved by isentropic way (smoothly) and
not by shock) from the flow visualizations album [20] was
proposed and studied. This flow was called tronconical, due
to the fact that the simple compression waves are co-axial
truncated cones (conical frusta) having as a common basis
(directrix) the “foci” circle, along which they focus into an
axisymmetric shock wave (with curved meridian line, and
so with variable intensity) — see fig. 4.a, and various types of
air intake were imagined: frontal, annular, frontal-annular,
etc. (see figs. 3 —7 in [18]), all with dynamic compression.
The tronconical potential flow is associated (confluent) to a
rotational flow 2 - 2' treated in [21], around an axisymmetric
body without incidence, consisting of a cylinder of radius 1
and a truncated cone of half-angle 7. (see fig. 4.a), with a bow
shock wave, assumed to be attached at the intersection circle
CC' of the two axisymmetric surfaces. In order to determine
the solution (the velocity field and implicitly that of static
pressure, the shape of the shock wave and the entropy
gradient), the author develops an extremely interesting
analytic perturbations method, the disturbance affecting not
as usual the incident parallel and uniform supersonic flow
of Mach number M; from the upstream, but a potential flow
very close to that rotational real, called by him a quasi-
conical motion. Later, this problem was resumed in [22],
also considering a supersonic combustion wave in the
presence of a truncated cone, giving an analytic solution.
The confluent flows are related to other simpler supersonic
potential flows (the conical axisymmetric one and the plane
one with shock wave or Prandtl-Meyer isentropic compression
obtained as particular cases; for the last one see fig. 227
from [20]). All tronconical waves (truncated cones) are
envelope surfaces of the Mach cones (the local simple
waves) generated by the points of the given axisymmetric
body surface, all situated in the same cross section plane.
In the toroidal (tronconical) coordinate system (ry, R, 0)
the PDE of the velocity potential can be set in the forms:

V/Z )
(l_a_zj(V W 1+ 1, /(R sinB)

(with Rsin® # — ry), therefore a nonlinear ODE, V being

(cot-V'+V)=0,
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the radial component of the velocity (Vi = V), and a the
local speed of sound, with: ' = d/d and " = d*/d®?, or

I.O V,Z " ’
1+ - 1- (V +V)+cot6-V +V=0 ,
R sin® 2

a

both useful for the presentation of the particular cases.
Analyzing both equations one can see that in these cases
the ODE of the velocity potential gets typical forms. Thus,
for various values of the cylinder radius ry, we have:

5 M1 r

w=arcsin (1IM,) | / r=r+Rsin®

2 M>1 R ST
0=0._ [0>0/ RN
(M 5 M<1
= Iy

! w=arcsin (11M) 1, = l2

! r-r, 0

9 Rn=#=(r|'rn)M| .
) B . sinp, (% /Mﬂ

00 b ' 2| ML (R g

\

b ML A

—

1 050y

—4a

14b

Fig. 4. Reproduction of figs. 3, 4 from [16] — [19] (oblate on Ox)
The tronconical (shock-free compression) flow inside an axisym-
metric supersonic inlet diffuser with (4.a) outer and resp. (4.b) inner
compression (frontal and annular air intake): 4.a) 1 —homentropic
cylindrical core of radius ry with tronconical flow — flow with
complete (until M, = 1) isentropic compression; 2 - 2' — rotational
ring — a tronconical flow too, but with expansion, downstream of
an attached bow shock wave, weakened and canceled by the tron-
conical expansion waves (whose axisymmetric fan was not repre-
sented) originating on the “foci” circle CC', the same for both
flows; 4.b) 1 —fuselage (cylinder-cone body); 2 - 2' — homentropic
ring with tronconical flow inside a specially shaped annular
channel; 3 - 3' — infinite ring with non-perturbed supersonic flow.
[1—(Va)(V"+V)=0, hence V'=a,
the plane flow with Prandtl-Meyer isentropic compression;
10=0 ; V'+cot®@V +2V=>U"*d)V"+V),

the conical axisymmetric flow with isentropic compression
inside Busemann’s nozzle (upstream of a conical shock
wave with the same tip as the conical simple waves fan), as
well as that downstream of an attached conical shock wave
(between the shock wave and an infinite solid cone). In the
trivial case of a parallel and uniform supersonic stream (Rsin
= kry, with k >— 1) the velocity potential ODE becomes:
(1+ 1K1 = V)V + V) +cot 0V + V=0

Both Prandtl-Meyer (see [23]—[27]) and Taylor—Maccoll
(see [12], [13]) ODEs (which describe the plane and res-
pectively axisymmetric conical flows) are obtained as
simple limit cases of the general ODE of the velocity
potential for tronconical flows. From this equation it
can be noticed that, unlike the conical flows cases, when
the equation has an unknown function of a single variable
— M(9), in the tronconical flow case, the equation has
the same unknown function 7, but depending on two
variables — 0 and R. In this equation intervening only the
function derivatives with respect to 6, the dependence on
R can be considered weaker or even zero (this being called
by the author the tronconical approximation: [16]—[18]).

To — 00 ;
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Setting (also see fig. 1 from [20]): 6 =a; R=1r; 10 = b;
1 ~ Rsin6  rsina .
1+r1,/(Rsin®) r,+Rsin® b+rsina -
and V=¢(r.a); V'=p,; V'=¢,;
one obtains for the general differential equation the form:

2 2
[1— P J(paa +mo, cota+{1+m— P J(sz, (11)
a, a

identical with Eq. (17) from [21] (but the last one having
different boundary conditions), describing an axisymmetric
potential flow — a component (namely just the quasi-conical
one) of the rotational general supersonic one downstream
of an attached axisymmetric bow shock wave. The
boundary conditions above are given by the relations:

a=ay(@,), =0, where o =1, (seefig.3) (18a)in[21]

a=a;p =cosa(p,), = {k+11;—2kJ sing, (18b)in[21]

a=a,

oy is the half-angle of a certain tronconical expansion wave
(unknown, function of »), weakening the bow shock;

k=27 :y_—l; K=M,sine,; K,=M,sinc,.
y+1
The quantity a; in Eq. (11) is given by the energy equation:
af =a’ =(y=D(W* =V =1*)/2
The solution was obtained by analytic way, the general
integral of Eq. (11) being given in [21] by the relations
(21), (22), (24 a) and (24 b), for the linearized equation:
¢=(C,I+D,)cosa, (21) in [21]
where Cy and Dy are functions of the variable » only;
__ Sy o_i_c,l, (22)in[21]
2+ 1 sin2a,
being used the following notations:

“b+rsin, dr
I(a,r)= 0 =E(a)-E(a
(@) w b+rsint cos’r (@) (@)

0

- 2r” 1+£sina jz b dz ;
b2 =12 b by + b -

I =1(ar) ; (24a)in[21]
and E(a)=

+rsi 2
brrsingy tam—%“—’f 2 = tan; (24b) in[21]
b+rsina b"—rl+z 2

7 being an integration variable. The last integral in
(24 a) takes various forms, function of the ratio (+/b)
— also see the relations (14) and (15) from [22].

The entire (complete) nonlinear equation of the flow in
the downstream of an attached axisymmetric shock wave
Qoa T mocot ot (1 +myp=Fr,a)+ N, a), (31)in [21]

having in its right-hand side the nonlinear terms /" and N
2

Py

F(r,a) = a_2(¢aa + ¢) >
1

(just the nonlinear term of Eq. (11), neglected until now);

(19) in [21]
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2
Mr,a)= E(L‘; —m}(pr 27 (20" rg., (2o +r g, )[1 —ﬁz}

a9 aq a9
(16) in [21]
has the following general integral:
p=[(C+H) +(D-L)kosa ; (32)in [21]
C and D are functions of the variable » only, and are
determined imposing the boundary conditions, like a; ;

a + 1 +
. J' ) rsmr)[F(V., 7N, 7)) costdr
w b+ rsina,
a + 1 +
o J‘ (b +rsint)[F(r, f). NG DVD) oorar ,
u b+ rsina,

representing the relations (33 a) and (33 b) in [21], resp.
The integral / is given by the relations (24 a), (24 b) and
resp. (32), (33 a) and (33 b), for the entire nonlinear equation.
In the last two relations, we must consider for the second
nonlinear term, M7, «), defined by the relation (16) from [21],
the condition Mr, o)) =0, this corresponding to our tronconical
flow case. An improvement in our problem solution can be
obtained by replacing the relation for the main boundary
condition V-n =0 with the new (exact) streamline’s equation:
RV'=RV (=®), or rp,=r(p+re,), (12)
with: r,=dr/da , ¢@,=0p/0a and ¢,.=0p/Or ,
where, taking into account the definition of the velocity
potential — relation (14) in [21], assumed in the simple new
form @ = ro(r, o) (therefore not a tronconical one, rp(a)),
were used for the velocity components the expressions
1 0

VR:Vr:a_®:(0+r(0r; VGZVa:
or r oa

o

On the other hand, in order to replace the expression @, in

the general PDE of the tronconical flow — the former ODE
(11), one must write a new (exact) form of the energy PDE:
(@)’ = - DIW* = (¢ +rp)’ — (9)°’)/2 (13)
The new solution will be obtained by integrating the system
of three PDEs (11) — (13), the subscripts a and » having
now the significance of partial differentiation with respect
to the respective variables), these equations ceasing to still
represent the mathematical model of a tronconical flow,
but of a new flow, related to that considered in [21]. This
new system, by solving of which is obtained the improved
solution, has three unknowns: ¢(7, @), a; (, @), and H{a) —
the streamline (body wall) equation, the functions ¢ and g,
depending on a both directly and via  as well, so that one
can write on a certain streamline: dp = ¢,do + ¢,7,do =
(¢ t @.7,)da and respectively: da; = (a1, + a1,7,)do.

It is also to be noticed that in all the cases, the equation
of the velocity potential admits the particular (trivial)
solution V' =— U,cos 0 (a parallel and uniform stream).
In the case of absence of the specially shaped central body
(see fig. 4.a), when only the cylinder-cone shell exists, the
outer quasi-conical motion is no more associated (confluent)
to the inner tronconical flow with isentropic compression,
but to a non-tronconical flow with expansion, considered
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in [28], called by the author Prandti-Meyer expansion in
axisymmetric flow. It must be mentioned that the general
equation from the beginning of this section can describe any
tronconical flow, not only those with isentropic compression.
Thus, it can be imagined a tronconical flow with expansion
in an axisymmetric nozzle similar to Busemann’s one, but
having inside a central cylinder-cone body and a pre-deter-
mined shape of the wall meridian line, corresponding to a
strictly calculated design Mach number of the downstream
parallel and uniform supersonic flow (also see fig. 4.b and
fig. 173 from [29]). This flow can be easily obtained by
a simple reversal of the flow from figure 4.b and extends
itself only in the supersonic range. This is possible, because
the inner flow is entirely shock-free (and thus isentropic).
In the same manner, starting from the tronconical flow with
isentropic compression represented in fig. 4.a one can obtain
the tronconical flow with expansion given in fig. 4.1.a from
[30]. Besides these cases, there also is that of the tronconical
flow with expansion in the second region of the mixed flow
(isentropic compression — expansion) around a specially
shaped axisymmetric forebody, immediately followed by a
cylinder (see fig. 7 in [18], here reproduced as fig. 5). This
expansion flow succeeds to a tronconical flow with isentropic
compression in the first region of the above flow and takes
place just around the circular edge (having in the meridian
plane the trace B) of the intersection of the two bodies, this
edge being just the foci circle of the tronconical flow with
expansion. Besides these methods, another way to obtain
tronconical flows with expansion consists in the generaliza-
tion of their corresponding axisymmetric conical flows (see
[31]—[34]), instead of the conical flow’s vertex appearing now
the tronconical flow’s circle of foci. The new flow’s velocity
potential equation (valid for tronconical flows with both
compression and expansion) was established as a first step
in finding the exact solution and a streamlining method for
the axisymmetric bodies and channels was imagined.

31 M1 3
P By coss RN o I Y I, '
S,
> M|<>l | B M,>#)>1 e
SN =) P@)<Pe
Sy > — ] 1
G\ [ AT 7 eza
MM MaM31 %
Ve P=P<Pe  P=Pi<P: e 274
M1 e =p M<y
1 S<p ¢ » 1
Pi<Pe Hy “ C >pt
% 777
7
1A > R
o 0. 0, x’xnxz

Fig. 5. Reproduction of fig. 7 from [18] (reduced caption)
The confluent supersonic flows around an axisymmetric specially
shaped configuration, consisting in a central forebody followed
in the downstream by a co-axial inlet diffuser (annular air intake)

In order to unify the methods of solution for the PDEs of
the confluent flows from figs. 4.a or 5 (potential — internal
and rotational — external, both having a strong tronconical
character) without dividing the external flow into a potential
(quasi-conical) one, governed by the same PDE of the
velocity potential (11), and a rotational perturbation, and
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then adding (superposing) these terms of solution, we can
apply the new 2-D velocity quasi-potential theory on the
whole axisymmetric flow’s isentropic surfaces. Thus, even
the external rotational flow can be treated as a potential one,
if we can determine the equation of the axisymmetric
isentropic surfaces, starting from the already known
streamline’s Eq. (12), for a given velocity field »p(r, o).

10 First approach to extension of the new
quasi-potential model to the rotational flow

of a viscous Newtonian compressible fluid
Let start from the vector general form of the motion equation
for a viscous Newtonian fluid flow (Navier—Stokes):

2

ﬁ*l— l}ersz—@Jr&AV{ﬁ +ﬂJVWV)

o 2 PP P
(the Helmholtz ([35])-Gromeka—Lamb form, binding the
acceleration and force density terms of a fluid particle);
f — the mass force density (conservative — a gradient):
f=V(-gz) = -V(gz); g — the acceleration of gravity;
z — the geometrical height (height of the considered
point above a reference horizontal plane xOy);
; — the dynamic viscosity of the fluid or the coefficient of
internal friction; W/p — kinematic viscosity of the fluid;
W — second, or bulk, viscosity (L, [, assumed const.).
For a steady motion and respectively for gases, we
have: oV/ot=0 and f=0 |, thusremaining:

\'& 1 W,
V| [Fex V== VoAV, + B ) |
p

Searching for a 2-D velocity quasi-potential @; (&, n)
(therefore in a new smart intrinsic coordinate system
0&NL), we will perform first a scalar multiplication of
this equation by a special virtual elementary displacement
dR € (V, Q) plane (see section 2), so obtaining some
surfaces similar to the isentropic ones for the inviscid
compressible fluid flow case, envelope sheets of the (V, £2)
planes above. Over these surfaces we can write:

hk. hk, hk
1o o 2
hhh| & on - &
b, bV, Y,
with : V.=h& ; V. =hm ; V.=h{=0 ,
where: Kk; — a 3-D basis; h; — Lamé’s coefficients; the dotted
variables are derivatives with respect to the time t, and so:
1 {G(hnvn) ~ 6(h&V§)} o
* hoh, | 6 o
Let introduce a scalar function ®;(M) = ®; (&, 1, {y), also
called by the author a 2-D velocity “‘quasi-potential”’, whose
partial derivatives along the directions of the elementary

orthogonal arcs h:dZ and h,dn on the “i” (V, €2) sheet ((=
Coi ) are just the components Vy and V,; of the velocity

Q=VxV=

=k +kQ, +k L,
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Vi vector (Vi = 0). Let still define A and p as being two
orthogonal arc lengths (also see sections 3, 5 —7), so that:
d\ = hedg and dp = hydn , (AR = ¢,V + ¢,Q = k:h:d&
+ kqhydn = kedA + ki dp), on these “i” surfaces having:
1 ob, oD, 1 o0, oD , _ 1o o
ThEd A ha o X
- hEV&iZ% ; h V. _aq>

oYy _ 000, 0 ARV 0o &0,
& o

&nm’ o & ok

So the relation Q = 0 leads to: 0°®;/0E0n — 6°®;/ondE,
= 0, this representing just Schwarz’ theorem for the
functions of two variables (the so-called theorem of “the
equality of the mixed derivatives of the second order”,
they differing as to the order of differentiation only).
This relation proves that Q = 0 and the existence of
a 2-D velocity “quasi-potential” function ®; so that:

GCD s Vi =V :% (also see [2] —[5]).
u

(14)

Vgi =V, =

Applying the second law of thermodynamics, one can
write the heat transport equation (called by this author the
generalized Crocco’s equation for roto-viscous fluids) as:

TdS=(Q@xV)-dR + 2L [”—2—3}5 +21, |dt
pllm 3

{(QXV) v, + 8 K“z _EJJE +2[2}}d‘[
pllm 3

= TdS; (R # 0; u = pp = 0) + TdS,(2 = 0; Wy # up 7 0),
(also see [2], [4], [36]) with the following notations:

dR=V dt ; I = =e =¢, +e,+e,;=VV;

I, = eijeij =€1€y T €533 T €338, — 6122 - 653 - 6321 20,
where: V, is the virtual velocity vector (along the virtual
displacement dR); /,, I, — first and second invariant of the
tensor of the fluid particle deformation rate e ([37], [38]).
The first three terms (eje; ; j # 1) in the [, expression are
given by the linear deformation, while the last three
ones (eij2 ; ] #1) are given by the angular deformation:
e = aV,u/axl = Vi, €j= (GVXI/GXJ + anJ/aXl)/z = (Vij + le)/za
€i = (anj /aXi + 8in /GXJ)/2 = (Vji + Vij)/z = €.

The new equation of the isentropic surfaces (dS = 0, needed
to assure that a” = (dp/dp)s s, in Steichen’s PDE) is:
TdS=TdS;, +TdS, =0 ; (15)
this is an equivalent form of the “zero-work” condition:
[QxV—w/pAV — (W + w/3)pV(VV)]dR =0 for the non-
conservative rotational and viscous terms (see [2], [4], [36]),
having two main particular cases (independent annulment):
1. rotational flow of an inviscid fluid (w; = p, = 0), in the
equation above missing the second term of the sum (dS,),

the motion equation admitting a D. Bernoulli first integral;
2. irrotational flow (€ = 0) of a viscous fluid, in this
case missing the first term of the sum (dS; ), obtaining:
1. the annulment of the mixed (scalar triple) product in the
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left-hand side (coplanarity of three vectors), so getting in the
Cartesian system Oxyz the following PDE of (V, ) sheets:

dx dy dz
dR-(QxV)/T=0 ; lQX Q Q=0 ,
T Ve v,
or, expressing the vortex components €, , Q, and Q,:
‘ dx dy dz
oV, Oy oV, oV, Ny V| _, .
‘ dy oz oz ox  x Oy ’
Vv, V,

in the smart intrinsic system O&n( this equation is = {;
2. the annulment of the second factor of the second
product in the left-hand side, (1, /1y — 2/3)1,* + 21, written
in the principal deformation rates (e;; = e;; e = ej; = 0):
U/T) [/, =2 +21,]=0 = &} +&5 +e} -

—2(u, /1, +1;3)/(2/3_H2/U1)'(e1ez +ee;+ee)=0;

— apure viscous isentropic right-circular cone having as vertex
the origin and as axis the straight line: e, = e, = e; (diagonal
of the cube of equation: ejees(e; —a)e,—a)e;—a)=0;a>0;
1,6, €3 € [0, a]). In the principal Cartesian system O;x,y,z;,
replacing ey, e,, e3 by 0Vy1/0x1, OVy1/0y1, OV 41/0z;, we get
the PDE of the isentropic cone, having as unknown functions
the velocity V components on the principal axes Vi, Vyi, Vi

1 (GV“J (8\7 J +[6Vz1j2_2 Hz/“1+1/3x
T|\ ox, 9y, 0z, 2/3—p,/u,
oV, 5Vy1 ov,, 8V21 . oV, oV, || 0
ox, 0y, 8y1 Oz, 0z, 00X,
In all these cases (dS; = 0; i = 1, 2) the physical equation is:
p=Kip", with: Ki = poi/(poi)"exp[(S — Se:)/C, ] = poi(poi)”
> () (the isentropic constant of the respective particular “i”
isentropic (zero-work) virtual surface, C, being a constant
— the isochoric specific heat of the respective ideal gas; po;
and py; are stagnation values). Over the isentropic ‘1"’ surface
the speed of sound is given by: &= = (dp/dp)s=s,; = YAT.

11 The velocity “quasi-potential” PDE for
a viscous fluid flow and its validity domain;

introducing a new Selescu’s roto-viscous vector
Therefore along the intersection space lines of the particular
isentropic surface families ((V, Q2); sheets and “j” circular
cones with K; =K;), the general rotational flow of a viscous
Newtonian compressible fluid is governed by Steichen’s
PDE of the 2-D quasi-potential ®;; (M) = ®@;; (&, n, oi)
(see sections 3 and 5), therefore at the same point:

1 00, 100, 1 dlndyhy) O, 1aln(nch)6d>
h28§hn6nh20§&ihﬂa16n

Pl
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2 {1(@@@2 Fo, 1 a@ijj Fo,
Ty-1|n’ T

&) & hlan
e & o [&EJ va(m)
L alnhé(ad)ijj 1 olnh, 20 ( ”}
hh; on on hhn & &

These space lines coincide with those of intersection of the
(V, Q) surfaces and the isentropic ones, being defined by
dR ||'S — Selescu’s roto-viscous vector S = (2 x V) x VS,
But the most general case for Eq. (15) to represent the isen-
tropic (zero-work) surfaces of the general steady rotational
flow of a viscous Newtonian compressible fluid corres-
ponds to the existence of a special virtual elementary displa-
cement dR to satisfy this equation. So if both terms of the
sum in the left-hand side have the same modulus and sign:

|(@xV)-dR| =|(u,/p)[(w /1, ~2/3)IF +20]d{ . and

signl(Qx V)-dR]=sign{(, /p) [/, ~2/3)1} +21,]dt},
in order to assure the annulment of this sum, one has to
change the sense of dR (and so the sign of the first term
of the sum), obtaining a mutual annulment of both terms,
(dS, =—dS,), therefore satisfying Eq. (15): TdS =0
(TVS;, is always > 0, but the sign of TdS, depends on dR).
This dR; describes the searched for “i”” virtual isentropic
surface. But over these surfaces, even isentropic, the
considered flow does not admit a velocity quasi-potential
@; (like over the (V, ) ones in the previous case). In
subsection 1.4 of papers [2], [4] the dependence of gas
particle specific entropy S on velocity “quasi-potential” @
was established in the form below (see Eq. (5) in [2], [4]),
valid assuming that the velocity vector V is derived
from a velocity potential ®; only (also see Eq. (14)):

dsz_u{(@jl[@j ]dv ;
Tav|lan)  \éu
1 0 o) (o) Ana
S= | —=In W -| = dc=2 ;
.[ae;"{ ) (m”c Fal

1 {a(hnvn) a(h,Vy)

} =0, meaning that

* h.h, ok o
oD oD oD
V,="—: V. = V., =2"=0,(see Eq.(14
Y " on Y (see Eq.(14))

where A and p are the orthogonal arcs lengths in a smart
intrinsic triorthogonal system OApv (or OEN() tied to
the (V, Q) sheets, so that Eq. (16) of ®;; is the single
possible 2-D velocity quasi-potential PDE to be written.

12 Model extension to the magnetically

inviscid (with no magnetic viscosity) MHD
All this analysis can be extended to the magnetically
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inviscid MHD. The results obtained in studying the local
physical phenomena in fluid mechanics & MHD (searching
for their main hidden features) in a new smart intrinsic
coordinate system were presented in [39], and the last
researches performed in this field were given in [40], both
as plenary lecture, representing a real “physiology” of
the fluid medium, treating Crocco’s, motion, continuity,
flow rate, velocity potential and vorticity equations (and,
by analogy, that of “magnetic induction” in MHD).
The equation of the isentropic surfaces is (two cases):
1. TdS =[(2 x V) — (1/47p)(j x H)]-dR =0, for an inviscid
fluid, V and € being now local mean (of the ionized fluid
— plasma — component particles: neutral atoms, cations
and anions of a single species) vectors (see subsection
2.2 in [2], sections 2 in [41], [42], and 3 in [43]):
V=(p.V.tp+V++p_V.)p,where:V,, V., V_ are the
velocities of the components; p,, p+, p_ are the densities
of the components: p, = n,m, ; p+ = nims ; p_-=n_m_;
p =ngn, + nom, +nm_=p,+ ps + p_— plasma density
(analogously to the case of a mixture of components);
m, 1s the mass of a neutral atom (m, = m+ + m_);

m. is the mass of the positive ion (a single species);
m_ is the mass of the negative ion or of electron;

n, is plasma concentration in neutral atoms, and,
respectively (for a three-component neutral plasma):
n+, n_are the concentrations in positive and negative
particles (a single species of cations and anions; in the
case of a quasi-neutral plasma: n; = n_), all according to
a simplified model proposed by the author (no collision).
Therefore the flow (mean) vorticity is given by:
Q=VxV=Vx[(pVotpVitpV)ptpstp)l;
H is the strength of the local magnetic field, using the same
convention of equivalence (see for reference [38], [44] — [46])
to the magnetic induction B (as a rule variable in time), with
VH =0 (H=V x W —a solenoidal field);

j is the density of the conduction electric current (see
Maxwell’s 2nd equation in [47]):

jk=V xH-1/c-OB/ot=V x H+ 1/ 9otV x H) ; k=c/4r;
E is the intensity of the local induced electric field (also
variable in time); c is the light speed in a vacuum. The low-
frequency Ampére’s law neglects displacement current, the
density of conduction current becoming thus: j = AV x H;
2. TdS = {[(Q x V) — (1/47p)-(j x H)]'V,

+ w/p[(uo/p — 2/3)% + 25]}-dt = 0 , respectively,
for a viscous fluid (see, e.g.: [2], [42]), but in the case of
magnetically inviscid MHD (with no magnetic viscosity).
V, is the virtual velocity of a neutral atom or of a small
electroconducting fluid particle, given by: dR = V.dt;
W is the dynamic viscosity of the fluid or the coefficient
of internal friction; W /p is the fluid kinematic viscosity;
W is the second, or bulk, viscosity of the fluid,
assuming that p; and p, are constant (mean values);
11, I, are the mean values of first and second invariant of
the tensor of the particle deformation rate (see section 10).
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13 Conclusions and remarks

In this paper the expanded form of Steichen’s PDE of
the velocity potential in a certain triorthogonal curvilinear
coordinate system was established, for both steady and
unsteady motion of an inviscid compressible fluid.
Choosing a smart intrinsic system O&n( tied to the isentropic
surfaces (V, Q);, some simpler forms of the equation were
obtained, even for the rotational flows, using a 2-D velocity
“quasi-potential” @; (€, n). Over flow’s polytropic surfaces
the fluid has a quasi-barotropic behavior. So, for any steady
rotational flow of an inviscid compressible fluid one can
find a 2-D velocity “quasi-potential” ®; (&, n) satisfying
Steichen’s PDE over some rigid virtual “i” isentropic
surfaces, and even more, one can find a similar 2-D
velocity “quasi-potential” ®@;; (€, n) satisfying Laplace’s
PDE A®;; = 0 (so a harmonic function ®;; along some
rigid virtual “ij” isentropic and polytropic space curves
(intersection lines of “i” isentropic surfaces with j”
polytropic ones) — a quasi-incompressible quasi-potential
behavior in a rotational pseudo-flow of a compressible
fluid. For any unsteady rotational motion of an inviscid
compressible fluid one can find a new 2-D velocity
“quasi-potential” ®@; (&, 1, t) which satisfies Steichen’s
PDE over some time-deformable virtual “i”” isentropic
surfaces. Simpler forms of all above equations can be
obtained using the orthogonal elementary arc lengths:
dA = hedE; dp = h,dn (dv = h.d{ = 0 — isentropic sheet),
without any Lamé’s coefficient at the denominators.
So, along the streamlines of a 3-D steady rotational flow
of an inviscid compressible fluid the motion is given
by an ODE of the 2nd order for the 1-D velocity quasi-
potential ®; (&), while along the intersection lines of the
isentropic virtual “i” surfaces with the isothermal &
isotachic (polytropic) virtual “j” surfaces (the flow’s
Laplace lines) the motion is described by a Laplace’s
PDE for the 2-D velocity quasi-potential ®@;; (€, 17).

Therefore, for any steady rotational flow of an inviscid
compressible fluid one can find a 2-D velocity “quasi-
potential” @; (&, n) satisfying Steichen’s PDE over some
virtual “1” isentropic surfaces, and even more, one can
find another 2-D velocity “quasi-potential” @;; (&, 1)
satisfying Laplace’s PDE (so a harmonic function @;(&, 1))
along some virtual “ij” isentropic and polytropic space
curves (that is the intersection lines of the “i” isentropic
surfaces with the “j” polytropic ones), meaning an elliptic
PDE (its canonical form: AD; (A, p, voi) = 0), irrespective
of the pseudo-flow character (subsonic or supersonic).
Their direction in space is given by the local Selescu’s
isentropic & isotachic elementary virtual displacement
vector (dR;; = k;-VS|; x VV|; mainly). Through any point of
the rotational flow of an inviscid compressible fluid always
passes such an incompressible “Laplace” “ij”” line (isentropic
& isotachic), except for the case when both surfaces
are identical, so appearing an undetermined solution.
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Choosing the smart intrinsic coordinate & just along flow’s
streamlines (assumed as being known), Steichen’s PDE
becomes an ODE of the 2nd order, therefore simpler,
and so the streamlines are just the characteristic lines.

More, one can find another 2-D velocity “quasi-potential”
®@; (&, ) satistying the wave (vibrating string) PDE along
other virtual “ij”” isentropic and polytropic space curves (that
is the intersection lines of the*i”” isentropic surfaces with the
“j” polytropic ones), meaning a hyperbolic PDE (its
canonical form: 62(1315 (A, 1, voi)/OhOp + -+ (lower order terms)
=0), irrespective of the pseudo-flow character. Concluding;
the analysis for a steady flow case in sections 6 and 7
is independent on the value of a (the speed of sound).

Along the intersection lines of the particular isentropic sheets
((V, Q); sheets with “j” circular cones; dS; = dS, =0, and so
dS =0) only, the steady rotational flow of a viscous Newtonian
compressible fluid is governed by Steichen’s PDE of a 2-D
velocity quasi-potential also @;(&, 1, L) = Dji (A, W, voi) —a
line potential; £ =y is a (V, €2); sheet, admitting this ;.
Remarks: 1. The difference between a potential function
® and a 2-D “quasi-potential” ®; one consists in that the
first function is valid everywhere (at any point in space),
whereas the second one is valid over a family of some “i”
surfaces { = {;; only. While V =V is a gradient, V; = V®,
is not. For the first one: =V x V=V x V® =0, whereas
for the 2nd one: i =V x V; =V x VO, =k + k2, 20,
being contained in the plane tangent to the “I”” surface { =,
only its component directed along the normal to this surface
becoming zero: Q; = (1/hch,)(6°®/0EN — " D/ondE) =0
2. Sections 6, 7, 10 and 11 are dedicated to the analysis of
some interesting particular forms of the 2-D velocity quasi-
potential PDE of a certain rotational “flow”, forms taken
along some space lines different from the streamlines, but
having a physical-mathematical property kept along them,
so that a more appropriate term would be “pseudo-flow”.
3. If a PDE has coefficients that are not constant, it is
possible that it will not belong to any of the categories:
elliptic, hyperbolic, parabolic, but rather be of mixed type.
Besides Steichen’s PDE, a simple but important example
is the Euler—Tricomi equation, used in the investigation
of transonic flow: &w/dx* = x&"wdy?, which is called elliptic-
hyperbolic because it is elliptic in region x < 0, hyperbolic
in region x > 0, and degenerate parabolic on the line x =0.
4. All results here obtained substantiate the existence of
some 2-D quasi-potentials (velocity’s @ and magnetic =)
even for rotational flow, and more, for viscous fluid flow.
Not all isentropic surfaces allow introducing such a quasi-
potential, but the envelope sheets of the local planes (V, £2)
for @, and (H, j) for E (using the low-frequency Ampére’s
law j/k =V x H, neglecting the displacement current) only.
So we can write: V =V® and H = VE. Another 2-D quasi-
potential (vorticial X — the Greek “Chi”) was introduced
(2=VX), over the (€2, @) sheets (@ =V x Q), to study the
vorticity equation for a viscous incompressible fluid ([5], [7]).
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All quasi-potentials @ satisfy Steichen’s PDE. The validity
domains for these PDEs — the “ij”” space lines (intersection
lines of two particular isentropic sheet families (section 11)
and along Selescu’s magnetohydrodynamic vector lines:
dR||$, with$=(V, Q) NH, j)=( Q2 xV)x(jxH)
in inviscid MHD (see [2], [41], [48]), allowing to introduce
both 2-D quasi-potentials ® and E), and the “i”” surfaces
— were theoretically established (their existence was
firmly predicted). Finding them effectively is a very
difficult job and is not the subject matter of this work. The
solid and solidifiable (like in the case of confluent flows)
boundaries of the flow domain are always (V, €2) surfaces.
There also is a 2-D “quasi-stream function” W, defined in
section 2 of [49], satisfying a similar PDE as the 2-D “‘quasi-
potential” @ does, the interdependence ®; <> ¥; being
given in section 3 of [49], on the (V, €2); (isentropic) sheets:
Vi = 00y/Oh = (O¥/0n)/p; Vi = 0D/op = — (OFi/ON)/p.
So, their gradient vector lines are orthogonal each other:
VO, V¥, = (0D/ON)(OF./ON) + (0D/Ou) (0P /on) = 0.
Finally we can cite a remarkable sentence from [50]:
“There is nothing more practical than a good theory”.

Notes

This paper (the last in a series dedicated to the intrinsic
analytic study of the basic equations in compressible fluid
mechanics) is fully original, however having as starting
point another one with almost the same title (see [51]).
It addresses to researchers in higher mathematics and fluid
dynamics, MHD included. All authors use further Steichen’s
PDE of the velocity potential for true potential flows only.
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