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Abstract: In the present study, we consider the steady two-dimensional flow of blood in an axisymmetric artery
having a constriction, referred to as a stenosis, of cosine shape with heat transfer. Blood is assumed to behave
like an incompressible Newtonian fluid. The governing Navier-Stokes equations are transformed and solved an-
alytically by the regular perturbation technique. The results thus obtained are presented graphically in the form
of stream lines, wall shear stress, separation point, pressure distribution, velocity components and temperature
distribution. It is observed that an increase in the height of the constriction, increases the velocity of blood, wall
shear stress, pressure and temperature. A parametric study of the blood flow behavior is presented and some of the
results are compared with published literature.
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1 Introduction

The flow of blood in the circulatory system in hu-
mans is driven by the heart, which pumps blood pro-
ducing oscillatory flow in blood vessels. It is well
known that the deposit of cholesterol and proliferation
of connective tissue may be responsible for the abnor-
mal growths in the lumen of the artery. The progres-
sion of such a constriction, referred to as a stenosis, in
an artery is caused by irregularities on the boundary.
The flow of blood has been discussed by many au-
thors theoretically, experimentally as well as numer-
ically for better understanding of the flow properties
in the presence of a constriction. For instance For-
rester and Young [1] presented the analytical solution
of a Newtonian fluid for axisymmetric, steady, incom-
pressible flow and considered a mild constriction for
the flow of blood both theoretically and experimen-
tally in a converging and diverging vessel. Morgan
and Young [2] presented the approximate analytical
solution of axisymmetric, steady flow which is appli-

cable to both mild and severe constrictions by using
an integral method. K. Haldar [3] presented the anal-
ysis of blood flow treating it as a viscous fluid flowing
through an axisymmetric artery having constriction of
cosine shape. Chow and Soda [4] presented the an-
alytical solution for Newtonian fluid flow in an ax-
isymmetric tube valid for the case where the spread of
roughness is large compared with the mean radius of
the tube. Chow et al. [5] analyzed the steady laminar
flow of a Newtonian fluid for different physical quan-
tities by considering a sinusoidal wall surface varia-
tion. A more recent analysis has been done by Misra
and Shit [6] where heat transfer is considered.
Previous work found in the literature and cited above
is limited to the flow pattern, pressure gradient, sepa-
ration and reattachment points. In the present investi-
gation blood is assumed to be Newtonian fluid of con-
stant density flowing through an axisymmetric artery
with a constriction of cosine shape and constant vol-
ume flow rate. In the present paper the stream lines,
wall shear stress, pressure, separation and reattach-
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ment points, velocity profile and temperature distri-
bution of blood flowing through an artery is analyzed.
It is worth noting that the temperature distribution is
important in most living creatures, as it is well known
that the flow of blood controls the temperature of the
body. The results, where possible, are compared with
published data and found acceptable.

Nomenclature

V Velocity vector (m/s)
∇ del operator
p scalar pressure(Pa)
d/dt material time derivative
cp specific heat(J/kgK)
T temperature(Co)
u,w velocity components(m/s)
r, z coordinate axis(m)
A1 first Rivlin-Ericksen tensor
lo/2 length of stenosis(m)
R(z) variable width between the stenosis(m)
Ro radius of unobstructed artery(m)
uo average velocity(m/s)
T1, To temperatures on boundary of stenosis and fluid(Co)
Re Reynolds number
Br Brinkman number
Pe Peclet number
f(z) dimensionless boundary profile
τ extra stress tensor
ρ density
κ thermal conductivity
ϕ viscous dissipation function
µ dynamic viscosity(Pa/s)
⊤ transpose
λ, ϵ maximum height of stenosis
θ dimensionless temperature
ν kinematic viscosity(m2/s)
ψ stream function
δ ratio of Ro and lo
y ratio of r and f
τω wall shear stress

2 Governing Equations

The governing equations of motion for a non-
isothermal, incompressible linearly viscous fluid con-
sist of the conservation of mass, momentum and en-
ergy, given as

∇̃ · Ṽ = 0, (1)

ρ
dṼ

dt
= −∇̃p̃+ divτ̃ + ρb̃, (2)

ρcp
dT̃

dt
= κ∇̃2T̃ + ϕ. (3)

Where Ṽ is the velocity vector, ρ the constant density,
p̃ the hydrodynamic pressure, b̃ the body force per unit

mass, τ̃ the extra stress tensor, cp the specific heat,
κ the thermal conductivity, ∇̃2 denotes the Laplacian
operator, T̃ the temperature, ϕ symbolizes the viscous
dissipation function which is defined as ϕ = τ̃ · ∇̃Ṽ
and d/dt the material time derivative given as

d

dt
=

∂

∂t
+ Ṽ · ∇̃. (4)

The constitutive equation for the extra stress tensor τ̃
for a linearly viscous fluid is given by

τ̃ = µÃ1, (5)

where µ is the dynamic viscosity and Ã1 the first
Rivlin-Ericksen tensor defined as

Ã1 = ∇̃Ṽ +
(
∇̃Ṽ

)⊤
, (6)

where the superscript ⊤ defines the transpose of the
tensor.

3 Problem Formulation

It is assumed that blood behaves like a homogeneous,
incompressible, Newtonian fluid and the flow field is
independent of time. At the inlet and outlet sections
of the artery the flow is assumed to be Poiseuille or
fully developed. It is further assumed that the flow
in the artery has a symmetric constriction of cosine
shape [3]. The width of the unobstructed region is
2Ro and R(z̃) is the variable radius of the artery in
the constricted region. The z̃-axis is considered along
the axial direction of the artery and r̃-axis normal to
it. The profile for the constriction in dimensional form
is

R(z̃) =

{
Ro − λ

2

(
1 + cos

(
4πz̃
lo

))
, − lo

4 < z̃ < lo
4 ,

Ro, otherwise,
(7)

where λ is the maximum height of the constriction and
lo/2 is the length of the constricted region. According
to the geometry of the problem, the boundary condi-
tions on the velocity components take the form

ũ = w̃ = 0, at r̃ = R(z̃);
∂w̃

∂r̃
= 0, at r̃ = 0,

and
∫ R(z̃)

0
r̃w̃dr̃ =

1

2
uoR

2
o,

(8)

where the first two conditions are no slip, third is sym-
metry, fourth is the constant volume flow rate and uo
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lo
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Figure 1: Cylindrical tube representing the artery with
stenosis.

is the characteristic velocity. The boundary conditions
on the temperature distribution are

T̃ = T1 at r̃ = R(z̃),
∂T̃

∂r̃
= 0 at r̃ = 0,

(9)
where the first condition denotes the temperature at
the boundary and second at the center of the artery.
For the steady axisymmetric flow of blood in cylindri-
cal coordinates, the velocity vector Ṽ is assumed to
be of the form

Ṽ = (ũ(r̃, z̃), 0, w̃(r̃, z̃)). (10)

Introducing the dimensionless variables

u =
ũ

uo
, w =

w̃

uo
, r =

r̃

Ro
, z =

z̃

lo
, p =

R2
o

µuolo
p̃,

θ =
T̃ − To
T1 − To

,

(11)

where To and T1 are the temperature of the blood at
the center and boundary respectively. The component
form of the equations of motion are

∂u

∂r
+
u

r
+ δ

∂w

∂z
= 0, (12)

Reδ

(
u
∂u

∂r
+ δw

∂u

∂z

)
= −∂p

∂r
+ δ2

∂Ω

∂z
, (13)

Re

(
u
∂w

∂r
+ δw

∂w

∂z

)
= −∂p

∂z
−

(
∂

∂r
+

1

r

)
Ω,

(14)

Pe

(
u
∂θ

∂r
+ δw

∂θ

∂z

)
= ∇2θ +Br

[
2

{(
∂u

∂r

)2

+

(u
r

)2
+ δ2

(
∂w

∂z

)2
}

+

(
δ
∂u

∂z
+
∂w

∂r

)2
]
,

(15)

where

Ω = δ
∂u

∂z
−∂w
∂r

, ∇2 =
∂2

∂r2
+
1

r

∂

∂r
+δ2

∂2

∂z2
, (16)

and

Re =
uoRo
ν

, δ =
Ro
lo
, Br =

µu2o
κ(T1 − To)

,

P e =
ρcpuoRo

κ
,

(17)

where Re is the Reynolds number, Br the Brinkman
number and Pe the Peclet number. The dimensionless
form of the boundary profile for the constricted region
is

f(z) =

{
1− ϵ

2(1 + cos 4πz) −1
4 < z < 1

4 ,
1 otherwise,

(18)
where f = R(z̃)/Ro and ϵ = λ/Ro is the dimen-
sionless measure of the constriction in reference to the
artery.
Now introducing the stream functions as

u =
δ

r

∂ψ

∂z
, w = −1

r

∂ψ

∂r
, (19)

satisfying the continuity equation (12) identically. Af-
ter eliminating the pressure gradient term from the
momentum equations (13) and (14), the compatibility
equation is obtained as

Reδ
∂
(
ψ, E

2ψ
r2

)
∂(z, r)

=
1

r
E4ψ, (20)

where E2 =
∂2

∂r2
− 1

r

∂

∂r
+ δ2

∂2

∂z2
, and the energy

equation in terms of the stream function takes the form

Pe
δ

r

∂(θ, ψ)

∂(r, z)
=∇2θ +Br

[
2δ2

{(
∂

∂r

(
1

r

∂ψ

∂z

))2

+

(
1

r2
∂ψ

∂z

)2

+

(
1

r

∂

∂z

(
∂ψ

∂r

))2
}

+

(
δ2

r

∂2ψ

∂z2
− ∂

∂r

(
1

r

∂ψ

∂r

))2
]
.

(21)

The boundary conditions in terms of the stream func-
tions become

− ∂

∂r

(
1

r

∂ψ

∂r

)
= 0, ψ = 0,

∂θ

∂r
= 0 at r = 0,

− 1

r

∂ψ

∂r
= 0, ψ = −1

2
, θ = 1 at r = f,

(22)

Now our aim is to find the solution of the above equa-
tion along with the specified boundary conditions.
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4 Solution to the Problem

To solve the compatibility equation (20) and energy
equation (21) along with boundary conditions (22),
we apply the regular perturbation technique on ψ and
θ in terms of δ, being the small parameter of the form

ψ = ψo+δψ1+δ
2ψ2+···, and θ = θo+δθ1+δ

2θ2+···.
(23)

By making use of equation (23) in (20)-(22), one can
obtain the system of equations corresponding to the
different orders of δ as follows.

4.1 Zeroth order problem and solution

The Zeroth order system of equations is obtained by
equating the coefficients of δ0 on both sides of the
compatibility and energy equations of the form

1

r
D2ψo = 0, where D2 =

∂2

∂r2
− 1

r

∂

∂r
, (24)

∇1θo = −Br
(
∂

∂r

(
1

r

∂ψo
∂r

))2

,

where ∇1 =
∂2

∂r2
+

1

r

∂

∂r
,

(25)

with the zeroth order boundary conditions

− ∂

∂r

(
1

r

∂ψo
∂r

)
= 0, ψo = 0,

∂θo
∂r

= 0 at r = 0,

− 1

r

∂ψo
∂r

= 0, ψo = −1

2
, θo = 1 at r = f.

(26)

The solution of (24) is obtained by integrating and
making use of the respective boundary conditions and
is given as

ψo =
y2

2

(
y2 − 2

)
where y =

r

f
, (27)

which is similar to [3, 4]. For the zeroth order tem-
perature, we proceed by substituting (27) in (25) and
integrating subject to the boundary conditions on tem-
perature, thus giving

θo = 1− Br

f4
(
y4 − 1

)
, (28)

which depends upon the ratio of the heat production
by viscous dissipation to heat transport by conduction.

4.2 First order problem and solution

The first order system is obtained by comparing the
coefficient of δ on both sides of (20)-(21) and is given
as

1

r
D2ψ1 = Re

∂(ψo,
Dψo

r2
)

∂(z, r)
, (29)

∇1θ1 =
Pe

r

∂(ψo, θo)

∂(z, r)

− 2Br

{
∂

∂r

(
1

r

∂ψo
∂r

)
∂

∂r

(
1

r

∂ψ1

∂r

)}
,

(30)

with corresponding boundary conditions

− ∂

∂r

(
1

r

∂ψ1

∂r

)
= 0, ψ1 = 0,

∂θ1
∂r

= 0 at r = 0,

− 1

r

∂ψ1

∂r
= 0, ψ1 = 0, θ1 = 0 at r = f.

(31)

The solution of equation (29) is obtained by inte-
grating and using (27) along with the corresponding
boundary conditions in (31), and is given as

ψ1 =
Ref ′y2

36f

(
y6 − 6y4 + 9y2 − 4

)
, (32)

which is similar to [3, 4]. The solution of the first or-
der temperature is obtained by substituting (27)-(28)
and (32) in (30) and integrating along with the corre-
sponding boundary conditions, thus

θ1 =
Brf ′

72f5

(
1− y2

) [
3 (3Pe+ 4Re) y6 − (7Pe+ 52Re) y4

− (43Pe− 20Re) y2 + 101Pe+ 20Re
]
,

(33)
which also depends upon the ratio of heat transport by
convection to conduction.

4.3 Second order problem and solution

To obtain the solution for the second order system, we
equate the coefficients of δ2 on both sides of equations
(20)-(22) thus

1

r
D2ψ2 = −2

r
D

(
∂2ψo
∂z2

)
+

Re

∂
(
ψo,

Dψ1

r2

)
∂(z, r)

+
∂
(
ψ1,

Dψo

r2

)
∂(z, r)

 , (34)
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∇1θ2 = −∂
2θo
∂z2

+
Pe

r

[
∂(ψo, θ1)

∂(z, r)
+
∂(ψ1, θo)

∂(z, r)

]
− 2Br

[(
∂

∂r

(
1

r

∂ψo
∂z

))2

+

(
∂

∂z

(
1

r

∂ψo
∂r

))2

+
1

2

(
∂

∂r

(
1

r

∂ψ1

∂r

))2

+

(
1

r2
∂ψo
∂z

)2

+{
∂

∂r

(
1

r

∂ψ2

∂r

)
− 1

r

∂2ψo
∂z2

}
∂

∂r

(
1

r

∂ψo
∂r

)]
,

(35)

subject to corresponding boundary conditions

− ∂

∂r

(
1

r

∂ψ2

∂r

)
= 0, ψ2 = 0,

∂θ2
∂r

= 0 at r = 0,

− 1

r

∂ψ2

∂r
= 0, ψ2 = 0, θ2 = 0 at r = f.

(36)

Solution of (34) is obtained by integrating and making
use of (27) and (32) along with the boundary condi-
tions and is given as

ψ2 =
y2

(
y2 − 1

)2
6

[
f ′2

{
−5 +

Re2

3600f2
(
38y6−

314y4 + 759y2 − 818
)}

+ f ′′
{
f − Re2

1200f

(
2y6 − 16y4 + 41y2 − 52

)}]
,

(37)

which is slightly different from [3], but the graphical
representation is similar. The second order temper-
ature is obtained by substituting (27)-(28), (32)-(33)
and (37) in (35) along with the boundary conditions is

given as

θ2 = −
Br

(
y2 − 1

)
f6

[
Pe2

576

(
5f ′2 − ff ′′

) (
y10 − 3y8

−8y6 + 72y4 − 173y2 − 231
)
− f2

9

{
f ′2

(
26y4+

47y2 − 106
)
− ff ′′

(
14y4 − 7y2 − 16

)}
+

f ′2PeRe

{
1

648

(
11y10 − 79y8

)
+

1069

5184
y6+

1

1728

(
47y4 − 685y2 + 899

)}
+Re2f ′2

{
1

540(
13y10 − 107y8

)
+

1147

2160
y6 − 3679

6480
y4 +

163

1296(
y2 + 1

)}
− ff ′′PeRe

(
1

648
y10 − 209

16200
y8+

3953

129600
y6 − 1

1728

(
61y4 − 439

)
− 683

14400
y2
)

−Re2ff ′′
(

1

540
y10 − 43

2700
y8 +

1

10800

(
503y6

−697y4 + 173
(
y2 + 1

)))]
,

(38)

which depends on the ratio of the heat production by
viscous dissipation to heat transport along with heat
transport by convection to conduction. Now one can
easily find the stream function ψ with the help of (27),
(32) and (37). The velocity components u,w can be
found easily by substituting ψ in (19). The expression
for the temperature distribution θ can be obtained by
substituting (28), (33) and (38) in (23).

4.4 Pressure Distribution

To find the pressure distribution within the artery, we
apply the perturbation technique on the pressure and
substitute p = po+δp1+δ

2p2+ · · ·, in equations (13)-
(14) along with (19) and comparing the coefficients
of the zeroth, first and second powers of δ, we obtain
the corresponding systems and solve these systems by
using the relation

p =

∫ r

0

∂p

∂r
dr +

∫ z

0

∂p

∂z
dz, (39)

to get the different order of pressure in the subsections
that follow.

4.4.1 Zeroth order pressure

Comparing the coefficients of δ0, we get

∂po
∂r

= 0, (40)
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∂po
∂z

= −∇1

(
1

r

∂ψo
∂r

)
. (41)

Using relation (39), we obtain the explicit expression
for the zeroth order pressure

po =
1

12π

[
3

(1− ϵ)
7
2

(
5ϵ3 − 18ϵ2 + 24ϵ

−16) tanh−1

(
tan 2πz√
1− ϵ

)
+

ϵ sin 4πz

8f3(ϵ− 1)3
{
(ϵ− 1)2

+40f(ϵ− 1)(ϵ− 2) + 4f2
(
15ϵ2 − 44(ϵ− 1)

)}]
.

(42)

The zeroth order pressure depends upon the constric-
tion height.

4.4.2 First order pressure

Equating the coefficients of δ on both sides of (13)-
(14) after substitution of (19), we get

∂p1
∂r

= 0, (43)

∂p1
∂z

=
Re

r

∂
(
ψo,

1
r
∂ψo

∂r

)
∂(z, r)

−∇1

(
1

r

∂ψ1

∂r

)
. (44)

The first order pressure is obtained by substituting the
above calculated expressions and applying the relation
(39) as

p1 = −Re
(

1

f4
− 1

(1− ϵ)4

)
. (45)

It is observed that the first order pressure depends on
Re and the height of the constriction.

4.4.3 Second order pressure

Comparing coefficients of δ2, we obtain

∂p2
∂r

= ∇1

(
1

r

∂ψo
∂r

)
− 1

r3
∂ψo
∂z

, (46)

∂p2
∂z

=
Re

r

∂
(
ψo,

1
r
∂ψ1

∂r

)
∂(z, r)

+
∂
(
ψ1,

1
r
∂ψo

∂r

)
∂(z, r)


−∇1

(
1

r

∂ψ2

∂r

)
− ∂2

∂z2

(
1

r

∂ψo
∂r

)
.

(47)

Solution of the above equations is obtained by substi-
tuting ψo, ψ1 and ψ2 in expressions (46)- (47) and

making use of (39), thus

p2 = − πϵ

518400

[
1

(ϵ− 1)
9
2

{240ϵ(ϵ− 2)

tanh− 1

(
tan 2πz√
ϵ− 1

)(
11520(ϵ− 1)2+

11Re2
(
7ϵ2 − 16(ϵ− 1)

))}
+

16
√

(f − 1)(f + ϵ− 1)

f5ϵ(ϵ− 1)4{
96(ϵ− 1)4

(
10800r2 + 121Re2

)
+

528Re2f(ϵ− 2)(ϵ− 1)3
}
+ 88f2(ϵ− 1)2{

−7200(ϵ− 1)2 +Re2
(
7ϵ2 − 12(ϵ− 1)

)}
+ 2f3(ϵ2 − 3ϵ+ 2)

{
57600(ϵ− 1)2 + 11Re2

(
35ϵ2

−24(ϵ− 1))}+ f4
{
57600(ϵ− 1)2

(
3ϵ2 − 4(ϵ− 1)

)
+11Re2

(
105ϵ4 − 308ϵ3 + 476ϵ2 − 192ϵ+ 96

)}]
.

(48)

It is found that the second order pressure depends on
the height of the constriction.

5 Wall shear stress

The dimensionless form of the wall shear stress is
given as

τω = δ
∂u

∂z
+
∂w

∂r
, (49)

and making use of the velocity components computed
up to the second order in δ, the wall shear stress is
obtained as

τω =− 1

f3
+
Reδf ′2

6f4
+ δ2

[
Re2

2160f5
(
67f ′2 − 15ff ′′

)
+

1

3f3
(
8f ′2 − ff ′′

)]
.

(50)

The points of separation and reattachment at the wall
are those points where reverse flow occurs and are ob-
tained by setting the wall shear stress equal to zero.
The resulting equation is quadratic in Re, the solution
in terms of the Reynolds number is

Re =
6

δ (15ff ′′ − 67f ′2)

[
15ff ′ ±

√
A
]
, (51)

where

A =5
(
246f2f ′2 − 45f3f ′′ − δ2f2

(
536f ′4

−187ff ′2f ′′ + 15f2f ′′2
))
.

(52)

Now from the above relation, our aim is to find the
critical Reynolds number graphically at which the
separation and reattachment points occur.
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6 Graphical Discussion

In this section, the effect of various parameters that
control the fluid flow are discussed. The geometry
of the proposed model for the study of constricted
artery is depicted in Figure 1. The radii of the ob-
structed and unobstructed sections are R(z) and Ro
respectively. In Figures 2 and 3, the stream lines
for the flow pattern are shown by taking the z-axis
parallel to the axis of the artery and the r-axis per-
pendicular to the axis of the artery. The zeroth or-
der solution corresponds to the flow with vanishing
wall slopes and reduces to Poiseuille for ϵ = 0. The
stream lines are relatively straight lines in the center
for ϵ = 0.20, Re = 12, δ = 0.1. The first order so-
lution is depicted in Figure 2(b), which induces the
clockwise and counterclockwise rotational motion in
the converging and diverging region of the artery. This
shows that the separation point lies in the converging
region of the artery and reattachment point lies in the
diverging region. Figure 3(a) presents graphically the
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Figure 2: The zeroth order stream lines for ϵ =

0.20, Re = 12, δ = 0.1 are shown in (a) and the first order
stream lines are shown in (b).
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Figure 3: The second order stream lines are shown in (a)
and the streamlines correct up to the second order in δ are
shown in (b).

flow pattern for the second order stream lines which
reinforce the first order solution and shows the rota-
tional motion indicating the separation and reattach-
ment points. Figure 3(b) shows the flow pattern of

streamlines up to second order in δ in the converg-
ing and diverging region of the artery. It is observed
that the stream lines are relatively straight at the cen-
ter. The distribution of wall shear stress across the
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Figure 4: The effect of Re on wall shear stress.
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Figure 5: The effect of ϵ on wall shear stress .

constricted region has been described for the varia-
tion of Re in Figure 4 for ϵ = 0.6 and δ = 0.1. As
Re increases, wall shear stress increases over the con-
striction and becomes negative in the converging and
diverging sections of the artery. The negative shear-
ing indicates the occurrence of separation point in the
converging section and reattachment point in the di-
verging section. Figure 5 presents the effect of ϵ on
the wall shear stress for δ = 0.1 and Re = 14. As
there is no constriction, the flow is Poiseuille flow or
fully developed flow. Increases in ϵ lead to an increase
in the wall shear stress and it becomes negative in the
converging and diverging sections of the artery, which
is due to back flow and indicates the points of sepa-
ration and reattachment. Figure 6 presents the phe-
nomena of the separation point. The separation point
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Figure 6: The separation points in converging region .

0.05 0.1 0.15 0.2 0.25
z

5

10

15

20

25

30

e
R

∆=0.1

Ε=0.6

Ε=0.5

Figure 7: The reattachment points in diverging region .

occurs as there is no wall shear stress i.e., zero wall
shear stress. From the graphical presentation for the
separation point, our aim is to find the critical Re at
which the separation occurs. It is observed that with
the increase in ϵ, the critical Re decreases in the con-
verging section of the artery for δ = 0.1. Figure 7
depicts the reattachment point in the diverging region,
an increase in height of constriction, the critical Re
decreases with a fixed value of δ = 0.1. It is noted
that the theory that the critical Reynold number de-
creases with the increase in ϵ is verified.

Figures 8 and 9 shows the effect of the pressure
on the flow at the center line of the artery for different
Re and ϵ. An increase in the value of Re for fixed
values of ϵ = 0.25 and δ = 0.1, the pressure increases
in the diverging region of the artery. Similarly, figure
9 presents the behavior of ϵ for fixed Re = 15 and
δ = 0.1, as there is no constriction, pressure appears
in a straight line and with an increase in ϵ, it is found
that the pressure increases.
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Figure 8: The pressure distribution for Re .
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Figure 9: The pressure distribution for ϵ .
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Figure 10: The axial velocity distribution for Re .

Figures 10 and 11 depicts the effect of axial ve-
locity along the axis of artery for the variation of Re
and ϵ with fixed values of r = 1.2 and δ = 0.1. An
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Figure 11: The axial velocity distribution for ϵ.

increase in Re, leads to increase in the axial velocity
and it becomes maximum over the constricted region
for ϵ = 0.23. The velocity becomes negative in the
converging as well as in the diverging sections of the
artery. Negative velocity indicates reverse flow, ex-
pressing the separation and reattachment points in the
converging and diverging sections. It is observed from
Figure 11 that as there is no constriction, the velocity
profile is a straight line for Re = 15. An increase in
the height of constriction causes velocity increases on
the constricted region and becomes negative in the di-
verging section of the artery predicting reverse flow.
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Figure 12: The effect of Pe on temperature distribution.

Figure 12 depicts the effect of Pe on temperature
distribution. It is observed that an increase in Pe with
other parameters fixed, leads to increase in the temper-
ature over the constriction. The temperature becomes
negative where reverse flow occurs in the converging
and diverging region of the artery. Similarly, Figure
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Figure 13: The effect of Br on temperature distribution .

13 presents the behavior of Br on the temperature
distribution for the fixed values of other parameters.
Increase inBr increases the temperature over the con-
stricted region and becomes negative in the converg-
ing and diverging region of the artery due to reverse
flow.
Figure 14 shows the effect of ϵ on the temperature dis-
tribution. An increase in ϵ leads to increase in temper-
ature over the constricted region and the temperature
becomes negative in the converging and diverging re-
gions of the artery, which indicates that there are sepa-
ration and reattachment points. It is important to note
that negative values of temperature are to be taken as
indicators and not literally.
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Figure 14: Effect of ϵ on the temperature distribution.

7 Conclusion

In the present paper the steady state flow of blood
is considered with heat transfer in an axisymmetric

WSEAS TRANSACTIONS on FLUID MECHANICS Azhar Mirza, Ali R Ansari, Abdul M Siddiqui, Tahira Haroon

E-ISSN: 2224-347X 157 Issue 4, Volume 8, October 2013



artery having a constriction of cosine shape. It is as-
sumed that blood behaves like an homogeneous, in-
compressible Newtonian fluid in a tube representing
an artery. The governing equations are transformed
and solved analytically with the help of the regular
perturbation technique. The solutions are obtained for
velocity components, pressure, wall shear stress, sep-
aration and reattachment points and temperature dis-
tribution. It is observed that with the increase in height
of constriction wall shear stress, pressure, velocity and
temperature increases while the separation and reat-
tachment points decrease. It is found that with the
increase in Re wall shear stress, pressure and velocity
increase. It is also observed that the solutions obtained
in this analysis are compatible with the results existing
in the literature. The general pattern of streamlines is
similar to [4, 5], the wall shear stress is similar to [1, 3]
and separation and reattachment points are similar to
[3].

References:

[1] J.H. Forrester and D.F. Young, Flow through a
converging-diverging tube and its implications in
occlusive vascular disease. J. Biomech., Vol. 3,
297-316, 1970.

[2] B.E. Morgan and D.F. Young, An integral method
for the analysis of flow in arterial stenoses., J.
Math. Biol., Vol. 36, 39-53, 1974.

[3] K. Haldar, Analysis of separation of blood flow in
constricted arteries, Archives of Mechanics, Vol.
43(1), 107-113, 1991.

[4] J.C.F. Chow and K. Soda, Laminar flow in tubes
with constriction”, Physics of Fluids, Vol. 15(10),
1700-1706, 1972.

[5] J.C.F. Chow, K. Soda and C. Dean, On laminar
flow in wavy channel, Developments in Mechan-
ics, Vol. 6, Proceedings of the 12th Midwestern
Mechanics Conference, 1971.

[6] J. C. Misra and G. C. Shit, Flow and Heat Trans-
fer of a MHD Viscoelastic Fluid in a Channel with
Stretching Walls: Some Applications to Haemo-
dynamics Computers and Fluids, Vol. 37, 1-11
(2008).

WSEAS TRANSACTIONS on FLUID MECHANICS Azhar Mirza, Ali R Ansari, Abdul M Siddiqui, Tahira Haroon

E-ISSN: 2224-347X 158 Issue 4, Volume 8, October 2013




