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Abstract: - In this work, second part of this study, the high resolution numerical schemes of Yee and Harten, of
Yang second order, of Yang third order, and of Yang and Hsu are applied to the solution of the Euler and
Navier-Stokes equations in three-dimensions. All schemes are flux difference splitting algorithms. The Yee and
Harten is a TVD (“Total Variation Diminishing™) second order accurate in space and first order accurate in
time algorithm. The Yang second order is a TVD/ENO (“Essentially Nonoscillatory™) second order accurate in
space and first order accurate in time algorithm. The Yang third order is a TVD/ENO third order accurate in
space and first order accurate in time algorithm. Finally, the Yang and Hsu is a UNO (Uniformly
Nonoscillatory) third order accurate in space and first order accurate in time algorithm. The Euler and Navier-
Stokes equations, written in a conservative and integral form, are solved, according to a finite volume and
structured formulations. A spatially variable time step procedure is employed aiming to accelerate the
convergence of the numerical schemes to the steady state condition. It has proved excellent gains in terms of
convergence acceleration as reported by Maciel. The physical problems of the supersonic flows along a
compression corner and along a ramp are solved, in the inviscid case. For the viscous case, the supersonic flow
along a ramp is again solved. In the inviscid case, an implicit formulation is employed to marching in time,
whereas in the viscous case, a time splitting or Strang approaches are used. The results have demonstrated that
the Yang and Hsu UNO third order accurate algorithm has presented the best solutions in the problems studied
herein. Moreover, it is also the best as comparing with the numerical schemes of Part | of this study.

Key-Words: - Yee and Harten algorithm, Yang second order TVD/ENO algorithm, Yang third order TVD/ENO
algorithm, Yang and Hsu UNO algorithm, Euler and Navier-Stokes equations, Finite VVolumes.

1 Introduction means automatic feedback mechanism to control the
In recent years, many high resolution shock amount of numerical dissipation for nonlinear
capturing finite  volume schemes for the _problems. In ger}eral, TVD schemes can be d|V|de_d
computation of the Euler equations have been into two categories, namely, upwind and symmetric
developed. Of special interest are the methods that TVD schemes. A way of distinguish an upwind
generate  nonoscillatory  solutions but  sharp from a symmetric TVD scheme is that the numerical
approximations to shock and contact discontinuities. dissipation term corresponding to an upwind TVD
This interest stems from the fact that even with the scheme is upwind-weighted [1-6] as opposed to the
advances in high-speed supercomputing, grid numerlcql dissipation term corresponding to a
generation, automatic adaptive grid procedures, etc., symmetric TVD scheme that is centered [7-9].

the lack of robust and accurate numerical schemes is Harten’s method of constructing high resolution
a major stumbling block for the success of TVD schemes involves starting with a first order
computational fluid dynamics. Most of these TVD scheme and applying it to a modified flux. The
schemes [1-9] are very different in form, modified qu>_< is chosen so that the scher_ne is second
methodology, and design principle. However, from orqler at regions of sm_oothness_ and _flrst ordgr at
the standpoint of numerical analysis, these schemes points of extrema. This technique is sometimes
are total variation diminishing (TVD) for nonlinear referred to as the modified flux approach. Although
scalar hyperbolic conservation laws and for constant the scheme is an upwind scheme, it is written in a
coefficient hyperbolic systems. The notion of TVD symmetric form; i.e., central difference plus an
schemes was introduced by Harten [1-2]. Some of appropriate numerical dissipation term. This special
these methods can also be viewed as three-point form is especially advantageous for systems of
central difference schemes with a “smart” numerical higher than one space dimension. It results in less
dissipation or smoothing mechanism. “Smart” here storage and a smaller operation count than its

upwind form [10]. The modified flux approach is
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relatively simple to understand and easy to
implement into a new or existing computing code.
One can modify a standard three-point central
difference code by simply changing the
conventional numerical dissipation term into the one
designed for the TVD scheme.

In [11], a preliminary study was completed on
the implicit TVD scheme for a two-dimensional
gasdynamics problem in a Cartesian coordinate. It
was found that further improvement in computation
efficiency and converged rate is required for
practical application.

[12] proposed a modification in the work of [11],
written via the modified flux approach, aiming to
extend these methods to the multidimensional
hyperbolic  conservation laws in curvilinear
coordinates. They presented various ways of
linearizing the implicit operator and solution
strategies to improve the computation efficiency of
the implicit algorithm were discussed. Numerical
experiments with some AGARD test cases for
steady-state airfoil calculations showed that the
proposed linearized implicit upwind TVD schemes
were quite robust and accurate.

Very recently, a new class of uniformly high-
order-accurate essentially nonoscillatory (ENO)
schemes have been developed by [13-15]. They
presented a hierarchy of uniformly high-order-
accurate schemes that generalize Godunov’s scheme
[16], its second order accurate MUSCL extension [3;
17] and the total variation diminishing (TVD)
scheme [18] to arbitrary order of accuracy. In
contrast to the earlier second-order TVD schemes
which drop to first-order accuracy at local extrema
and maintain second-order accuracy in smooth
regions, the new ENO schemes are uniformly high-
order accurate throughout, even at critical points.
The ENO schemes use a reconstruction algorithm
that is derived from a new interpolation technique
that when applied to piecewise smooth data gives
high-order accuracy whenever the function is
smooth but avoids a Gibbs phenomenon at
discontinuities. An adaptive stencil of grid points is
used; therefore, the resulting schemes are highly
nonlinear even in the scalar case.

Theoretical results for the scalar coefficient case
and numerical results for the scalar conservation law
and for the one-dimensional Euler equations of gas
dynamics have been reported with highly accurate
results. Such high-order ENO schemes have the
potential to be adapted to the current Euler/Navier-
Stokes flow solvers as one does for the second order
TVD explicit and implicit schemes [11; 19-20] to
further enhance the accuracy of flowfield simulation.
Implementation can be either as a higher-order flow
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solver as in the present work or as a postprocessor to
enhance the resolution.

[21] formally extended his second-order TVD
schemes described in [22-23] to uniformly second-
order ENO schemes for the two-dimensional Euler
equations in curvilinear coordinate systems. Both
explicit and implicit schemes were described. The
authors emphasized in this work that TVD schemes
are a special case of ENO schemes in which the
TVD requirement is replaced by a less restricted
essentially nonoscillatory condition, a concept
advanced by Harten and co-workers [13-15].
Numerical experiments with the ENO scheme for an
one-dimensional blast wave diffraction around a
cylinder, shock wave collision over a circular arc,
and steady transonic flow over a circular arc in a
channel were reported.

[24] described a class of third-order, essentially
nonoscillatory shock-capturing schemes for the
Euler equations of gas dynamics. These schemes
were obtained by applying the characteristic flux-
difference splitting to an appropriately modified flux
vector that could have high-order accuracy and
nonoscillatory property. Third-order schemes were
constructed using upstream interpolation and ENO
interpolation. Both explicit and implicit schemes
were derived. Implicit schemes to two-dimensional
Euler equations in general coordinates were also
given. The author applied the resulting schemes to
simulate one-dimensional and two-dimensional
unsteady shock tube flows and steady two-
dimensional flows involving strong shocks to
illustrate the performance of the schemes.

[25], following the works of [13-15], described a
class of third-order (at least one-dimensional scalar
case) shock capturing UNO schemes for the Euler
equations of gas dynamics. Third-order schemes
were constructing using UNO interpolation. The
development was identical to those given in [24],
except that Roe’s approximate Riemann solver [26]
was employed instead of the characteristic flux
difference splitting method. The main difference
between the approach used in [24] and in this work
was that the former one operated on the difference
of flux vector, whereas in this work operated on the
difference of conservative state vector. It is known
that the conservative vector is not continuous across
the shock whereas the flux is continuous; that is, the
flux vector function is one order smoother than the
conservative state vector function. The Roe’s
averages [26] enable the Rankine-Hugoniot
relations to be satisfied across the shock. Also, the
Roe’s linearization technique for nonlinear system
permits the use of completely different characteristic
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fields and is one of the most popular approximate
Riemann solvers currently in use.

Traditionally, implicit numerical methods have
been praised for their improved stability and
condemned for their large arithmetic operation
counts ([27]). On the one hand, the slow
convergence rate of explicit methods become they
S0 unattractive to the solution of steady state
problems due to the large number of iterations
required to convergence, in spite of the reduced
number of operation counts per time step in
comparison with their implicit counterparts. Such
problem is resulting from the limited stability region
which such methods are subjected (the Courant
condition). On the other hand, implicit schemes
guarantee a larger stability region, which allows the
use of CFL (Currant-Friedrichs-Lewis) numbers
above 1.0, and fast convergence to steady state
conditions. Undoubtedly, the most significant
efficiency achievement for multidimensional
implicit methods was the introduction of the
Alternating Direction Implicit (ADI) algorithms by
[28-30], and fractional step algorithms by [31]. ADI
approximate factorization methods consist in
approximating the Left Hand Side (LHS) of the
numerical scheme by the product of one-
dimensional parcels, each one associated with a
different spatial coordinate direction, which retract
nearly the original implicit operator. These methods
have been largely applied in the CFD
(“Computational Fluid Dynamics™) community and,
despite the fact of the error of the approximate
factorization, it allows the use of large time steps,
which results in significant gains in terms of
convergence rate in relation to explicit methods.

In the present work, second part of this study, the
[12] TVD, the [21] TVD/ENO, the [24] TVD/ENO,
and the [25] UNO schemes are implemented, on a
finite volume context and using a structured spatial
discretization, to solve the Euler and Navier-Stokes
equations in the three-dimensional space. All
schemes are high resolution flux difference splitting
ones, based on the concept of Harten’s modified
flux function. The [12] is a TVD second order
accurate in space and first order accurate in time
algorithm. [21] is a TVD/ENO second order
accurate in space and first order accurate in time
algorithm. The [24] is a TVD/ENO third order
accurate in space and first order accurate in time
algorithm. Finally, the [25] is a UNO (Uniformly
Nonoscillatory) third order accurate in space and
first order accurate in time algorithm. An implicit
formulation is employed to solve the Euler
equations, whereas a time splitting or Strang
methods, explicit methods, are used to solve the
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Navier-Stokes equations. A Linearized
Nonconservative Implicit LNI form or an
approximate factorization ADI method is employed
by the schemes. The algorithms are accelerated to
the steady state solution using a spatially variable
time step, which has demonstrated effective gains in
terms of convergence rate ([32-33]). All schemes
are applied to the solution of physical problems of
the supersonic flows along a compression corner
and along a ramp, in the inviscid case. For the
viscous case, the supersonic flow along a ramp is
again solved. The results have demonstrated that the
[25] UNO algorithm, third order accurate in space,
has presented the best solutions, in this study.

2 Navier-Stokes Equations

As the Euler equations can be obtained from the
Navier-Stokes ones by disregarding the viscous
vectors, only the formulation to the latter will be
presented. The Navier-Stokes equations in integral
conservative form, employing a finite volume
formulation and using a structured spatial
discretization, to three-dimensional simulations, are
written as:

8Q /ot +1V LVﬁdV -0, 1)

where V is the cell volume, which corresponds to an
hexahedron in the three-dimensional space; Q is the
vector of conserved variables; and
P=(E,—E,)i +(F. -F,)]+(G, -G, ) represents
the complete flux vector in Cartesian coordinates,
with the subscript “e” related to the inviscid
contributions or the Euler contributions and “v” is
related to the viscous contributions. These
components of the complete flux vector, as well the
vector of conserved variables, are defined as:

P o o v
pu U +p puv uw
Q=ipvp, E= puv i, R=ip+pG=) pw ; (2)
pw puw YW P +p
e (e+pu (e+pv e+pw
0 0
Txx TXY
1 1
5 Re K Re R (32)
Ty T,
T TY+TING, THF LY+ NG,
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T, (3b)

TZZ
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In these equations, the components of the viscous
stress tensor are defined as:

T = 2y /X~ 234 O/ X+ /Oy + W/ a2); ()
Ty = (Y Sy +V/X) (5)
T = g (W DX +-0/ ) ; (6)
Ty, =24ty /Oy 23y (O O+ vy +owfz); - (7)
Ty, = (Y az+andy) ; (8)
T, = 24y, W32 ~2/3, (0 x+ vy +aw/z). (9)

The components of the conductive heat flux vector
are defined as follows:

A, =—Y(pw /Prd)oe, /ox ; (10)
d, =—y(uy /Prd)oe; /oy; (11)
A, =—y(uy /Prd)oe; /oz. (12)

The quantities that appear above are described as
follows: p is the fluid density, u v and w are the
Cartesian components of the flow velocity vector in
the x, y and z directions, respectively; e is the total
energy per unit volume of the fluid; p is the fluid
static pressure; e; is the fluid internal energy,
defined as:

e, =e/p—0.5(u2 +v2 +W2); (13)
the t’s represent the components of the viscous
stress tensor; Prd is the laminar Prandtl number,
which assumed a value of 0.72 in the present
simulations; the g’s represent the components of the
conductive heat flux; uy is the fluid molecular
viscosity; y is the ratio of specific heats at constant
pressure and volume, respectively, which assumed a
value 1.4 to the atmospheric air; and Re is the
Reynolds number of the viscous simulation, defined

by:
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Re=pugeel/py (14)
where Uger is a characteristic flow velocity and | is a
configuration characteristic length. The molecular
viscosity is estimated by the empiric Sutherland
formula:

ny =bT¥2/1+5/T), (15)
where T is the absolute temperature (K), b =
1.458x10° Kg/(m.s.K*?) and S = 110.4 K, to the
atmospheric air in the standard atmospheric
conditions ([34]). The Navier-Stokes equations were
dimensionless in relation to the freestream density,
-, and the freestream speed of sound, a.., for the all
problems. For the viscous ramp problem it is also
considered the freestream molecular viscosity, .
To allow the solution of the matrix system of five
equations to five unknowns described by Eqg. (1), it
is employed the state equation of perfect gases
presented below:

p=(y-Dle—05pu? +v2+w?)|.  (16)
The total enthalpy is determined by:
H=(+p)p. (17)

3 Yee and Harten TVD Second Order
Algorithm

The [12] TVD algorithm, second order accurate in
space, is specified by the determination of the
numerical flux vector at the (i+%,j,k) interface. The
extension of this numerical flux to the (i,j+%,k) and
(i,j,k+%2) interfaces is straightforward, without any
additional complications.

The right and left cell volumes, as well the
interface volume, necessary to coordinate change,
following the finite volume formulation, which is
equivalent to a generalized coordinate system, are
defined as:

Ve =Viu ks VL =Vijx and Vi, :0-5(VR +VL)’ (18)

where “R” and “L” represent right and left,
respectively. The cell volume, the computational
cell and its interface surfaces are defined in [35-36].

The area components at interface are defined by:
S =nS, S, ix=n,S, and S =n,S where

ny, Ny and n, are normal unity vector components.
Expressions to these components and to the flux

x_int _int z_int
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area, S, are given in [35-36]. The metric terms to
this generalized coordinate system are defined as:

hx :Sx_int/vint ' hy :Sy_int/vim ' hz :Sz_int int;
h, =S/N,,. (19)
The calculated properties at the flux interface are

obtained by arithmetical average or by Roe’s
average. The Roe’s average was used in this work:

Pint = \/E ’ uint:(uL +UR\/pR/pL )/(l+\/pR/pL)’ (20)

Vo =l +vepe/p i peoc D)
L R S [ BN AT 2
Hint:(HL+HR\/pR/pL)/(1+\/pR/pL); (23)
=&y —DH,, —05uZ, +v2 + w2 ). (24)

The eigenvalues of the Euler equations, in the &
direction, to the convective flux are given by:

Ucont
7\‘2 _7\'3 _7\'4 _Ucont

ulnth +V|nth + W h ?\’ Ucont_a'inthw'(zs)

int

and 7"5 _Ucont +ainthn' (26)
The jumps in the conserved variables, necessary

to the construction of the [12] TVD dissipation

function, are given by:

re=Vilex—€), o=Vl —p). Aeu)=Villpul—{eul ] (27)

Alpv) =Vindllv)e ~(ov) ] Alpw) =Vio(pw)s ~(ow),]. (28)

The o vectors to the (i+%,j,k) interface are
calculated by the following expression:

{a}iﬂlz,j,k = [R];jl/z,j,k AQi+1/2,j,k ) (29)

with [R]iy/2;, being defined in [35-36] and AQ

being the jump of conserved variables. The [12]
TVD dissipation function is constructed using the
right eigenvector matrix of the Jacobian matrix in
the normal direction to the flux face. This matrix is
defined in [35-36].

The numerical flux function or modified function
of [1], g, responsible to the second order accuracy of
the [12] scheme, is defined as:

9l =S MAx[o, MlN(]oc:ﬂ,Z,j,k\, Sxa 4y ik )] (30)

with:
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S ZSigr{a:+1/2,j,k)' (31)

The entropy function to avoid non-physical
solutions, is defined as:

|z>¢
(32)

Bl
)= {(22 +e2)/(2)

with € = 0.2, as recommended by [11].

The numerical information propagation velocity,
@, responsible to transport the numerical
information to the algorithm, is determined by:

|z|<a

_ :}q{}" .)>< d+1j,k+gl,j,k)/04+uzj,k if Oémzj,kioo
+1/2,j,k +1/2,j,k 00 if Oémzjyk:o-ol
(33)

The ¢ dissipation function to form the numerical
dissipation operator is written as

‘hlmzj,k :;'*()\Iimzj,kXd,j,k +g|+1j,k)_'*b\li+uzj,k +(ﬂl+ljzj,k)04+ﬂzj,k :
(34)

In Equations (30-34), “I” varies from 1 to 5 (three-
dimensional space), in all definitions.

Finally, the [12] TVD dissipation function is
constructed by the following matrix-vector product:

{DYH}Hl/ 2jk = [R]i+l/2,j,k{q)}i+l/2,j,k ) (35)

with [R},y,,, defined in [35-36].

The complete numerical flux vector to the
(i+%,j,k) interface is described by:

Oh +FOh +GUh, I, +05DY), (36)

Im int int

0]
I:|+1/2 jk — (

with:
E) =05(EY +EY),|-[EP), 37)
FO —ogF0 +FO) - (FO),. (38)
G0 =056 +6")]-(G")... (39)

The viscous vectors at the flux interface are
obtained by arithmetical average between the
primitive variables at the left and at the right states
of the flux interface, as also arithmetical average of
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the primitive variable gradients also considering the
left and the right states of the flux interface.

The right-hand-side (RHS) of the [12] TVD
scheme, necessaries to the resolution of the implicit
version of this algorithm, is determined by:

RHS(YH)in,j,k = _Ati,j,k/vi,j,k(FiIT/Z,j,k - I:i\iT/Z,j,k +
n
Fiml/z,k - Fi,YjH—1/2,k + Fi,YjH,Ik+1/2 - File_,‘k—llz) . (40)
The time integration to the viscous simulations
follows the time splitting method, first order
accurate, which divides the integration in three steps,
each one associated with a specific spatial direction.

In the initial step, it is possible to write for the &
direction:

AQi*,j,k Z_Ati,j,k/vi,j,k (Fiillz,j,k - Fiillz,j,k);

Qi =Qljk +AQ7 43 (41)

at the intermediate step, n direction:

AQ:,k =—At j« /Vi,j,k (Fi’,kj+1/2,k - FiTj—l/Z,k);
Q;H;k :Q:j,k +AQ:,k2 (42)

and at the end step, ¢ direction:

AQir,];lk =—At; /Vi,j,k (Fi:f,k+1/2 - Fijk—l/z);
anjﬂk = Qi*j,k + AQir,]}r,lk' (43)

4 Yang TVD/ENO Second Order
Algorithm
A typical conservative numerical scheme, using a

finite volume formulation, for solving Eqg. (1) can be
expressed in terms of numerical fluxes as follows:

At
anj+1k zQir,]j,k _L(Ei'j-llzj,k - EEl/Z,j,k)
Vi,j,k
Abijk (en N Abijk (N N
__VJ (Fi,j+l/2,k_Fi,j—l/2,k)__VJ (G‘,j,k+1/2_G‘,j,k—1/2)’
i,jk i,jk

(44)

N N N
where Epyjp ik Fijaax and Gijyy, are the
numerical fluxes. For a first order upwind scheme,
N H H .
Eii1/2,jx isgiven by:
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n n

N _ A+
Ei+l/2,j,k - EI+1/2,j,k - Ai+1/2,j,kAi+1/2,j,k El,j,k ' (45)

with: Ai+l/2,j,k:(')i+l,j,k_(')i,j,k J Eirlrl/Z,i,k and
E/'; « defined by:

PU cont
puU o + ph,
pVU ot + phy
pWU o + Ph,

(e + PIU gont

n —
Ei+l/2,j,k _Vint

i+1/2,] k
and
PU cont
puU on + ph,
Eirjj,k =Vint 4 PVU one + Phy
pWU ¢ + Ph,
(e+ PV cont

(46)

i,j,k
and A, ;. defined as follows:

Aiil/Z,J',k Z(Réj\ERi_l)nl/z,j,k '
A% =diaght;} and &7 = 0.5[1+sign(:3 )], (@7)

(47a)

where: diag(-) represents a diagonal matrix, as
for instance:

o
o
: o :

Ny

(48)

i As |
A; are defined by Egs. (25-26) to the & direction;

sign()ﬁ,) is equal to 1.0 if A5 > 0.0 and -1.0
otherwise.

4.1 Uniformly second order essentially non-
oscillatory scheme

[1] proposed to construct second order accurate
TVD schemes by applying a first order approximate
Riemann solver to a modified flux. Following [1],
[21] proposed to define a modified numerical flux
function with the definition of the modified fluxes:
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E"=EY =E"+E";
F'=FM =F"+F";
G"=G" =G"+G", (49)
where EM, F™ and GM are the modified fluxes which
have essentially non-oscillatory property yet to be
defined. In the following, a numerical method of
uniformly second order accuracy in time and space
which combines both characteristic and conversion
features of Eq. (1) is discussed.

For the present ENO scheme, the numerical flux
EM is described by:

+ M
- Aém/z,j,kAi*l/Z,j,k Ei,j,k -

E'M',k + Ag_m,zyj,kAwl/z,j,k Em,k . (50)

N =M
Ei+l/2,j,k = Ei+1,j,k

L]

The components of the additional vector E are
given by:

éi,j,k = mlgi-lxz,j,k + Bm(A—Ei—llz,j,k’A+€i—l/2,j,k ),
€i+1/2,j,k - Bm(A—€i+l/2,j,k ' A+€i+l/2,j,k )Jv (51)

where:
A =ik~ Oiajnr Ay =ik — i (52)

and €.,,,;, are components of the following
column vector:

Eivtrojk = Sign(Au/z,j,le _Ati,j,kMu/z,j,k‘)

A2,k Ei,j,k/z' (53)
The sign(A) and |A] in Eq. (53) are given by:
sign(A)= Ridiag{sign(kéI )}Rgl ;
A= R, diag 1] R;". (54)

Similar derivations can be given for the F and G
vectors in the n and ¢ directions. In Equation (51),
m is the minmod function:

sxmin(alJb]) if sign(a)= sign(b) =

S .
m(a,b) = {0 ; (55)

.0 otherwise

and the m function is defined by:
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m:{a it [a|<]b| (56)

b if a0

For B = 0.0, one has a second order TVD scheme.
For B = 0.5, one has a uniformly second order non-
oscillatory scheme. The original numerical scheme
of [21] is thus formed by Eq. (44) using the
definition (50) to the numerical flux function.

The present author introduced  some
modifications in the [21] scheme in this work.
Equation (50) is redefined as:

N =M + Mo
Ei+l/2,j,k = Ei+l,j,k - E,,M,z,j,kAi+1/2,j,in,j,k =

Em,k + Ag_m,z,jyk Ai+l/2,j,in'?/;,k , (57)
with:
Ei'\fl,j,k =Bl ju + Agni,j,k Eirll,j,k; (58)
p
pu
Qi',v},k =Vint1 PV + Eir,1j,k . (59)
pwW
e i,j,k
The positive splitting matrix Ang P is defined as
+ H + -1
Aéiﬂ/z‘j,k = Ridlag {7\‘| }RE,. ) (60)
with:
2 =0.508 + 25 \) (61)

and the Jacobian matrix at the & direction is
described by

Al =R.diaghsR:". (62)

The vector E;,;,, ;« is also redefined as:

Eii1/2.jx = Sign (Ai+1/2,j,k Xl - Ati,j,k‘AHl/Z,j,k‘)
Aiszjk Qi,j,k/z' (63)
where:

Qijx :Vint{p pu pv pw e};j’k- (64)

Observe that the resulting scheme is equivalent to
the original of [21], with the unique difference that
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the difference of fluxes in Eqg. (53) is changed by the
difference of conserved variables. With this new
definition, the solutions present better behaviour,
free of oscillations, undershoots and overshoots. The
other expressions maintain the same structure.

The right-hand-side of the [21] scheme,
necessaries to the resolution of the implicit version
of this algorithm, is defined by:

ALy
RHS(Y)in,j,k = _\/I—’L(Ei’illz,j,k - EiN—1/2,j,k)
i,k
At At
_VI—“(E,’\}A/z,k - Fi,r\J!—llz,k) _VL(GII,\‘LKA/Z _Gi',\lj,k—llz)'
i,k i,jk
(65)

The viscous formulation obeys the same procedure
described in section 3. For explicit methods in three-
dimensions, the Strang-type directional splitting [37]
was employed

QI = L (AL, (AL (AL (At (AL (at)QY
(66)

The L operator is defined by

Lé(At)Qi[:lj,k :Qirjj,k _Ati,j,k(Eilil/Z,j,k - Ei'juz,j,k)-
(67)

Similar expressions can be given for Fi,Nj+1/z,k and

the L, operator and for G, ,,;,, and L.

5 Yang TVD/ENO Third Order
Algorithm

5.1 TVD formulation

In [38], second- and third-order upwind schemes
have been described by one-dimensional cases. It
was found that such high-order schemes can be
constructed by wusing a more accurate flux
representation (in the discrete sense) at each nodal
point. [24] has taken such an approach following
Harten’s work [18] in which he applied a three-point
first-order upwind scheme to a modified flux to
yield second-order TVD scheme. Therefore, [24]
calls it the modified flux approach.

[24] has considered a high-order extension of the
Euler equations in one-dimensional case. The
extension to the three-dimensional case is as follows:
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M L M
Qa1 EQ, 5,5 )F1Q, (g
a X o
N R M
(c++c-)aG—(Q):o. (68b)
oz
Here, EY, ., FN, and G, are called the

modified flux vectors at nodal point (i,j,k) and is
consisted of the original flux vectors E Fiix

and G;;, and additional terms of high-order

ijk?

accuracy that usually have some nonlinear control
terms to avoid oscillatory solutions.

In terms of numerical flux vector, a conservative
scheme for Eq. (68) could be Eq. (44), with the
numerical flux, in the & direction, defined as:

Eiﬁllz,j,k = Ei'\fl,j,k _A:uz,j,kA+Ei'?/},k =
Ei'?/},k + AL kA, Em,k . (69)

A third-order scheme for Eq. (44) can be
expressed in terms of numerical flux of the form Eq.
(69) with

M _ =TVD3 _ &n n
Eijx =Eijk =Eijx +Dijx-

(70)

The components of D;j are given by

dil,j,k = [1_ S(e:,j,k)HiLllz,j,k + [1+ 3(9:,j,k)]ail—1/2,j,k ,
(71)

where d};,,;, and d,;, are components of

Di.1/2jx @nd Dy, given, respectively, by

; 2
Diitr2jk = SIgnAi+1/2,j,k(Ati,j,k‘Ai+1/2,j,k

3Ati,j,k‘Ai+1/2,j,k‘ +21 )A+Ei,j,k /6

‘2
(72)

. 2
Disis2,jx :SlgnAi+1/2,j,k(| _Atiz,j,k‘AH-l/Z,j,k‘ ) )
ALE, /6 (73)

and s(e:,j,k) is the smoothness monitor given by
[39] as
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0, if |A, ',.,\+\A_q;,j,k\=o
| ; (74)
-, otherwise

S(eg,j,k):

A+qi|,j,k‘_
+ I,', ‘+‘quil,j,k‘

where g, are components of the conservative

state vector Qj;i; and the A’s defined as follows to
the € direction:

A, =(‘)i+1,j,k _(‘)i,j,k and A_ :(')i,j,k _(‘)i—l,j,k . (75)
The present author of this work introduces some

modifications in the original scheme of [24]. These
modifications are as follows:

Ei’illz,j,k = EiTl,j,k _Agm,m A+Qi'?/}yk, (76)
where:
p
pu
Qi',vlj,k =V oV + D (77)
pw
€
Elk =Elj+ AL, Dl (78)
~ _ ,
Dii1sz,jk = SIONAL12 (Atiz,j,k ‘Ai+1/2,j,k‘
3Ati,j,k‘Ai+l/2,j,k‘ +21 )A+Qi,j,k/6 ;o (79)

. 2
Dis1/2,jk =S|gnAi+1/2,j,k(| _Atiz,j,k‘Ai+1/2,j,k‘ )
8.Quj0 /6. (80)

Observe that the resulting scheme is equivalent to
the original of [24], with the unique difference that
the difference of fluxes in Egs. (72-73) is changed
by the difference of conserved variables. With this
new definition, the solutions present better
behaviour, free of oscillations, undershoots and
overshoots. The other expressions maintain the
same structure.

The same equations, considered in n and
directions, can be developed, without any additional
complexity. The algorithm described above is
referred by [24] as TVD3 and the present authors
remain this nomenclature.

The definition of the RHS to the implicit
formulation is done as follows:
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Aty
RHS(N)] 1 == 22 (D2 1 — T2 10 )-
i,jk
A

Vl,J,k

Ak (GTVD3 _gJvos )
i,j,k+1/2 7 Vi, jk-1/2
Vi,j,k

ik (ETVDs, VS )
(81)

The Strang method is applied to the viscous
simulations.

5.2 ENO formulation

A third-order ENO scheme for Eq. (68) can be
constructed using reconstruction by primitive
variable. Here, it is adopted:

M ENO3 n n
Ei,jk Eljk Ejk+lek+Dljk’
M ENO3 n n

I:i,jk Fljk Fljk+Ujk+Dljk’

Gi'?/},k _GIEjN|((:)3 an k +V| j.k + Dlnj k (82)

and T, U, V and D are the terms that make up for the
higher order accuracy that also depends either the
TVD or the ENO property to avoid Gibbs
phenomena.

In Eq. (82) the components of the column vector
Tij« are given by

I Il
ti= m(ti+1/2,j,k 2k ) (83)
where £y, ;, IS given by
Ttz jx =SIONAL 2 ik (l _Ati,j,k‘AHl/Z,j,k ‘)A+Ei,j,k /2-
(84)

And the components of column vector D, ;, are
given by

Ijk —”{A d. 1/2]k'A+a;l—1/2,j,k) if ‘Ai—llz,j,kql‘ <

or,

>Aasa), .,
(85)

|Jk —n{A d|+1/21 kaA+ail+1/2,j,k) if ‘Ai—llz,j,kql‘

where d/,,,;, and di,,;, are components of

Dis/2,jx and Dy sk, respectively.

Di+1,2'j'k is given by Eq. (72) and I5i+l,2’j'k is
given by
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R ) 2
Dii1r2,jk :S'QnA|+1/2,j,k(Atiz,j,k|pﬁ+1/z,j,k| _I)A+Ei,j,k/6 -

(86)

This author also introduces a modification in the
original algorithm of [24] in its ENO3 (ENO third-
order) version. This modification is the same as that
applied to the TVD3 scheme. Hence,

Elwi k = ElEJNkO3 = En

n n
Jk+Ai|+l/21kT|jk+A D

Civa,jk ik

M ENO3 n n .
Fiw =Fiik =Rk +By L Uik +By L., Dl
M ENO3 n no.
Givj k ™ G' Jik Gi,j,k +Cni,j,k+1/2V' Jik +Cﬂi,j,k+1/2 Di,j,k !

(87)

-ﬁ+1/2,j,k =SigNA 12 i (l — At |Ai+1/2,j,k |)A+Qi,j,k /2 ;

~ R 2
Diy/zjk =SI9NA) 2 j (Atiz,j,k|Ai+l/2,j,k| - I)A+Qi,j,k /6
(88)

and ISM,Z’J-,,( defined as in Eq. (79). The other

equations maintain the same aspect. The extension
to the n and ¢ directions is straightforward.

The definition of the RHS to the implicit
formulation is done as follows:

At k ENO3 ENO3
RHS(Y)?,j,k == VI ) (E|+l/2 jk— EI -1/2,j, k)
i,J.k
At ik
\%

ENO3
Fjli2k —

At
ENO3
v ( (Gu i o2 —GEN ik 1/2)
i,j,k

(89)

E
R —1/2k)
ik

The Strang method is applied to the viscous
simulations.

6 Yang and Hsu UNO Third Order
Algorithm

Unlike TVD schemes, nonoscillatory algorithms are
not required to damp the values of each local
extremum at every single time step, but are allowed
to occasionally accentuate a local extremum. The
design involves an essentially nonoscillatory
piecewise polynomial reconstruction of the solution
from its cell averages, time evolution through an
approximate solution of the resulting initial value
problem, and averaging of this approximate solution
over each cell.

A third-order UNO scheme for Eq. (1), based on
[25] work, can be expressed by the following
numerical flux, in & direction, for instance:
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N
EU 03

1 UNO3
i+1/2,j,k ZE(E jk + EH—ljk + R|+l/21 (D|+1/2 j, k)

(90)

(DUNO3

The components of ®;.;/,;, are defined as:

¢I JUNO3
i+1/2,j,k

= (7\'Ii+l/2,j,k XB:,j,k + B:+l,j,k )

3 | | 4 |
5(7\i+1/zj,kXﬁi,j,k +ﬁ+lj,k)_‘4{}‘1'+1/2j,k a2k His/2j, k)o‘i+1/2,j K

'f‘oﬁ l/ZJk‘

ot1+1/21 k‘
i)
0(7\14-1/21 kXBi ik +ﬁ+1.] k) V{}H+1/ZJ k +“)|+l/21 k +Y|+1/21 k)o‘ﬁ-l/Zj k

otherwise

(91)

where the 6, G and & functions are given by:

1
[‘V |JkZ ] (92)
~:g[2|z|73Ati'jyk|z| vty 2| (93)
~ 1
—<| a5 -l (94)
and
o ( | I )
Bi,j,k =M1/, k0 Ricar2,jk ) (95)
ﬁl,j,k:m(A—og!—l/Z,j,k'A+O(1!—l/2,j,k) if ‘a:—llz,j,k‘ga:+1/2,j,k;
(96)
ﬁl,j,k:m(A—OH!ﬂ/z,j,k’A+0‘1!+1/2,j,k) if ‘a:—l/Z,j,k‘>(x1!+ll2,j,k;
(97)
O( ){(ﬁmk Bijk)/%uzjk if 0‘1+1/21k¢0
|+l/2,jk 7\1+l/2]
0 otherwise
(98)
~ d ){(ﬁﬂ,]k ﬁjk)/aH-l/Z,]k if O(1-¢-l/21k;'&0
Yis1/2jk = 7\|+1/ka
0, otherwise ~
(99)
7 0( ){(ﬁimk ﬁjk)/O(Hl/ij if 0‘1+1/2Jk¢0
Yir2jk = 7\1+1/zj :
0 otherwise
(100)

The same expressions can be extended to the n
and ¢ directions in a straightforward way. To the
inviscid implicit cases, the LNI form is applied. The
RHS for this algorithm is given by:
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UNO3

At ik
+JY<E|+1/2 .k~

RHS (YH) = - v UNG3 )
i,j,k

EiZ1/2, )k

A\
i UNO3
(GI jk+1/2 — GI j, k 1/2)

At
-k (s, - "
(101)

FUNO3 )
VI j.k

j-1/2k

To the explicit viscous case, the Strang method is
applied:

Q% =L (AL, (AL, (At)L, (At)L, (At)L, (AQ] -
(102)

The L operator is defined by

(At)Qljk _Qljk At(EHr,:\LI/OZJk EU—T?ZJK)- (103)

7 Implicit Formulation

7.1 Implicit Scheme to the TVD algorithm of
[12] and the UNO algorithm of [25]

In the flux difference splitting cases of [12; 25]
algorithms, a Linearized Nonconservative Implicit
form is applied which, although the resulting
schemes lose the conservative property, they
preserve their unconditional TVD properties.
Moreover, the LNI form is mainly useful to steady
state problems where the conservative property is
recovery by these schemes in such condition. This
LNI form was proposed by [11].

The LNI form is defined by the following three
step algorithm:

{' =AY jkJit1/2, ) ki1l 2, )k +Ati,j,kJitl/g,j,kAifllz,j,k}AQifj,k =
[RHs I « » in the & direction; (104)
l' — A kK 12,k 417 2.k +Ati,j,kKiJ'rj,l/gykAi,j—1/2,ijQiﬁ,k =
AQi jk , in the n direction; (105)

- + n+l
l' — A kb, j k1280, j k+1/2 +Ati,j,kLi]j,k_1/2Ai,j,k—lIZJAQi’j’k =

AQijk » in the € direction; (105)
Q' =Qlx +AQ7 (106)
where RHS is defined by Eqg. (40), if the [12]

scheme is being solved, and by Eq. (101), if the [25]
scheme is being solved. The difference operators are
defined as:

A|+l/2]k() ()Hl,jk ()l,j,k’Al—l/ZJk() ()Ijk ()l—],j,k;
(107)
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Alj+l/2k() ()Ij+].,k ()Ijk'Aljl/ZK() ()I]k ()l,j—Lk;

(108)

Ai,j,k+1/2(') :(')i,j,k+1_(')i,j,k , Ai,j,k—l/z(’) :(')i,j,k _(')i,j,k—l;
(109)

As aforementioned, this three-diagonal linear

system, composed of a 5x5 block matrices, is solved
using LU decomposition and the Thomas algorithm,
defined by a block matrix system.

The separated matrices J*, J, K*, K, L" and L
are defined as follows:

J* =R.diag(D; JR:*, 3~ =R.diag(D; R:* (110)
- R, diag(D; JR:*, K~ =R, diag(D; JR;* (111)
L* = R.diag(D; JR:*, L = R.diag(D; R*. (112)

The diagonal matrices of the [12; 25] schemes
are determined by:

_Df'+
D;*
diag(Dg)z Ds* and
D;*
i D" |
Dy~ ]
D;~
dag(o: )-
D;”
i Dg” |
(113)
with the D terms expressed as
D; =08[¥(; +7L )+ +1L)]
D, =08[¥, +1, ) (X, +7,)]
5:0'5[\P(7“|c "‘Yc)i( +YC)] (114)

where:
Y defined by Eq. (32);
A, k'n and A, are the eigenvalues of the Euler

equations, determined by Egs. (25-26), in each

coordinate direction;
_ |:(g<li):+lj,k _(glé):,j,k}/

(o) If(oé,).ﬂ,z,k 00,
00, '

0(I€)|+1/ZJ k =00
(115)

(YI&)M/ 2k
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|:(g'r]):,j+lk _(gﬂ):Jk:|/ I

(O(In)l 2K if (a'ﬂ)i,j+1/2,k ¢O'O-

I = ’
(Yn)i,j+1/2,k 00, it 041)i,j+1/2k ~00
(116)
(“/) _ [(g‘é):,j,kﬂ_(g‘é):,j,k}/(alc)i,j,kﬂ/z if (O‘Ii) k2™ #00
Ghi,j+1/ 2k a0, if (O(IC 0.0,
1, j,k+1/2

(117)

(6:),, =signal MAX{OO MIN( ,H,zjk‘(a'g)iﬂlzyj’k‘,
signal (o} 1,5 (oclg )i—llz,j,k )J (118)
(g;)' — signal! MAX[OO MIN( . I)i,j+1/2,k’
Signaln"i,i—llzyk(‘*In)i,jfl/z,k)J; (119)

(g'JH. = signal MAX{OO MIN( ,Jk+l,2‘(occ)”k+1/2‘
(120)
(121)

H I 1 | .
signal Ccsi’j'k,l,z(ocC )LLH/Z)J,

c' =129 (X' ) to steady state simulations.

>0.0 and -1.0

+1/2,j.k

Finally, signal! = 1.0 if (. )
>0.0 and

- . - |
otherwise; 3|gnal ok

= 10 if (o)) |
= 10 if (ac) >0.0

L |
-1.0 otherwise; signal, o)
and -1.0 otherwise.

This implicit formulation to the LHS of the TVD
or UNO schemes of [12] and [25], respectively, is
second order accurate in space and first order
accurate in time due to the presence of the
characteristic numerical speed y associated with the
numerical flux function g’. In this case, the
algorithms accuracy is definitely second order in
space because both LHS and RHS are second order
accurate.

7.2 Implicit Scheme to the TVD/ENO
algorithms of [21; 24]

For these algorithms, a backward Euler method in
time and approximate factorization ADI form can be
employed. The factorization in each coordinate
direction is presented below:

[' +Ati,j,k£i+—1/2,j,kA—Aﬁ +Ati,j,k'aijrllz,j,kA+Aﬁ]Aqtj,k =RHYj s
(122)
[' +Ati,j,kéfj—1/2,kA—Bn +Ati,j,kéifj+1/2,kA+Bn}AQﬁ,k =AQjk;
(123)
l' +Ati,j,kéfj,k-1/zA—Cg +Ati,j,kéifj,k+1/2A+CgJAQ',1j+,lk =AQ jk;
(124)
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Q.n]rlk zQir,]j,k +AQir,]}r,1k' (125)
Equations (122-124) lead to standard block

three-diagonal inversion procedure. The Thomas

algorithm is employed to solve this system.

The matrices above are all defined along this
manuscript, being unnecessary repeat them herein.

It is noted that each added high-order term of the
right-hand-side operator [Egs. (65; 81; 89)] is a
function of the time step At;;x, and consequently the
steady state solutions will depend on the time step.

It is important to emphasize that the RHS of the
flux difference splitting implicit schemes present
steady state solutions which depend of the time step.
With this behavior, the use of large time steps can
affect the stationary solutions, as mentioned in [40].
This is an initial study with implicit schemes and
improvements in the numerical implementation of
these algorithms with steady state solutions
independent of the time step is a goal to be reached
in future work of this author.

8 Spatially Variable Time Step

The basic idea of this procedure consists in keeping
constant the CFL number in all calculation domain,
allowing, hence, the use of appropriated time steps
to each specific mesh region during the convergence
process. According to the definition of the CFL
number, it is possible to write:

« =CFL(AS); j\ /G » (126)
where CFL is the “Courant-Friedrichs-Lewy”
number to provide numerical stability to the scheme;

(2 .2 .25 . .
Cijx =|WuU”+Vv-+w +a|ik IS the maximum

characteristic speed of information propagation in
the calculation domain; and (As);, is a

characteristic length of information transport. On a
finite volume context, (As), ;, is chosen as the

minor value found between the minor barycenter
distance, involving the (i,j,k) cell and a neighbor,
and the minor cell side length.

9 Initial and Boundary Conditions

9.1 Initial Condition

To the physical problems studied in this work,
freestream flow values are adopted for all properties
as initial condition, in the whole calculation domain
([41-42]). Therefore, the wvector of conserved
variables is defined as:
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.

Q; :{1 M, cosa M, sina +O.5Mf,} ,
vy =1

(127)

being a the flow attack angle.

9.2 Boundary Conditions

The boundary conditions are basically of three types:

solid wall, entrance and exit. The far field condition
is a case of entrance and exit frontiers. These
conditions are implemented in special cells named
ghost cells.

(a) Wall condition: This condition imposes the flow
tangency at the solid wall. This condition is satisfied
considering the wall tangent velocity component of
the ghost volume as equals to the respective velocity
component of its real neighbor cell. At the same
way, the wall normal velocity component of the
ghost cell is equaled in value, but with opposite
signal, to the respective velocity component of the
real neighbor cell. According to [43], it results in:

real

U, =1-2n,n U +(—2nxny)vreal +(=2n,n,)w

(128)
Vg = (=20 N U +L=2n 0 Ve + (=200, )W,
(129)
Wy = (=200 U g + (20,0 WV e + 1 —2Nn,N )W
(130)

with “g” related with ghost cell and “r” related with
real cell. To the viscous case, the boundary
condition imposes that the ghost cell velocity
components be equal to the real cell velocity
components, with the negative signal:

Ug = —Upeqr; (131)
Vg = ~Vreals (132)
Wy = —Wreqi- (133)

The pressure gradient normal to the wall is assumed
be equal to zero, following an inviscid formulation
and according to the boundary layer theory. The
same hypothesis is applied to the temperature
gradient normal to the wall, considering adiabatic
wall. The ghost volume density and pressure are
extrapolated from the respective values of the real
neighbor volume (zero order extrapolation), with
these two conditions. The total energy is obtained
by the state equation of a perfect gas.

(b) Entrance condition:

(b.1) Subsonic flow: Four properties are specified
and one is extrapolated, based on analysis of
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information  propagation along characteristic
directions in the calculation domain ([42]). In other
words, four characteristic directions of information
propagation point inward the computational domain
and should be specified. Only the characteristic
direction associated to the “(q,-a)” velocity cannot
be specified and should be determined by interior
information of the calculation domain. The pressure
was the extrapolated variable from the real neighbor
volume, to the studied problems. Density and
velocity components had their values determined by
the freestream flow properties. The total energy per
unity fluid volume is determined by the state
equation of a perfect gas.

(b.2) Supersonic flow: All variables are fixed with
their freestream flow values.

(c) Exit condition:

(c.1) Subsonic flow: Four characteristic directions
of information propagation point outward the
computational domain and should be extrapolated
from interior information ([42]). The characteristic
direction associated to the “(q.-a)” velocity should
be specified because it penetrates the calculation
domain. In this case, the ghost volume’s pressure is
specified by its freestream value. Density and
velocity components are extrapolated and the total
energy is obtained by the state equation of a perfect
gas.

(c.2) Supersonic flow: All variables are extrapolated
from the interior domain due to the fact that all five
characteristic directions of information propagation
of the Euler equations point outward the calculation
domain and, with it, nothing can be fixed.

10 Results

Tests were performed in a personal computer
(notebook) with Pentium dual core processor of
2.20GHz of clock and 2.0Gbytes of RAM memory.
Converged results occurred to 3 orders of reduction
in the value of the maximum residual. The
maximum residual is defined as the maximum value
obtained from the discretized conservation
equations. To all problems, the attack angle was
adopted equal to 0.0°.

The physical problems to be studied are the
supersonic flows along a compression corner and
along a ramp, in the inviscid case, and the
supersonic flow also along a ramp, in the viscous
case.

10.1 Ramp Problem - Inviscid

The ramp configuration is described in Fig. 1. The
ramp inclination angle is 20°. An algebraic mesh of
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61x60x10 points or composed of 31,860
hexahedrons and 36,600 nodes was used as shown
in Fig. 2. The points are equally spaced in both
directions.

T
Far Field
& _
f?-"g Entrance Exit
Lo
Wall
| i |
e T 015m

Figure 1. Ramp configuration.

o

Figure 2. Ramp mesh (61x6(ﬂ)3<10).

This problem consists in a low supersonic flow
impinging a ramp, where an oblique shock wave
and an expansion fan are generated. The freestream
Mach number is equal to 2.0. The solutions are
compared with the oblique shock wave theory and
the Prandtl-Meyer expansion fan theory.

In the figures below is employed the following
nomenclature to the algorithms: TVD2 (Total
Variation Diminishing, second order accurate in
space), ENO2 (Essentially Nonocillatory, second
order accurate in space), TVD3 (Total Variation
Diminishing, third order accurate in space), ENO3
(Essencially Nonoscillatory, third order accurate in
space) and UNO3 (Uniformly Nonoscillatory, third
order accurate in space).
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10.1.1 Yee and Harten’s results

Figure 3 shows the pressure contours generated by
the [12] scheme. It is clear the pressure oscillation at
the beginning of the ramp, which will originate a
pressure peak in the wall pressure plot.

Pr. 0.81 1.00
r —

Figure 3. Pressure contours ([12]-TVD2).

Mach: 1.20 1 .4'1 152 163 173 1.84 1595
(A
‘.“
‘1‘

P
> A

Figure 4. Mach number contours ([12]-TVD2).

Figure 4 exhibits the Mach number contours
generated by [12] algorithm. The solution presents
some overshoots at the ramp beginning. The
homogeneity of the contours is clear, which
guarantees the same solution at each k plane.

Figure 5 presents the wall pressure distribution
generated by the [12] scheme. As can see, a pressure
peak is captured by the algorithm at the
discontinuity, which represents an unphysical
behavior. Even so, the shock is captured in four (4)
cells, which is a good result.
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Figure 5. Wall pressure distribution ([12]). Figure 7. Pressure contours ([21-ENO2).
10.1.2 Yang’s second order results - HEEEEEEN -
Figures (6-7) show the pressure contours obtained Mach: 1.25 135 145 155 1685 175 185 1.85

by the TVD and ENO versions, respectively, of
scheme [21]. It is possible to note that no overshoots
or undershoots are presented. Moreover, the
solutions in the k’s planes are equal and this aspect
of the 3D flow is assured. Figures (8-9) exhibit the
Mach number contours generated by the TVD and
ENO versions of [21]. The solutions are clear,
without oscillations.

Pro 080 097 113 130 147 1.64 181 198

Figure 8. Mach number contours ([21]-TVD?2).

Mach: 1.24 1.3
’ N

Figure 6. Pressure contours ([21]-TVD2).

Figure 10 presents the wall pressure distributions o
obtained by the [21] scheme. Both versions, TVD \5\
and ENO, capture the shock discontinuity in eight (8) *
cells, which is an excessive number of cells to a Figure 9. Mach number contours ([21]-ENO2).

high resolution scheme capture a discontinuity. The
excessive dissipation generated by the scheme, in its
two versions, is responsible to this number of cells.
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Figure 10. Wall pressure distributions ([21]).

10.1.3 Yang’s third order results

Figures (11-12) present the pressure contours
generated by the [24] scheme in its two versions,
TVD and ENO, of third order spatial accuracy.

Fro 080 097 114 131 1.48 165 182 199

Figure 12. Pressure contours ([24]-ENO3).
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Both solutions are clear, without oscillations. The
2D solution at each k plane is obtained, assuring the
3D behavior of reproducing such behavior.

Figures (13-14) show the Mach number contours
generated by the [24] scheme in its two versions,
TVD3 and ENO3. The shock is captured by both
versions of scheme [24]. The smoothest solution is
obtained by the ENO3 version of [24]. It is not
observed overshoots or undershoots and the solution
is clear and free of oscillations. The expansion fan
region is also better detected by the ENO3 version
of the [24] algorithm.

Mach: 1.25 1.35 145 155 166 176 1.86 196

Figure 13. Mach number contours ([24]-TVD3).

Mach: 1.25 1. 45 155 1.68 175 1.85 1.95

e

Figure 14. Mach number contours ([24]-ENO3).

Figure 15 exhibits the wall pressure distributions
generated by scheme [24], in its two versions. As
can see, both solutions present small differences.
The TVD3 solution is closer to the shock profile,
but presents an oscillation at the ramp ending. The
ENO3 solution did not present such oscillation and
is the best choice to this scheme. Both solutions
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capture the shock discontinuity using five (5) cells,
which is far better than the [21] solutions (TVD and
ENO).

PrPr(fiee)

——=——|Yang (1991§- TVD3
—a—|'Yang E1QQ1EN[}3

LT TR ST N T O N ¥ T

X (m)
Figure 15. Wall pressure distributions ([24]).

10.1.4 Yang and Hsu’s third order results

Fro 080 096 113 129 145 162 1.79 195

Figure 16. Pressure contours ([25]).

Mach: 1.23 133 143 154 164 174 1.85 195

Figure 17. Mach number contours ([25]).
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Figure 16 exhibits the pressure contours obtained
by the [25] scheme. A clear solution is obtained
with [25] algorithm. No oscillations are observed in
this figure. Figure 17 shows the Mach number
contours obtained by [25] scheme. A clear solution
is also generated in terms of Mach number contours.

Figure 18 presents the wall pressure distribution
generated by the [25] scheme. A better behavior in
comparison with the other schemes is obtained by
the [25] UNO3 scheme. The discontinuity is
captured using four (4) cells.

15
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Figure 18. Wall pressure distribution ([25]).

By inspection with the other pressure
distributions, it is evident that this wall pressure
distribution generated by the [25] scheme is the best.

One way to quantitatively verify if the solutions
generated by each scheme are satisfactory consists
in determining the shock angle of the oblique shock
wave, 3, measured in relation to the initial direction
of the flow field. [44] (pages 352 and 353) presents
a diagram with values of the shock angle, B, to
oblique shock waves. The value of this angle is
determined as function of the freestream Mach
number and of the deflection angle of the flow after
the shock wave, ¢.

Table 1. Shock angle and percentage errors.

Algotithm B (°) Error (%)
[12] - TVD2 53.0 0.00
[21]-TVD2 54.0 1.89
[21] - ENO2 53.0 0.00
[24] - TVD3 53.8 151
[24] - ENO3 53.0 0.00
[25] - UNO3 53.0 0.00

To the ramp problem, ¢ = 20° (ramp inclination
angle) and the freestream Mach number is 2.0,
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resulting from this diagram a value to B equals to
53.0°. Using a transfer in the pressure contours
figures, at the xy plane, it is possible to obtain the
values of B to each scheme, as well the respective

errors, shown in Tab. 1. As can be observed, the [12]

TVD2, the [21] ENO2, [24] ENO3 and [25] UNO3
algorithm has yielded the best results. Errors less
than 2.0% were observed in all solutions.

10.2 Compression Corner Problem - Inviscid

The compression corner configuration is described
in Fig. 19. The corner inclination angle is 10°. An
algebraic mesh of 70x50x10 points or composed of
30,429 hexahedral cells and 35,000 nodes was used
and is shown in Fig. 20. The points are equally
spaced in both directions.

FarField

Exit
I Entrance

’Waﬂf 10 .J
e 1.0m

0.4m

o

1.0m

Figure 19. Compression corner configuration.

This problem consists in a moderate supersonic
flow impinging a compression corner, where an
oblique shock wave is generated. The freestream
Mach number is equal to 3.0. The solutions are
compared with the oblique shock wave theory
results.

Figure 20. Compression corner mesh (70x50x10).

10.2.1 Yee and Harten’s results

Figure 21 exhibits the pressure contours obtained by
the [12] TVD2 scheme. As can be seen, a pressure
peak appears at the corner beginning and it is
reflected in the value 1.48 of the pressure legend,
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higher than the other solutions. Due to this behavior
in the pressure contours, the wall pressure
distribution of [12] presents this peak.

Pro 077 087 097 107 117 123 138 148

Figure 21. Pressure contours ([12]-TVD2).
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Figure 23. Wall pressure distribution ([12]).
Figure 22 presents the Mach number field
generated by the [12] scheme. Good homogeneity
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properties are observed. Non oscillations are
observed in this solution.

Figure 23 shows the wall pressure distribution
generated by the [12] TVD2 scheme. This solution
presents a pressure peak at the discontinuity which
damages its quality. Even so, the shock wave is
captured with four (4) cells, which is a good result
for a high resolution scheme.

10.2.2 Yang’s second order results

Figures (24-25) show the pressure contours obtained
by the [21] scheme, in its TVD and ENO second
order accurate versions. Both solutions are free of
oscillations, presenting a good transition between
smooth and discontinuity regions.

Pro 0.76 086 085 104 114 123 133 142

Figure 24. Pressure contours ([21]-TVD2).

Pro 0.76 086 085% 1.04 114 123 133 142

Figure 25. Pressure contours ([21]-ENO2).

In Figures (26-27) are exhibit the Mach number
contours obtained by the [21] algorithm in its TVD2
and ENO2 versions. As can be seen, no oscillations
are present in the solutions. The Mach number

E-ISSN: 2224-347X
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homogeneity properties are well assured by the
solution algorithm.

Mach: 252 259 265 271 273 284 290 297

Figure 26. Mach number contours ([21]-TVD2).

Mach: 253 258 265 272 278 284 291 297
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Figure 28. Wall pressure distributions ([21]).

s e 4

Figure 28 shows the wall pressure distributions
obtained by the two versions of the [21] algorithm.
They are compared with the oblique shock wave
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theory results. As can be seen, the [21] algorithms in
its ENO2 version presents slightly better behavior
than the TVD?2 version. The pressure plateau is well
characterized by both algorithms. The shock
discontinuity is captured using five (5) cells, which
is prejudicial in the solution quality and bad for a
high resolution scheme. Typical number of cells is
at maximum four (4).

10.2.3 Yang’s third order results

Figures (29-30) exhibit the pressure contours
obtained from [24], in its TVD and ENO versions of
third-order accuracy, respectively. The solutions are
free of oscillations and present good capture of
shock discontinuity. The TVD3 version of the [24]
algorithm presents the smallest shock wave
thickness.

Pro 0.76 086 095 1.05% 114 123 133 142

Figure 29. Pressure contours ([24]-TVD3).

Prr 076 086 095 105 114 1.24 133 142

Figure 30. Pressure contours ([24]-ENO3).

Figures (31-32) show the Mach number contours
obtained by [24] in its TVD3 and ENO3 versions.
As can be seen, no oscillations are presented.
Moreover, the homogeneity properties are obtained
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and the Mach number peak accords to the
freestream Mach number.

Mach: 252 258 265 271 273 284 290 297

Figure 31. Mach number contours ([24]-TVD3).

Mach: 2.51 258 264 271 277 284 290 297

PrPr(fiee)
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Figure 33. Wall pressure distributions ([24]).

Figure 33 presents the wall pressure distributions
obtained by the two versions of the [24] algorithm.

Issue 3, Volume 8, July 2013



WSEAS TRANSACTIONS on FLUID MECHANICS

As can see, both solutions are very close. However,
it is possible to distinguish that the ENO3 solution is
closer to the theory profile at the shock region and
that it allows a smoother transition in the shock
region, presenting no overshoots and undershoots.
The shock profile is captured using four (4) cells.

10.2.4 Yang and Hsu’s third order results

Figure 34 exhibits the pressure contours resulting
from the [25] UNO3 scheme. As can be seen, no
oscillations and good capture of the shock
discontinuity are observed.

Prr 076 085 095 1.04 114 123 133 142

Figure 34. Pressure contours ([25]-UNO3).

Figure 35 presents the Mach number contours
generated by the [25] UNO3 algorithm. This scheme
captures the shock discontinuity appropriately,
without overshoots and undershoots. The freestream
Mach number is preserved and the homogeneity
properties are conserved.

Mach: 2.51 257 264 271 277 284 290 297

Figure 35. Mach number contours ([25]-UNO3).

E-ISSN: 2224-347X

122

Edisson Savio De Goées Maciel

Figure 36 shows the wall pressure distribution
obtained by the [25] UNO3 scheme. The pressure
discontinuity is captured using four (4) cells, which
is a good result to a high resolution scheme. The
shock profile is also close to the theoretical solution.

PriPrifiee)

THEOR
13w Yangang Hsu {1992} - UNO3

LI T R X Il 14 1§ 15 12

5] 1a 1
X (m)

Figure 36. Wall pressure distributions ([25]).

Figure 37 shows the wall pressure distributions
obtained by all schemes. They are compared with
the oblique shock wave theory results. The best
solution is that obtained with the [25] UNO3
scheme.

= LTE
& 1sf Yee and farten (1987)
= b Yang (14p0) - TVD2
T f Yang (1900) - ENO2
& Lap Yang (1981) - TVD3
L3p Yang (1991) - ENO3
12F Yang anfl Hsu (1992) - UNO3

Figure 37. Wall pressure distributions (Global).

The value of the shock angle of the oblique
shock wave at the compression corner is determined
as function of the freestream Mach number and of
the deflection angle of the flow after the shock wave,
¢. To the compression corner problem, ¢ = 10°
(ramp inclination angle) and the freestream Mach
number is 3.0, resulting from this diagram a value to
B equals to 27.5°. Using a transfer in the pressure
contours figures, at the xy plane, it is possible to
obtain the values of B to each scheme, as well the
respective errors, shown in Tab. 2. As can be
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observed, the [25] UNO3 algorithm has yielded the
best results. Errors less than 5.50% were observed in
all solutions.

Table 2. Shock angle and percentage errors.

Algotithm B (°) Error (%)
[12] - TVD2 27.0 1.82
[21] - TVD2 26.0 5.45
[21] - ENO2 27.0 1.82
[24]-TVD3 27.0 1.82
[24] - ENO3 27.0 1.82
[25] - UNO3 27.4 0.36

10.3 Ramp Problem - Viscous

The ramp configuration is described in Fig. 1. The
ramp inclination angle is 20°. An algebraic mesh of
61x60x10 points or composed of 31,860
hexahedrons and 36,600 nodes was used as shown
in Fig. 38. An exponential stretching was used in the
n direction to capture viscous effects.

Figure 38. Ramp mesh (61x60x10).

This problem consists in a low supersonic flow
impinging a ramp, where an oblique shock wave
and an expansion fan are generated. Viscous effects
are captured by the present Navier-Stokes
formulation. The freestream Mach number is equal
to 2.0. The solutions are compared with the oblique
shock wave theory and the Prandtl-Meyer expansion
fan theory, which are valid to comparison based on
the boundary layer theory.

10.3.1 Yee and Harten’s results

Figure 39 shows the pressure contours obtained by
the [12] TVD2 scheme. As can be seen, the increase
of the boundary layer thickness close to the ramp
beginning originates a detachment of this layer,
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generating a separation and the formation of a
circulation bubble at the corner. A weak shock wave
ahead of the corner beginning is formed, which
interacts with the expected oblique shock at the
ramp.

Pro 077 093 1.09 124 140 156 171 1.87

Figure 39. Pressure contours ([12]-TVD2).

Mach: 0.13 EI.EB 062 088 114 139 164 189

Figure 40. Mach number contours ([12]-TVD2).
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Figure 41. Circulation bubble formation ([12]-TVD2).
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Figure 40 exhibits the Mach number contours
generated by the [12] TVD2 scheme. As can be seen,
a region of circulation is formed close to the corner
wall.

Figure 41 presents the circulation bubble formed
at the corner wall. It is possible to see the boundary
layer detachment and reattachment.

Figure 42 shows the wall pressure distribution
generated by the [12] TVD2 scheme. It presents the
region of separation by a minor pressure peak ahead
of the ramp. The shock at the ramp is well captured
by the scheme. It is represented by the second
pressure peak, which appears at the ramp region.
The smooth characteristic of this shock is due to
viscous effects.

,2F ———|INVISCID THEORY
E ——— |Yesa and Haften (1987)
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Figure 42. Wall pressure distribution ([12]).

10.3.2 Yang’s second order results

Figures (43-44) show the pressure contours obtained
by the [21] scheme, in its TVD and ENO second
order accurate versions. As can see, the non-
homogeneity in both solutions characterizes the
loose of three-dimensional properties.

BT (T 77171771
L

Figure 43. Pressure contours ([21]-TVD2).
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Pro 079 095 _1.12 128 144 160 176 192
[y

Figure 44. Pressure contours ([21]-ENO2).

Mach: 013 038 62 088 113 1.28 1.63 1.88

=

Figure 45. Mach number contours ([21]-TVD2).

Figure 46. Mach number contours ([21]-ENO2).

It is important to emphasize here that the [21]
scheme, as also [24-25] were designed to yield good
solutions to hyperbolic equations like the Euler
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equations. In the viscous case, the loose of quality in
the solutions is due to a non-appropriate capture of
the viscous effects.

Figures (45-46) exhibit the Mach number
contours obtained by the [21] scheme in its TVD
and ENO versions, respectively. The region of
separation is well characterized in both solutions.
Figures (47-48) presents the circulation bubble
formation close to the corner wall. Both schemes
capture appropriately the circulation bubble.

006 [T N i [N ]
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Figure 47. Circulation bubble formation ([21]-TVD2).
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Figure 48. Circulation bubble formation ([21]-ENO2).
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Figure 49 shows the wall pressure distributions
generated by the [21] scheme in its two versions:
TVD2 and ENO2. They are compared with the
oblique shock wave results and the Prandtl and
Meyer expansion wave results. Both versions of [21]
capture the weak and the strong shock waves at the
ramp beginning and at the ramp. The ENO2 solution
predicts a more severe strong shock wave than the
TVD2 solution. It characterizes the ENO2 version
of [21] as presenting a more conservative solution
than the TVD2 version.
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Figure 49. Wall pressure distributions ([21]).
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10.3.3 Yang’s third order results
Figure (50-51) exhibit the pressure contours
obtained by [24] in its TVD3 and ENO3 versions.

B [ [ [TTTTTITTW

Pro 0.77 084 110 127 143 160 177 193
%

Figure 50. Pressure contours ([24]-TVD3).

Pro 0.80 096 1.12 129 145 161 178 1.94

Figure 51. Pressure contours ([24]-ENO3).
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As can be noted, pressure contours are not
homogeneous solutions. The most severe pressure
field is due to [24] in its ENO3 version.

B [ [ TTTTTITTTH

Mach: 013 038 063 088 113 138 164 1898
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Figure 53. Mach number contours ([24]-ENO3).
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Figure 54. Circulation bubble formation ([24]-TVD3).
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Figures (52-53) present the Mach number
contours generated by the [24] scheme in its TVD3
and ENO3 versions. The circulation bubble is well
captured by both versions. The boundary layer
detachment and reattachment region is larger in the
TVD3 solution.

Figures (54-55) show the circulation bubble
formation at the separation region captured by [24]
scheme in its TVD3 and ENO3 versions. As said
before, the separation region generated by the [24]-
TVD3 scheme is larger than that obtained with [24]-
ENO3 scheme. Both versions of the [24] scheme
capture the circulation bubble.
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Figure 55. Circulation bubble formation ([24]-ENO3).
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Figure 56 exhibits the wall pressure distributions
generated by the [24] scheme in its TVD3 and
ENO3 variants. They are compared with the oblique
shock wave results and the Prandtl and Meyer
expansion wave results. Both versions of [24]
capture the weak and the strong shock waves at the
ramp beginning and at the ramp. Both profiles
predict approximately the same pressure peak at the
ramp region.
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Figure 56. Wall pressure distributions ([24]).
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As can be seen, the separation region in the TVD3
version of [24] scheme, before the ramp, is more
extent than the respective one of the ENO3 version
of [24], as noted before.

10.3.4 Yang and Hsu’s second order results

Figures 57 shows the pressure contours obtained by
the [25] scheme. The contours present good
homogeneity properties. The shock is well captured.
Figure 58 exhibits the Mach number contours
obtained by the [25] scheme. The circulation bubble
is well characterized in the Mach number contours.
Figure 59 highlights the circulation bubble
formation, in terms of streamlines, in the Mach
number contours.

079 0895 111 127 142 1.53 174 1.80

Pr:

Figure 57. Pressure contours ([25]).

Mach: 0.13 EISB EIES 088 113 138 163 183

Figure 58. Mach number contours ([25]).

Figure 60 presents the wall pressure distribution
obtained by the [25] scheme. It is compared with the
oblique shock wave results and the Prandtl and
Meyer expansion wave results. The boundary layer
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separation is well detected in this figure, represented
by the first pressure peak, weaker than the ramp
pressure peak. The pressure distribution presents a
pressure peak close to the inviscid result, which is
the correct solution considering the boundary layer
theory.
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Figure 59. Circulation bubble formation ([25]).
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Figure 60. Wall pressure distribution ([25]).

10.4 Conclusion of this work

Concluding this analyze, the best algorithm was the
[25] UNO3 scheme, presenting good pressure
distributions in the ramp and compression corner
problems, in the inviscid case. Moreover, this
scheme also presented the best value to the shock
angle of the oblique shock wave in the ramp
problem, with 0.00% of error, and in the
compression corner problem, with 0.36% of error.
In the ramp viscous problem, good solutions are
obtained with [25] algorithm, appropriating
capturing the shock wave and the circulation bubble
formation, close to the corner. Hence, this algorithm
is the selected one to describe the two physical
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problems studied herein, as comparing these six (6)
numerical schemes.

10.5 Conclusion of this study

Comparing the results obtained in this work with
those obtained in the first part of this study, it is
possible to conclude that the [25] UNO3 algorithm
is the best as involving all thirteen (13) schemes
studied in Part | and the six (6) schemes studied
herein. The smooth pressure distributions at the
ramp and compression corner problems, in the
inviscid case, rendered the distinction of best
algorithm to the UNO3 one. In the viscous problem,
although the first algorithms of Part | of this study
have reached convergence with the convergent-
divergent nozzle problem and the present ones did
not, the latters are good described by the ramp
problem. In the viscous ramp problem, both [12]
and [25] schemes present good behavior, with a
little better description by the [25] scheme. So, the
better choice for these problems (ramp and
compression corner inviscid problems and ramp and
convergent-divergent nozzle viscous problems) is
due to the [25] algorithm.

11 Conclusion

In the present work, second part of this study, the
[12] TVD, the [21] TVD/ENO, the [24] TVD/ENO,
and the [25] UNO schemes are implemented, on a
finite volume context and using a structured spatial
discretization, to solve the Euler and Navier-Stokes
equations in the three-dimensional space. All
schemes are high resolution flux difference splitting
ones, based on the concept of Harten’s modified
flux function. The [12] is a TVD second order
accurate in space and first order accurate in time
algorithm. [21] is a TVD/ENO second order
accurate in space and first order accurate in time
algorithm. The [24] is a TVD/ENO third order
accurate in space and first order accurate in time
algorithm. Finally, the [25] is a UNO third order
accurate in space and first order accurate in time
algorithm. An implicit formulation is employed to
solve the Euler equations. A Linearized
Nonconservative Implicit LNI  form or an
approximate factorization ADI method is employed
by the schemes. The algorithms are accelerated to
the steady state solution using a spatially variable
time step, which has demonstrated effective gains in
terms of convergence rate ([32-33]). All schemes
are applied to the solution of physical problems of
the supersonic flows along a ramp and along a
compression corner, in the inviscid case. The results
have demonstrated that the [25] UNO algorithm,
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third order accurate in space, has presented the best
solutions, in the two works of this study.
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