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Abstract: A mathematical solution of the two dimensional linear problem of an acoustic–gravity wave propagating
over a rigid and slowly-varying bathymetry, in an acoustically homogeneous and slightly compressible ocean, is
presented. Expressions for the far and near flow fields are derived. The present note enriches our knowledge about
acoustic–gravity waves in a way that could assist, among others, in the early detection of tsunami.
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1 Introduction

Most studies of ocean surface–waves neglect the small
compressibility of the water. This approach is justified
for many physical applications, but no for all. In an in-
compressible ocean, with constant depth, h, any given
frequency ω corresponds to one progressive gravity
wave with wave–number k. If the small compressibil-
ity of the water is taken into account, any given fre-
quency ω corresponds to several progressive waves,
with wave–numbers kn, n = 0, 1, ..., N . The wave–
number k0 is almost identical to k, whereas kN <
kN−1 < ... < k2 < k1 << k0. The additional waves
(k1, ..., kN ) are called acoustic–gravity waves, and N
is the nearest integer smaller than (ωh/πcs + 1/2),
where cs is the speed of sound in water.

Acoustic–gravity waves are generated in the
oceans all the time, as a result of nonlinear interac-
tions of pairs of nearly opposing gravity–waves hav-
ing equal or nearly equal frequencies, see [2], [1],
[5], and references therein. Particularly energetic
acoustic–gravity waves appear as a result of subma-
rine earthquake, see [9], chapter 3.

The term wave shoaling refers to the two–
dimensional problem (one horizontal dimension x)
of waves propagating at normal incidence to straight
parallel depth contours, usually in the shoreward di-
rection. Assuming a slowly varying bathimetry, i.e.
µ = (dh/dx)/(knh) << 1; one can use a WKB ap-
proach, for which the constant depth solution is valid
locally to obtain: (i) that ω = constant, (thus kn is
given by the linear dispersion–relation); and (ii) that
the energy–flux Fn = constant; see [11], chapter 3.

The energy flux is the product of the energy den-

sity En and the group–velocity Cg,n (to be distin-
guished from the phase velocity Cn = ω/kn).

For gravity waves, both Cg,0 and C0 are real for
any depth, and tend to zero as the depth h tends to
zero. As a result, the wave–steepness tends to infin-
ity and gravity waves break in coastal–water (usually
with minor reflection). For acoustic–gravity waves,
the shoaling scenario is very different: (i) their group–
velocity Cg,n is real and decreases with the decrease
of depth until it reaches zero at some finite depth h(n)0 ;
(ii) their phase–velocity Cn is real and increases with
the decrease of depth tending to infinity at the same
depth h(n)0 (for depths smaller than h0: Cn and the
wave–number kn are imaginary). In mathematical
terms the point x(n)0 , for which h(x(n)0 ) = h

(n)
0 , is a

turning point, which causes complete reflection, and
requires special local treatment.

In this paper we present a mathematical solution
of the two dimensional linear problem of an acoustic–
gravity wave propagating over a rigid and slowly-
varying bathymetry, in an acoustically homogeneous
and slightly compressible ocean. Results by this paper
comprise a reference for comparison with a similar
ongoing research in which the elasticity of the ocean
bottom is not neglected. The formulation of the prob-
lem is given in section 2. Matched asymptotic cal-
culations of the far and near flow fields are presented
in section 3. The solution for the far and near fields,
and the results are presented in section 4 and 5, re-
spectively. Finally, concluding remarks are given in
section 6.
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2 Formulation and basics
Consider the two dimensional problem of a progres-
sive acoustic–gravity wave mode, in an ideal com-
pressible fluid, propagating over a gradually decreas-
ing depth towards a turning point, located at x = 0.
The objective is to find the surface wave elevation
z = η(x, t), as well as the bottom pressure in the
neighbourhood of the turning point. To this end, it
is necessary to solve for the flow velocity potential
ϕ(x, z, t). The governing equation is the two dimen-
sional wave equation

∂2ϕ

∂t2
= c2s

[
∂2ϕ

∂x2
+
∂2ϕ

∂z2

]
, on − h < z < 0, (1)

where cs is the speed of sound. The bottom and the
linearized free–surface boundary conditions are, re-
spectively,

∂ϕ

∂z
+
∂h

∂x

∂ϕ

∂x
= 0, on z = −h(x), (2)

and
∂2ϕ

∂t2
+ g

∂ϕ

∂z
= 0, on z = 0. (3)

where g is the acceleration due to gravity. Note that
the specific solutions fulfil the zero velocity boundary
condition, which is compatible with the mild bottom–
slope assumption.

The free surface elevation and the bottom pres-
sure are then given by

η(x, t) =
1

g

∂ϕ

∂t
, on z = 0, (4)

and

pb(x, t) = ρs
∂ϕ

∂t
, on z = −h(x), (5)

where ρs is the density of water at the free surface.
Assuming a slowly–varying bathymetry the solu-

tions of Eqs. (1), (2), and (3), to leading order in µ,
are:

ϕn = ψn(x)
cos [κn(µx)[h(µx) + z]]

cos [κn(µx)h(µx)]
e−iωt, (6)

where n = 0, 1, 2, ..., N and

ω2 = −gκn(µx) tan [κn(µx)h(µx)], (7)

and ψn satisfy

d2ψn

dx2
+ k2nψn = 0, (8)

and

k2n =
ω2

c2s
− κ2n. (9)

The index n is dropped in the sequel for the sake
of brevity. The solution of Eq. (8), which represents
shoaling waves, is given by

ψ = A(µx)ei
∫ x
0 k(µx)dx. (10)

To find the ‘amplitude’ A, one applies the follow-
ing constant energy–flux condition:

F (x) =
ρs
4g

ω3k

κ2

(
1 +

2κh

sin(2κh)

)
|A|2 = F (−L), (11)

where F (−L) is the input flux, at the point x = −L,
for which h(−L) ≡ hL and A(−L) ≡ AL, is given.
The expression for the flux, given in Eq. (11), can be
obtained from [15].

The above approach fails at the turning point
where k becomes zero, leading to infinite values of
the amplitude A. Physically, this means either wave–
breaking, or wave reflection.

In the following section we use a matched asymp-
totic method to obtain a solution which is finite for all
x, and produces complete reflection.

3 Matched asymptotic calculations
From Eqs. (7) and (9) one can show that the depth at
the turning point of the nth mode is

h0 ≃
(
n− 1

2

)
π
cs
ω
, n = 1, 2, 3, ... (12)

Fig. 1 gives the values of h0 in meters as func-
tion of frequency f = ω/2π in Hz for the three first
modes, n = 1, 2, 3. In the sequel we focus on the first
mode, without loss of generality.

3.1 Far field
A solution of Eq. (8) similar to Eq. (10), but with
waves travelling in both directions, is given by

ψ =
r(h)

k1/2

(
ALe

i
∫ x
0 kdx +BLe

−i
∫ x
0 kdx

)
, (13)

where BL is a second unknown constant, and Eq. (11)
gives

r(h)

k1/2
=

κ

κL

(
kL
k

sin(2κh)

sin(2κLhL)

sin(2κLhL) + 2κLhL
sin(2κh) + 2κh

)1/2

.

(14)
Note that r(h)/k1/2 tends to infinity at the turning

point, and to unity at x = −L.
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Figure 1: Turning point depth h0 as function of
the wave frequency f = ω/2π, for the first three
acoustic–gravity modes denoted by solid, dashed, and
dotted lines, respectively.

3.2 Near field
A Taylor expansion of k2 in the neighbourhood of the
turning point gives

k2 = k2|h0+
d(k2)

dh
|h0(h−h0)+... ≃ −b0s0x, (15)

where s0 is the bottom slope at the turning point, and

b0 =
d(k2)

dh
|h0 > 0. (16)

From Eqs. (7) and (9) we write (for the first
acoustic–gravity wave mode)

k2 ≃ − π2

4h2
+
ω2

c2s
. (17)

Differentiation with respect to h and making use
of Eq. (16) gives

b0 =
π2

2h30
. (18)

Substituting Eq. (15) into Eq. (8) leads to the Airy
equation

d2ψ
dσ2

− σψ = 0, (19)

with
σ = (b0s0)

1/3x. (20)

Discarding the diverging solution of the Airy
equation we obtain

ψ = cAi(σ), (21)

where c is yet an unknown constant, and Ai is the Airy
function.

3.3 Matching the far and the near fields
Using the asymptotic expression for the Airy function
as σ → −∞, the near field solution, Eq. (21) gives

ψ =
c

2iπ1/2
(−σ)−1/4

×
(
ei(

2
3
(−σ)3/2+π

4 ) − e−i( 2
3
(−σ)3/2+π

4 )
)
.

(22)

Taking x → 0− in the far field solution Eq. (13)
and using Eq. (17) gives

ψ =
r0

(b0s0)1/6
(−σ)−1/4

×
(
ALe

−i 2
3
(−σ)3/2 +BLe

i 2
3
(−σ)3/2

)
.

(23)

where r0 = r(h0).
Matching Eqs. (22) and (23) gives the values of

the two unknowns

c = −2iπ1/2
ALr0

b0s
1/6
0

ei
π
4 , (24)

and
BL = −ALe

iπ
2 . (25)

4 Solution
4.1 Solution for the far field
Substituting Eq. (25) into Eq. (13), and Eq. (13) into
Eq. (6) and taking the real part gives the far field solu-
tion of the velocity potential

ϕ(x, z, t) = −gH
ω

r(h)

k1/2
cos[κ(z + h)]

cos (κh)

× cos

(∫ x

0
kdx+

π

4

)
cos

(
ωt+

π

4

)
,

(26)

where H = −2ωgAL is the height of the incident
wave at x = −L.

The surface wave elevation given by Eq. (4) be-
comes

η(x, t) = H
r(h)

k1/2
cos

(∫ x

0
kdx+

π

4

)
× sin

(
ωt+

π

4

)
.

(27)

Using Eqs. (5) and (26), and substituting z = −h,
the dynamic bottom pressure pb is given by

pb(x, t) =
ρsgH

cos (κh)

r(h)

k1/2
cos

(∫ x

0
kdx+

π

4

)
× sin

(
ωt+

π

4

)
.

(28)
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4.2 Solution for the near field
Substituting Eq. (24) into Eq. (21), and taking the real
part gives the near field solution of the velocity poten-
tial

ϕ(x, z, t) = −gH
ω

r0π
1/2

(b0s0)1/6
cos[κ(z + h)]

cos (κh)

×Ai
(
(b0s0)

1/3x
)
cos

(
ωt+

π

4

)
,

(29)

with the surface elevation

η(x, t) = H
r0π

1/2

(b0s0)1/6
Ai

(
(b0s0)

1/3x
)

× sin
(
ωt+

π

4

)
,

(30)

and the dynamic bottom pressure

pb(x, t) =
ρsgH

cos(κh)

r0π
1/2

(b0s0)1/6
Ai

(
(b0s0)

1/3x
)

× sin
(
ωt+

π

4

)
.

(31)

4.3 Pressure amplification factor
A convenient way to monitor acoustic–gravity waves
is by measuring the water pressure near the bottom
of the sea. The variation of the bottom pressure with
depth, normalized by the bottom pressure at x = −L
is given, from Eqs. (28) and (31), by

AF =



[
pb (h)

pb (hL)

]
Far field

, −hL ≤ h ≤ hm

[pb (h)]Near field
[pb (hL)]Far field

, −hm ≤ h

(32)
where hm is the depth at which the far field and the
near field solutions match.

5 Results
5.1 Matching the far and the near fields
The general solution for shoaling is governed by
matching the far and the near field solutions (i.e.,
matching Eqs. (26), (27) and (28), with Eqs. (29), (30)
and (31), respectively). Fig. 2 presents the general so-
lution of the normalized surface elevation η/H (top),
and the bottom pressure pb/(ρsgH) (middle) as func-
tion of water depth h. A zoom in on the matching
zone for the normalized surface elevation is presented
in the bottom plot. Fig. 2 captures both the matching
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Figure 2: Matching the far field (dotted–lines) with
the near field (solid lines) as function of depth h. Top:
normalized surface elevation η/H . Middle: normal-
ized dynamic bottom pressure pb/(ρsgH). Bottom:
zoom–in on the matching of the normalized surface
elevation. Prescribed frequency f = 0.2 Hz. Seabed
slope at the vicinity of the turning point s0 = 0.001.
Ocean depth is hL = 4000 m.

and the near field solution near the turning point. In
the figure, the dotted and solid curves represent the
far and near field solutions, respectively. The numeri-
cal results shown in Fig. 2 were obtained by consider-
ing the first acoustic–gravity mode with a prescribed
frequency f = 0.2 Hz (ω = 2πf = 1.256 rad/s),
ocean depth of h = 4000 m, and a local slope of
s0 = 0.001 near the turning point. The results show
satisfactory matching solutions. The matching occurs
several wave lengths prior to the turning point. As
expected, the amplitudes increased as the depth de-
creased, reaching a maximum value in the neighbour-
hood of the turning point. At the turning point the
mode is reflected, and the amplitudes rapidly decay as
the depth is further decreased.

The wave height H of the acoustic–gravity wave
can be estimated by the interaction of two gravity
waves nearly opposing and propagating each at fre-
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Table 1: Properties of typical gravity and acoustic–
gravity waves; h = 4000 m, g=10 m/s2, cs = 1500
m/s; Tg, fg and λg are the period, frequency and wave-
length of the gravity wave; f , and λ are the frequency
and wavelength of the acoustic–gravity wave.

Tg[s] fg[1/s] λg [m] f [1/s] λ[m]
1.33 0.75 2.83 1.5 1,000

3 0.33 14.6 0.66 2,300
10 0.1 159 0.2 8,500
20 0.05 636 0.1 45,000

quency ≈ ω/2, as originally proposed by [10] and
later by [6] and [8]. From[10] (section 4) we assess
that

H = a1a2
ω2

4g
, (33)

where a1 and a2 are the amplitudes of the two inter-
acting gravity waves. Choosing a1 = a2 = 0.5 m,
which is a typical wave amplitude in the deep ocean,
yields H = 0.01 m. Thus, from Fig. 2 we find that
an acoustic–gravity wave with an initial wave–height
of 0.01 m reaches a maximum of 0.084 (amplification
factor of 8.4) near the turning point. Similarly, the
bottom pressure which at hL = 4000 m is pb = 40
kPa (≈ 0.39 atm) reaches a maximum of pb = 160
kPa (≈ 1.58 atm) near the turning point – an am-
plification factor AF of about four. A gravity wave
with period Tg = 10 s (frequency fg = f/2 = 0.1
s−1) has a wavelength of λg = 159 m, which is
significantly smaller than the length of the generated
acoustic–gravity wave λ = 8.5 km (at hL = 4000
m). A comparison between properties of gravity and
acoustic–gravity waves at hL = 4000 m, is summa-
rized in Table 1.

Note that the choice of hL and f was not arbi-
trary. The choice of hL = 4000 m represents a typical
average depth of the deep ocean, and f = 0.2 Hz was
chosen within the region of the highest spectral levels
which are generated by wave–wave interactions (see
[5]).

5.2 Effect of the bottom slope near the turn-
ing point

The maximum amplitude height (e.g. for surface el-
evation), as well as the depth at which the maximum
height is obtained is affected both by the bottom slope
and by the prescribed mode frequency, as shown in
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Figure 3: Effect of the seabed slope s0 on the max-
imum surface elevation ηmax (top) and the depth at
maximum h(ηmax) (bottom). Solid, dashed, and
dashed–dotted lines denote a frequency of f = 0.2,
0.4, and 0.66 Hz, respectively. Ocean depth is hL =
4000 m.

Fig. 3. The upper and bottom subplots of Fig. 3
present the maximum surface elevation, and its lo-
cation (in h), respectively. The solid, dashed, and
dashed–dotted lines are for f = 0.2, 0.4, and 0.66 Hz,
respectively. It is found that while the maximum sur-
face elevation ηmax monotonically decreases with the
slope s0, its location h(ηmax) only slightly increase.
However, increasing the frequency results in a larger
maximum elevation, occurring at a shallower water.

5.3 Pressure amplification factor
Fig. 4 (top) shows the envelope of the far field solu-
tion of the bottom pressure amplification factor AF as
function of the mode frequency spectrum, at a given
depth h0 = 250 m. The calculations were carried out
with s0 = 0.001. The far field solution is not valid
in the neighbourhood of f(h0), where h0 = 250 m
is the turning point. At larger frequencies, it is found
that AF increases with the frequency (provided that
H is similar for all frequencies). The shaded area is
magnified in Fig. 4 (bottom) to allow comparison with
the near field solution.

The near field solution provides a detailed be-
haviour of AF in the neighbourhood of f(h0) as pre-
sented in Fig. 4 (bottom). A maximum is achieved
around f = 1.51 Hz, and rapidly decreases as the fre-
quency f < 1.51 Hz decrease. Note that the periodic
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Figure 4: Top: envelope of the far field solution
(dashed–line) for the dynamic bottom pressure am-
plification factor AF as function of frequency f =
ω/2π, at a constant depth h0 = 250 m. Local seabed
slope s0 = 0.001. Ocean depth is hL = 4000 m. Bot-
tom: zoom–in on the shaded area, with the envelope
of the far field solution (dashed–line), and the near
field solution (solid line).

behaviour of AF is due to the fact that the reflected
waves, each at its turning point, are actually standing
waves.

6 Concluding Remarks

The two dimensional shoaling problem of an
acoustic–gravity wave mode propagating over a
slowly varying bathymetry with a linear slope in an
inviscid and slightly compressible fluid has been ad-
dressed. The existence of acoustic–gravity modes de-
pends on water depth, h, and the frequency of propa-
gation ω. Each wave is reflected at the corresponding
turning point, forming a standing wave.

6.1 Far from the turning point
Far from the turning point the solution for a given
depth and modal frequency is governed by conserva-
tion of energy flux between the deep ocean (hL) and
the given depth (h), where the actual bottom topog-
raphy and distance do no affect the solution (assum-
ing no energy losses, e.g. due to bottom friction). In
the far field solution the wave amplitude increases as
water becomes shallower. At a given depth, the ampli-
tude amplification factor increases with the frequency.

6.2 At the vicinity of the turning point
The far field solution is singular at the turning point,
and thus fails to describe the evolution of waves at the
vicinity of the turning point. Alternatively, the near
field solution is governed by the Airy function. For
each prescribed frequency, the near field solution re-
sults in amplified amplitudes reaching a maximum in
the neighbourhood of the turning point, and a rapid
decay thereafter. Thus, at a given depth one could
expect a frequency spectrum dominated by the most
amplified amplitudes.

6.3 Early detection of tsunami
The choice of hL = 4000 m is appropriate both for the
2004 Boxing Day tsunami and the 1960 Chile tsunami
(e.g. [4]). In both occurrences the gravity wave prop-
agated with a velocity of about 200 m/s, which is con-
siderably smaller than the velocity of the acoustic–
gravity waves. Therefore, the capability to measure
the acoustic–gravity modes should be considered for
early detection of tsunami as proposed, among others,
by [3] and [12]. [7] claimed that the dynamic bot-
tom pressure could be sufficiently large for measure-
ment purposes. However, they wondered on the opti-
mal location of measurement sensors. In this context,
the current work provides a first step for calculating
frequency spectra as function of depth, by indicating
the range of frequencies to be expected at the chosen
depth; namely the frequencies for which the amplified
amplitudes are the largest.

6.4 Non–rigid bottom
This paper provides a (rigid–bottom) limit solution of
the general problem where the elasticity of the ocean
bottom is not neglected. Considering the elasticity of
the bottom, which is currently an ongoing research,
results in Rayleigh or Scholte type of waves (e.g.,
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see [14]; [13]), and thus important for discussing the
properties of real waves measured in the ocean.
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