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Abstract: – This paper intends to present different models for optimal management of the extraction process in 
an oil drilling and extraction unit. In the beginning, the article deals with models related to under-balanced 
drilling to demonstrate that applying such methods is instrumental in increasing productivity by reducing the oil 
well formation damage, as well as helping to improve well performance. The article then analyses both hydro-
geological wells productive capacity and estimation of oil deposit reserves through the production decline 
method. While characterizing the rate of decrease in production of an oil deposit, the declining oil production 
term is introduced, defined as both the actual decline and the nominal decline. To estimate the production of 
crude oil from deposits, analytical models have been developed corresponding to different geometric 
configurations. Some models consider oil as an incompressible fluid, while others (more complex) take account 
of its compressibility; this is corroborated with the modeling of stationary (independent of time) and non-
stationary motions. In the end, the paper discusses that a model for optimal management of the extraction 
process implies determining an extraction policy that dynamically matches the extraction possibilities to 
beneficiaries' needs while maximizing/minimizing a performance objective function.   
 
Key-Words: – oil industry, matrix model restrictions, Darcy equations, decline oil production, under-balanced 
drilling, formation damage, skin factor, homogeneous porous environment 

 
 

1 Introduction 
Sustained development of production and the 
increase of its economic efficiency involves as a 
necessity the rational use and exploitation of 
material resources and energy. Therefore, increasing 
material and energy resource recovery is a major 
coordinate for economic growth and improvement 
in economic efficiency. 

On the other hand, viewing the problem from 
another angle, economic sustainability is not just 
how to become wealthy as a nation or as 
individuals. On top of GDP, exchange rates, 
inflation and profits are all part of this image, while 
economic sustainability involves production, 
distribution and consumption of goods and services 
as well.  

This concept is addressed to the unavailability of 
exhaustible resources, to the global constraints on 

growth and strategies for implementing proper 
environmental costs of pollution or other negative 
impacts generated by the company as a whole. The 
exchange of goods and services has a significant 
negative impact on the environment, and this 
situation will not change as long as the environment 
serves both as the exclusive source of resources and 
as the final destination of waste products. 

Since the under-balanced drilling is recognized to 
be one of the modern drilling methods, this may 
help to increase oil wells productivity as a result of 
reducing oil well formation damage and increasing 
oil well performance. 

This paper will therefore explore the possibilities 
of building a matrix model to determine an 
extraction policy that dynamically matches the 
extraction opportunities to beneficiaries' needs while 
maximizing/minimizing a performance objective 
function. 
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2 Modelling the under-balanced 
drilling  
One of the modern drilling methods, described 
through specific econometric models, but which has 
not been studied sufficiently as yet, is the under-
balanced drilling method. Applying under-balanced 
drilling is instrumental in increasing productivity by 
reducing the oil well formation damage, as well as 
helping to improve well performance.  

The formation damage means reducing the fluid 
flow capacity of reservoir bed rock around the oil 
wells. Flow capacity of fluids (oil, gas, water) is 
reduced through two ways:  

• reduction of reservoir bed rocks permeability;  
• reduction of fluid mobility.  

Mechanisms of formation damage concern:  
� Interaction between aqueous filtrate (from 

the mud or cement paste) and clay particles 
within the bed rock structure;  

� Invasion of solids from the mud or paste 
into the pores of bed rocks around the oil 
well;  

� Entrainment of solid particles inside the bed 
rock;  

� Deposit of inorganic products;  
� Deposit of organic products;  
� Formation of viscous emulsions difficult to 

remove;  
� Immobilization of fluids in different phases 

(gas, oil, water) in pores of bed rocks as a 
result of increased capillary pressure and 
changes of bed rock moisture;  

� Changing in moisture of the reservoir bed 
rock by adsorption of chemicals on the pore 
walls and the influence of temperature 
variation;  

� Generation of organic or inorganic products 
as a result of biological activity of bacteria 
that have penetrated into the bed rock pores.  

As the drill rig progresses in the productive area, 
it becomes exposed to the action of the drilling fluid 
which affects its permeability in the vicinity of the 
oil well. Formation permeability around the oil well 
is reduced due to the aforementioned mechanisms.  

The extent to which the permeability around the 
oil well has changed may be described with the aid 
of the permeability modification index:  

k

kk
i d
k

−
=  

where:   k -  permeability before formation damage,  
kd - permeability after formation damage.  

If the impaired area around the oil well is deemed 
as a crust, or a shell, then the skin factor is a non-

dimensional parameter characterizing the effect of 
this area upon the oil well flow.  

Hawkins defined the skin factor for radial-flow 
around a vertical plane oil well as follows:  
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where:  rs - the oil well radius,  
rd - radius of the contour of the altered area.  

The skin factor signifies an additional, non-
dimensional pressure that is necessary in order to 
achieve the same flow rate Q as in the absence of 
formation deterioration.  

Consequently, the flow expression for flat-radial 
flow is written as:  
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where:   h -  the drained layer thickness;  
pc - pressure on the drainage perimeter;  
ps - pressure inside the oil well;  
b -  factor in the volume of fluid;  
µ -  fluid viscosity;  
rc -  radius of the contour;  
r s – oil well radius.  

The skin factor is a global parameter that 
incorporates both intensive effects and some 
extensive effects on the formation damage around 
the oil well. It is evaluated by interpreting pressure 
diagrams recorded at oil wells testing, using 
different hydrodynamic methods for researching and 
analyzing the oil wells.  

If the area around the oil well is damaged, the 
skin factor s >0, which immediately leads to kd < k.  

In addition to the above-mentioned elements 
related to permeability reduction, the skin factor is 
also dependent upon:  

• invasion depth of the filtrated fluid;  
• penetration depth of the solid particles;  
• filtration rate etc.  

One may notice that the invasion depth of the 
filtrated fluids is greater than that of solids, 
sometimes reaching tens of centimeters.  

Aqueous filtrate of the non-mineralized mud 
obviously has a more pronounced effect when 
interacting with water-sensitive clay minerals.  

If this aqueous filtrate is mineralized, especially 
with potassium or calcium ions, the effect is greatly 
reduced.  

The penetration depth of solid particles is 
determined by:  

- size, shape and particle size distribution;  
- pore size and tortuosity;  

(1) 

(2) 

(3) 

WSEAS TRANSACTIONS on BUSINESS and ECONOMICS
Marius Bulearcă, Cătălin Popescu, 
Mihai-Sabin Muscalu, Constantin Ghiga

E-ISSN: 2224-2899 2 Issue 1, Volume 10, January 2013



- pressure difference between the layer and the 
oil well.  

In the presence of solid particles bed rock 
permeability is reduced, especially when some part 
of the pores is blocked.  

The phenomenon of solid particles penetration is 
prevented by the use of fluids with particles sized in 
such a way so as to block the pores without going 
inside the bed rock (still a several millimeters depth 
flat-cake is formed inside). If the particles are 
soluble, then they can be removed. For instance, 
calcium carbonate particles are dissolved with 
hydrochloric acid, while the polymers are degraded 
by hypochlorite or enzymes etc.  

Regardless of the type of the mud used for the 
opening of productive layers, it is desirable that its 
filter speed should be as small as possible, and the 
clogging flat-cake to be as thin as possible.  

But the "ideal" solution for all of the above issues 
can be the under-balanced drilling. 

When the pressure of the oil well is smaller than 
the pressure of the crossed bed rocks pores, there are 
no pressure forces to push the liquid phase and solid 
particles into the pores.  

The forces produced by the difference in 
chemical potential between mud and layer and by 
gravity within higher inclinations oil wells generally 
have less significant effects. The result is an 
increase in oil wells productivity, at least in the 
initial phase of the operation. 

Moreover, when discovering a productive area 
and the oil well is under-balanced drilled, gas or oil 
penetrate into the oil well and reach the surface. 
Through adequate monitoring of the mud that comes 
out of the oil well, the presence of hydrocarbon 
bearing zones can be detected without the need to 
utilize core and detritus analysis, geophysical 
logging or layers testing. If the oil well is left to 

debit, through an appropriate production system at 
the surface, the oil well productivity can also be 
quantitatively assessed. Furthermore, the pressure 
inside the pores and the layer permeability right 
during the drilling process may be assessed. 

At the same time, by reducing the pressure on the 
oil well’s foot, the conditions of bed rocks 
displacement and detritus disposal are improving. 
As a result, the advancing speed of the drilling rig 
will increase. When drilling with air or other gases, 
the advancing speed of the drilling rig may increase 
by several times. Consequently, the pressure on the 
drilling rig can be reduced and the oil wells 
deviation trend will be reduced. 

For the same reasons, the drilling rig working 
time increases. Under these conditions, as a final 
result, total costs of operating the oil wells are 
reduced. Therefore, a model needs to be built in 
order to assess oil output and thus determine the 
optimal oil extraction process that matches the 
managerial purposes of our analysis. 
 
 

3 Hydro-geological wells productive 
capacity  
To establish hydro-geological wells productive 
capacity Q (that is the extracted water flow output) 
it is necessary to know the coefficient of 
permeability k (determination may be made: using 
the Darcy equation methodology; with some 
empirical formulas; when disposing of a group of 
wells - by pumping from a reference well etc.). 

Figure 1 shows the case when the production 
layer’s couch and roof are impermeable, the 
hydrostatic level coincides with the lower roof, and 
the well penetrates the entire length of the 
productive layer.  

 

 
 

Fig. 1 Perfect oil well with free level layer 
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Notations in the figure are:  
H is the thickness of the productive layer 

(coincides therefore with the hydrostatic 
level);  

ho – hydrodynamic level of well’s hole;  
r o – radius of well’s hole;  
R – radius of influence.  

According to Darcy's equation, to any point on 
the piezometric curve (for radius r and level h), the 
penetration speed is:  

dr

dh
kv =  

 

It then results the continuity equation:  

vAQ =  

where:  

rhA π2=  

thus leading to:  

rh
dr

dh
kQ π2=  

and by separating variables:  

khdh
r

dr
Q π2=  

After integration, when the limits are ro and R for 
r, and ho and H respectively for h, Q is reached:  

( )

or

R
hHk

Q
ln

22 −= π
 

which is the hydro-geological well’s productive 
capacity we were seeking.  
 
 

4 Models for the production of oil 
deposits  
To estimate the production of crude oil from 
deposits, analytical models have been developed 
corresponding to different geometric configurations. 
Some models consider oil as an incompressible 
fluid, and others (more complex) take account of its 
compressibility. Finally, the motions to be modeled 
shall be either stationary - independent of time -, or 
non-stationary.  

The following incompressible liquid stationary 
motions are considered, characterized by the 
condition: dp / dt = 0, at any point in the motion 
range and at any time t. Fundamental equations 
solutions obtained for these motions can be used 
either to qualitatively study certain aspects of non-

stationary motions, or to study non-stationary 
motions through methods that assimilate them with 
a succession of stationary states.  
 
4.1 Dimensional motion in a homogeneous 
porous environment 
Let’s consider a homogeneous and isotropic porous 
environment, of rectangular shape (figure 2), with 
waterproof sides and permeable bases 
(perpendicular to the axis Ox). Through this porous 
environment incompressible fluid filters between 
pressure pc and ps (pc > ps) constant in time (for the 
motion to be stationary), at the volume flow rate Q.  
 

 
 

Fig. 2 One-dimension motion range of a liquid through a 
homogeneous porous environment 

 
Fundamental equations of the motion are: linear 

filtration equation (equation of Darcy), continuity 
equation and state equation, which in terms of a 
single component of filtration velocity and 
incompressibility of the liquid may be reduced to 
the following relations:  

( ) const.,0
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Replacing from (10) the first and the third 
equation into the second, we obtain the differential 
equation of motion:  
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whose solution:  

                                    ,bxap +=                      (12) 

is associated with the boundary conditions:  

                            




==
==

.,la

,,0la

c

s

pplx

ppx
                    (13) 

Replacing the solution at (12) to the boundary 
conditions (13) we obtain the equality:  

,, blapbp cs +==  

leading to the equations of  integration constants:  

s
sc pb

l

pp
a =−= ,  

while pressure variation law (12) becomes:  

(4) 

(5) 

(6) 

(7) 

(8) 

(9) (10) 
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Introducing derivative dp / dx obtained from the 
equation (14) into the first relation (10) then the 
filtration rate equation is:  

                        ,
l

ppk
v sc−

µ
−=                       (15) 

which replaced into the macroscopic continuity 
equation:  

                              vAQ= ,                           (16) 

where A is the cross-sectional surface area of the 
porous environment, gives the volume flow equation 
we were seeking:  

                        
( )

.
l

ppkA
Q sc

µ
−=                     (17) 

 
4.2 Two-dimensional motion in a 
homogeneous porous environment  
 
4.2.1 Flat radial motion 
Let us consider an oil well that crosses the entire 
thickness of the productive wall, receiving fluid 
through its natural wall, and call it the perfect oil 
well from a hydrodynamic point of view. If the 
productive layer is horizontal with a constant 
thickness h, and the oil well produces the constant 
pressure pc, at a constant pressure ps of a coaxial 
cylindrical zone with the outer border of radius rc, 
(figure 3), then the radial motion is flat radial 
stationary, generally speaking.  

 
Fig. 3 Configuration of the flat radial motion of a fluid 

through a homogeneous porous environment 
 

Notation used in figure 3 has the following 
meanings:  

rs – oil well radius;  
rc – supply radius contour (border);  
ps – oil well dynamic pressure at a certain 
depth (measured from the average depth of 
perforated interval),  
pc - static pressure of productive layer, 
called the supply pressure on the perimeter.  

Providing the stationary character of the motion 
generated by the oil well, the condition that the 

pressure pc is constant is satisfied if through the 
outer border radius rc, which must be permeable and 
it is named supply border, a quantity of fluid equal 
to that produced by the oil well enters into the 
drainage area of the oil well.  

Given the axial symmetrical character of the 
motion, cylindrical coordinates for flat motion are 
reduced to polar coordinates r, q. Under these 
conditions, microscopic continuity equation 
associated with state equation of incompressible 
liquid is reduced to:  

                               ( ) ,0
1 =rvr

rr d

d
                    (18)  

where the radial velocity, which is the only 
component of the velocity filter, is given by Darcy's 
law:  

                             .
r
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vv r d

d

µ
−==                       (19) 

From relations (18) and (19) follows the 
differential motion equation:  

                             ,0
d

d

d
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r

p
r

r               (20) 

that is successively integrated until leading to the 
solution:  
                             p = a ln r + b,                          (21) 
which is the pressure variation law and is associated 
with boundary conditions (as shown in figure 3):  
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By replacing the conditions (22) into (21) we 
obtain the equation for the two constants of 
integration:  
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and pressure variation law (21) becomes:  
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If the pressure derivative dp / dr is replaced in 
the Darcy equation, the filtration velocity equation 
is established:  

                          ,
1

ln r
r

r
ppk

v

s

c

sc −
µ

−=                  (24) 

which introduced into the macroscopic continuity 
equation (16), where the normal section at filtration 
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velocity at any point has the form of a cylinder of 
any radius r , the area of this section being:  
                              A = 2 π r  h ,                      (25) 
leads to the equation of the incompressible fluid 
flow volume of the oil well:  

                         
( )

.
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c
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r
b

pphk
Q
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−π=                (26) 

In the previous equation we have considered an 
oil well. For the oil flow to be expressed at the 
surface conditions (at the pressure in the storage 
tank that is practically equal to atmospheric 
pressure), in the denominator of equation (26) the 
oil volume factor bt was introduced, being defined 
as the amount of oil at deposit conditions that 
corresponds to the oil unity volume under surface 
conditions. Given that, at the deposit pressure, the 
oil contains a significant amount of dissolved gases, 
which are separated in the liquid phase prior to its 
tank storage, volume factor of the oil has a value 
higher than the unity.  

Figure 4 shows the variation graphics of 
filtration speed and pressure as related to the radius. 
It is noted that the maximum values of gradients 
pressure and velocity are recorded in the vicinity of 
the oil well, which highlights the importance of this 
area to the oil well production flow.  
 

 
 
Fig. 4 Graphic of filtration speed and pressure as related 

to the radius, according to the stationary flat radial 
motion of a liquid 

 
The ratio between the oil well flow and 

differential pressure of production is called the oil 
well productivity index and has the expression:  
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Specific productivity index is the ratio between Ip 
and the thickness h of the productive layer, ie:  
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while the capacity:  

                              hkC=                            (29) 

is called the collector oil layer production capacity. 
The parameters Ip and Ips directly characterize the 
performance of the oil extraction well.  

From equations (26) and (27) we see that 
productivity index is the slope Q (pc - ps), and is 
called the indicating diagram (figure 5). In the area 
of validity, for Darcy's equation upper limited by the 
critical point C, the indicating diagram is the straight 
line described by the equation (27), while in 
nonlinear filtering the indicating diagram is a curve 
with decreasing slope.  
 

 
 

Fig. 5 Graphic of volume flow according to the 
differential pressure under flat radial motion of a 

stationary liquid 
    

One of the main purposes of oil extraction 
technology is to increase productivity index of each 
well to the maximum possible values from an 
economical point of view. This process is known as 
stimulation of wells productivity and can be done 
through various ways, which can be deduced from 
the analysis of how each factor in relation (27) 
should be amended to increase the productivity 
index.  

Increasing the permeability k through hydraulic 
acidizing or cracking and thermal methods for 
viscosity lowering (as cyclic steam injection in the 
productive layer) are the main ways to boost 
productivity of oil wells.  

By stimulation, oil recovery period is reduced as 
effect of increasing the extraction rate, but this does 
not necessarily imply obtaining an increase of the 
final recovery factor as well.  

Methods to increase the final factor involve 
enhancing the natural energy of a deposit.  
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Thus, while displacement (washing) crude oil 
with steam, which is a way of increasing the 
ultimate recovery factor, leads to an increase of the 
total energy of the system, most of the heat supplied 
to the deposit in the cyclic steam injection (which is 
a method of stimulating oil wells productivity) is 
lost during production as a result of thermal 
conduction towards impermeable layers from the 
collector’s roof and couch, and during heat transport 
to the surface at the same time with heated fluids 
produced by the oil well.  
 
4.2.2 Motion generated by an oil well 
eccentrically located in a circular contour supply 
deposit  
Let us consider the motion generated by an oil well 
under the conditions mentioned in the previous 
paragraph, the only difference being that the oil well 
is placed eccentrically, at a distance d from the 
center of the circular contour supply of radius rc.  

To study this motion, the method of complex 
variable functions associated to flat potential motion 
can be used. In this regard it is noted that if the 
function is defined as:  

                            ,p
k

µ
−=ϕ                        (30) 

velocity components presented according to Darcy's 
law as follows:  
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−=
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take the form:  

                           ,,
y

v
x

v yx ∂
ϕ∂=

∂
ϕ∂=               (32) 

showing that the two-dimensional motion of single-
phase incompressible fluids in porous homogeneous 
environments behaves like a potential motion with 
speed potential j. Neglecting the oil well radius rs 
related to radius rc of the supply contour, the oil well 
can be assimilated to a linear distribution of 
negative sources. 

The complex potential of the motion generated 
by the oil well in the plane xOy in figure 6 is given 
by:  

                          ( ) ( ) ,ln
21 δ+
π

−= z
h

bQ
zf t           (33) 

where z = x + iy , Qy and Qbt are expressed as oil 
flow at oil deposit conditions (corresponding to flow 
Q at surface conditions), while complex number z1 

which defines the position of the oil well to the axis 
system is expressed as:  

z1 = x + δ + i y = z + δ 

The oil well was considered as a negative flat 
source, S1, because it absorbs fluid from the motion, 
while intensity (flow) flat source is the ratio 
between flow rate and length h of the linear source.  
 

 
Fig. 6 The two flat sources equivalent to the motion 

generated by an eccentrically located oil well 
 

For the extension of the motion (which can nly 
take place within the circle of radius rc) throughout 
the plane xOy, a positive source S2 (considered as an 
injection well, with intensity, or volume flow, + Q) 
is introduced, symmetric to the circle in point S2, 
located from the field motion center at a distance:  

                             .2 δ= crD                          (34) 

Thus, the motion generated by the eccentric oil 
well of an oil deposit can be studied using the model 
of flat potential motion generated by two sources of 
opposite sign.  

As a result, the complex potential of source S2 is 
expressed as:  

                         ( ) ( ) ,ln
22 Dz

h

bQ
zf t +

π
=             (35) 

and the complex potential of the resulting motion is 
obtained by summing the complex potential of the 
two sources as follows:  
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Writing that:  
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equation (36) becomes:  
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and the real part becomes:  
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While introduced in (30), gives the pressure 
equation:  

                        ,ln
2 1

2 C
r

r

hk

bQ
p t +

π
µ

−=               (39) 

where r1, r2 are the bipolar coordinates defined in 
figure 6, and j0 is the potential value at speed r = rs.  

To express the boundary conditions it is assumed 
that the point M in figure 6 is successively owned by 
the oil well wall and supply contour.  

If M belongs to the border of radius rs, the first 
boundary condition takes the form:  
       .,for 21 ss ppDrandrr =−== δ      (40) 

If M is on the outer border of the oil well area 
(figure 7), based on the relationship of symmetry to 
the circle (40) it results that triangles OS 1 M şi OS 2 
M are alike. 
 

 
Fig. 7 Illustration of the condition that the point M 
belongs to the outer border of the eccentric oil well 

drainage area 
 

We write the equations expressing the two 
triangles’ side proportionality:  
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and the second boundary condition as follows:  
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Substituting the boundary conditions (40) and 
(41) in equation (39), the following equations are 
obtained:  
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For constant C and oil well flow rate Q, from 
equations (42) results:  
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Introducing expressions (43) and (44) into (39), 
pressure variation law in bipolar coordinates 
becomes:  
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−−=            (45) 

Returning to Cartesian coordinates, then 
multiplying by 2 the numerator and denominator 
from the right ratio of the equation (45) in order to 
eliminate radicals, we obtain the equation:  

        
( )[ ]
( )[ ] ,ln

ln2
222

222

22 yxr

yDx

rr

r

pp
pp

c

sc

c

sc
c

+δ+
++δ

δ−
−−=    (46) 

expressing the pressure variation law in Cartesian 
coordinates.  
 
4.2.3 Motion generated by an oil well in a deposit 
with linear supply contour  
If, under the conditions from the preceding 
paragraph, we note the oil well finite distance to the 
contour (rc – δ) with d and admit that the supply 
border has an infinite curvature, then this border will 
practically be linear and of infinite length. To extend 
the motion range from the upper semi plane xOy to 
the entire plane, a fictitious positive source of 
strength + Q is introduced, symmetrical with the 
supply contour (figure 8).  
 

 
 

Fig. 8 The two sources system equivalent to motion 
generated by an oil well located in the vicinity of a supply 

infinite linear border 
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Adding the complex potentials of the two 
sources, expressed as:  

( ) ( ) ( ) ( ) ,ln
2

,ln
2 21 diz

h

bQ
zfdiz

h

bQ
zf tt +

π
=−

π
−=   (47) 

for the complex potential of the resulting motion the 
following equation is obtained:  

                      ( ) .ln
2 diz

diz

h

bQ
zf t

−
+

π
=                   (48) 

To separate the real part of complex potential 
(48), we write the complex numbers z1 and z2 as 
follows:  

21 e,e 2211
θθ == ii rzrz  

and for f (z) an expression identical to  function (37) 
is obtained, where r1 and r2 are bipolar coordinates 
defined in figure 8. The speed potential j and 
pressure p are expressed by equations (38) and (39).  

The boundary conditions associated to equation 
(39) occurs if point M belongs to the oil well border 
(circle of radius rs), supply contour (Ox axis) 
respectively, and can be expressed by the following 
relations:  

        




==
===
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,,2afor

21
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c

ss

pprr

ppdrndrr
     (49) 

By applying these conditions to the pressure 
equation (49) we obtain the equation system:  
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resulting the equation:  
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that allows expressing the volume flow as follows:  
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.
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Q
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−π
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If the second relation in (50) is replaced in 
equation (39) and then changed to Cartesian 
coordinates, the variation pressure law is:  
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If the supply border has a finite length, equal to 
2, and the oil well is symmetrically placed to the 
ends of the border, the relation (51) takes the form:  
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Q
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showing that if 22 ad  is negligible compared to the 
unity (i.e. oil well is situated at a relatively short 
distance from a supply contour of relatively high 
length), supply border behaves as if it had an infinite 
length.  
  
 

5 Estimation of oil deposit reserves 
through production decline method  
In order to characterize the rate of decrease in 
production of an oil deposit, the declining oil 
production term was introduced, which can be 
defined both as the actual decline:  

,
i

i
e Q

QQ
D

−=   

or the nominal decline:  

( ) .
d

d1
ln

d

d

t

Q

Q
Q

t
D −=−=  

The actual decline is a step-by-step type function 
(monthly, quarterly, annual etc.., depending on the 
time span referred to flow Q), while the nominal 
decline, which is a continuous function, having a 
positive value and being defined as the slope of lnQ 
= f (t) in a current point, works much better for a 
theoretical interpretation.  

By using production input data from a large 
number of oil deposits it is demonstrated that the 
graphics showing the deposits production decline 
can be characterized by three types of nominal 
declining: constant, hyperbolic and harmonic.  
 
5.1 Constant production decline 
If the production decline is constant, equation (55) 
becomes:  

,ln tD
Q

Qi =  

that allows writing the following law for flow 
variation:  

,e tD
iQQ −=  

Hence, the cumulative oil production will be 
defined by the relationship:  

(54) 

(55) 

(56) 

(57) 
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t

p tQN

0
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which, based on equation (57), becomes:  

.e
0 D

QQ

D

Q
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t
tDi

p
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== −
 

As the flow exponentially decreases over time, in 
some works, the constant decline is improperly 
called as the exponential decline.  

The moment to abandon the deposit (that is the 
time operation length), based on the output of 
abandonment Qa and established on economic 
criteria, results from the equation (56):  

.ln
1

a

i
a Q

Q

D
t =  

 
5.2 Hyperbolic production decline  
This type of decline is expressed as:  

,nQcD =  

where: c is the decline coefficient ,  
n - decline exponent.  

Replacing the previous relationship in equation 
(55), the following equality is obtained:  

,
d

d1 nQc
t

Q

Q
=−  

where, after separation of variables, integration and 
rearrangement of the terms, the flow equation is 
obtained:  

( )
.

1 1 n
i

i

tDn

Q
Q

+
=  

Thus, the decline coefficient c can be expressed 
in terms of the initial decline Di and the initial flow 
rate Qi  as follows:  

.n
ii QDc =  

As one may see, for n = 0, equation (61) 
corresponds to the constant decline.  

Under such conditions, the cumulative oil 
production is given by equation (59) associated with 
equation (63). After integration the following 
equation is obtained:  
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The moment of abandonment results then from 
equation (65), as follows:  

.
1

1
i

n

a

i
a DnQ

Q
t














−










=  

 
5.3 Harmonic production decline  
Harmonic decline is the particular case for the 
corresponding hyperbolic decline when n = 1. As a 
result, relations (61) to (66) become:  

,
1

1,,
1

,
ia

i
a

i

i

i

i

DQ

Q
t

Q

D
c

tD

Q
QQcD 








−==

+
==  

and based on equation (58) and the second equality 
(67), oil cumulative production is expressed as 
follows:  

.ln
Q

Q

D

Q
N i

i

i
p =  

Extrapolation of production decline curves is one 
of the oldest and most frequently used methods of 
engineering to oil deposits. It consists in providing 
flow and cumulative production based on the 
equation (61), by determining the exponent n that 
reproduces production data recorded on a conclusive 
time span.  

A new focus in the practice of decline curve 
analysis was established in 1968 by Slider, by 
introducing the method of theoretical curves overlap 
(drawn on transparent paper) against the curves 
obtained from the oil production database. In 1972, 
Gentry drew two graphics that can be used for rapid 
extrapolation of hyperbolic and harmonic type 
decline curves.  

In some cases, due to the effects of deposits’ 
physical characteristics (layers with different 
permeability opened throughout the same oil well), 
of reservoir fluid properties and of mechanisms of 
primary recovery, values greater than the unit were 
obtained for decline exponent n. Nevertheless, 
extrapolation of flow-time curves is one of the most 
effective methods used to estimate the primary 
resources of crude oil.  

Taking into consideration these findings, the 
following application aims at modeling the oil 
extraction process. 
 
 

6 Modelling the oil extraction process  
Building the model of an oil extraction process 
requires writing the mathematical model whereby an 
input data needs to be identified, as well as the 
variables that describe this extraction process, as 
follows:  

(58) 

(59) 

(60) 

(61) 

(62) 

(63) 

(64) 

(65) 

(66) 

(67) 

(68) 
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6.1 Model parameters  
a. Input data. Firstly, we have to identify the data to 
be used in our model:  

n - total number of oil wells in operation in 
the oil drilling and extraction unit;  
∆i - unit flow of oil well i that extracts the oil, 
i = 1, 2,..., n, <t/h>;  
εI - average power absorbed by oil well i, 
<kw>;  
Cj - tank j storage capacity, j = 1, 2, …, m, 
<t>;  
α - separation coefficient on the first track (α 
<1);  
β - percentage of petroleum gas (β <1);  
α2 - separation coefficient on the second track 
(α2 = 1 - α)  
α1 – degasolination coefficient (α1 <1, α1 = α 
- β)  
N - number of intervals within the time frame;  
f1(k) - amount of oil that is delivered to clients 
on the first track, for each time interval, K = 
0,1 ,..., N-1, <t>;  
f2(k) - idem, on the second track, <t>;  
p - scheduled volume of extraction, <t>; 
f3(k) - amount of petroleum gas to be 
delivered to clients according to delivery 
schedules, <m3>;  
E - electricity amount allocated to the oil well 
throughout the time horizon, <kwh>;  
xs

j - value of safety oil stock in tank Cj;  
 
b) Variables. The second step is to set up the 
variables that will better describe the oil extraction 
process:  

Ui(K) - control variable representing the 
lifetime of the oil well on time interval K, 
<hours>;  
Xj(K) - state variable showing oil stock in tank 
Cj at time K, <T>.  

 
6.2 Model equations 
The next step is to define the equations that will 
help building up the model, as follows: 
 
a) State equations. For each variable Xj(K) we write 
a state equation describing the evolution of oil stock 
in tank Cj at two consecutive time moments K and 
K1. The equations are:  

)()()()1( KfKQKXKX jjjj −⋅+=+ α  

b) The equation for extraction distribution by oil 
wells. This equation allocates the amount of 
extracted oil Q(K) to each oil well, resulting 
therefore in oil wells extraction schedule:  

∑
=

⋅∆=
n

i
ii KUKQ

1

).()(  

 
6.3 Model restrictions 
The final step is to find those mathematical 
restrictions that may be applied in the oil industry in 
order to determine the optimal oil extraction 
process, as follows: 
 
a) The values of control variables Ui(K) and the 
values of state variables Xj(K) are upper limited:  

U K Q Ki i( ) ( )≤  

At the same time, the values of crude oil inventories 
Xj(K) are upper limited by storage capacity Cj:  

X K Cj j( ) ≤  

b) Delivery terms. The quantities of crude oil in 
tanks held for supply need to be lower limited to the 
safety stock level, to ensure a continuous supply of 
crude oil to beneficiaries:  

X K Xj j
s( ) ≥  

Taking into account that oil well gas is delivered 
directly to consumers for their continuous supply, 
the following condition must be provided:  

βQ K f K( ) ( )≥ 3  

c) Initial conditions. At the moment when K = 0, 
crude oil stocks in the capacities Cj must have the 
known values X0j:  

X Xj j( )0 0=  

d) Final Terms. Setting a final condition upon the 
stock is necessary to ensure continuous supply in 
crude oil to beneficiaries even in the moment 
following the expiry of the time horizon on which 
the study is based:  

X N Xj j
N( ) ≥  

e) Negativity conditions of the variables. Since the 
state variables Xj(K) are lower limited by safety 
stocks and by final terms, negativity conditions will 
be set only for control variables, and are:  

U Ki ( ) ≥ 0  

f) The condition set for the planned production 
schedule is:  

∆ i i
i

n

K

N

U K P⋅ ≥
==

−

∑∑ ( )
11

1

 

This equation describes the allowable extraction 
schedule.  

(69) 

(70) 

(71) 

(72) 

(73) 

(74) 

(75) 

(76) 

(77) 

(78) 
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6.4 Ranking the extraction schedules 
Ranking these extraction schedules can be 
performed through setting the performance index, 
which, according to the previously discussed 
optimization process requirements, we consider to 
be minimizing the total energy consumption 
involved by the extraction process:  

∑∑
−

= =

⋅
1

0 1

)(min
N

K

n

i
ii KUε  

At the same time, ranking these extraction 
schedules can also be achieved by maximizing the 
total quantity of crude oil extracted throughout the 
entire process over the complete time horizon, 
namely:  

∑∑
−

= =

⋅∆
1

0 1

)(max
N

K

n

i
ii KU  

And this is the output we were seeking in order 
to dynamically determine the oil extraction process 
for an optimal management that matches the 
purposes stated in the beginning of our analysis. 
 
 

7 Conclusions  
In conclusion, the present paper has aimed to build a 
dynamic model that can allow for optimal 
management of the oil extraction process. We initially 
analyzed the effects of the usual drilling process, 
showing the oil extraction process adverse impacts on 
efficiency. We then proposed under-balanced drilling 
as a modern, yet insufficiently studied, solution to an 
optimal and efficient management of the drilling 
process.  

Then, we have analyzed the hydro-geological 
wells productive capacity that led us to better 
estimate the oil deposit reserves through production 
decline methods. For studying the rate of decrease in 
production of an oil deposit, the declining oil 
production term was introduced, which was defined 
as both the actual decline and the nominal decline 
(respectively, constant, hyperbolic and harmonic 
production decline types).  

To estimate the production of crude oil from 
deposits, analytical models have been developed 
corresponding to different geometric configurations. 
Some models consider oil as an incompressible 
fluid, and others (more complex) take account of its 
compressibility. Finally, the motions to be modeled 
were considered either stationary - independent of 
time -, or non-stationary.  

Fundamental equations solutions obtained for 
these motions can be used either to qualitatively 
study certain aspects of non-stationary motions, or 

to study non-stationary motions through methods 
that assimilate them with a succession of stationary 
states.  

And the end of our analysis, through the use of 
various mathematical models applied to the conditions 
and restrictions particular in the oil industry, we 
managed to determine an extraction policy that 
dynamically matches the extraction possibilities to 
beneficiaries' needs while maximizing/minimizing a 
performance objective function (respectively, the total 
quantity of crude oil extracted, and minimizing the 
total energy consumption involved by the extraction 
process).   
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