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Abstract: Using real time control (RTC) techniques to improve urban drainage system performance is proven to be
an effective solution for alleviating urban flooding. Many modeling methods of urban drainage systems have been
introduced in existing literatures to accommodate different situations and scenarios. Nonlinear hydrologic models
are useful for detailed simulations in pipes and sewers. However, to utilize RTC requires users to establish suitable
models that both reflect physical characteristics of the system while not over complicating with unnecessary de-
tails. A mixed integer system was proposed where hybrid Model Predictive Control can be used to compute control
actions in previous literature. However, the complexity of solving associated optimization problem grows expo-
nentially with the size of the system and therefore, the computation time renders direct application of such method
infeasible. This paper investigates the possibility of partitioning the system into several subsystems with communi-
cations and instead of computing solutions in centralized framework, the control actions are obtained distributedly
by individual subsystems. The performance of decentralized schemes is demonstrated with numerical simulations
on a fictional sewage system composed of 13 tanks and 12 control follows under 4 rain scenarios corresponding
to different rain intensities. Decentralized Model Predictive Control is shown to have comparable performance
compared with the centralized framework while having significantly improved computation time. Two methods
are also presented to reduce pumping energy costs by harvesting rainfall energy.
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1 Introduction

Various studies indicate that extreme weather con-
ditions leading to increased flooding frequency and
severity may continue in the near future [1,2]. A re-
cent study estimated that the global cost of flooding
in the worlds 136 largest cities could rise to $52 bil-
lion a year by 2050, a significant increase from $6
billion in 2005 [3]. Thus, it is of growing interest
among both research and engineering communities to
improve city water management measures. Combined
urban sewage systems collect rainfall and waste water
from all parts of the city using open canals and sewer
pipes. The sewage is transported through interceptors,
weirs and main sewer pipes into temporary storage
tanks and waste water treatment plant before it is re-
leased to the environment. When severe regional rain

storm occurs, large volume of water can easily over-
load parts of the system and excess sewage is released
to the nearest receiving environment. The excess dis-
charge of rainfall along with untreated waste water,
known as Combined Sewage Overflow (CSO), endan-
gers city infrastructures and contains biological and
chemical contaminant which brings significant haz-
ard to public health. The associated social, economi-
cal and environmental costs prompted several propo-
sitions. A prevalent solution to the CSO problem is to
enhance existing drainage system by increasing stor-
age volume and water treatment plant capacity. Exam-
ples include the Tunnel and Reservoir Plan (TARP) in
Chicago [4] , Escola Industrial reservoir in Barcelona
[5] and Quebec Urban Communitys Westerly sewer
networks [6]. To take most profits of these expensive
infrastructures, it is necessary to apply real-time con-
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trol (RTC) techniques which can efficiently utilize the
total storage volume and avoid overflowing in parts
of sewage system while other parts operating under
capacities. Optimal control techniques can also help
operators to establish priorities among various objec-
tives by associating different weight factors and con-
straints. Model Predictive Control (MPC) [7], also
referred to as Receding Horizon Control, has proven
to be one of the most effective and successful con-
trol schemes for large interconnected systems [7, 8].
Using rain prediction over prescribed horizon, MPC
computes a set of decision variables over the horizon
as set points for lower level control objectives ahead
of time but the controller only implements control ac-
tions corresponding to the first sampling time and al-
lows for further update of weather condition, thus pro-
viding built-in robustness compared to other methods.
The ability to incorporate multi-objective and scala-
bility to large systems makes MPC applicable to urban
sewage system which is hierarchical and distributed
in nature. Nonlinear hydrodynamic models are use-
ful for detailed simulations and physical considera-
tions of flow conditions in pipes and sewers. However,
the partial differential equations involved often induce
significant computational burden and provide unnec-
essary details for real-time control purposes. Thus,
it is necessary to develop a model that captures sys-
tem dynamics and is easily expandable using teleme-
try sensory information. Several modeling techniques
have been presented in the literature [9]. The meth-
ods presented here follow closely the modeling prin-
ciples introduced in [5, 8]. By introducing logical
variables, nonlinear behaviors of the system, such as
change of modes of operations and overflowing at spe-
cific locations etc, can be described with a set of lin-
ear equations and constraints thus preserving convex-
ity with Mixed Logical Dynamic (MLD) [11] formu-
lation. Under this framework, the model for urban
drainage systems tends to have hundreds of decision
variables, depending on the level of interest and de-
sirable performance criteria, even for a neighborhood
of urban area. The complexity of solving such Mixed
Integer Linear Programming (MILP) problems grows
exponentially with the number of variables which hin-
ders its direct implementation. We therefore propose
to apply decentralized MPC methods where several
subsystems are formed and each of them only receives
local rainfall predictions and computes local control
actions in parallel. The total number of control actions
remains the same but are computed distributedly and
thus reducing the computation burden for each sub-
system. Neighboring subsystems communicate with
each other to exchange information on future actions,
inter-subsystem coupling and states estimate to com-
pensate for the lack of centralized information pro-

cessing. We compare the performance of centralized
MPC and decentralized MPC with several numeri-
cal simulations characterizing different rain scenarios.
The advantage of decentralized MPC is demonstrated
with significantly reduced computation time and mi-
nor performance loss compared with the centralized
MPC.

2 Method
Mathematical description of physical flow conditions
inside sewers and pipes can be achieved by solving a
set of partial differential equations involving flow con-
ditions and water levels in open sewers. However, the
extent of details provided by computing such solution
is unnecessary for our purpose of real time control and
the computation costs render such approach unsuit-
able for obtaining control actions in a timely manner,
especially for medium to large scale systems. There
exist several modeling techniques in previous litera-
ture that use linear models to represent the system by
considering a neighborhood of urban area as a virtual
reservoir [12]. Such formulation preserves the con-
vexity of the problem and therefore well-established
optimization techniques can be used off the shelf.
However, for urban drainage systems, there are in-
herent nonlinear dynamics that cannot be captured by
such formulation. We here follow the work of [5, 8]
by introducing continuous and binary logical variables
to describe system dynamics that may exhibit a non-
linear mode of operation depending on system states.

2.1 MLD Systems and Modeling
The Mixed Logical Dynamic systems are first intro-
duced by [11] where linear equations and inequal-
ities involving continuous and binary variables are
used to describe systems constrained by physical laws
and logical conditions. In such framework, mixed-
integer programming techniques can be used to de-
velop Model Predictive control strategies. The follow-
ing example system was taken from [11] to demon-
strate its application. Consider the following system:

x(t+ 1) =

{
0.8x(t) + u(t) ifx(t) ≥ 0

−0.8(t) + u(t) ifx(t) < 0
(1)

where t is the time step of consideration and we asso-
ciate the following condition with a binary variable:

δ(t) = 1⇔ x(t) ≥ 0. (2)

WSEAS TRANSACTIONS on SYSTEMS and CONTROL
Yichuan Li, Petros Voulgaris, 

Dusan Stipanovic, Zhenghua Gu

E-ISSN: 2224-2856 248 Volume 14, 2019



This can be equivalently expressed with the following
linear constraints:{

−mδ(t) ≤ x(t)−m
−(M + ε) ≤ −x− ε

(3)

where M and m are the maximum and minimum of
x(t) respectively and ε is a small positive scalar de-
pending computation accuracy. Let us introduce a
new variable along with following constraints:

z(t) ≤Mδ(t)

z(t) ≥ mδ(t)
z(t) ≤ x(t)−m(1− δ(t))
z(t) ≥ x(t)−M(1− δ(t)).

(4)

The evolution of the system can then be expressed by
the following linear difference equation :

x(t+ 1) = 1.6z(t)− 0.8x(t) + u(t) (5)

We now present urban drainage systems model
in the above frame work. The system is divided into
several catchments according to geography and their
coupling relationships with neighbors. Each one of
them are represented as a virtual tank [12] which ag-
gregates the total storage volume of a specified neigh-
borhood of urban sewage system. The total volume
can be computed by the mass balance of the inflows,
outflows and stored volume of rainfall. Some other
elements of sewage system can be incorporated into
this frame work easily such as detention tanks, diver-
sion gates, nodes and weirs.

Virtual and real tanks
The virtual tanks represent the primary storing el-

ement of each neighborhood. Considering the mass
balance of inflow and outflow, virtual tank discrete-
time dynamics can be expressed as follows:

vn(t+ 1) = vn(t) + ∆tϕnSnPn(t)+

∆t(qinn (t)− qoutn (t)− qdn(t)) (6)

where we use subscript to denote location and t for
time label. Furthermore, ∆t is the sample time, ϕn

is the ground absorption coefficient, Sn is the surface
area, Pn is the rain intensity and qinn represents the
combined input of manipulated flows and sewer flows
into the corresponding tank. When more water than
the storage volume of virtual tanks is sent to the tank,
excess amounts are redirected to other parts of sewage
system or to the nearest receiving environment. When
such overflows occur, we denote the extra flow path
created as qdn(t) which can be expressed as follows:

qdn(t) =

{
vn(t)−vn

∆t if vn(t)− vn
0 otherwise

(7)

where vn is the maximum capacity of n-th tank. Tank
outflows qoutn (t) are assumed to be proportional to the
tank volumes and represented as follows:

qoutn (t) =

{
βnvn if vn(t) > vn

βnvn(t) otherwise
(8)

where βn is defined as the volumetric flow coefficient
suggested in [10]. Real Tanks mentioned above repre-
sent the actual storage elements in the sewage system
such as reservoirs and detention gates where no exter-
nal environment input is received,

vreal(t+ 1) = vreal(t) + ∆t(qinreal(t)− qoutreal(t)).
(9)

Since real tanks are considered to be without over-
flowing capabilities and the upper limit capacities are
hard physical constraints in the sense that the inflow
into real tanks, qinreal(t), has to be pre-manipulated to
ensure the net input wont exceed the remaining capac-
ity at every time instant.

Controlled gates, sewer pipes and canals
In sewer networks, diversion gates are used to di-

vert flows to desired locations so that storage volumes
are fully utilized to avoid partial overflows and deten-
tion gates are used to temporally stop the flows at cer-
tain locations such as input nodes at real tanks. When
water is discharged from the tanks, it is transported
through weirs, open sewer pipes, canals and intercep-
tors to other parts of the system. It is possible that
the amount of discharged water exceeds the flow limit
of such elements and overflows occur. We distinguish
outflows of tanks as active controlled flows and pas-
sive transit elements mentioned above with the fol-
lowing characterizations. Assuming there are m sewer
paths and j controlled flows at n-th junction of out-
flows:

qoutn (t) =
m∑
i=1

qsi +

j∑
i=1

qui (10)

where qsi denotes the i-th passive transit element as
a default path for sewage flow, which can be further
expressed as:

qsi (t) = qoutn (t)−
∑

qu(t)−
∑
j 6=i

qsj (t)

if qoutn −
∑

qu(t)−
∑
j 6=i

qsj (t) ≤ qsi

qsi (t) = qsi otherwise (11)

where qsi is the flow upper limits for i-th sewer pipe.
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Using binary logical variables and linear inequal-
ity constraints, we collect system states into a column
vector v(t) and express the system evolution process
as a linear matrix equation defined in terms of sys-
tem states v(t), control actions u(t), continuous logi-
cal variables z(t) and binary logical variables δ(t) as

v(t+ 1) = Av(t) +B1u(t) +B2δ(t)+

B3z(t) +B4d(t) (12)

where Ai and Bi’s are constant matrices with appro-
priate dimensions and d(t) is the rainfall vector.

2.2 Optimization problem formulation
With above mixed integer dynamical system formu-
lation, we can pose the optimization problem with
desired objective functions where system state evolu-
tion is treated as constraints along with physical con-
straints and logical constraints associated with previ-
ously introduced logical variables. Many solvers can
then be used off the shelf to derive a solution with
finite horizon. Note that in this framework, we pre-
serve the convexity of the problem which facilitates
the computation process. We now briefly discuss the
form of constraints and objective functions used.

Constraints
In the previous section, we presented the con-

straints associated with logical variables which are
used to ensure exact correspondence between logi-
cal variables and logical events they represent. The
nonlinear behavior of the system is thus expressed
with linear equations along with linear inequality con-
straints. As we are manipulating the flow rates at var-
ious locations, physical constraints such as operation
range of control variables and mass balance at nodes
and junctions must be respected along with afore in-
troduced logical constraints. Special attention should
also be given to the manipulated flows which are di-
rected into real tanks with hard physical constraints.
Since the volume of the water inside a real tank can
never exceed its physical capacity, we have to ensure
that the net input into real tanks cannot be larger than
the remaining available storage room. Note that all the
constraints can be expressed linearly in terms of con-
trolled flows qui , logical variables δi and zi, system
states variables vi and constant parameters as follows
:

E2δ(t) + E3z(t) ≤ E1u(t) + E4v(t) + E5 (13)

whereEi’s are matrices of appropriate dimension with
entries of system parameters.

Cost functions
In most applications, the minimization of sewage

overflows on the city streets is of primary interest. By
redirecting sewage to other parts of the system, we
can fully utilize the storage volume and evenly dis-
tribute the sewage among the system, thus avoiding
situations when part of the system is operating un-
der capacity while other parts suffer from overload-
ing. This is usually achieved by manipulating flow
rates using hydraulic pumps installed at various lo-
cations of the system. Along with telemetry sen-
sors, minimizing installation and operation costs of
hydraulic pumps is also commonly pursued by users.
Due to limits on actuation range and the structure
of the network of interest, the location of installing
hydraulic pumps should be carefully considered. In
cities where frequent rainfalls with large intensities
are expected, operators also emphasize on maximiz-
ing available tank volumes at each time instant to ac-
commodate future rainfall. This objective is consis-
tent with reducing pollution to the environment as we
should maximize the volume of sewage being sent to
the treatment plant before it is released. Therefore, de-
pending on the size of the system, local environment,
city infrastructure and user objectives, cost functions
with different prioritized goals can be formulated eas-
ily within the framework constructed earlier. In the
following, we consider objectives commonly pursued
in most situations: minimizing overflows in urban
neighborhood (virtual tanks), minimizing overflows in
connecting sewer paths and minimizing energy cost
from pumping. Virtual tanks represent the total stor-
age volume in certain neighborhoods of an urban area.
These elements can easily be overloaded during ex-
treme weather conditions and avoiding overflows in
virtual tanks and sewer pipes is often the primary in-
terest. The formulation for their cost functions are
stated as below:

(1) Virtual tanks:

J1 =

{∑
(zi − vi) if δi = 1

0 otherwise
(14)

(2) Sewer pipes

J2 =

{∑
(qouti − qui − qsi ) if δsi = 1

0 otherwise
(15)

where δsi = 1 represents the logical event of overflow-
ing at i-th sewer path.

Electricity costs associated with manipulating
sewage with hydraulic pumps can be expensive
especially when large amounts of control actions are
required. And it is often a trade-off between reducing
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energy costs and minimizing overflows. We now
briefly discuss a potential approach [13] that can be
used to reduce energy cost by introducing two devices
that can harvest rainfall energy and generate electric-
ity. The first approach is characterized as Pressure
forebay (shown in Figure 1) which utilizes rainwater
collected from high altitudes such as building roof
top. The water collected will be transported through
pipes into pressure regulating bay. When enough
water is collected and reaches operating level, the
valve is opened, and water pushes through hydraulic
generator with constant pressure. The water will then
be directed to reservoirs in lower altitudes. When
collected water flow is not sufficient for generators
operating conditions, the valve will be closed. Pres-
sure forebay thus functions as both temporary storage
element and as a pressure regulating device.

Figure 1: Pressure forebay schematic

The second approach is characterized as Surface
aqueduct (shown in Figure 2) in which water with
comparatively large kinetic energy is collected and
directed through collecting tubes into surface aque-
duct. Once it is regulated through valves, water enters
the spiral case and pushes through turbine to gener-
ate electricity. The remaining water is then directed to
near storage elements for further recycling use. When
water exceeds the limit capacity of aqueducts and spi-
ral cases, the excess water will be directly discharged
through overflow holes into storage elements men-
tioned earlier. When the volumetric flow is deficient
for operating, the valve will be closed, and the gener-
ator stops working.

Generating electricity using rain energy shares a
lot of similarities as normal hydraulic power generat-
ing scheme. Normal hydraulic power generating re-
quires terrain altitude difference but the approaches
we presented here are more suitable for urban envi-
ronments and can be implemented as an extension to
the urban drainage systems. The amount of electric-
ity generated is directly related to the waterhead in
reservoirs. It is therefore most preferable to imple-
ment such methods at locations with high altitudes
and with large available collecting areas. Networks

Figure 2: Surface aqueduct

of these two devices can be formulated by connecting
them with water pipes to further increase power out-
put. A physical implementation of pressure forebay
is shown in Figure 3. It is installed on the roof of a
warehouse in Jinhua city, Zhejiang province, China,
as a prototype with collecting area of 1200 m3 , max-
imum water head 4.6 , maximum power generating
flow 2.5 L/s and with maximum power generation ca-
pability of 80 W. The rainfall is collected from the
roof and transported through pressure regulating bay
which provides stable flow for the hydraulic generator.
Other than providing extra storage volume, it provides
extra clean energy for daily use of the factory.

In this paper, we incorporate these devices into
energy cost functions by associating a lower cost co-
efficient with control actions where such devices are
implemented as follows:

J3 =
∑

Ci(d)qui ∆t (16)

where Ci(di) is a rainfall dependent cost coefficient
for pumping. Locations with rainfall energy harvest-
ing devices installed will have smaller coefficients.
Depending on the level of priorities, operators can as-
sociate different weight factors to each objective to ac-
quire desired performance,

J = a1J1 + a2J2 + a3J3 (17)

The sewage network management can now be posed
as an optimization problem with manipulated flow
and logical variables as decision variables constrained
by logical constraints, physical constraints and sys-
tem evolution dynamics. Using the state equation for
discrete-time dynamical systems, we can express the
states at arbitrary time instant of interest as a function
of initial states, control actions and logical variables
in previous sampling times as follow:
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Figure 3: Rainfall harvesting device implemented at
Zhejiang province

v(k) = Atv0 +
t−1∑
i=0

Ai[B1u(t− 1− i)+

B2δ(t− 1− i) +B3z(t− 1− i) +B4d(t− 1− i)].
(18)

We collect all the decision variables in a single column
vector as follows:

α , [u(0) . . . u(t)]T

β , [δ(0) . . . δ(t)]T

ψ , [z(0) . . . z(t)]T

γ , [α, β, ψ]T (19)

By reformulating the constraints inequalities and cost
function, we obtain the following mixed integer linear
programming problem :

min Lγ

s.t F1γ ≤ F2 + F3v0

γl ≤ γ ≤ γu (20)

where L collects all the constant coefficients of cost
functions, γl and γu corresponds to lower and upper
limit of logical variables and controlled flows, and
Fi’s are matrices of appropriate dimension.

2.3 Control strategy
Model Predictive Control (MPC) [7] is often used in
process control such as chemical plants, oil refiner-
ies and power electronics. With a dynamics model
that is usually linear and empirically derived from sys-
tem identification, MPC optimizes the prescribed cost
function over some finite horizon constituted by sev-
eral sampling time steps. Once the control strategies
are computed for the whole horizon, only the first

set of control actions are implemented and then the
controller re-solves the optimization problem with a
shifted horizon and it is therefore also known as Re-
ceding Horizon Control. MPC allows updated infor-
mation to be incorporated at the start of each optimiza-
tion iteration and therefore is able to accommodate for
future events and take actions accordingly. This ap-
proachs ability to allow for system modeling error and
the effectiveness of considering multi-objectives have
led to great results in practice. For sewage systems,
MPC is used to compute the decision variables (the
controlled flows) ahead of time according to a set of
control goals expressed as cost functions formulated
earlier with possibly different priorities. These com-
puted control goals can be achieved by local PID con-
trollers at each part of the sewage system.

The mixed integer linear programming problem
formulated in previous sections can be solved us-
ing MATLAB OPTI Toolbox [14]. However, in the
framework of MPC where we specify a horizon con-
stituted by several time steps, the optimization prob-
lem has to be solved repeatedly and the complexity
of solving such problem grows exponentially with the
number of variables. For urban drainage systems, it is
typical to establish system models with tens or even
hundreds of virtual tanks to achieve desirable perfor-
mance. Consequently, the search space becomes too
large to have the optimization problem solved in an
efficient manner that suits our real time control pur-
pose under a centralized MPC framework. It is also
difficult to adjust the centralized model when modi-
fications to the system are made, such as the afore-
mentioned addition of rainfall energy harvesting de-
vices. We therefore propose to partition the system
into several sections according to geographical prox-
imities and coupling relationships. Each subsystem
receives local rainfall prediction and considers neigh-
boring coupling as external disturbances. A controller
solves for local actions in parallel and exchanges in-
formation with neighboring subsystems to update ac-
tions taken and states estimate. If a local measure-
ment of the tank volume is available, the controller
does not need neighboring controller information to
estimate system states thus reducing communication
load. Similar to the centralized standard MPC, only
the first set of control actions are applied to the system
and each subsystem will solve the optimization prob-
lem again with updated information and shifted hori-
zon. Since each subsystem only receives partial infor-
mation and makes local decisions, the performance of
decentralized MPC is usually worse than centralized
one. However, the computation time can be signifi-
cantly reduced by breaking the large system into sev-
eral small ones as shown in Figure 4. There are natu-
rally different separation schemes depending on prior-
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ities on geographical consideration, coupling empha-
sis and information transmission. Under different rain
scenarios we expect different separating schemes to
have different performance. The decentralized MPC
algorithm is summarized as below.

Algorithm Decentralized Model Predictive Control
Input: system parameters, initial states, cost pri-

orities, horizon length and sampling time
1: Each subsystem i computes for γi by solving the

subsystem optimization problem with local rain-
fall prediction and assumed neighboring coupling
based on historical data.

min Liγi
s.t F1i ≤ F2i + F3iv0i

γli ≤ γi ≤ γui

2: Each subsystem implements the first set of solu-
tions and computes final states.

3: Neighboring subsystems communicate and up-
date for coupling information and final states over
the horizon.

4: Each subsystem receives new rainfall prediction
over shifted horizon and repeats step 1 with
updated coupling information from neighboring
controllers.

2.4 Simulation setup and solver
We demonstrate the application of the above model-
ing method and compare the performances of cen-
tralized and decentralized setting with a fictional ur-
ban drainage system composed of 13 tanks where 4
tanks are real. The form of rainfall data input was em-
ployed as those in [12] where intensity is measured
using a tipping bucket rain gauge. Each event of tip-
ping corresponds to a of rainfall and after appropriate
conversion, the rainfall prediction is provided to each
subsystem in unit of at the beginning of the horizon
and updated periodically before each optimization it-
eration. The system model has 12 control variables,
18 logical variables and 41 auxiliary variables with
parameters, including tank volumes, sewer flow ca-
pacity and hydraulic pump power, taken from [12].
The decentralized system is partitioned into 4 subsys-
tems, shown in Figure 4 with different colors, based
mainly on geographical considerations. The system
is designed to be able to implement negative inflows
to real tanks to respect hard constraints on real tank
capacity. Four real tanks are placed at locations to
reflect geographical separation and subsystem inde-
pendence. All sewage is transported through waste
water treatment plant (WWTP) before it is released to

the environment. The priorities are set on minimiz-
ing CSO volumes by considering a cost function con-
stituted by overflow volumes (J1 and J2) with cost
factor 1 and manipulated flow volumes (J3) with cost
factor 0.1. These cost factors can be adjusted depend-
ing on the level of emphasis placed on reducing over-
flows and saving electricity. The optimization hori-
zon is set to 5 with sampling time equals 300 seconds
and the performance of each system is compared with
length of 75 minutes with total of 15 sets of control
actions. Each horizon is ignorant of rainfall events
in subsequent horizons. This simulation is imple-
mented with MATLAB code and solved with OPTI-
BOX mixed integer linear programming on an Intel
i7-4700 MQ 2.40 GHz machine. The performance of
the two setup is compared under rain scenarios corre-
sponding to small, medium and large rainfall intensity.
We measure the effectiveness of each setup with total
costs, overflow reduction, total controlled sewage vol-
umes and computation time. The effect of geographi-
cal rainfall heterogeneity is also investigated by vary-
ing rainfall profile for each subsystem and we assume
all control action consequences finish propagating in
the prescribed sampling time.

Figure 4: Simulation system

3 Results
The performance of decentralized and centralized
MPC is summarized in Table 1 and Table 2 under sev-
eral characteristic rain events. In all cases, decentral-
ized MPC computes control actions that induce more
costs than centralized MPC as expected. Since each
subsystem of decentralized MPC only has local infor-
mation where couplings between neighboring subsys-
tems are considered as disturbances based on estima-
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tion without full control. The optimal control actions
under the small rainfall event are simple to derive as
the input quantity often does not exceed the capac-
ity of tanks or sewers. Therefore, no control actions
are required for most of the time during small rainfall
scenario and the sewage is transported by the default
sewer pipe. Since overflow is avoided in this case,
most of the costs come from controlling actions. The
improvement of computation time by using decentral-
ized MPC is not significant as the optimization prob-
lem is not hard to solve.

As rainfall inputs start increasing, the system dy-
namics become more complicated and computation
time increases for both control strategies. Overflows
also start occurring at locations where input exceeds
elements capacities. In a medium rainfall scenario,
the computation time of decentralized MPC is signif-
icantly reduced (7% of centralized MPC) with 22%
more induced costs. The advantage of decentralized
MPC is mostly pronounced in this rainfall scenario in
which overflows can be kept small if optimal solution
is implemented. For centralized MPC, the computa-
tion time can render physical implementation mean-
ingless especially if large system is involved when
computation time might exceed the sampling time. In
a large rainfall event, significant overflow occurs for
both control strategies and the advantage of decentral-
ized MPC in terms of computation time is less obvi-
ous. We observe that the computation time of cen-
tralized MPC decreases for the storm scenario where
large quantity of rainfall enters system in short amount
of time. This is possibly due to the fact that the sys-
tem reaches the saturation state and the only available
action is to use maximum pumping power.

Table 1: Computation time (s) comparison

Rain profile Decentralized Centralized

Small rain 2.32 14.36
Medium rain 4.83 68.72
Large rain 14.21 69.76
Storm 39.04 64.89

Table 2: Overflow volume (103m3) comparison

Rain profile Decentralized Centralized

Small rain 0.43 0
Medium rain 8.44 6.89
Large rain 53.82 38.96
Storm 192.87 174.91

(a) costs trajectory (b) controlled volume

Figure 5: Small rainfall scenario

(a) costs trajectory (b) controlled volume

Figure 6: Medium rainfall scenario

The total costs (including overflows and opera-
tion costs) and total controlled flow volumes compar-
ison is shown in Figures 5,6,7, and 8 for different rain
events. It is obvious that more control actions are
implemented as the rainfall inputs increase for both
decentralized MPC and centralized MPC. Centralized
strategy clearly computes more optimal control ac-
tions as it achieves the goal of minimizing overflows
even with less control. The performance of decen-
tralized MPC can be further improved by installing
rainfall energy harvesting devices discussed in Sec-
tion 2.2. Two control strategies can generate very dif-
ferent solutions under the same rainfall event as shown
by system trajectories and control variable activations.
Since during each horizon, the rainfall prediction of
subsequent horizons is unavailable, it is possible that
tank volumes are not drained with maximum capac-
ity and results in overflow surge at the start of a new
horizon when rainfall inputs suddenly increase. Such
problems can be addressed by adjusting control hori-
zon according to rainfall predictions data or by penal-
izing terminal state volumes in the objective function.

(a) costs trajectory (b) controlled volume

Figure 7: Large rainfall scenario
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(a) costs trajectory (b) controlled volume

Figure 8: Storm scenario

In the storm rainfall scenario, system trajectories gen-
erated by both control strategy share significant simi-
larities due to saturation of system states as mentioned
before.

4 Conclusions
The need for application of real time control tech-
niques in drainage systems is getting increased at-
tention around the globe due to increased extreme
weather conditions and growing concern for environ-
mental and economical cost associated with urban
overflows. We presented a modeling framework intro-
duced in [5, 8] which can be used to pose the drainage
system management problem as a mixed integer lin-
ear programming problem. Model predictive control
was used so we were able to take advantage of period-
ically updated rainfall prediction to increase accuracy
and robustness. The exponential increase in compu-
tation complexity associated with large systems was
addressed by partitioning the overall system into sev-
eral subsystems considering geographical proximities
and coupling relationships. Neighboring subsystems
in decentralized MPC were allowed to communicate
system states (tank volumes) and coupling informa-
tion (sewer pipes and controlled flows) to accommo-
date for lack of central processing node. We also dis-
cussed two approaches to harvest rainfall energy and
thus decreasing control energy inputs. The locations
of installation of discussed devices should be care-
fully selected to ensure maximum power output and
system optimization. The advantage of decentralized
MPC was demonstrated in several numerical simula-
tions on a fictional system. Simulation were run in
several rainfall events corresponding to different lev-
els of rainfall inputs. It was shown that decentral-
ized MPC suffer from performance loss in all rainfall
scenarios and the degree of improvement in compu-
tation time closely depends on the rainfall intensity.
In small rainfall scenarios where system dynamics are
simple and optimal solution is easy to derive, sim-
ulations suggest that even though centralized MPC
achieves the goal of avoiding overflows with longer
computation time compared with decentralized MPC,

but still remains applicable. In situations where over-
flows can be reduced only with appropriate manage-
ment, decentralized MPC computes control actions
significantly faster than the centralized one with mi-
nor performance losses. The advantage of decentral-
ized MPC is not obvious as rainfall inputs further in-
crease and the system approaches the saturation state.
But in such cases, simply maximizing pump power
can approximately achieve the optimal solution. In
the framework of MPC, we were able to easily incor-
porate several objectives with different priorities in the
cost function to reflect different goals pursued by the
user, such as minimizing overflows, minimizing oper-
ation costs and maximizing available storage volumes.
The general applicability of presented modeling meth-
ods and control schemes make it applicable to modern
urban sewage systems with telemetry sensors installed
and sufficient automatic control. The built-in robust-
ness provided by MPC techniques makes it effective
for managing drainage system especially for inaccu-
rate rainfall data and model errors. Future research
includes investigating time delay on control conse-
quence propagating in the network and also a con-
sideration of physical phenomena present in drainage
systems, such as effect of built-up water pressure on
the controllability of the system. The optimal place-
ment of hydraulic pumps should also be studied for
new drainage system implementation.
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