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Abstract: In this paper we use the g-generated fuzzy implications to research the concept of automatization in the
process of derivation of new fuzzy functional and fuzzy multivalued dependencies from some given set of fuzzy
functional and fuzzy multivalued dependencies. The formal definitions of fuzzy functional and fuzzy multival-
ued dependencies that we apply are based on application of similarity relations and conformance values. In this
context, the paper follows similarity based fuzzy relational database approach. In order derive and then apply our
results, we identify fuzzy dependencies with fuzzy formulas. The obtained results are verified through the resolu-

tion principle.
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1 Preliminaries and introduction

Recall that a mapping C : [0,1]* — [0,1] is called
a conjunction of the unit interval if: C(0,0) = 0,
C(0,1) =0,C(1,0) =0,C(1,1) =1, and C (z, 2)
<C(y,z),C(z,x) <C(z,y) forz,y, z € [0,1] and
z <y.

A mapping 7 : [0,1]*> — [0,1] (see, e.g., [10,
p. 16]) is called a triangular norm or a t-norm if:
T(x,1)=2,T (x,y) <T (x,2) fory < 2, T (z,y)
= T (y,x), and T (x, T (y,2)) = T(T (x,9),2),
where z, y, z € [0, 1].

It is known that a t-norm is a conjunction on the
unit interval, i.e., it is known that t-norms are widely
used to model conjunction operators.

Some additional requirements of t-norms are the
following ones: 7 is continuous, the partial mappings
of T are left-continuous, 7 (x,x) = x for x € [0, 1],
T (z,z) < x for x € (0, 1), Archimedean property, 7
is continuous and T (z,y) < T (z,2) for z, y, z €
(0,1) with 0 < y < z < 1, T is continuous and for
€ (0,1), there is some y € (0,1) such that 7 (z,y) =
0.

The minimum t-norm 7y (z,y) = min (z,y) is
very commonly used in literature. We shall apply this
t-norm in the sequel.

A mapping S : [0,1]* — [0,1] is called a tri-
angular co-norm or a t-co-norm if: S(z,0) = =z,
S(a,y) < S(w,2) fory < 2, S (1,y) = S (4, 2),
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and S (2,8 (y,2)) = S(S(z,y), 2), where z, y, z
€ [0,1].

Some additional properties of t-co-norms are the
following ones: S is continuous, S (z,z) = x for z €
[0,1], S (x,x) > x for z € (0,1), Archimedean prop-
erty, S is continuous and S (z,y) < S (z, z) for z, v,
z€(0,1) with0 < y < z < 1, S is continuous and for
x € (0,1), there is some y € (0,1) such that S (z,y)
=1

The maximum t-co-norm Sy (z, y) = max (z, y)
is very commonly used in literature. We shall apply
this t-co-norm through the rest of the paper.

There are various definitions of fuzzy implica-
tions.

A function Z : [0,1]* = [0,1] (see, e.g., [2, p. 2,
Def. 1.1.1.]) is called a fuzzy implication if: Z (0, 0)
= LI(lvl) = 1’1(170) = 0>I($17y) ZI(QJ'Q,ZJ)
for 1 < 9, and Z (x,y1) < Z (z,y2) for y1 < yo,
where x, x1, 2, Y, Y1, y2 € [0, 1].

Note that this definition of fuzzy implication is
equivalent to the one proposed in [9] (see also, [6]).

Also, note that each fuzzy implication satisfies the
following properties: Z (0,y) = 1 for y € [0, 1], and
Z (z,1)=1forz € [0, 1]. These properties are known
as left and right boundary conditions, respectively.

In [13], Yager defined two new classes of
fuzzy implications, called the f-generated and the g-
generated implications. In this paper we pay attention
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to the g-generated implications.

The g-generated implications are obtained from
strictly increasing functions.

Let g : [0,1] — [0, 00| be a strictly increasing and
continuous function such that g (0) = 0. The function
Z,: [0, 1]* = [0,1] (see, e.g., [2, p. 116]) defined by

Ty (z,y) = gV (19 (y)> :

X

z, y € [0,1], with the understanding & = oo and oo -
0 = oo, is called a g-generated implication.

Here, the function ¢(=1) is the pseudo-inverse of
g given by

The function g itself is called a g-generator (of Z,).
If g is a g-generator, then Z, is a fuzzy implica-
tion. Namely, it is not hard to verify that in this case
1, satisfies all conditions given by the fuzzy implica-
tion definition.
Note that the definition of Z, may be written in

the following form (without use of g(~1)), i.e., as

Iy (z,y) =g <min <i9 ()9 (1)>> :

where z, y € [0, 1].

Also note that for the g-generator g () = —@,
one obtains well known Yager fuzzy implication
Iyg (z,y) = y*, z, y € [0, 1] with the understanding
0° = 1. Yager implication Zy ¢ is also an f-implication
with the f-generator f (z) = —logx (see, e.g., [2,
p. 110]).

The g-generators of the g-generated implications
are unique up to a positive multiplicative constant.
More precisely, if g1, g2 : [0, 1] — [0, co] are any two
g-generators, then, Z,, = 7, if and only if there is a
constant ¢ € (0, 00) such that g2 (z) = cg1 (x) for z
€ [0,1].

If g is a g-generator, then either g (1) = oo or
g(1) < oo. If g(1) < oo, then g; : [0,1] — [0, 0]
defined by ¢; (z) = %, x € [0,1] is a g-generator.
Namely, g is a strictly increasing and continuous func-
tion such that g (0) = 0. Therefore, g (1) # 0. Con-
sequently, g is a strictly increasing and continuous
function such that ¢g; (0) = 0, i.e., g is a g-generator.
Note that g; (1) = 1. Now, g () = g (1) g1 (z), = €
[0,1] and g (1) € (0,00) yield that Z, = Z,,. This
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actually means that it is enough to consider those g-
generators for which g (1) =occorg (1) = 1.

The fuzzy implication applied in this paper will
be a g-generated implication Z,,.

The main purpose of this paper is to prove the
following theorems.

Theorem 1. Suppose that R (U) =

R (Aq, Ag, ..., Ay) is a scheme on domains D1, Ds,...,
D,,, where U is the set of all attributes Ay, As,..., Ay,
on D1, Da,..., Dy, respectively (U is the universal set
of attributes), and D; is a finite set fori € {1,2,...,n}.
Let C be a set whose elements are fuzzy functional de-
pendencies on U of the form K LN r L and fuzzy mul-

tivalued dependencies on U of the form K NN r L,
where K and L are subsets of U, and 0 is the linguis-
tic strength of the dependency. Suppose that c is some
fuzzy functional or fuzzy multivalued dependency on
U. Let {t1,to} = r C 2P1 x 2P2 x . x 2Pn pe
any two-element fuzzy relation instance on R (U) and
B € [0,1] be any number. Denote by i, g a valuation
joined to v and B, where i.g : {A1,As, ..., A} —
[0, 1] is defined via conformance ¢ (Ay, [t1,t2]) of the
attribute Ay, € { Ay, Aa, ..., Ay} on tuples ty and ty by
irp (Ar) > 5 if ¢ (A [t1,t2]) > B and iy 5 (Ax) < 5
if ¢ (Ax [t1,t2]) < B. Let

for A;, Aj € {Aq, Ao, ..., An}. Furthermore, let
(AaexA) = (AperB)

be the fuzzy formula (with respect to i, g) joined to K
0—2> r L, and

(AerxA) = ((AperB) V (AcemC)),

the fuzzy formula (with respect to i, g) joined to K

—>9—2>F L, where M = U \ (K U L). Denote by C'
resp. ¢ the set of fuzzy formulas resp. the fuzzy for-
mula joined to C resp. c. Then, the following two
conditions are equivalent:

(a) Any two-element, fuzzy relation instance on
R (U) which satisfies all dependencies in C, sat-
isfies the dependency c.
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(b) irp (cl> > %for every iy g such that i, g (IC) > %
forallK € C'.

Theorem 2. Let r = {t1,t2} be any two-element,

fuzzy relation instance on R (U), and X N
be any fuzzy multivalued dependency on U. Let Z

= U\ (XUY). Then, r satisfies X ENUNS
and for all A € X, p(Alti,t2]) > 6 holds true
if and only if ¢ (X [t1,t2]) > 6 and i.g (H) > 3,
where H denotes the fuzzy formula (AaexA) =
((ABey B) V (Acez()) joined to X %5 Y, and
¢ (X [t1,t2]) denotes the conformance of the attribute
set X on tuples t1 and ts.

Here, we point out that the conformances
() (A [tl, tg]) (e (Ak [tl, tg])), ) (X [tl, tg]), etc. are
taken in the sense of Definitions 3.1. and 3.2. in [11,
pp. 165-166]. These definitions, however, are based
on the concept of similarity relations (see, [11, p. 163,
Def. 2.1.]). Furthermore, the formal definitions of
fuzzy functional and fuzzy multivalued dependencies
(which are given on the basis of conformance values)
are taken in the sense of Definitions 3.3. and 4.1. in
[11, pp. 167-172].

Obviously, ¢ (A [t1,t2]) > 6 forall A € X and all
t1, te € rifand only if ¢ (X [t1,t2]) > 0 for all t1, to
€ r, where r is a fuzzy relation instance on R (U) and
X C U. Moreover, if r = {t1,t2}, then r satisfies X
—2p Y, and forall A € X, ¢ (A[ty,ts]) > 6 holds
true if and only if ¢ (X [t1,t2]) > 6, ¢ (Y [t1,t2]) >
0 or p (X [t1,t2]) > 0, ¢(Z[t1,t2]) > 6, where X
RN r Y is a fuzzy multivalued dependency on U and
Z=U\(XUY).

Note that a variant of Theorem 1 as well as a vari-
ant of Theorem 2 are proved in [7] for arbitrary f-
generated implication (see also, [5], [4]). Since the
present paper deals with the class of g-generated im-
plications, it represents a natural complement of the
aforementioned papers.

2 Proofs of results

Proof. (of Theorem 2.)

(=) Assume that r satisfies X —>i> F Y, and that for
all A € X, p (Alt1,t2]) > 6 holds true.
Now,
e (X [tbt?]) >0
e (X [tht?]) >
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Assume that ¢ (X [t1,t2]) > 6 and ¢ (Y
> 6 hold true. o (Y [t1,t2]) > 0 yields that
@ (B [t1,t2]) > 6 for all B € Y. Therefore, i, (B)
> % for all B € Y. We conclude, i,y (Apcy B) >
Similarly, i, g (AacxA) > %

We have,

[t1,t2])

1
3

Z'ng (7‘[)

= Z',«,g ((/\AGXA) = ((/\BGYB) \
1

=9 <mm (Zr o (NaexA)

9(iro (Amey B)V (AcezC))) 9 (1) )
1 1
-9 (mm (Zr o (AaexA)

g (max (ing (Apey B) yira (Aoez0)) g (1) ) ).

(AcezC)))

Let

a=1ir9(NaexA),
b=max (i, 9 (ABey B) ,ir9 (NcezC)).

Now,

i (H) =g~ <min <ig ®).g (1))) .

irg (NacxA) > % yields that a > %

more, i, 9 (Apey B) > % yields that b > %
Now, i.g (H) > 3 if and only if

min <ig (0).9g (1)> > g <;> :

If min (1g(b), (1)) = g (1), then
(1 1\ o 1
min (59 (b),g (1)) >g (5) since g (1) > g (5) ie.,
irg (H) > % holds true in this case.
Suppose that min (g (b), g (1)) = Lg(b).
have, ég (b) > g (%) if and only if ag( <g(

Now, a < 1 and % < byield that

ag (;) Sg@) <g(b).

Therefore, i, (H) > 3.
If we assume that ¢ (X [t1,¢2]) > 6 and
@ (Z [t1,t2]) > 6 hold true, then, reasoning as in the

Further-

ég We
2)
2
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previous case, we obtain that 4, g (Aacx A) > % and
iro (AcezC) > % Consequently, a > % and b > %

Now, reasoning in the same way as in the previous
case, we conclude that i, (H) > 3.

(<) Assume that ¢ (X [t1,t2]) > 60 and iy (H) > %
hold true.
Now,

o 0= (min (2009 0)) ) > 5.

where

a=irp(AaexA),
b =max (i, 9 (ABey B) ,ir9 (NcezC)).

¢ (X [t1,t2]) > 0 yields that a > 1. Our aim is
to prove that b > % holds also true. Namely, if b > %,
then i, 9 (Apey B) > % or iy 9 (ANcezC) > % In the
first case, for example, one obtains that i, (B) > 3
for all B € Y. This means that ¢ (B [t1,t2]) > 6 for
all B € Y. Consequently, ¢ (Y [t1,t2]) > 0.

Similarly, i, 9 (AcezC') > 5 yields that
NAIRSEY)

Since, g (H) > 1,

min (ig (b),9 (1)) > g (;) :
If min (1g(),9(1)) = 29 (b), then 1g(b) >

9(3)- a
If min (g (b), (1)) = g (1), then

we have that

L0029 > 9 (3).

Hence, ég (b)>g¢ (%) in any case. Now,

i.e., that g (b) > g (%), i.e., that b > %
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Therefore, b > % and then ¢ (Y [t1,t2]) > 0 or
@ (Z [t1,t2]) > 0. In other words,

@ (X [t1, t2])

yta]) >0, o (Y [t1,t2])
o (X [t1,t2]) >

97 2 (Z [th t2])

0 or
0.

(AVANIVS

As noted before, this means that r satisfies X

25 Y, and that for all A € X, o (A[t1,t5]) > 0
holds true. This completes the proof. O

Proof. (of Theorem 1.)

We write X 0—1> r Y resp. X —>9—1> F Y instead
of c if c is a fuzzy functional resp. fuzzy multivalued
dependency. Therefore, we write

(AaexA) = (ABey B)
resp.

(NaexA) = ((ABeyB) V (ApezD))

instead of ¢, where Z =U \ (X UY).

We let the set {a, b} to be the domain of each of
the attributes in U.

Choose some 6" € [O, 0/), where 6 is the min-
imum of the strengths of all dependencies that ap-
pear in C' U {c}. If = 1, then one obtains a non-
interesting case where each ¢; € C'U {c} is of strength
1. Hence, we assume that 0 < 1.

Put s (a,b) = s (b,a) =6 to be a similarity rela-
tion on domains of the attributes in U.

(a) = (b) Suppose that (b) is not valid.

Now, there is some i, g such that i, 5 (K) > £ for
all K € C"and g (¢) < 5.

Here, i, is associated to some two-element,
fuzzy relation instance r on R (U), and some § €
[0, 1]. We may take r = {t1,t2}.

We introduce Z' = {AeU|ip(A)>1}

Let Z = @.

This means that i, 5 (4) < § forall A € U.

ir 3 (c/> < % yields that

ir (AaexA) = (ApeyB)) <

N =

resp.
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in (MaexA) > (ApeyB)V (ApezD))) < 3.
Hence,
_ . 1
g 1<mln <’ir75 (/\AGXA).
g (irg (ABey B)) ,9(1)» < %
resp.

GGy

9irs (ApeyB)V (ApezD)) 9 (1)) < 5.
ie.,
_ . 1
(i (e
9ins (ApeyB)) 0 (1)) < 5
resp.

97" (amin <Zﬁ (AZGXA) '

g (max (ir,5 (Apey B) ,ir,5 (ADpezD))) g (1) ))
8
. 1
win (G e
(s (Aner BY) (1)) < ()
resp.

ir3 (AaexA)
g (max (i g (ABey B) ,ir 5 (ApezD))), g (1) )

(3

The fact that g is a strictly increasing function im-
plies that the condition g (1) < g (3) is not satisfied.

. ( 1
mm| ———m——-
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This means that g (1) is not the minimum in any of the
aforementioned cases. Therefore,

gl (werB) < g (1)

ir,ﬁ (/\AEX A 2
resp.

1
g (max (i3 (Apey B) ,irg (ApezD)))

(3

If 7:7‘,,3 (/\AEXA) = 0, then m

= o0. Since g (i, 3 (ABey B)) > 0 resp.
g (max (i, (ABey B) ,irg (ADezD))) > 0, and oo
- 0 = 0o, we obtain that

1
— g (i 5 (A B)) = >
i3 Pacn A g (irp (ABey B))

resp.
1
ir,,@ (/\AEXA)
g (max (ir 5 (Apey B) ,irp (ADezD)))

= OQ.

Therefore, g (%) > 00. This, however, contradicts
the fact that g is a strictly increasing function. In other
words, i, g (AacxA) > 0.

If g (4.8 (ABey B)) = o0 resp.

g (max (i, g (ABey B) ,ir8 (ApczD))) = oo, then
ir 8 (ABey B) = 1 resp.

max (’L'r,g (/\BeyB) ,Z'rwg (/\DEZD)) =1,1e.,

ir3 (ABey B) = 1resp. i, 3 (ApeyB) = 1or

(2 (ApezD) = 1. This means that in any case there
exists A € U such that i, 5(A) =1 > 1. Thisis a
contradiction. Hence, ¢ (i, 8 (ABey B)) < oo resp.
g (max (irﬁ (ABey B), ir g (ApezD))) < oc.

We have,

g (ir,3 (ABey B))

9(3)

irg (NaexA) >

resp.

irg (NaexA)
g (max (i, (Apey B) ,irg (ApezD)))

9(3)

>
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NOWiTﬁ(A)< AEU
yields that i, g (/\BeyB) 2 resp.

max (ZT,B (/\BEYB) ZTB (/\DGZD)) % Hence,

(i ey B) <9 (5

resp.
. . 1
g (max (ir,5 (ABey B) ,irs (ADezD))) < g <2> ,

i.e.,

g (ir3 (ABey B)) <1
9(3) B

resp.

g (max (ir5 (Apey B) ,irg (ApezD)))

9(3)

These inequalities imply that the condition
ir8 (AaexA) = 1 must be satisfied. Consequently,
irg(A) =1forsome A € X C U. This is a contra-
diction.

We conclude, Z' + 0.

Now, assume that Z' = U.

Then i, 5 (A) > 5 for A€ U.

As earlier, i, g (c') < % yields that

<1

1
ir,ﬁ (/\AEXA)

(i (e B) <9 (5

resp.

1
g (max (i3 (Apey B) ,irg (ApezD)))

()

If i, g (A acxA) = 0, then there exists A € X
C U such that i, g (A) = 0. This is a contradiction.
Hence, i, g (Aacx A) > 0. We obtain,

g (irg (ABey B))
9(3)

ir,ﬁ (AAEXA) >
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resp.

irg (NaexA)
. g(max (irg (ABey B) ,ir s (ApezD)))

B 9(3)

Now, i, 5 (A) > 3 AGU
implies that i, g (/\BEyB) 2 resp.
max (i, g (Aey B) ,irp (/\DeZD)) > 3.
Consequently, g (i, 3 (ABey B)) (%) resp.
)

g(max (ir,s (ABey B) ,irg (/\DEZD ) > ( )
ie.,

g (ir3 (ABey B))

9(3)

>1

resp.

g (max (i, 3 (ABey B) ,ir,3 (ADpezD)))

9(3)

Therefore, i, 3 (AaexA) > 1. This is a contra-
diction. /
Consequently, Z # U.

Choose 7 = {t’, ¢
fuzzy relation instance given by Table 1.

> 1.

to be the two-element,

) Table 1:
attributes of Z  other attributes
t, a, a,...,Q a, a, ..., G
t’ a, a, ..., a b,b,...,b

Our goal is to prove that this fuzzy relation in-
stance satisfies all elements in C, and violates c.

Let K 2 r L be a fuzzy functional dependency
from set C. Now,

g 1(mm (M

9(ing (ABerB)) g (1) )) >

9

DN | =

1.e.,

1
min|—————
( Zr B (/\AEKA)

(i (Mer).0 (1)) > 9 (3)
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If min (mg (i'r,ﬁ (/\BELB)) , g (1)) =
g (1), then

1

g s (e B) = 9 (1) >0 (5.

Otherwise, we immediately obtain that

1 1
——g (i3 (A B)) > — .
iy e (e > o (3)

In other words, the last inequality holds always
true.

Suppose that i, 5 (A ackx A)
some A € K such that i, g (A)

A ¢ Z'. Therefore, o (A {t/,t
o (K |:t/7t//:|) _ 9//‘

The fact that s (a,b) = s(b,a) = 6" hold true
gives us that ¢ (Q [t’, t”D > 0" for every Q C U.

Now, there is

<
< 5. Consequently,

Do) —

1
= @, and hence

[
N—

Therefore, ¢ (L [t/, t"D > 9”, i.e.,

o (L[e-0]) 2w s (1))

This means that  satisfies the dependency K

[
% p L.

Suppose that i, g (Aacx A) > % Now,

inp (Aacic ) < Lr DL B))
| 9(3)

Consequently,

g (irg (ABerLB))

9(3)

> 1,
1.e.,

(i (AmerB) > 9 (3).

i.e.,

irg (ABeLB) >

N =
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Now, i, g (B) > % for every B € L. Then, B €
Z for Be L,ie., L C Z'. We obtain, ¢ (L [t’, t])
=1,1ie.,

o(£[6-0]) 2w o (1))

/ . 0
Thus, r satisfies K —>p L.

Let K -2 r L be a fuzzy multivalued depen-
dency from the set C. Now,

1
-1 ( min (—

g irg (AackA)

g (max (i, g (ABerB) ,ir8 (ADcmD))) ,

1.e.,

. ( 1
mm\|\——mm—-

ir3 (A ackA)
g (max (ir,3 (AperB) yins (ApenrD))) g (1) )

St
g 5/

where M =U \ (K UL).
If

. ( 1
mm\|\——mmm-

rB (NaexA)
g (max (i, 5 (ABerB) ,irp (ADemD))), g (1) )
=9(1),

then
1

irp (NaexA)
g (max (i, (ABeLB) ,ir,g (ADemD)))

29(1)>g(;>-

Otherwise,

1
irg (NackA)
g (max (iy g (ABerLB) ,irg (ADcmD)))

xa
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holds immediately true. In any case, the last inequality
is valid.
Assume that 4, g (AacxA) <

% Reasonmg as
before, we obtain that ¢ ( [t t D =

Now, there exists t" e r "

(e (K [10]))
(oo [T
%) (M [t”/,t”D > ¢" = min (02, %) (K [t’,t”D) .

Therefore, r’ satisfies the dependency K NN r L.
Now, assume that i, g (AserxA) > % It follows

that ¢ (K [t’,t”D =1.
We have,

ir8 (NackA)
< g (max (iy g (ABeLB) ,irg (ADcmD)))

9(3)

Since i, g (Aaex A) > % we conclude that

g (max (i, (ABeLB) ,irp (ADemD)))

9(3)

> 1,

ie.,
g (max (i, (ABeLB) ,irg (ADemD)))
- 1
g 2 Y
i.e.,

max (ir 3 (ABerB) ,ir3 (ADem D)) >

I\S\H

Hence, i, g (Aper.B) > 2 or iy 3 (ApemD) > f. In

the first case, ¢ (L [t ,t }

© (M [ttD =1.

Assume that ¢ (L [t/,

) = 1. In the second case,

tD = 1.

In this case, there is t" e 7’/, t" =+" such that
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© (K {tt) =1
> min (92,<p (K -t/,tu_ )) ,
o (L)) =1
> min (92,30 (K -t/,t”_ )) ,
o (u[i"d]) =1
> min (92,4p (K -t/,t”- )) .
Hence, r satisfies the dependency K LN r L.

Now, assume that ¢ (M [t’, t”D =1.

. . 11 o /
In this case, there existst € r ,¢ =1t such that
. !/ .
(1) holds true. Consequently, the instance r satisfies

o
the dependency K ——55 L.
It remains to prove that the instance 7~ does not

satisfy X 0—1>F Y resp. X —>9—1>F Y.
First, let

g 1(mln (W\ZEXA)

9(irs (NmerB)) g (1)) < 5
We have,

1
mln —_—
(Zr,e (/\AeXA)

()

Since ¢ (1)

9 (irg (N5evB)) g <1>)

> g (%), we obtain that

1
irg (AaexA)

o Gina (Aner B) <9 (3

Assume that g (i, 3 (Apey B)) # 0, oc.

If i, 8 (Aacx A) = 0, then, as earlier, we obtain
that g () > oco. This contradicts the fact that g is a
strictly increasing function. Therefore, i, g (Aacx A)
> (. Hence,

g (ir3 (ABey B))

9(3)

<irg(AaexA).
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If ’L'r”g (/\AEXA) < %, then

g (irp (ABey B))
1
g (5)
ie., g (%) = 00, 1.e., a contradiction. Hence,

7:7'76 (/\AGXA) > % Then’ (p (X |:t/7t,/:|> _ 1
Now,

=0,

g (irg (ABey B))

9(3)

< ir,ﬁ (/\AEXA) .

implies that

g (ir3 (ABey B))

9(3)

<1

<

DN | =

Hence,

9 (ir3(ABeyB)) < g <;) ;

i.e.,

ir3 (ABey B) <

N =

We conclude, ¢ (Y [tl, t”D =6

Now,

i.e.,r does not satisfy the dependency X LN rY.
Second, let

1 . 1
g (mm (ir,ﬁ (AaexA)
g (max (i (ABey B) ,irp (ADpezD))),
9(1)))
1
< —.
-2

We have,
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ir3 (AaexA)
g (max (ir,3 (Apey B) sirs (ApezD))) 9 (1) )

()

. ( 1
mm\| ———m——-

As earlier, g (1) > g (%) yields that

1
Z.r,/a’ (/\AEXA)
g (max (i,.g (ABey B) ,ir3 (ADezD)))

(3

Assume that
g (max (ir,g (Apey B) , ir,3 (ADezD))) # 0, 0.

If i, 5 (AacxA) =0, then g (3) > co. Thisisa
contradiction, Hence, i, g (A4exA) > 0. Therefore,

g (max (i, 3 (ABey B) ,ir5 (ADezD)))

9(3)

<irp(AaecxA).
If ir,,@ (/\AEXA> < %, then

g (max (i, 5 (Aey B) ,irp (ADezD))) 0
1 - )

9(3)
ie.,g (%) = 00, 1.€., a contradiction. Hence,
irg (AacxA) > . We obtain, ¢ (X [t’,t”D =1.
Now, i, g (AaexA) > 1 and

g (max (i, 3 (ABey B) ,ir3 (ADpezD)))

9(3)

<irg(AaexA).
yield that

g (max (i, 3 (ABey B) ,ir,3 (ADpezD)))

9(3)

<5 <1

N | =
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1.e., that

g (mx i (e B) i (hpezD)) < ()

We obtain,

N |

max (i3 (ABey B) , irg (ADezD)) <

Hence, i, 3 (ABey B) < % and i, g (ApezD) < %,

ie, o (Y [t', tD — 6" and o (Z [t’, t]) —4'

Now, if t" er andt” = t’, then

= min (0, 1)
= min (91,g0 (X [t,,t”D) .

Otherwise, if t" er andt” = t", then

O []) - (1),
o (Y [ttD 0" <0 <o

— min (6, 1)

oo (5]
© (Z [t'",t"D =1> min (01,g0 (X [t’,t”D) .

We conclude that the instance 7 violates
0

(b) = (a) Suppose that (a) is not valid.
Now, there is a two-element fuzzy relation in-
stance on R (U) which satisfies elements in C, and

{t’,t”}.
o2 — e v o (i) <1}
If we assume that Z = (), then ¢ (A [t’, ¢

does not satisfy c. Denote it by r =

[E—
N—

17

0" for A € U, and, consequently, o (Q [t/, t”]) =0
for@ CU.
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Suppose that the instance ' does not satisfy the
dependency X LN r Y. Now,

9" = % (Y {t/,t//D < min (01,g0 <X [tl,t"D)
— min (01, 9”) —q"

This is a contradiction.
. ! .
Suppose that the instance  does not satisfy the

dependency X NN r Y. Now, the conditions

o ([ 2 i (o (1)
o [a]) 2o (x 1),
)= (o (x 1)

don’t simultaneously hold for any t" er’.In particu-
lar, the conditions

(x[rr])

Vv

o [fa]) 2 o (1))
o 1)) 2w o (5 1)
o (21 ) =i (0 (0]

don’t simultaneously hold. Since the first and the sec-
ond condition hold obviously true, we obtain that

ool <ol (5

— min (91, 9”) —q

Y
~

v

Hence, a contradiction.
/
Therefore, Z' # ().

If we assume that Z' = U, then ¢ (A [tl,t”D =
1for A € U, and then ¢ (Q [ttD —1forQCU.

Suppose that the instance ' does not satisfy the
dependency X LN r Y. We obtain,

e [0 <o (1)
= min (61,1) = 04,

1.e., a contradiction.
Suppose that the instance  does not satisfy the

dependency X NN r Y. Now, the condition
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o (21 ) 2w (0 (1T

does not hold, i.e., we have that

1= (Z [tt]) < min (91%9 (X [ttD>

= min (61,1) = 6.

This is a contradiction.

We conclude, Z' # U.

Now, 7’ is a two-element fuzzy relation
instance on R(U) and § = 1 € [0,1], so we are
able to introduce i,r 5 = i,s | by putting i,/ | (A)

] )

> it p(alft]) =1 and iy, (4) <

© (A [tt}) <1

Our aim is to prove that all fuzzy formulas in c’
are valid under i,/ ;. On the other side, we shall prove

that ¢ is not valid under i,

Suppose that K € C’ corresponds to some fuzzy

functional dependency K LN r L from the set C.

Moreover, suppose that the inequality i+ | () >

% is not true. We have,

1
i (— L
g i) (MaexA)

g <ir’,1 (/\BeLB)> 9 (1))> <

)

N

1.e.,

. < 1
mn|l———

Z'r'l71 (/\AGKA)
. 1
g (%’,1 (/\BELB)> g (1)) <g <2> :
Since g (1) > g (), we obtain

1 1
— g, (A B)) < — .
i 1 (/\AeKA)g <ZT 1 (N )> =9 <2>

Suppose that g (ir/ 1 (/\BGLB)) # 0, 0o.

If i/, (AaexA) = 0, then g (1) > oco. This
contradicts the fact g is a strictly increasing function.
Hence, i,/ ; (AsexA) > 0, and then
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g (2}’,1 (/\BeLB))
9(3)

Ifd, (AaerA) < %, we obtain that

S 7:7‘/,1 (/\AeKA) .

g (ir',l (/\BeLB))
1
9(3)
i.e., that g (3) = oco. This is a contradiction.

Hence, i (AaerxA) > %, ie., ¢ (K [t/,t”D
=1.
Furthermore, i,/ ; (AacixA) > % and

:0’

g (Z}’,l (/\BeLB)>

9(3)

< 2'7/’1 (/\AEKA)

imply that
9 (i1 (AzeLB))

9(3)

g (Z}’,l (/\BeLB)> <g <;) ,

i.e., ir/ 1 (/\BeLB) < %, ie., ¢ (L [t,, t”}) = 9”_

Now, the fact that the instance ' satisfies the de-

< 1.

1
< Z
-2

Thus,

pendency K LN r L, yields that

0" = (L {tt]) > min (02, © (K [tt]))
= min (92, 1) = 62.
This is a contradiction.
Therefore, i/, (K) > 1.
Now, suppose that X € C" corresponds to some

fuzzy multivalued dependency K NN r L from the
set C. Put, M =U \ (K UL).

Assume that 4,/ (K) < 3, i.e., that

>3

1
i (— L
I i1 (AaexA)

g (maX (i,ﬂ',l (ABeLB) i, (/\DGMD)>> ,
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We have,
1
i ( | (haex4)
g <maX ( 1 (NBerLB) ;i (/\DeMD))) ;
g (1))

< 1
<gl3)-
As before, g (1) > g () implies that

1
Z'r'l71 (/\AEKA)

g (maX< 1 (ABerB) 1, 4 (/\DeMD))>
()
Suppose that
g (max( 1 (ABerB) 1, 4 (/\DeMD))> # 0, co.

Ifi s, (/\AGKA) 0,then g (3) > oo, i.e., acon-
tradiction. Hence, i,/ ; (AsexA) > 0. We obtain,

(o

1 (ABerLB) 1, 4 (/\DGMD))>

As earlier, i, | (ANaegA) <
This is not possible however. Therefore,

’L'r/71 (/\AGKA) > %
t”]) =1, and

We obtain, ¢ (K [t/,
1 (ABeLB) i, (/\DeMD))>

g <max(
9(3)

1 (ABerB) i, 1(/\DeMD)>>
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1.e.,

N —

max( | (ANBerB) s, 4 (/\DEMD)> <

Hence, i, | (ABerLB) < % and 7,/ /\DeMD)

e (L)t e (1 4]) 0

Since the inequalities

© <M {ttD =0 <06 <6,
= min (62,1)

= min (02,50 (K [¢,¢"]))

and
© <L {ttD =0 <6 <6,
= min (6o, 1)

— min («92, @ (K [ttD>

hold true, the instance r does not satisfy the depen-

0 .. ..
dency K ——2 L. This is a contradiction.
Therefore, i, (K) > 1.

Now, we prove that ¢ is not valid under (N
Suppose that i 1 (c’) > %, where ¢ corresponds
0
to the dependency X — Y. We have,

(i 5 ey

g (Z}',l (/\BeYB)) ,g(1) )) >

i

N |

i.e.,

. 1
min [ ——M -
(Zr',l (/\AGXA)

g (ir',l (/\BeYB)> g (1)) > g <;) .

If
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then

Otherwise,

1
27,/’1 (/\AEXA)

g (Z}’,l (/\BEYB)> >g <;) :

In any case, the last inequality holds true.
Assume that g (ir/ 1 (/\BeyB)> £ 0, oo.

If i, | (AaexA) =0, then ¢ (X [tt]) =0
Now,

) 2 i)
= min (61,0 (X [£,¢]))

. . 0 . ..
This means that " satisfies X L rY,ie., thisis
a contradiction.

Therefore, i,/ | (AaexA) > 0, and then

g (Z}’,l (/\BEYB)>
9(3)

Ifi (AaexA) < 5, then (X [ttD _ g
Hence,

)2 ()
= min (61, (X [£,¢])).

This is a contradiction.
. 1
We obtain, 7,/ | (AaexA) > 3.
The inequality i/ | (AacxA) >
equality

> ir’,l (/\AGXA) .

% and the in-

g (irf,l (/\BEYB)>

9(3)

> ’L.,,‘l71 (/\AEXA)
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yield that
g (ir’g (/\BeYB)) .
>
1 )
9(3)
ie.,g (ir',l (/\BGYB)) >g (%), ie., ir',l (ABey B)

> % Hence, ¢ <Y [t/, t”D = 1. We obtain,

© (Y [t/,t"D =1> min (el,gp (X [t’,t”D) .

This is a contradiction.
We conclude, i,/ ( )

!
5 L where ¢ corre-

v N:\»—A

<
Now, suppose that 7,/ <
01

sponds to the dependency X ——r Y. We have,
gt ( min (;
(AaexA)

1 (ABey B) i 1(/\DezD)>),

g
S 1
5
1
mm( L (MaexA)
g (maX ( 1 (ABeyB) i, 4 (/\DEZD))) ;
(1)

>o(z)

Reasoning as in the case of fuzzy functional de-

pendency X LN r Y, we obtain that

1
Zr,71 (/\AEXA)

g (maX( L (ABey B) i, 1(/\D€ZD)))

2o(z)

Assume that
g <max (z / (/\BgyB), Ly (/\DEZD))> £ 0, 0.
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1"

I i, (AaexA) =0, then o (X [¢,¢"]) = 6"

Now,
(1)

o(2]0¢]) 2 = min
= min (01,5 (X [¢,¢"]))

and (or)

(r[r]) 2 =i (05
= min (61, (X [£,¢])).

. . 0
This means that r satisfies X — - F Y (namely,
the remaining inequalities required to 7 satisfies X

NN Y witht” =t resp. t" =+t are already
fulfilled). This, however, contradicts the fact that r’

does not satisfy the dependency X NN rY.

Hence, i,/ | (AaexA) > 0. Now,
| (ABeyB) i, (/\DEZD)>)

g (max(
9(3)

(NaexA).

> ir’,l

Ifis | (AaexA) < 1, then ¢ (X {ttD =0".
‘We obtain,

® (Z {t/,t//D > 6" = min (91, 0">

= min (61, (X [£,¢])).

This is a contradiction.
. 1
Hence, iy q (AaexA) > 5-

The inequality 4, (AucxA) > 5 and the in-
equality
g (max( | (ABeyB) i, (/\DEZD)>)
1
9(3)
> /I:Tl,l (/\AGXA)
yield that

o

| (ABeyB) i, (/\DEZD)>)

9(3)

> 1,
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ie,g (max ( L (ABeyB) i/ 1 (/\DGZD))> >

g(%) 1.e., max (Zr’l(/\BGYB)a (2 1(/\D€2D)) >
(/\BeyB) 2 or Z ‘1 (ADEZD)

e (Y [E]) =tore (21 0]) =1
Ifgo(Y {t,t D

o 1) =i (o (1),

—¢". Thisis a

Therefore, 7_/

=1, then

. . ) .
ie., r satisfies X ——5p Y with ¢
contradiction.

If o (Z [tt]) — 1, then

o (2[1) 2 (o (x 1)

. . 0 . ..
1.e., r’ satisfies X ——5 5 Y with t" =+t Thisis a
contradiction as well.
. 1
‘We conclude, iy (c <s3.
This completes the proof. 0

3 Applications

The results derived in this paper can be applied in the
following way.
First, we recall the inference rules [11].

IR1 Inclusive rule for FFDS rx %y

holds, and 61 > 605, then X —>F Y holds.

IR2 Reflexive rule for FFDs: If X D Y, then
X —r Y holds.

IR3 Augmentation rule for F'F'Ds: If X 4 rY
holds, then XZ % Y Z holds.

IR4 Transitivity rule for FFDs: If X 24 rY

holds and Y %2 » Z holds, then X ") 7
holds.

IRS5 Inclusive rule for FMV Ds: If X —>9—1>F
Y holds, and 61 > 0s, then X —2 1 ¥ holds.

IR6 Complementation rule for FMV Ds: If

X =%, YV holds, then X —5, U — XY
holds.
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IR7 Augmentation rule for F MV Ds: If
X =% Y holds, and W D Z, then
WX =55 Y Z holds.

IR8 Transitivity rule for FMV Ds: If X NN F
Y holds and Y —2 »» Z holds, then
x ™M) 2y holds.

IR9 Replication rule: If X %5 Y holds, then
X -5 Y holds.

IR10 Coalescence rule for F'F'Ds and
FMVDs: If X ﬁe—lm Y holds, Z C Y, and

for some W disjoint from Y we have W b, rZ,
in(64,0
then X "% 7 holds,

IR11 Union rule for FFDs: If X 9—> r Y holds

and X 25 7 holds, then X ™% vz
holds.

IR12 Pseudotransitivity rule for F'F'Ds: If

X . ¥ holds and WY %5 Z holds, then
wx ") g polds,

IR13 Decomposition rule for F'F'Ds: If X LN Ja
Y holdsand Z C Y, then X ﬁ)p Z holds.

IR14 Union rule for FMV Ds: If X —>6—1>F Y
holds and X —- > Z holds, then X ™22
Y Z holds.

IR1S Pseudotransitivity rule for F MV Ds: If
X = Y holds and WY — %25 Z holds,
then WX ™) 7 _ WY holds,

IR16 Decomposition rule for FMV Ds: If

X —>9—1>F Y holds and X —>9%2F Z holds,
then X.mlgeifg)p Yz x ™M) oy
Z, x ") L 7 Y hold.

IR17 Mixed pseudotransitivity rule: If

X =2, Y holds and XY 251 Z holds, then
x O02) 2y holds.

Here, FF'Ds (FMV Ds) means fuzzy functional
dependencies (fuzzy multivalued dependencies).

Example 1. Let U = {Q; |1 € {1,2,...
universal set of attributes.

,7}} be the
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(a) If the fuzzy multivalued dependencies:

Q1Q2Q3Q4 LR Q20Q4Q5Qs,
Q1Q2Q3Qs > Q3Q4QsQ7

hold true, then the fuzzy multivalued dependen-
cies:

(i) Q1Q2Q3Q1 ™™ 1 04Qs,
(i1) Q1Q2Q5Q4 ") 1 0505,
(iii) Q1Q2Q3Q4 mli91492)1? Q3Q7

hold also true.

(b) 1If the fuzzy functional and the fuzzy multivalued
dependencies:

Q1Q2Q3Q1s -2 5 Q2Q4Q5 Qe
Q122Q3Q4Q5Qs 2 Q3Q4Q6Qr

hold true, then the fuzzy functional dependency

m1n(01,02

Q1Q2Q3Q4 F Q3Q7

holds also true.
Proof. (I) We may apply the inference rules listed

above.
(a) We obtain:

1) Q1Q2Q3Qs =25 5 Q2Q4Q5Qs (input)
2) Q1Q2Q3Q4 —>0—2>F Q3Q1QeQ7 (input)

3) Q1Q2Q5Qu =25k Q1Q2Q3Q4Q5Q6 (IR,
1) augment with Q1Q2Q3Q4)

4) Q1Q2Q3Qu4Q5Qs — 25
Q2Q3Q4Q5QQ7 (IR7, 2) augment with
Q20Q4Q5Q6)
5 Q1Q2Q3Q4

01,02)

6) Q1Q2Q3Qs " 1 01020504Qr (RT,
5) augment with Q1Q2Q3CQ4)

2002 Or (IRS, 3), 4))
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7) Q1Q2Q5QuQ7 -2 Q3QuQ6Q7 (IR7,2)

augment with Q7)

n(61,62)

8) Q1Q2Q3Q4 71 Qg (IR8, 6), 7))

9) Q1020504 ™) 1 Q,Qs (IR, 8) aug-

ment with (Q4)

n(f1,02)

10) Q1Q2Q3Qs " == 1 Q3Q7 (IR7, 5) aug-

ment with (J3)

11) Q1Q2Q5Qs =2 p Q1Q2Q5Q4Q6Q-
(IR7, 2) augment with Q1 Q2Q3Q4)

12) Q1Q2Q3Q4Q6Q7 S0
Q2Q3Q4Q5QsQ7 (IR7, 1) augment with
Q3Q4Q6Q7)

13) Q1@2QsQs ™ 1 Q5 (RS, 11), 12))

14) Q10:Q3Qs "™ 0,05 (R7, 13)

augment with Q2)

Hence, (i) — (iii) hold true.

(b) We obtain:
D Q1Q2Q3Q1 2 p Q2Q4Q5Qs (input)
2) Q1Q2Q3Q4Q5Qs 2 F Q3Q4Q6Qr (input)
3) Q1Q2Q5Q4 —+ 5 Q7 (IR6, 1)
H QrQaQsQs "G
5) Q1Q2Q3Q4

ment with (J3)

F Q7 (IR10, 2), 3))

m1n(91 ,02)

F Q3Q7 (IR3, 4) aug-

This completes the proof. O

Proof. (II) We may apply Theorem 1 (see also, [5,
Cor. 8]), and the resolution principle.

(a) (i) First, we associate fuzzy formulas to given
fuzzy dependencies following Theorem 1. We obtain:

—

=(Q1NQNQ3NQq) =
(Q2AQsNQ5/NQp)VQ7),
=(@1NQ2NQ3NQy) =

(@3N QuNQsANQ7)V Qs5),
=(@Q1ANQNQ3NQq) =
(QsAQs) V(@5 N Q7)) .

o
o~ N~ N —
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Second, we find their conjunctive normal forms
(we consider —¢  following resolution principle). We
have:

= (=Q1V -Q2V -Q3V-QsVQs5VQ7)A
(=Q1V ~Q2V —Q3V-=QsV Qs V Qr),
Ko = (=Q1V—=Q2V—=Q3V—QsVQs5V Qs) N
(—Q1V -Q2V-Q3V-QsVQsVQr),
¢ =Q1AQ2AQ3AQuA (—QsV Q) A
(=Q5 vV ~Q7).

Here, conjunctive terms are the following ones:
—Q1V —Q2V Q3 V Qs V Q5 V Q7, 7Q1 V 2Q2
VoQ3V Qs V Qs V Q7 mQ1V Q2 V mQ3 V
_'Q4 \ Q5 \ Q69 Qla Q29 Q3’ Q4’ _'Q4 \ _'QG’ _'Q5
V Q7.

Let G be the set of these terms.

Third, we apply the resolution principle to the el-
ements of the set G. We deduce:

1) =Q1V-Q2V-Q3V-QsVQsV Q7 (input)
2) =1V —Q2V -3V -QsVQs5V Qe (input)
3) @1 (input)

4) Q2 (input)

5) Qs (input)

6) Q4 (input)

7) ~Q4V —Qg (input)

8) Qs V =Q7 (input)

9) —Q2V-Q3V-Q4VQsV Q7 (resolvent from
1) and 3))

10) —Q3V Q4 V Qg V Q7 (resolvent from 9)
and 4))

11) =Q4V Qg V Q7 (resolvent from 10) and 5))
12) Qg V Q7 (resolvent from 11) and 6))

13) =Q2V =Q3V =Q4V Q5 V Qg (resolvent
from 2) and 3))

14) —=Q3V —Q4V @5V Qg (resolvent from 13)
and 4))

15) =Q4V Q5 V Qg (resolvent from 14) and 5))
16) (@5 V Qg (resolvent from 15) and 6))
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17) —Qg (resolvent from 7) and 6))

18) (@7 (resolvent from 17) and 12))

19) @5 (resolvent from 16) and 17))

20) —Qs (resolvent from 8) and 18))

Now, a refutation of the negation —c follows

from 19) and 20). This actually means that the fuzzy
formulas K1, K2 and ¢ hold at the same time. More
precisely, the condition (b) of Theorem 1 is satisfied.
Consequently, our claim follows from the assertion
(a) of Theorem 1 (see also, [5, Cor. 8]).
(a) (ii) In this case, the fuzzy formulas K; and Ko
have the same form as in the previous case. There-
fore, their conjunctive normal forms as well as their
conjunctive terms remain the same. Now,

¢ =(QiAQaAQ3AQy) =
(@21 Qs5) VvV (Qs NQ7)).

Hence,

¢ = QIAQ2AQ3 A QA (~QaV —Q5) A
(=Qe6 V —Q7) .

The elements of the set G are: —Q1 V —(Qs V
Q3 V Q4 V Qs V Q7, Q1 V ~Q2 V ~Q3 V ~Qy
V Qs V Qr, Q1 V -Q2V Q3 V —=QsV Qs V Qs,
Q1, Q2, Q3, Qu, ~Q2 V =Q5, Qs V —Q7.

We obtain:

D =Q1V-Q2V-Q3V-Q4V sV Q7 (input)
2) ~Q1V-Q2V—QsVQ4VQs5V Qs (input)
3) @1 (input)

4) @2 (input)

5) Qs (input)

6) Q4 (input)

7) Q2 V —Qs (input)

8) —Qs V ~Q7 (input)

9) —Q2V—Q3V-Q4VQ5V Q7 (resolvent from
1) and 3))

10) —Q3V Q4 V @5 V Q7 (resolvent from 9)
and 4))
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11) —=Q4V Q5 V Q7 (resolvent from 10) and 5))
12) @5V Q7 (resolvent from 11) and 6))

13) —Q2V —Q3V -Q4V Q5 V Qg (resolvent
from 2) and 3))

14) —=Q3V Q4V Q5 V Qg (resolvent from 13)
and 4))

15) =Q4V Qs V Qg (resolvent from 14) and 5))
16)
17)
18)
19)

20)

Q5 V Qg (resolvent from 15) and 6))
=5 (resolvent from 7) and 4))

Q7 (resolvent from 17) and 12))

Q¢ (resolvent from 16) and 17))
=7 (resolvent from 8) and 19))

A refutation of —¢ follows from 18) and 20).
(a) (iii) The proof is similar to the proofs of (i) and

(it).
(b) We have:

Ki=(@QiNQ2NQ3NQy) =

(@2 AN Qs NQ5NQs) V Q7),
Ko=(Q1ANQ2ANQ3NQsNQ5ANQs) =
(Q3 NQaNQs NQ7),
¢C=(QAQNQsAQs) =
(Qs AN Q7).
Now,

Ki=(Q1V-Q2V=Q3V-QsVQsVQr)A
(—Q1V=Q2V—Q3V-QsVQsVQ7),
Ko=(=Q1V-Q2V-Q3V -QsV-QsV
Qs V Q7),
¢ =QiAQ2AQ3 A Qs A (=Q3V =Qr).

The elements of the set G are: —Q1 V —Qs V
—Q3V Q4 V Qs V Q7, ~Q1V 2Q2 V Q3 V 2Q4
V Qs V Qr, Q1 V —Q2 V -Q3V Qs V Q5 V

—Q6 V Q7, Q1, Q2, @3, Q4, 7Q3 V —Q7.
We deduce:

D =Q1V—=Q2V-Q3V-Q4VQs5V Q7 (input)
2) =Q1V-Q2V-Q3V-QsV Qs V Q7 (input)

Volume 14, 2019



WSEAS TRANSACTIONS on SYSTEMS and CONTROL

3) =Q1V—Q2V—Q3V—QsV—Q5V—QsVQ7
(input)

4) @ (input)
5) Q2 (input)
6) (@3 (input)
7) Q4 (input)
8) Q3 V —Q7 (input)

9) —Q2V-Q3V—-Q4VQs5V Q7 (resolvent from
1) and 4))

10) —Q3V Q4 V Q5 V Q7 (resolvent from 9)
and 5))

11) Q4 V Q5 V Q7 (resolvent from 10) and 6))

12) @5V Q7 (resolvent from 11) and 7))

13) Q2 V —Q3V =Q4V Qs V Q7 (resolvent
from 2) and 4))

14) —=Q3V -QsV Qg V Q7 (resolvent from 13)
and 5))

15) =Q4V Qg V Q7 (resolvent from 14) and 6))

16) Qg V Q7 (resolvent from 15) and 7))

17) =Q2V =Q3V Q4 V =Q5 V =Q¢ V Q7

(resolvent from 3) and 4))

18) —Q3V -Q4sV Q5 V Qs V Q7 (resolvent
from 17) and 5))

19) =Q4V-Qs5V-QsV Q7 (resolvent from 18)
and 6))

20) Q5 V Qg V Q7 (resolvent from 19) and
7))

21) —Q7 (resolvent from 8) and 6))
22) (s (resolvent from 21) and 12))
23) (g (resolvent from 21) and 16))
24) Qg V Q7 (resolvent from 20) and 22))

25) @7 (resolvent from 24) and 23))

A refutation of —¢’ follows from 25) and 21).
This completes the proof. O
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It is worth to note that the authors in [12] first pro-
posed the way of obtaining fuzzy implications from
t-norms. In particular, the first fuzzy implication ob-
tained in this way was the Yager fuzzy implication
Iyg.

Questions like: behavior of f-implications with
respect to their distributivity over t-norms and t-co-
norms, the law of importation and contrapositive sym-
metry, algebraic properties of f- and g-generated fuzzy
implications, description of their intersections with
(S,N)-implications and R-implications, description of
certain sub-families of such intersections, characteri-
zation of the intersections of f- and g-generated fuzzy
implications with various families of fuzzy implica-
tions, partial characterization of such intersections, in-
troducing of new classes of fuzzy implications, etc.
are quite well understood in [8], [1] and [3].
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