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Abstract: By the transition probability flow graphs methods, we considered the distribution G (p), and derived its
probability generating function. Based on G (p), we came to the probability distribution of N By (r, p) and showed
the correlation between them. Following N By (r,p), we got the distribution of By(n,p), and then we discussed
its some properties including the mean and convergence. Finally, we employed the properties to study a reliability

question.
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1 Introduction

The present paper discusses the probability and statis-
tics properties of the binomial distribution of order &,
an important distribution in Bernoulli trials that de-
noted by By(n,p). To the best of our knowledge, the
probability generating function of Bj(n,p) has not
yet appeared in literature since it is too complicated
[11]. Therefore, its probability distribution and mean
are difficult to be obtained. By the transition proba-
bility flow graphs methods applied widely in the sam-
pling inspection field, we discuss the geometric and
the negative binomial distributions of order k [1, 4,
10], and obtain their probability distributions. Follow-
ing the distributions, we derive the binomial distribu-
tion of order k [6, 10, 13], obtain its mean and other
properties.

The prototype of transition probability flow
graphs methods is the signal flow graphs theory ap-
plied to systems engineering widely, which was orig-
inated by Mason [9]. Koyama [8] firstly introduced
it into the study of sampling inspection. It gradually
became a perfect theory by Fan’s work [2,3]. Now we
provide a brief description for the methods.

Based on decomposing the Markov chain formed
by the variation of a nonnegative integer-valued ran-
dom variable, ascertaining the states and routes, and
setting probability functions to the routes, we can ar-
rive at a flow graph of the process being similar to
the transition probability graph of the chain. By the
series-parallel operation rules, we can get the proba-
bility generating function of the random variable from
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the flow graph.

Let 7 be a nonnegative integer-valued random
variable with probability space (€2, F, P), set B,, =
{7 = n}, then for any a fixed B € F, the transition
probability function of 7 is defined by G,(z;B) =
oo o P(BBy)a", |z| < 1. Particularly, B = Q
yields the probability generating function of 7 as
Gr(x) = Y00, P(r = n)a™, || < 1.

Consider a Markov chain that takes on countable
number of possible values. The transition process
from state s; into s9 denoted by r : s; = s is called
a route, and its transition time named step is a random
variable. By the Markovian property that the steps of
s1 = s9 and sy = s3 are independent. The tran-
sition probability function of the route r is defined by
Gy(z) => 0" Pr(n)z", |z| < 1, where P.(n) is the
n—step transition probability of 7. The route from s;
into s3 by way of sy denoted by 1 - 79 is called a series
route if the routes 71 : s1 = s and ro : S9 = s3 are
independent. The route denoted by r; + 79 is called a
parallel route of 71 : s1 = so and ro : 51 = s9 if they
are mutually exclusive. The conclusion of Lemma 1
is obvious.

Lemma 1 /2, 12] Let Gy, (x) and G, (x) be respec-
tively the transition probability functions of the routes
r1 and T3, then Gy .r,(v) = Gr () - Gry(z) and
Gritrs (‘/I:) =G, (J:) + G, (l‘)

The route [ : s; = sg is called a straight route

if no state is repeated in it. The route 0 : s1 = 51
is called a loop route on state s; if s; can be repeated
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infinitely, and all the repeated routes are independent
identically distributed. For the straight route and loop
route, we have

Lemma 2 [3, 14] Let G|(x) be the transition prob-
ability functions of the straight routes | : s =
s2, Go,(z) and G,,(x) be respectively the transi-
tion probability functions of one repetition of the loop
routes on state s1, then

Glo, () = Gi(2)/[1 = Gy, (2)],

Gl(o140y) (%) = Gi(2)/[1 = Go, () = Gop ()]

2 The probability distribution of the
binomial distribution of order £

In the present section, following the transition proba-
bility flow graphs methods, we derive the probability
generating functions of G (p) and N By(r, p), further,
we get the probability distribution of the binomial dis-
tribution of order k. Let X ;) denote the number of
trials until the occurrence of success run with length
k in Bernoulli trials with success probability p. We
denote its probability distribution by G (p), and call
it the geometric distribution of order k£ with parameter
vector p.

Theorem 3 The probability generating function of
Xk distributed as Gy (p) is given by

- pkxk _ pk+1xk+1
1 —x+ gphahtl’

GX(k) (z) (1)

where q =1 — p.

Proof. Let 7, be the state that the trial process will
be in at the end of the first n trials, where the num-
ber of trials n is also named transition time. Then
{Tn,n = 1,2,---} is a Markov process with state
space S = {0,1,---,k}, where 0 is the beginning
state and k is the ending state. The event {7, =
s, s € S} denotes the occurrence of s consecutive
success at the end of the foregoing n trials. Hence,
{mn = k} = {X(x) = n}. From the beginning to the
ending, we can obtain the transition probability flow
graphs of {7,,n = 1,2, -} as shown in Fig. 1.

Fig. 1: The transition probability flow graphs of G (p)
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There are k parallel loop routes at the beginning
state B with respectively the transition probability
functions gz, gz(px), gz(px)?,--- , qr(pz)*~!, and
k series straight routes from B to E with the same
transition probability function pz. Then we get the
transition probability functions of the loop route and
the straight route from B to E' denoted respectively by
O(z) and L(x) as follows

E
—_

Ox) =, (qz)(px)', L(z) = p*a*.

I
o)

By Fig. 1 and Lemma 2, we get the probability
generating function of X ;) (i.e. the transition time of
the route B — )

G (2) prak Pk — phtlgh+l
X, ()= - = .
O 1= (ga)(pr)t L@t ettt

This completes the proof. O

Next, we consider the probability distribution of
the negative binomial distribution of order k. Let
X(k,r) be a random variable denoting the number of
trials until the rth occurrence of the success run with
length k in Bernoulli trials with success probability
p- We denote the probability distribution of X, .y by
N By(r,p) and call it the negative binomial distribu-
tion of order k with parameter vector (7, p).

Theorem 4 The probability generating function of
X(k,r) distributed as N By(r,p) is presented as fol-
lows

(@)

phak — phHlghtiNT
1 — x + gpFah+l

GXg (@) = <

Proof. Let X (1k) be the number of trials until the oc-
currence of the 1" success run, and X fk) be the num-

ber of trials from the ending of the (s — 1) suc-
cess run to the occurrence of the s one respectively,
s =2,---,r. Itis obvious that X(lk),X(Qk), ‘e ,X(k)
are independent and identically distributed random
variables each having the probability generating func-
tion as formula (1). Hence we get the generating func-

GX(k,r) () = H GX(Sk)(JU) - (Gng) (x))r
s=1

(PR — PR
-\ 1—xz+ gphzht!

Theorem 4 has been proven. g
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Theorem S If the random variable X,y is dis-
tributed as N By (r, p), then

P(X(k,r) = n) = Z

N1,M2,0 ,NED
ni+2ns+---kng=n—=kr

ni+ng+---+np+r—1 g\ttt :
n17n27...’nk7r_1 p7

p

where n=kr kr+1,kr+4+2,---.

Proof. Following formula (2), we get

k. .k r
prz
1—gz(l+pz+--- —i—pk_lxk_l))

B Pk "
1—2(px + - + phak)

-
— kT kT (1 _ %(px 4. +pkxk>>

(r+n—1\ [q\"

Gx () = (

> ()

n
(q> (p$)n1+2n2+---+knk+kr
p

_ Z ny+ng+--+np+r—1 »
niy,ng,:-- 7nk,7"—1

N1,N2, Nk

q ni+ng+--+ng
n1+2ng+--+kng+kr
(2) F———

b

00
n=kr N1, ,NE>
Zle in;=n—kr

ni+na+-+ng
<Q> nn
ptx".

it b ngkr—1)
ny,--- ankvr_l

p
So, from the above we can easy come to the probabil-
ity distribution of Xy ). O
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Remark 6 N Bj(1,p) = Gg(p).

Let Nék) be the number of success run of length
k in n Bernoulli trials with success probability p. The
probability distribution of N,(Lk) denoted by By (n,p)
is called the binomial distribution of order k with pa-
rameter vector (n, p). Note that when k = 1, Bi(n, p)
is the usual binomial distribution B(n, p).

Theorem 7 The probability distribution of By (n,p)
is given by

k—1
PP -n-Y Y
s=0 mi1,mz, -, Mk

mi+2mo+--+kmp=n—s—kr

. .. m1+...+mk
(m1+ +mk+r> (q) o G3)

miy,ma, - ,Mg,T b

where r = 0,1,--- ,[}], and [z] denotes the greatest
integer not exceeding x € R.

Proof. Suppose X(j,) is a variable distributed as
N By (r,p), then {X(,11) = m} is equivalent to
that either the (m — k)th trial is a failure and all
the subsequent k trials are successes, or all the pos-
terior 2k trials are successes in the m trials. Let
“@” be a success, “O”’be a failure, “®’be a trial, for
m=n+k,n+k—1,--- ,n+1, we have the figure of
the events { X, ,y1) = n+k—s},s =0,1,--- k-1
as follows, where k = 4 for simplicity.

ntJrials
O OOOOOOOLCDREDD s=0
O OOOOCDDPDDDPDD s=0
O OOOOOLODDDSD s=1
O OOODPDDDDDDD s=1
O OOOOOOCDDDD 5s=2
O OOPDDDDDDD 5§=2
(ORE OXORONORS AP RS RS N> s=3
O ODODPDDDDD s=3

Fig. 2: The events of {{(;, 1) =n +k — s}

Let {X(,+1) = n+k — s|(k — s) @} denote
the event that (r + 1) success runs of length & occur
in (n 4 k — s) trials and the last (k — s) successes are
deleted, where s = 0, 1,--- , k — 1. Following Fig. 2,
we shall find that (Y0 {X (1) = n + k — s|(k —
s) @} means all the possible ways the r success runs
occur in n trials. Hence we have

k—1

s=0

Volume 11, 2016



WSEAS TRANSACTIONS on SYSTEMS and CONTROL

Therefore

PN = 1)
—1

= P({X(k,r+1) =n+k—s|(k—s) @})

S

=0
k—1

=> » " P (X =0tk —s)
s=0

—_

- >

5= M1,M2, M
mi1+2mao+--+kmp=n—s—kr

(ml—i-mg—i-—l—mk—l-r) <q>m1+TTL2+--.+mk .
mi,ma, -, Mg, T

p

Theorem 7 has been proven. O

3 Some properties of the binomial
distribution of order %

It is well known that when k = 1, the usual binomial
distribution B(n,p) converges to the usual Poisson
distribution P(\) as n — oo, p — 0 and np — A. In
addition, if Z; and Z are independently distributed as
P(A1) and P(\2), then the conditional random vari-
able Z1|Z1 + Zs = n is distributed as B(n, p) where
p = A1/(M + A2). However, for k& > 1, the above
conclusions are not true.

Proposition 8 By (n,p) does not converge to Py(\)
asn — oo,p— 0andnp — Nifk > 1.

Proof. To show this, we represent the probability gen-
erating function of Py (\) derived by Shao in [15] as
follows

Gz () = Mttt —k)

Let G v (x) be the generating function of N
distributed as By(n,p). It is easy to find that if
P(N,(lk) =0) » e Masn — oo,np — A, then

k _
Gy (x) » Gz, (x), where P(N,s ) = 0) and e~
are respectively the constant terms of GG N (x) and
Gz, (@)

We only consider & = 2. By formula (3), the
constant term of the generating function G 2 (z) is

2.

mi,moe>
mi1+2mo=n—s

N&

1
P(N® =0)=)"
s=0
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(m1 —1—m2> <Q>m1+m2 o
my, ma D

g [
mi, ma p

mi1,m2>
<”l1+m2) (q>m1+m2 n
mi,mo p

m1+2mo=n

DS

mi,m2>
mi1+2mo=n—1

let n — oo, p — 0 and np — A, then

)\2
PN =0) e Frer+ e g

o1 =1.

On the other hand, for the random variable Z () that
distributed as P»(A), the constant term of Gz, (z) =

Ae+a®=2) g =22 By P(N? = 0) -» e=2, we say
that G (2 () -+ eM@+e®=2)  Thus for any positive
integer £ > 1, we shall conclude that

(x) - Attt —k),

G NG
It means that the binomial distribution of order k(> 1)
does not converge to the Poisson distribution of order
kasn — oo,p — 0and np — A. O

Proposition 9 If Z; are independently distributed as
Pi(N\;), i = 1,2, then the conditional random vari-
able Z1|Zy + Zy = n is not distributed as By(n,p)
with parameter p = A1 /(A1 + \2) when k > 1.

Proof. The probability distribution of Pj(\) can be
found in [5], [10] and [15], we represent it as follows

A\ttt

> e
ma!---my!

M1,M2, M
mi1+2ma+-+kmp=m

P(Z=m)=

where m = 0,1,2,---. Furthermore, we can show
that if Z; and Z, are independently distributed as
Py (\1) and Py (\2) respectively, then Z; + Zs is dis-
tributed as Px(A; + A2).

Assume that k = 2, \; = Ao = A, then Z; + Z5
is distributed as P»(2)\). Hence we arrive at
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P(Zl = 1|Zl + 7y :2)

o P<Z1:1,Z1—|—22:2)

P(Zl + Zy = 2)
_ P(Z1=1)P(Zy=1)
- P(Z1+Zy=2)

2
A +ma 672)\

mi1,mz>
mi+2meo=1

mllmg!

y BV el AW
ml!mgl 2A+2

mi1,mz>
mi1-+2mo=2

However, if N2(2) has a distribution Bs(2,p), where

p = A1/(A1 + A2) = 0.5, by formula (3), we obtain

P(NP =

ZZ

mi1,mz>
m1+2m2 2—s—2

mi-+ma
<m4+nm+1><05) (0.5)2 = 0.25. (5)

my,mo, 1 0.5

Combining (4) with (5), we find that if £ > 1,
Z1|Zy + Z3 = n is not distributed as By(n, p). O

Proposition 10 Ler P} (n, r)ﬁp(ngk)
have the recurrence

=), then we

Pi(n,r) = Pi(n—1,7) — qp* P (n — k —1,7)

PP~ ko — 1)~ P
where n > k and 0 < r < [n/k].

—k—1,r—1),

Proof. Similar to Fig. 2, we still assume that k¥ = 4
for simplicity. Considering the events

By = {there are 7 success runs occur in 7 trials and

they occur in the first (n — 1) trials too}

and
By = {there are r success runs occur in n trials and

no r success runs occur in the first (n — 1) trials},

we come to

E-ISSN: 2224-2856 91

Jiguang Shao, Qiuyuan Wang

r runsin (n—1) trials
Bi={0 00000006}

~
7 runs in n trials

(r—1) runs in (n—1) trials
By ={0---00000006},

7 runs in n trials

obviously,
{N®) =1} = B UB,. (6)

For the event Bj, regardless of success or fail-
ure, the nth trial doesn’t change the number of success
runs, hence it can be decomposed as

B1 = B11 U By,

where
r runs in (n—1) trials
Bi={0---00006006}

r runs in n trials

7 runs in (n—1) trials
-

={0- 006060600},

rruns in (n—1) trials
Bip={0---0000006}

7 runs in n trials

7 runs in (n—1) trials
={0 000000\ {0 000 DDD}.
N———

n—k—1 trials

rruns in (n—1) trials

Hence we have
P(By) = P(B11) + P(B12)
= qP;(n—1,7)+pP}(n—1,7)—qp" P (n—k—1,7)
= Pi(n—1,7) —qp"Pi(n—k—1,r). ()

On the other hand, for the event By, all the last k&
trials must be success, otherwise, the nth trial, i.e. the
last one can’t lead to a success run. So

(r—1) runs in (n—1) trials

By={0---000&¢dd}
7 runs in n trials
(n—k) trials n—k—1 trials
— —
={0-000CPODI\{O:--00OCDD D},
—_—— —_———
(r—1) runs (r—1) runs
then we get
P(By) = p* P} (n—k,r—1)—p" "L P} (n—k—1,r—1).
€))
Combining (6), (7) with (8), we can derive the
recurrence relation in Proposition 10. g
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Remark 11 Proposition 10 yields
P (n,0) = P;(n—1,0) — qka,;k(n —k—1,0),
where n > k.

Proposition 12 The mean of the random variable
Nék) distributed as By (n, p) is given by

[n/k]
ENW = Z {1+ (n —mk)qg}p™.

m=1
Proof. Let £,, = ENT(Lk), obviously, we find that
Ey=Ey = =Ej_=0E=p"

When n > k + 1, following the equation in Proposi-
tion 10, we have

[n/k] [n/k]
Z r- Pp(n,r) Z r-Prn—1,r)
r=1
[n/k]
—qp* Y v Piln—k—1,r)
r=1
[n/k]
+pP Y (r—1+1)- Pi(n—k,r 1)
r=1
[n/k]

k+12 —141)-Pi(n—k—1,r—1),

that is

E,=FE, 11— qpkEnfkfl
AP En i+ 0" —p" T Ep gy — M,

or
En—p"Ep = Ep_1 — P En_i_1 + qp”.
Let H, = E,, — p*E,_}, then we get
Hy, = Ej, — p*Ey = p

and
H, =H, 1 +qpk7n >k+1

By the above recurrence, we come to

H, = Hy, + (n— k)gp* = p* + (n — k)gp",
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where n > k + 1. That is
Ep—p"En i =p"+ (n—k)gp",n>k+1.
So, when n > k,

En=p Ey_p+ 0"+ (n—k)gp*

= B o + 0" + 0 + (n— k) gp® + (n — 2k)gp**
e — p[%]kEn—[%]k: + (pk _|_p2k’ 4+ .. +p[%]k’)+

(n - k)‘]pk + (TL — 2k)qp2k 4.4 (’I’L _ [ ]k;)qp[%]k

>3

[n/K] [n/k]

—O+mek+z (n —mk)q

[n/k]
= {1+ (n—mk)g}p™.
m=1
The proof is complete. a
A Reliability Example. For transmitting signals from
site A to site B, n independent microwave transfer
stations with the same failure rate p are distributed
equidistantly between them. Each station can trans-
fer the signals to the next kth one. We know that the
whole microwave transfer system will be in operation
until £ or more consecutive stations fail at the same
time [7]. We consider the reliability of the system R .
Obviously, R% = P(N¥) = 0) = P*(n,0). So,
by Remark 11, we have (k + 1) initial values

R; 1—pF 0
Ry 4 Ry qp"
R | =] B | — qp”
Ry, -1 qap®
or
P=1-p" = (i— ke, ©)

where k£ < 1 < 2k.

* * *
R; Ry i—k—1
* * *
— * *
te | = i+1 —4qp R piq |
* * *
Rz+k Rz+k 1 i—1

(10)

92 Volume 11, 2016



WSEAS TRANSACTIONS on SYSTEMS and CONTROL

where 2k +1 <i<n—k.

By the iterative formula (10), we can calculate the
reliability of the system R} . If the number of the mi-
crowave transfer stations n and the failure rate p are
fixed, then R} is an increasing function of k; if the
number n and k are fixed, then R} is a decreasing
function of p; moreover, for a fixed n and any k£ > 1,
R} is significantly greater than R,, = (1 — p)”, the
series reliability of the system. This is shown clearly
in Fig. 3 where the horizontal axis denotes the failure
rate p and the vertical axis denotes the values of the
reliability.

Fig. 3: The curves of R}, —pand R,, — p

4 Conclusions

We introduce the transition probability flow graphs
methods in studying the distributions of order k£ and
derive the probability generating function of Gg(p)
and N By (r,p), show the correlation between G(p)
and N By(r,p). Following N By(r,p), we arrive at
the probability distribution of By (n,p). Some cor-
responding properties of By (n,p), such as its mean,
convergence and recurrence formula etc, are pre-
sented. Finally, we discuss a reliability question by
the properties.
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