WSEAS TRANSACTIONS on SYSTEMS and CONTROL

M. Khadhraoui, M. Ezzine, H. Messaoud, M. Darouach

Design of Unknown Input Functional Observers for Delayed
Singular Systems with State Variable Time Delay

M. Khadhraoui, M. Ezzine, H. Messaoud
Laboratoire de recherche LARATSI
Ecole Nationale d’Ingénieurs de Monastir
Université de Monastir
Avenue Ibn El Jazzar, 5019 Monastir
Tunisie
malek.enim @ gmail.com
montassarezzine @yahoo.fr
Hassani.Messaoud @enim.rnu.tn

M. Darouach

Centre de Recherche en Automatique de Nancy

CRAN - CNRS UMR 7039
Université de Lorraine, IUT de Longwy
186 rue de Lorraine 54400 Cosnes et Romain
France
darouach @iut-longwy.uhp-nancy.fr

Abstract: In this paper, we propose a new time-domain design of an Unknown Input functional Observer (UIFO)
for delayed singular systems with known and unknown inputs. The order of this observer is equal to the dimension
of the vector to be estimated. Constant and variable delays act on the known input vectors and a variable state
delay is also taken into account. The proposed approach is based on the unbiasedness of the estimation error and
Lyapunov-Krasovskii stability theorem. The observer optimal gain satisfies a sufficient condition of the observer
stability dependent on the state delay. This condition is expressed in term of Linear Matrix Inequalities (LMIs)
formulation. The proposed approach is tested on a numerical example.
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1 Introduction

Singular models are of great interest. Despite their
complicated structure, these models known also
as generalized mathematical representations, are
the most adopted in researches for physical system
description particularly when singular systems are
concerned [18].

Functional observing problems is of great inter-
est ([3, 6-8, 10]). In fact, it’s equivalent to find an
observer that estimates a linear combination of the
states of a considered systems using the input and
output measurement. This functional state can be
used on control purposes ([9, 16]).

In addition, linear modeling with delayed state
interests a large class of physical processes. It
highlights the input propagation delay through the
dynamics of the system to reach the output which
clearly affect by the system stability [17]. Therefore,
we review some techniques of stability detection
based on Lyapunov-Krasovskii stability theorem in
order to ensure the stability of the observer dynamics
in spite of delays [15].

Observer design theorem for delayed systems
has been investigated over the last decade and several
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design techniques have been proposed ([3-5, 14]).
In addition the observers for systems with unknown
input are of great interest in the fault detection and
the control of systems in presence of disturbances
[5,6]. However, there is less literature about observer
design with unknown input for singular systems with
variable state delay [13].

In this paper and based on [7], a time domain
method of a functional observer design for delayed
singular systems with unknown input is proposed. In
fact, we aim to reconstruct a functional state inde-
pendently from the considered constant time delay
acting on the known input vector and the unknown
input vector. The observer design is based on a
sufficient condition dependent on the state variable
time delay and based on the Lyapunov-Krasovskii
stability theorem [15].

This paper is organized as follows.  Section 2
gives assumptions used through this paper and
formulates the functional observer problem to be
solved. Section 3, presents the contribution of the
paper by giving the design procedure of a functional
observer in the time domain. Using the unbiasedness
condition, the problem is transformed into a matrix
inequalities. LMI approach is then applied and the
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observer optimal gain is given as a solution of an LMI
condition depending on the variable state delay. The
fourth section summarizes the UIFO design steps.
Section 5 gives a numerical example to illustrate our
approach and section 6 concludes the paper.

2 Problem Formulation

Let’s consider the following continuous-time linear
time-delay singular system described by:

Ei(t) = Aaz( )+ Agz(t —11(t))
—|—ZBvJu ng t))
da
—i—Ziju(t - ng)
j=1
+Bu(t) + E1v(t) (1a)
Yty = Ca() (1b)
m(t) = Lax(t) (Ic)
z(to) = ¢o (1d)
where z(t) € R" is the state vector, m(t) € R™= is

the functional of the state to be estimated, y(¢) € RP
is the output vector, u(t) € R? is the known input vec-
tor, and v(¢)€ R" is the unknown input.

E, A, Aa, B, C, Buj(jcq,y Bdj<jcq,y Freand L
are known matrices of appropriate dimensions. ¢q is
the initial state, 71(¢) € R is the state variable delay,
T2, (t) is the known input variable delay and 73, € R
is the known input constant delay. Note that ¢, and g4
are positive integers.

The variable state delay satisfies the following condi-
tion:

0<mn(t) <77

with 7% € Ry
In the sequel, we suppose that :

Vt e Ry )

Hypothesis 1 [7]

1. rank (E) =11 <n

2. rcmk[g]:n

The main objective of this paper is to design in time
domain an unknown input functional observer for de-
layed singular linear systems. The considered systems
is affected by a bounded variable time delay acting on
the state vector and by a variable and a constant delay
associated both to the known input vector u(t).
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3 UIFO Time Domain Design

Under hypothesis 1, there exists a non singular matrix,

[ ao bo
S = < o do ) 3)
such that,
aoE + bgC = I, “4)
coE + doC = Opxn, %)

The seeked functional observer for system (1) is of
the form :

2(t) = Nz()+Ndz(t—ﬁ(t))

Z
+ZHdJ

+HU( ) + D1y(t)
+Day(t — 71(t))
2(t) + My(t)

—72;(t))

7'3‘7

(6a)

m(t) = (6b)

with
M = L(by + E2dp) @)
where z is the state of the observer and 1(t) € R" is

the estimate of the functional m(t). Matrices N, N,

ij(lgquv)9 Hd‘](lgqud)9 H’ Dl, D2 and M Wlll be

determined in the sequel using LMI approach.

3.1 UIFO conditions of time-delay singular
systems

The estimation error e(t) can be given from (1c) and
(6b), using (4) and (5) as :

e(t) = mlt)— () (8)
LI, — boC — EadoC)a(t)
(1) (8b)
= GEzx(t) — 2(t) (8c)
with
G = L(ao + EQCO) 9)

Purpose : Given the singular system (1) and the func-
tional observer (6), we aim to design the observer ma-
trices N, Ny, H, Hv](1<]<q )’ de(l.Squd)’ Dy, Dy
and F so that m converges asymptotically to m, so :

ti@ﬁzwe(t) =0 (10)

where e(t) is given by (8a).
To do so, we propose the following theorem :
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Theorem 1 The functional observer (6) is an UIFO
for singular model (1) if and only if the following con-
ditions are satisfied :

i) é(t) = Ne(t)+ Nge(t —11(t)) is asymptotically
stable.

ii) GA— NGE —-D;C=0
iii) GAg — NgqGE — DyC =0
iv) GE1 =0

v) H=GB

vi) Hyj = GByj, 1 < j < qy

vii) Hyj = GBgj, 1< j < qq

Proof 1 The derivative of (8c) is given as follows :

an

By replacing Ei(t) and %(t) by their expressions in
(1) and (6a) respectively, relation (11) becomes :

&(t)

&(t) = GEi(t) — 4(t)

Ne(t) + Nde(t -7 (t)) + GElv(t)

—|—ZU(GBW‘ - ij)u(t - TQj(t))
7=1

+Y (GBaj — Haj)ult — 73;)
j=1

+(GAg — NyGE — DyC)z(t — 11(1))

+(GA = NGE — D;C)z(t)

+(GB — H)u(t)

(12)

with the initial condition eg = mg — Mmg. So, the
unknown input functional observer (6) will estimate
asymptotically the real functional of the state m(t),
for any initial conditions, any u(t), u(t—72;(t)), u(t—
73;) and independently of the unknown input v(t), if
and only if conditions i) - vii) are satisfied. |

3.2 UIFO time domain design

By replacing G by its expression given by (9) in con-
ditions ii) - iv) of theorem 1 and according to (4) and
(5), we have :

LagA = NLagE + F1C — LEscgA  (13)
LagAy = NyLagE + F5C — LEscyAy (14)
LagEy = —LEscoEr (15)

where
Fy = D) — NLFE»dy (16)
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Fy = Dy — NyLE>dy an

Equations (13) - (15) can be written in the following
matrix form :

XX =0 (18)
where,
X =[N Ny i F, —-LE; | (19
LagE 0 0
0 LCL()E 0
Y = C 0 0 (20)
0 C 0
C()A C()Ad C()E1
0 = [LaoA LaoAd LaoEl] (21)

Note that a general solution of (18), exists if and only
if

rank [ g ] = rank(X) (22)
So under condition (22), we can have :
X =0%t - Z(I -3x") (23)

where Y is the generalized inverse of the matrix X
and Z is an arbitrary matrix of appropriate dimen-
sions, that will be determined in the sequel using
LMI approach. [ is the identity matrix of appropriate
dimension.

The unknown matrix N in (19) can be given
by:

I
0
N=X] 0 (24)
0
0
By replacing (23) in (24), we obtain :
1 I
0 0
N=0x"| 0 |-zZ(I-2x")| 0 (25)
0 0
0 0
Let’s consider :
I
0
A =0xt| o (26)
0
0
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and
I
0
By=(I-%x%)] 0 (27
0
0
Then,
N = Ay — ZB1; (28)
Similarly for matrix N4, we obtain :
Ng = Ay — ZBa (29)
where
0
1
Ay =03"1] 0 (30)
0
0
and
0
I
Byp=I-Xx7)| 0 (€2))
0
0

At this stage, and based on theorem 1 and Lyapunov-
Krasovskii stability theorem, one can get the gain ma-
trix Z which parametrizes the observer matrices, as
proposed in theorem 2.

Theorem 2 :
The proposed observer (6) is an UIFO for singular
system (1), where the delay T (t) satisfying (2), if there

exist P = PT >0, Xo = X' > 0and X; = X{ >
0 such that :
Q T*PNd T*PNd
U= N'P —1?X, 0 <0
T* Ny P 0 —2X,
(32)
with

Q=a+al +7*NTX N +72N," X1 N, (33)

and
a=(N+Ny)'P (34)
A
Note that 7* is given by (2).
Proof 2 The chosen Lyapunov functional is :
V(t) = Vi) + m()Va(t) + T ()Va(t)  (35)
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whith
W) = e Pe(t) (36)
Tl(t) t
Va(t) / / e(s)' NT XoNe(s)dsdd
0 t—6
(37
Tl(t) t
Vs(t) / / e(s)T NI XoNye(s)dsdf
t—0
(38)

Where P, Xg and X are symmetric positive definite
matrices of dimension n.

According to condition (2), V(t) > 0, Vt € R
and  knowing  that e(s)TNTXoNe(s) and
e(s)T' NY X1 Nye(s) are positive scalars, we can
write :

0< V() <V(t) (39)
with
V() = )+ T Var(t) + TV () (40)
Vor(t) = / / (s)'NTXoNe(s)dsdd
t—0
4D
T* t
Vai(t) = / / e(s)TNT XoNye(s)dsdf
0o Ji-o
(42)
So according to (39), if tljﬂl V() = 0 then

lim V(t) =
t—+o00 -
To prove that V (t) ~ 0 whent — +00, we can prove

that V()1 100 < 0 (See [1]).

The derivative of the functional V (t) is :

V() =Vi(t) + 7 Var(8) + TVar () (43)

By applying the Leibniz’s transformation on (6), we
have:

0

e(t) = (N4 Nge(t) -

—T1 (t)
—NgNg /
—27 (t)

NgN e(t +0)do
77‘1(t)

e(t +0)do (44)
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SO .
Vi(t) = e®)"[(N+ Ng)"P+ P(N + Ny)le(t)
0
/ e(t+0)T(NNy)T Pe(t)do
0
—e(t)' PNyN e(t +0)do
—Tl(t)
—71(1)
— / e(t+0)T(NNy)T Pe(t)do
271 (t)
—e(t)' PNyN / o e(t +0)do (45)
271 (t
We have :
‘61(75) = /T [e(t)TNTXoNE(t)
0
—e(t — )T NT XoNe(t — 6))do
(406)
SO,

Vgl(t) = T*e(t)TNTX()Ne(t)
— / ’ e(t —0)'NTXoNe(t — 0)]do
0
47

Let’s
e(t —0) = —Ne(t —0) e R" (48)

SO we write :
Vor(t) = 7%e(t)TNTXoNe(t)
—/T e(t — 0)T Xoe(t — 6)]db
’ (49)

*

V) = [ ()N X0 Naett)

—e(t — )T NT X Nye(t — 6)]db
(50)
Let’s :
ea(t —0) = —Nge(t — 0) € R™ (51)
50,
Va1 (t) = 7%e(t)T NT X Nye(t)
— /T* eqa(t —0)T X1eq(t — 6)do
’ (52)
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Uniform asymptotic stability of (40) implies that :

lim V(t) <0 (53)

t——+00

As 0 is bounded, the quantities €(t — 0) and e4(t — 0),
respectively, given by (48) and (51) satisfy :

A0 = o 68
and,
QTmEd(t —0)= QTmEd(t) (55)

and consequently,

T*

lim (| €t —0) Xoe(t — 0)do)
t—=+o00 " Jo
=7 lim e(t)T Xoe(t) (56)

t—+o0

and,

*

lim (/OT 6d<t — H)TXled(t — 0)d0)

t—-+o0

= 7' lim €d( )TXled(t) (57)

t—-+o0

We set the variable’s changes:

U R
v = tﬁinooed(t) (59)

The equations (56) and (57) can be written as :

*

lim ( /O " et — 0)T Xoe(t — 0)do)

t—4o00

=7y X0y (60)

and,

lim (| eq(t—0)T X1eq(t — 0)db)

t——+o00 0
=vI X (61)

We suppose that £ = tlZT e(t), we have :
—+o0

lim V() = [ET[(N + Ny)TP + P(N + Ny)J¢

t—+o0
—I—T*2§TNTX0N£
+72 €T NG X1 Nyg)
+[m ()Y NG P&+ 7)€" PNy
+Hm ()T NI P + ()T PNy
+[-m 2T Xy — 72T X10] (62)
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and since 'yTNdTPé is a scalar term, we can write

(YT NI PE + 11 (t) €T PNgy = 27 (t)yT NI P¢

(63)
Let us define :
p=PNgy (64)
and K a positive definite matrix such that :
p=K¢ (65)

Since that for any vector a € R™ and b € R" we have:

+2a"b < oK 'a+ " Kb (66)

S0,

2n(t)p"¢ <) (p" K 'p+ETKE)  (67)

Since pPK~'p ¢ Ry, ¢'K¢ € R, and

0<7(t) <7*
then,

() (p" K p+ TKE <7 (p" K™ 'p + £TKY)
(68)
Which results in :

(P K p+TKE <t (p"E+ETp)  (69)

Similarly:

(I NFPE+ (1) PNgv
< VINTP¢ + ¢ PNy (70)

Therefore:

lim V(t) < [€T[(N + Ng)TP + P(N + Ny))¢

t——4o00
+T*2§TNTX0Nf
+7° TNy X1 Nyg)
+Hr*y T NFPE + 16T PNy
+[r* VT NI P + 76T PNy
+[77'*2*yTX0’y — T*QUTXll/] (71)

which can be written as :

. 3
Jim V() < [ €8 4T v Jw oy | (72)
v

where VU is given by (32).

According to condtition (53) if tliT V(t) < 0
—+00
then U < 0 which satisfies theorem 2. |
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To avoid the quadratic form present in equation (32)
of theorem 2, we propose a congruence transforma-
tion of ¥ using the Schur lemma ([2]). Once equiva-
lence is established, we can express the observer opti-
mal gain Z as a solution of a LMI.

In fact, the chosen Lyapunov functional given by (35)
can be modified by choosing Xy = X; = P and the-
orem 2 is equivalent to :

Theorem 3 The proposed observer (6) is an UIFO
for singular system (1), where the delay T, (t) satis-
fying (2), if there exist P = PT > 0 and Y such as
the symmetrical matrix 11 is negative :

Bir B2 Bz Pua Bis Bie
*  Boa Bog Baa P25 Do
ok 33 (34 B35 Pas
II = 73
* ok x Pua Pas Pas (73)
x k% x P55 Bse
* * * * *  Peg
with
P11 Ba2 = B33 = Bs6 = — P (74a)
Bz = Pz = Pis = Pie = P2z = Poa
= B35 = B3 = Onxn (74b)
fuu = T'PA; — 7Y By (T4c)
fas = P =P (74d)
B3a = Pas = Pag = T PAsy — 7Y By (T4e)
Buaa AT P - BLYyT + PA,, —YBy;
+ ALP - BLYT 4 PAy — Y By
(741)
Bss = PBos=—(T""+1)P (74g)
The observer gain Z is given by :
Z=PY (75)
A
Proof 3 Matrix VU can be written as :
U=M-STH 1S (76)
with
T*N Onxn  Onxn
S = Onxn I, 1, (77a)
T*Nd Onxn  Onxn
P_l Oan Oan
H = - Onxn Pil Onxn (77b)
On><n O’T'LX’fl P_l
a+al 7PN; 7PNy
M = » “Bss  —P  |(77¢)
* * —Be6
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According to the Schur lemma, ¥V < 0 and H < 0 if
and only if the :

H S
Q_<ST M><O (78)
We apply a congruence transformation to ) such as :
O=7"QT <0 (79)

with T is a non singular matrix given by :

P 0 ... ... 0
0 P
T : P : (80)
. In .
: I, O
0 0o I,

then by replacing N and Ny by their expressions given
respectively by (28) and (29) in 11, theorem 3 holds. B

Once Z is calculated using (75), all observer matrices
can be given by :

Fy = A3z — Z B33 (81)
where
0
0
A3 =031 | T (82)
0
0
0
0
Bys=(I-2xN) | I (83)
0
0
The matrix F5 is given by :
Fy = Ay — ZBuy (84)
where
0
0
Ay =03x"] 0 (85)
I
0
0
0
By=({I-%x%) | 0 (86)
I
0
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and,
LEy = —Ass + ZBss (87)
where
0
0
As5 =0XT | 0 (88)
0
I
0
0
Bss = (I-2%1) | 0 (89)
0
I

4 UIFO design steps Summary

Step 1) Verify hypothesis 1.

Step 2) Get the non singular matrix S verifying (5)
and (6).

Step 3) Compute matrices > and © from (19) and
(20).

Step 4) Verity the regular condition (21).

Step 5) Solve the LMI (73) to obtain P and
Y.

Step 6) Compute the matrix Z from (75).

Step 7) Compute N, Ny, Fy, F5 and LEs using
equations (28), (29) and (81)-(89).

Step 8) Compute M using equation (7).

Step 9) Compute D; and D5 using (16) and (17).

Step 10) Get matrices H, ij(lgquv) and N

Hg, (1<j<qq) USINE: respectively, conditions

v), vi) and vii) from theorem 1.

So, all observer matrices are known.

S Numerical example

Let’s consider system (1), where ¢, = 1, g4 = 1 and,

=38} a=(% ) o-(3)
Ad:<oi5 —01>’E1:<o.2179>
>,Bd=<$>,cz(1 1)

—05 523
L _< 3 —0.87)’

The variable state delay is a sinusoid such :
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T1(t) = i(sin(ZOﬂt) +1)

Obviously, we have 0 < 71(t) < 7% = 0.5, Vt € R.
The constant known input delay is evaluated at

731 = ls.

The variable input delay 721(¢) has the following
form:

0.4

03

——Known Input Delay

0.2

0.1

Figure 1: The Input Delay

We have rank ( B

C ) = 2, so hypothesis 2 is

verified.

According to equations (4) and (5), we have:

(5 Sa-(2)

co=(1 —05),dy=0.

)

0.2
-0.2

0.4
—-0.4

The resolution of the LMI (73) gives :

-

Y =

30.2351 44.7667
4.7667 66.2824

(N Y2

where

-

10.5945
15.6943

9.9282 14.6993 7.1634
14.6994 21.7644 10.5945

Yy =

—0.0022 —0.0004
0.0015  0.0003

0.0007
—0.0005

).

Computing Z from equation (75) gives :

Z=108x (21 Z)
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)
).

So, the functional observer matrix values are given as
follows :

where

—0.0705
0.0476

2.3217

0.1044
2= ( ~1.5680

—0.0705
Zy =
0.2958 —0.9160 —0.181

—1.5680
—0.1998 0.6187 0.1222

1.0590

N =

e
-

( —126.1805

—181.3236
84.9996

122.1363

—15.5045
10.3118

—24.5570
16.3489

—6.1162
4.1308

3.3295

Dy —2.2487

0.9289
—0.6274

(
(
[ v
(

S

H —0.6274
I —3.3295

v
d=\ 922487

)
)
)
)

2.0749
—1.4014

- 200)

Next simulations are carried out using a known input
given by Figure 2.

1

\
\

N

NARANENY,
TN

0 10 20 30 40 50 60 70 80 920 100
Time (Seconds)

=)

Figure 2: The known input : u(t)

Figures 3 and 4 show the real and the estimated
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components of the state functional and Figures 5 and
6 illustrate the evolution of the state error components.

We note the observer independence of the un-
known input and so the effectiveness of the proposed
approach.

(3,

—Real Component of the State Functional
- Esti [+ of the State F

5 10 15 ) 20 25 30

Figure 3: First States Component

—Real component of the state functional
""" il of the state i

o

Time (Seconds)

Figure 4: Second States Component

200

150

/ \

100

e,(t)
/

50

\

-500

6
Time (Seconds)

Figure 5: The First Component of the Estimation Er-
ror
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40

20

-20

et

-40
-60 \ v

/
-80

-100

-120

Time (Seconds)

Figure 6: The Second Compoent of the Estimation
Error

6 Conclusion

In this paper, a new time-domain design is proposed
of an unknown input functional observer for singu-
lar systems with variable time delays acting on both
state vector and known input vector. A constant time
delay is also considered in the known input vector.
First, we ensured the unbiasedness of the estimation
error. Then, the observer gain that parametrizes all
functional observer matrices is an optimal solution
of LMIs conditions dependent on the bounded state
delay. So, the estimation error converges for any
constant time delay, any known input and indepen-
dently from the unknown input. The application of
the proposed design procedure on a numerical exam-
ple shows the effectiveness of the proposed approach.
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