WSEAS TRANSACTIONS on SYSTEMS and CONTROL

Mohammed Alfidi, Zakaria Chalh, Mohamed Ouahi

A constructive design of state observer for two-dimensional systems

Mohammed ALFIDI Zakaria CHALH Mohamed OUAHI
LISA, ENSAF LISA, ENSAF LISA, ENSAF
BP 72, QI Ain Chkef BP 72, QI Ain Chkef BP 72, QI Ain Chkef
Bensouda-Fez Bensouda-Fez Bensouda-Fez
Morocco Morocco Morocco

alfidi_mohammed @yahoo.fr

zakaria.chalh@usmba.ac.ma

mohamed.ouahi @usmba.ac.ma

Abstract : This paper is concerned with the design of 2-D state observer for a class of two-dimensional systems
described by the Fornasini-Marchesini local state-space second model. The paper provides a constructive design
method for the design of 2-D asymptotic state observer using a 2-D Lyapunov theory and a linear matrix inequali-
ties (LMI) technique. An illustrative example is provided to demonstrate the feasibility of the proposed method.
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1 Introduction

This paper concentrates on Two-dimensional sys-
tems (2-D), the study of these systems has received
much attention in past decades, because these 2-D
models play important roles in image data processing
and transformation [10], water stream heating, ther-
mal processes, modeling of partial differential equa-
tions [21], gas absorption, and others areas of digital
signal processing [18]. A great number of stability and
control results related to 2-D systems have been repor-
ted in the literature : for example, using 2-D Lyapunov
equations, some stability results have already been ob-
tained in [11, 12, 22, 24]. In the recent years a great
deal of works have been devoted to the analysis and
design techniques for these systems [1, 2, 8, 14]. The
problem of observing the state vector of both 1-D and
2-D linear discrete-time system has been the object of
numerous studies [7, 9], ever since the original work
of Luenberger [20], first appeared. but not fully in-
vestigated for 2-D systems, and still not completely
solved.

we must point out that although it is known that
the observation problem of linear 2-D systems can
be reduced to checking a polynomial matrix of 2-D
systems [4], it is seems difficult to apply this results
in practice for the observer synthesis problem. Very
recently, to solve this problem, many authors have
proposed to transform the initial 2-D system to an
equivalent one (by using some regular transforma-
tions) to design an observer controller for this system
[16], [17]. In contrast, the aim of this paper is to
design an asymptotic state observer for 2-D linear
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discrete-time system for 2-D systems described by
the Fornasini-Marchesini local state-space second
model, a new constructive method is them proposed
for the design of asymptotic state observers using a
Lyapanov equation and a linear matrix inequalities
(LMI) techniques, ensures that the estimated states
converge to the real value (i.,e. the observation error
vanishes asymptotically to zero), followed by an
illustrative example. The remainder of the paper is
organized as follows : In section 2 the problem under
study is formulated and some preliminary results
are given. Section 3 is dedicated to the design of a
state observer for two-dimensional systems descri-
bed by the Fornasini-Marchesini local state-space
second model. Section 4 uses a numerical example to
illustrate the effectiveness of the proposed method .
Finally, some conclusions are presented.

Notation : Throughout this paper, for symme-
tric matrices X and Y, X > Y means that the matrix
X-Y is positive definite I is the identity matrix of
appropriate dimensions. We use an asterisk (*) to
represent symmetric blocks that can be deduced by
symmetry. || . || means the euclidean norm. We also
denote by A7 the transpose of matrix A, [X]* the
generalized inverse of matrix X and by X! the
inverse of matrix X.
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2 Problem formulation and Prelimi-
naries

Consider the linear time-invariant 2-D system
(X) described by the following Fornasini-Marchesini
state-space second model [10] :

Tiplj+1 = ArTijpr + AoTigrj
() : + DBiuiji1 + Bauir1; (1)
Yisj = Oz

with the following boundary conditions [10] for sys-
tem (1) are given by

{ Ti0 = xo(z) VieN )
zo; =z0(j) VjEN
satisfying
{ supi'Ha:i,o'H < 00 3)
supj|zo,5|| < oo

where z; ; € R™ is the state vector, u; ; € R is
the input vector, ¥; ; € R! is the output vector.
Aq,As9,B1,By and C are known constant real
matrices of appropriate dimensions.
Before presenting the state observer design for 2-D
systems, we will give the following results that can be
used in the sequel of this paper.

Definition 1. [I8] The 2-D linear discrete-time
system (X) is said to be asymptotically stable if

lim || X (k) ||=0
k—o0

under sup; || X(0) ||< oo where X (k) = {x(i,j) :
i+j=ktand| X(k) [|= supzex | 2 |-

The following lemma gives a sufficient condition
for the asymptotic stability of 2-D linear discrete-time
system (X) in terms of an LMI.

Lemma 1. [[2]. The 2-D linear discrete-time sys-
tem (X) is asymptotically stable if there exist matrices
P > 0and Q > 0 such that the following LMI holds
ATPA-TI<0 “4)
Q

0
where I1 = { 0 P_Q]andA:[fh AQ].

Remark 1. The LMI (4) is useful for stability analysis
but not for synthesis problem, because it involves two
variables P and Q) that render the linearization of the
problem a difficult task.
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The following Lemma will be used for the syn-
thesis problem of 2-D state observer.

Lemma 2. [15].The 2-D linear discrete-time system
(3) is asymptotically stable if there exist matrices
P>0Q>0R=R'>01I>0 F e R>"
and G € R™ ™ such that :

I+ FA+ATFT —_F 4+ ATGT

[ . P_G_qr <0. (5
whereH:[P_gT—2R S},Fz[?i]and
A=[ 4 4]

3 Design of 2-D observers

In this section, we will present a constructive me-
thod for the 2-D state observer design for system (X2).

The following Theorem [3] gives a necessary and
sufficient condition for the existence of the 2-D state
observers for system (2).

Theorem 1. [3] The following facts are equivalent :
i) (X) is observable (detectable).

ii)

C _ 72
In _ ZlAl _ ZQAQ - n7v(21722) el

(6)

rank

where : U? = (21,29) € C? 1 |21 < 1, |22 < 1

Remark 2. - Theorem 1 presents a necessary and suf-
ficient condition for the existence of a 2-D state obser-
ver based on the coefficient matrices of a given system
(X). This is an important step towards the design of 2-
D asymptotic state observer .

- For the synthesis of the 2-D asymptotic state obser-
ver, this is a very complicated formulation resulting
to a very hard problem to solve, since we have a li-
near constraint mixed with the very highly nonlinear
infinite dimensional constraint. The significant contri-
bution of this paper lies in its simplicity and comple-
teness. all the provided main results are easily che-
ckable, it will demonstrate, in the sequel, that we can
still completely solve the synthesis of asymptotic 2-D
state observer problem in term of Linear Matrix In-
equalities which presents unnecessary computational
overload.

Remark 3. Ir often occurs that all state variables
of a system are not accessible to measurement, or
that the output is not measurable of lack of technology.
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Let us consider the following 2-D state observer
system for 2-D system (X2).

Wit1j+1 = Niw;jr1 + Nowiqj
() : + L1yij+1 + Loyi1
+ M1Ui7j+1 + MQUH_L]‘
Z; = wij+ By

(7
Where w;; € R™ is the state vector of the
observer and 7; ; € R" is the estimate of the state
vector x; ;.
Ni, No, Ly, Ly My and M, are matrices to be
determineted to have an observation error which
asymptotically vanishes at zero.

The boundary conditions for 2-D state observer

A

system (X)) are given by

{ w;,0 = wo(i) VieN ®)
wo,j = wo(j) Vj eN
satisfying
{ Supz'.sz',o'H < oo ©)
supj||wo 4| < oo

Based on the results presented in the previous sec-
tions, we now give a new constructive method for the
design of the 2-D asymptotic state observer so that the
estimate state converges to the real value (i. e. the ob-
servation error is vanishing asymptotically at zero).
The next Theorem gives sufficient conditions for the
design of the state observer for 2-D system (3) using
LMI approach.

Theorem 2. The 2-D state observer (7) will estimate
asymptotically the state vector x(i, j) if the following
conditions hold.

i) There exists P > 0, Q >0, R = RT >0, W,
, Wa, W, X1, Xo, X3, X4, X5, X, F € R¥™" and
G € R™"™ such that the following LMI holds

ry I'o I's
x I'y T's| <0 (10)
x  x Iy

Where :

I'N=-P+Q+2R+ A +A?F1T—chx41 —
AF{CTWlT - XC — CTX%F

Iy = —R+ P As+ ATF2T — W C Ay— ATCTWE —
X30 - CTxT

Ty — —F) + ATGT — ATCTWT — CTXT

I'y = —Q+F2A2+A§F§—WQCA2—AgCTWg—
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XoC — OTXT
I's =—Fy + AgGT — AgCTWg - CTXg
I'¢e=P—-G-GT

iit) M, = (I — EC)By, where p =1,2

iii) Ny = A,—ECA,-K,C, L,=K,+N,E
wherep = 1,2

Proof : From the equation of the 2-D systems (X)
and (X), the observation error is :

€ij = Tij — Tij

The 2-D observer system (f]) is state observer for
the 2-D system (X)) if lim;qjo0€;j — 0, for any
boundary conditions x; o, xo ; satisfying (3) and w; g,
wy,;j satisfying (9), and for every input sequence u; ;.

the observation error has the following dynamics

€it1,j41 = PTit1,j4+1 — Wit1,5+1

where ® = I, — EC

Replacing wj 5 by (I).Ti,j — €5, Yij+1 by C’mm+1
and yi11,j by Cziy1 5.

Then, the dynamics of this estimation error are
given by

€it1j+1 = Niejjr1+ Noejpy
+ [PA; — N1® — L1C] @ 411
+ [(I)AQ — No® — LQC] Tit1,5
+ [®B1 — Mi] i1
+ [®Bs — M) iy,

(11)
The estimation error converges asymptotically to
zero if the error system e;1q1 41 = Nie;jji1 +

Nae;t1,j is asymptotically stable and both i) and 4i7)
hold. Hence, e; ; — 0, as 7 + j — oo. Then the dyna-
mics of this estimation error are given by

€it+1,j+1 = N1€ijr1 + No€jp1j (12)

where N7 and Ny are chosen such that the
observation error (12) is stable.

we present the determination of matrices proce-
dures Ny, Na, Ly, Lo, My, My and E satisfying the
constraints

€i+1,j+1 = N1€; j+1 + Nae;y1; is stable
AL —N1OP-L1C=0

®Ay — No® — LoC' =0 (13)
®B) —M; =0
®By — My =0
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The L, matrices where (p = 1, 2) are determined
from the equation (13). L,C — ®A, + N,® = 0 =
Ny(I, — EC) + L,C — ®A, = 0 then,

N, = A,—-ECA; - K,C (14)
With
K, = L,—N,E (15)
Therefore, the matrices L,, are given by :
L, = K,+N,E (16)

Determining the matrices L, requires the deter-
mination of the matrices N, (matrices /).

The Matrices L, are determined so that the
observation error system (12) is asymptotically stable
(i. e. the observation error converges asymptotically
to zero) if there exist matrices P > 0, Q > 0,
R=R">01>0 Fc R"and G € R™"
such that :

~II+FN+NTFT —F4+ NTGT <0
* P-G-GT ’
(17)
P—-Q-2R R
where 1II = [ T 0 ] and
N=[N Np].
. Fy .
Since N = [ N1 No ]andF = , which
Fy
allows :
T YTy T3
x T4 Y5 | <O. (18)
* * FG
where :

Ty =-P+Q+2R+ F Ny + NI FT
To=—-R+ F1Ny + NITFQT
Y3 =—-F +N{GT
Y, = —Q+ FyNy + NTEY
Ts = —F + NQTGT
From equation (14) we have N1y = ®A; — K;C and
Ny = dAy — KoC.

Given that the inequality (18) is bilinear, a resolu-
tion method imposes a change of these variables :
Wy = ME, Wy, = FbE, Wy = GE, X1 = F1Kj,
Xo = FoKo, X3 = 1Ky, Xy = 5K, X5 = GK
and X6 = GKQ.

The gain matrices are obtained by :
- first solving the LMI (10) with respect to P > 0,
Q >0,R >0, I, Iy, G, Wy, Wy, W3, X1, X, X3,
X4, X5 and XG.
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-second, matrices F/, K1 and K> are determined by :

IR
E = |F Wa
G| |W3
et X
K, = | X4 (19)
G| | X5
"Bl X
Ky, = Fy X3
G| | X6

The matrices N, where (p = 1, 2) are calculated
using (14)
N, =
Ny =

where & = I, — EC
The Matrices L; where (k = 1,2) are obtained

®A — K1 C

®Ay — KoC 20)

by :
1. = Ki+NFE
{ Ly = Ky+ NyFE @D
Using the condition (13), M; and M5 are deter-
mined by :
M, = (I,— EC)B;
22
{ My = (I, — EC)Bs 22)
where B; and By are the input matrices of
system(2).
Remark 4.

From Theorem 1, we notice that when condition (7)
holds (the 2-D state observer exists), the 2-D asymp-
totic state observer design problem reduces to finding
a feasible LMI (11) as presented in Theorem 2, that
provides a new sufficient LMI condition for the de-
sign of the state observer for 2-D system (32) leading
the observation error to vanishing at zero. Note that if
system () reduces to a 1-D system, Theorem 2 can
be viewed as an extension of the existing results on the
design of asymptotic state observer for 1-D system to
the 2-D case.

In the remainder of this paper, an illustrative
example is used to show the applicability of the pro-
posed approach.

4 Numerical Example

Consider the 2-D linear discrete-time system des-
cribed by Fornasini-Marchesini second model, defi-
ned by the following system matrices :
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0.6940  0.0084  0.6894
Ap = | 0.4825 —0.4581 0.2131 |,
| —0.1822  0.1165 —0.3406 |
[ —0.2735 —0.0045 —0.1972 ]
Ay = | —0.5940 0.1916 —0.1894 |,
| 0.0319  0.2618  0.4121 |
1 0
Bi=|1|,Bo=|0|andC=[0 0 1]
1
It is easy to verify that
rank ¢ = 3, which shows

In - 21A1 - Z2A1
that condition existence of Theorem 1 is satisfied.
Now we want to design a 2-D state observer en-
sures that the estimated states converge asymptoti-
cally to the real value (i.,e. the error e(i, j) vanishes
asymptotically at zero). Then solving, the LMI condi-
tions (11) by Theorem 2, we obtain the coefficient
matrices, P, Q, R, Wy, Wy, W3, X1, Xo, X3, X4, X5
and Xjg. Finally, from (¢7) and (¢47) of Theorem 2, we
obtain the 2-D state observer matrices :

0.6828  0.0155 —0.1032
Ny = 0.2318 —0.2978 —0.1622 |,
—0.0143 0.0092  0.1589
—0.2715 0.0115 —0.4588
Ny = | —0.5501 0.5518 0.6017 |,
0.0025 0.0206 0.5960
0.6134 —0.1351
Ly = 0.1528 |, Ly = | —0.3952 |,
—0.0510 —0.0429
1 0.0613
My=1|1|,My=| 13759 | and
0 0.0786
—0.0613
E=| —-1.3759
0.9214

the corresponding trajectories of the observation
error system (starting from random initial boundary
conditions) are given in Figures 1, 2 and 3, all of
which clearly converge asymptotically to zero when
1+ 7 — o0.

5 Conclusion

In this paper, we have presented a new sufficient
LMI conditions to design a 2-D state observer for
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a class of 2-D systems described by the Fornasini-
Marchesini local state-space second model. The pro-
posed approach is novel, in the sense it can be effi-
ciently solved by using standard numerical software.
Numerical example is given to demonstrate the appli-
cability of the proposed method.

References

[1] M. Alfidi and A. Hmamed, "Control for stability
and positivity of 2D linear discrete-time systems,"
WSEAS Trans. on systems and control, issue 12,
vol. 2, pp. 546-554, December 2007.

[2] M. Alfidi and A. Hmamed, "Robust stabi-
lity analysis for 2-D continuous-time systems
via parameter-dependent Lyapunov functions,"
WSEAS Transactions on Systems and Control, Vo-
lume 2, Issue 11, Pages 497-503, November 2007.

[3] M. Bisiacco, "On the structure of 2D-observers,"
IEEE Trans. Automat. Control, AC-31, vol. 36, pp.
676-680, 1986.

[4] M. Bisiacco, M. E. Valcher "Observer and
Luenberger-type observers for 2D state-space mo-
dels affected by unknown inputs,” WSEAS Trans.
Circuits Syst., vol. 3, pp. 1268-1273, 2004.

[5] M. Bisiacco, M. E. Valcher, "Observer-based fault
detection and isolation for 2D state-space models,"
Multidimens. Syst. Signal Process. 17(2006) 219-
242.

[6] M. Boutayeb, "Observers design for linear time-
delay systems,” Systems Control Lett. 44(2001)
103-109.

[7] M. Darouach, "Existence and design of functional
observers for linear systems," IEEE Trans. Auto-
mat. Control 45(2000) 940-943.

[8] C. Du, and L. Xie, "Stability analysis and stabili-
zation of uncertain two-dimensional discrete sys-
tems : An LMI approach," IEEE Trans. Circuits
and Systems I, vol. 46, pp.1371-1374, 1999.

[9] T. Fernando, H. Trinh, L. Jennings, "Functional
observability and the design of minimum order li-
near functional observers," IEEE Trans. Automat.
Control 55(2010) 1268-1273.

[10] E. Fornasini and G. Marchesini, "State-space
realization theory of two-dimensional filters,"
IEEE Trans. Aut. Control, vol. 21, pp. 484-492,
1976.

[11] E. Fornasini, and G. Marchesini, "Stability ana-
lysis of 2-D sytems", IEEE Trans. Circuits and Sys-
tems I, vol. 27, no. 12, pp. 1210-1217, 1980.

Volume 10, 2015



WSEAS TRANSACTIONS on SYSTEMS and CONTROL

[12] T. Hinamoto, "2-D Lyapunov equation and filter
design based on the Fornasini-Marchesini second
model", IEEE Trans. Circuits and Systems I, vol.
40, pp. 102-110, 1993.

[13] T. Hinamoto and F. W. Fairman, "Observers for
a class of 2-D filters", IEEE Trans. Acoust. Speech
Signal Process. ASSP-31 (1983) 557-563.

[14] A.Hmamed, M. Alfidi, A. Benzaouia and F. Ta-
deo Robust "stabilization under linear fractional
parametric uncertainties of two-dimensional sys-
tems with Roesser models", International Journal
of Sciences and Techniques of Automatic control
and computer engineering 1J-STA, Special Issue,
CSC, pp. 336-348, December 2007.

[15] A. Hmamed, M. Alfidi, A. Benzaouia and F. Ta-
deo Robust "LMI Conditions for Robust Stability
of 2D Linear Discrete-Time Systems", Mathemati-
cal problem ingengineering, volume 2008, Article
ID 356124, 11 pages, doi :10.1155/2008/356124,
2008.

[16] G. Izuta "Observer design for 2D discrete sys-
tems with delays", in proc. of the 5th IEEE ICCA,
6 pages, CD-ROM format, June 2005.

[17] G. Izuta "Stabilising observer controllers for 2-
d linear discrete systems with delays", in proc. of
the 6th World Congress on Ontelligent Control and
Automation, June 21-23, 2006, Dalian, China.

[18] T. Kaczorek, "Two-Dimensional linear sys-
tems", Springer-Verlag, Berlin, 1985.

[19] H. Kar and V. Singh, "Stability of 2-D Systems
Described by the Fornasini-Marchesini First Mo-
del", IEEE Trans. On Signal Processing, Vol. 51,
No. 6, June 2003.

[20] D. G. Luenberger, "Observers for multivariable
systems", IEEE Trans. Automat. Control, vol. 11,
pp. 190-197, 1966.

[21] W. Marszalek, "Two dimensional state-space
discrete models for hyperbolic partial differential
equations", Appl. Math. Models, vol. 8, pp. 11-14,
1984.

[22] T. Ooba, "On stability analysis of 2-D systems
based on 2-D Lyapunov matrix inequalities”, IEEE
Trans. Circuits and Systems I, vol. 47, pp. 1263-
1265, 2000.

[23] R. P. Roesser, "A discrete state-space model for
linear image processing”, IEEE Trans. Automat.
Control vol. AC-20, pp. 1-10, Feb 1975.

[24] H.D. Tuan, P. Apkarian, T.Q. Nguyen, and T.
Narikiyo, "Robust Mixed Filtering of 2-D Sys-
tems", IEEE Trans. Signal Processing, vol. 50, no.
7, pp- 1759-1771, 2002.

E-ISSN: 2224-2856

Mohammed Alfidi, Zakaria Chalh, Mohamed Ouahi

[25] T. Zhou, "Stability and Stability Margin for a
Two-Dimensional System", IEEE Trans. On Signal
Processing, vol. 54, No. 9, Septembe 2006.

error vector

Figure 1. Error e (4, §)

error vector

Figure 2. Error ex(3, j)

error vector
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