WSEAS TRANSACTIONS on SYSTEMS and CONTROL Tae-Hyoung Kim

Robust predictive control combined with an adaptive mechanism
for constrained uncertain systems subject to disturbances

TAE-HYOUNG KIM
Chung-Ang University
School of Mechanical Engineering
221 Heukseok-dong, Dongjak-gu, Seoul
REPUBLIC OF KOREA
kimth@cau.ac.kr

Abstract: This paper proposes a discrete-time adaptive model predictive control (MPC) algorithm for a class
of constrained linear time-invariant systems subject to state-dependent disturbances, which updates the estimate
of uncertain system parameters on-line and produces the control input ensuring the constraint fulfillment. This
method is based on an adaptive mechanism and a robust MPC algorithm using the comparison model which
enables to estimate the future prediction error bound. First, the parameter estimation method for MPC based
on the moving horizon estimation is introduced. It allows to predict explicitly the worst-case estimation error
bound over the prediction horizon. Second, we propose an adaptive-type MPC strategy developed by combining
an on-line parameter estimator with a robust MPC method based on the modified comparison model. The MPC
controller designed in this way guarantees constraint fulfillment, closed-loop stability and feasibility in the presence
of uncertain system parameters and state-dependent disturbances. A numerical example demonstrates the unique
features of the proposed approach.
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1 Introduction tainty description such as polytopic model have been
proposed. [6, 7, 8, 9, 10]. However, in this line of
research, the system model is fixed though its uncer-

Model predictive control (MPC), often also referred to tainties are taken explicitly into account. Therefore,
as receding horizon control (RHC) or moving horizon its control performance is limited by the quality of the
control, uses the pre-specified system models and it- fixed (initial) model.

eratively determines the control input at each time in-

stant through finite/infinite horizon optimization prob- Another attractive way to handle model uncer-
lem. This strategy is one of the most promising ways tainties in MPC is to update the system model on-line
to handle control problems for systems having in- based on measurement data. Although the develop-
put and/or state constraints, and is by now a widely ment of adaptive-type MPC strategy is one of the re-
used in industry and well established technique (see search issues for the control of constrained systems,
e.g. [1, 2, 3, 4] and the references therein). In this there have been few reports on this topic so far [2].
control scheme, the prediction is achieved based on One of the main reasons is the difficulty to guaran-
the system model, which implies the model quality tee the fulfillment of system constraints in the pres-
plays a vital role in MPC, and in reality there al- ence of an adaptive mechanism through the receding
ways exist model uncertainties and these may cause a horizon strategy. In order to overcome this problem,
significantly large effect on the system performance. we have to estimate the future behavior of the real
Although the nominal MPC has inherent robustness system while updating the system parameters on-line.
properties when no constraint exists, it cannot guar- In addition, it seems extremely difficult to guarantee
antee the robustness of general constrained uncertain both feasibility and stability theoretically whenever an
systems [5]. Therefore, it has been an important is- adaptive approaches is combined with MPC. For such
sue to develop robust MPC methods which guaran- control scheme, Fukushima et al. [11] have proposed
tee a certain control performance in the presence of a continuous-time adaptive-type MPC methodology
model uncertainties. This type of MPC has been ex- for a class of linear uncertain systems subject to state
tensively studied for many years and the MPC ap- and input constraints. Further, since the control input
proaches developed based on an explicit model uncer- to be determined in MPC is generally piecewise con-

E-ISSN: 2224-2856 574 Volume 9, 2014



WSEAS TRANSACTIONS on SYSTEMS and CONTROL

stant, Kim and Sugie [12] have introduced its discrete-
time formula from the viewpoint of implementability.

The purpose of this paper is to develop a discrete-
time MPC algorithm combined with an adaptive
mechanism for a class of uncertain linear time-
invariant systems subject to state-dependent distur-
bances and constraints on state and control, which is
one of the extensions of [11, 12]. This MPC controller
updates the estimate of system parameters on-line and
produces the control input satisfying the given state
and input constraints in the presence of parameter es-
timation errors. The key idea is to combine the ro-
bust MPC method based on the extended compari-
son model [13] with a parameter estimation method
suitable for MPC. First, we present such a parameter
estimation method based on moving horizon estima-
tion. This method allows to predict the worst-case es-
timation error bound over the prediction horizon, by
which one can take account of the future model im-
provement. Then, it is shown that the proposed esti-
mation method can be incorporated into robust MPC
method [13], which can handle state-dependent distur-
bances, by modifying the comparison model to handle
time-varying parameter estimation errors. Using such
a comparison model, the original MPC problem based
on an uncertain model can be transformed into a nom-
inal one without uncertain parameters. In addition, we
show that feasibility and stability are guaranteed un-
der certain conditions. Finally, a numerical example is
given to demonstrate the effectiveness of the proposed
method.

The paper is organized as follows. In Section 2,
the system is presented along with the constraints for
states and input. Sections 3 and 4 present the main
results, namely a new parameter estimation algorithm
and a modified adaptive-type MPC algorithm which
has a merit such that the future model improvement
can be explicitly considered. Then, Section 5 shows
feasibility and stability results. A numerical example
is provided in Section 6. Finally, a conclusion is given
in the end.

Nomenclature:
R set of real numbers
R™ set of n — dimensional real vectors
R"™"*™  get of n X m-dimensional real matrices
x; i-th entry of the vector x € R"
I, n X n identity matrix
Omxn ™ X n null matrix
|al absolute value of the scalar a € R

Euclidean norm of a vector or matrix
p-norm of a vector or matrix
largest singular value of the matrix M

-l
-l
a(M)
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(M)
(M)

maximum eigenvalue of the matrix M
minimum eigenvalue of the matrix M

p)
A

2 System description and problem
formulation

Consider the following discrete-time linear time-
invariant uncertain system described in controllable
canonical form:

x(t+1) = A0")x(t) + Bu(t) + Bad(t), z(0) = xo,

(D)
with
(a1 as Ap1 an_ 1]
1 0 0 0
AO*)= 10 , B= )
: - 0 :
0 - 0 1 0 | 1 0]
(2)

where A(6*) € R™™", B € R", By € R4, x(t) €
R"™ is the measurable state vector, g is a given initial
state, u(t) € R is the control input, d(t) € R? is the
bounded disturbance which satisfies

dit)e D, D:={decR%: |d®)] <1}. ()
It is assumed that the disturbance d(t) € D is measur-
able at the current time instant, but the future ones are
uncertain [1, 14, 15, 16, 17]. We denote the uncertain
parameter of A(0*) as
a1 an]’ €RY, (4
and use the notation 6(¢) € R™ to denote the estimate

of #* at time instant ¢. Then, we define the parameter
estimation error as

9* = [al as

0(t) :=0(t) — 6" S)
which is unmeasurable. We assume that the initial es-
timate 0y of 6* and initial estimation error bound vy,
which satisfy the following condition

160 — 07| < vo, (6)
are given as a priori information. We introduce an
additional variable z(t) € R to denote that

2(t) == a1(t+1) —u(t) — (Ba), d(t)  (T)

where (By), denotes the first row of B,. Notice that
since z1(t+1) and d(t) € D are measurable and con-
trol u(t) is a known value at time instant ¢ + 1, z(¢) is
a measurable one. It is also important to note that (7)
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yields z(t) = 0*Tz(t), which is easily derived from
(1). The system (1) is subject to the hard constraints
on state z(t) and control u(t) as

z(t) e X, X :={zeR": |z;(t)| <, Vi},
u(t) e U, U:={uelR: |[u(t)| <n},
®)
with given ¢ € R™ and 7 € R, which should be ful-

filled at all time instants ¢ > 0, and the following ter-
minal constraint.

Xp={zeR": V(z) <1}, V() := VaT Pz,
©)
where P is an n X n symmetric positive definite ma-
trix. It is assumed that this matrix P and a state feed-
back gain Ky € R", both of which are given in ad-
vance, satisfy the following assumptions [11, 12, 13].

Assumption 1: 1 < /A(P)mint; and ||Kp| <
K3
A(P)n

Assumption 2: 0 < 1 <1, ag < 1 where

M@ , (P2B)wg
A(P)

Notice that Assumption 1 implies that the given feed-
back control u(t) = Kox(t) always satisfies the con-
straints (8) in the terminal set (9). On the other hand,
Assumption 2 implies that X is a robustly invariant
set by u(t) = Kox(t) [11, 12, 13, 18].

The goal of this paper is to develop a discrete-time
robust MPC controller combined with an adaptive
parameter estimator, which guarantees feasibility and
stability in the presence of parameter estimation error.
To that purpose, we first propose a new recursive
adaptive parameter estimation algorithm suitable for
MPC in the following section.

Remark 1: An example of systems described in (1)
and (2) is a DC servo motor with uncertain parame-
ters. Since the position and the velocity of the sys-
tem can be measured (by a potentiometer and a tacho-
generator, respectively), there is no loss of generality
in the canonical form representation. A broad class
of mechanical/electrical systems would satisfy simi-
lar conditions. Nevertheless, the authors aware that
the representations, (1) and (2), may be restrictive in
general. This is the price at the current status in or-
der to incorporate an adaptive mechanism into MPC
while ensuring feasibility and stability theoretically in
the presence of the constraints on state and input.
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3 Adaptive-type parameter estima-
tor for robust predictive controller

In order to design an adaptive-type MPC controller, it
is required to develop an appropriate adaptive parame-
ter estimation method, by which the future model im-
provement can be taken into account explicitly. More-
over, it is important how to incorporate this method
with robust MPC scheme in a less conservative man-
ner. From this viewpoint, a novel recursive adaptive
parameter estimation algorithm for MPC is proposed
in the follows. It enables to predict the worst-case es-
timation error bound over the prediction horizon of
MPC explicitly. This key feature allows us to develop
an adaptive-type MPC controller based on a robust
MPC method proposed by Fukushima and Bitmead
[13], which will be described in the next section. To
that purpose, we first introduce the following quanti-
ties.

_ M a(s)as)
PO
S a(s)a (s) (O)
Fy(t) = —2=t

o+ SN T (5)a(s)

where N, denotes the length of estimation horizon and
«a > 0, both of which are chosen by the designer. We
set (t) := 0 and z(¢t) := 0 for ¢ < 0. The proposed
adaptive mechanism tries to estimate §* based on the
above matrices F}(t) and F5(t). Then, the recursive
adaptive parameter estimation algorithm for MPC is
described as follows:

[Adaptive parameter estimation algorithm]

Step 0: At time ¢ = 0, initialize J(¢) € R, fi(t) €
R™ 1L and fo(t) € R™*" as follows:

fi(0) = Fi(0), i = 1,2,

7(0) = \/X((Ln — 5F2(0))7 (I, — 5F3(0)))
(11
where k£ > 0 denotes an adaptive gain given by the
designer. Then, go to Step 1.

Step 1: Apply the following parameter update law.
0(t) = 0(t — 1) + r(f1(t) — f2(£)0(t — 1)). (12)
Then, go to Step 2.

Step 2: At the next sampling instant, let ¢ <— ¢ + 1.
Then, update f;(t) and 7(t) as

7(t) = /X — kE2(£)T (I — 5Fa(1)))
(13)
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if the following condition is satisfied.

VAU = KB (0T (I — k(1)) < 7(t 1),
(14)
Otherwise, perform the following update.
F(t) =7t = 1).

Then, go to Step 1.

(15)

It is important to note that one of the differences from
the conventional parameter update law (see (20) given
later) is to use the summation of measured data over
the estimation horizon V. as shown in (10). Another
difference is that the condition (14) in Step 2 aims at
choosing the best data set for parameter estimation in
terms of the excitation of z(¢) over the horizon, which
will be shown in the following. Notice that the value
of 7(t) determined in the above algorithm means

VA = KBy (8))T (L, — Fy ()

(16)
where t; denotes the sampling instant. Now we in-
troduce the notation v |, to denote the k-step ahead
prediction of upper bound of parameter estimation er-
ror § from ¢ onwards; i.e., Vigklt = |6(t + k)|| where
k=0,1,--- ,N,and N denotes the length of predic-
tion horizon of MPC. Then, the following key result
can be obtained based on the proposed adaptive pa-
rameter estimation algorithm.

min

~(t) :=
7(t) o

Lemma 1: The worst-case upper bound vy 4, (k =

0,1,--- , N) of the future parameter estimation error
satisfying
16(t + &) < visgys k=0,1,--- N, (17)
can be predicted by
Verkrit = YWk, k=0,1,--- ,N =1,
0 for t =0
Vit =
yt‘t—l fOI‘ t 2 1
(18)
Proof: See Appendix A O

This result shows that the future worst-case estimation
error bound can be predicted explicitly and, therefore,
one can take into account the future improvement of
0(t) by using v, in the robust MPC method. Fur-
thermore, (16) and (18) show that the proposed algo-
rithm tries, at each time instant, to choose the “best”
data set in the sense that the predicted estimation error
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bound v g|; is minimized more rapidly by minimiz-
ing 7 than that of the previous time instant. The above
feature results in the following lemma.

Lemma 2: Given a scalar system (18), the following
holds.

Viphlt+1 < Vegrles £ =1,2,--- N, Vi > 0. (19)

Proof: See Appendix B O

In the next section, we describe how this adaptive es-
timation approach can be incorporated into a robust
MPC method for the development of a discrete-time
adaptive-type MPC scheme.

Remark 2: The conventional parameter estimation
method [19, 20, 21] which is described as

0(t)y=6(t—1)
K (t) T
e e ICOREAOUCREY
(20)
could be incorporated into a MPC method to de-
velop an adaptive-type MPC algorithm. However,
this method makes the MPC too conservative in the
sense that the future value of error bound vy, ), is
fixed. That is, since 7(t) = 1 in (16) at all time
instants as long as (20) is used, vy gy = 1o for
k = 1,--- ,N. Therefore, although the estimation
error bound ||@(t + k)|| could be decreased, it cannot
be considered and evaluated explicitly over the pre-
diction horizon by the conventional methods.

Remark 3: The proposed parameter estimation al-
gorithm has the additional computational burden in-
cluding the determination of maximum eigenvalue
compared with the conventional estimation algorithm
[19, 20, 21]. However, as shown in Step 2, one can
determine the required values such as fi, fo and 7
in (13) by checking the condition (14) only once at
each time instant. It is probably not so much time-
consuming procedure. Also, it is nothing but a simple
mathematical computation to predict vy, g in (18).
From this viewpoint, the computational burden due
to the parameter estimation is much less than that of
MPC.

4 Robust predictive control algo-
rithm for constrained systems sub-
ject to disturbances

In this section, we describe how to combine the adap-
tive parameter estimation method proposed in Section
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3 with a robust MPC method. To that purpose, the fol-
lowing notations will be adopted hereafter: 0, |, and
U4 1|¢ denote the k-step ahead prediction of a variable

v from ¢ onwards; ét+k|t denotes the k-step ahead es-
timation of variable 6 from ¢ onwards, which is calcu-
lated by

Orikaie = Oupnpe + (1) — F2(£)0phe),
Oy :=0(t), k=0,1,--- N —1,

which is derived from (12). Notice that 0(t + 1) =
011/ from (12) and (21).

In order to reduce conservatism in MPC scheme,
we adopt the following control parameterized in terms

of the system state and a new variable u € R [7, 9, 13,
22].

1)

u(t) = K(0(t)x(t) + u(t),
K@) = —0T1t) + 6% + Ko

where K (0(t)) is a feedback gain and (t), a feedfor-
ward control, is a decision variable. The key differ-
ence from existing other MPC methodologies is that
K (6(t)) depends on the estimated parameter vector
(t) which is updated based on (12) at each time in-
stant ¢£. Therefore, during the on-line operation, the
feedback gain K (0(t)) is updated by (12) and the free
variable %(t) is computed by solving the constrained
optimization problem of MPC shown later so that (8)
is guaranteed. Then, under (22), the real system (1)
can accordingly be rewritten as

z(t+ 1) = Fx(t) + Bu(t) — Be(t) + Bad(t),
e(t) :== 07 (t)x(t).
(23)
Notice that e(¢) implies the disturbance caused by the
uncertain system parameters #* and depends on not

only (t) but also z(t) of the real system. Here, since
we know the future worst-case upper bound v, 5; of

(22)

|6(t + k)| as shown in Lemma 1, the future upper
bound of e(t + k) (k = 0,1,--- ;N — 1) can be de-
scribed as follows:
e(t+k)eE, k=0,1,--- ,N—1,
E:={eeR:[le(t+ k)| < vipppllz(t+F)}-
(24)
However, the future upper bound of e(t+ k) can never
be predicted in its present stage because x(t + k) is
unknown at the current time instant ¢.
On the other hand, for the design of MPC con-
troller, the following nominal model is adopted.

Toyprre = AOpr)e) Tearfe + Blygre + Baf,

fo = d(t) fork=0
"o fork=1,2,--- N -1,

(25)
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where #,; = x(t). The control sequence ), to be
determined is parameterized similarly to (22) as

e = K Ot B + Qe 26)

K(Oprpe) = _Gamt + 05 + Ko
where ét+k|t is obtained from (21) and thus only
Ugq )¢ 1s computed by MPC scheme as mentioned in
the above. Substituting (26) into (25) results in the
following equation.

Toppi1)t = F@pppe + Blgyre + Bafr, 27)

Ty = 2(t), k=0,1,--- N —1.
In MPC algorithm, the k-step ahead prediction of state
x in (23) is obtained by using the model (27). In this
case, the state prediction error due to the disregard of
d(t+k) € Dande(t+k) € Efork=0,1,--- ,N—1
is unavoidable and, therefore, the evaluation of this
prediction error is necessary for the robustness anal-
ysis of the real system (23). Moreover, if the robust
MPC approach using the optimization problem with
nominal performance index is introduced, the suitable
tightening of constraint is necessary to ensure that the
control input which guarantees (8) in the presence of
disturbances e(t) and d(t) can be computed at all time
instants [11, 12]. This should be performed based on
the consideration of the effects of both d(¢ + k) and
e(t + k). However, since e depends on z as well as 6
as mentioned in the above, it is not so easy to evaluate
the effect of e(t + k) for k = 0,1,--- , N — 1 upon
the state prediction error.

In order to overcome this difficulty, we now in-
troduce the following scalar system into the MPC for-
mulation.

Wiy kg1)t = QoykftWerklt T bogk + b1l el
wt‘t == V(x(t)), k == 0,1,“‘ ,N— 1

(28)
where
1
ANQ)  T(P2B)vpygp
ikt =1 — =50+ )
A(P) A(P)
by =[P,
|ld(t)|| for k=0
Jr =
1 for k=1,2,--- /N -1

It is constructed based on a priori information about
the future upper bound of parameter estimation error
Vitklt in (18) [11, 12]. The system (28) enables to ob-
tain an upper bound of the k-step ahead unknown fu-
ture value V(z(t+k)), k = 1,2,--- , N, as described
in the following lemma.
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Lemma 3: Forany 4 ; (k =0,1,--- ,N—1)anda
given x(t), the states of real system in (23) and scalar
system in (28) satisfy

V(I’(t‘i‘k)) Swt+k|t7 k:(),l, 7]\f (29)
Proof: See Appendix C O

This lemma implies that the upper bound of the future
state x(t + k) of system (23) can be predicted by (28).
Therefore, the k-step ahead upper bound of e(t+ k) €
E can be predicted based on (18) and (28).

Once the prediction error due to e(t + k) and
d(t + k) can be evaluated, we then modify the origi-
nal constraint sets, X and U in (8), to more restricted
ones in order to guarantee feasibility and robust sta-
bility in the presence of disturbances e and d. The
modified constraint sets, X and U, imposed on the
prediction using the nominal model (27) are described
as follows:

X(E+k+ 1 Vigpp1)e Wepkga)e) ©=
{2 eR": "i'ilt+k+1|t’
< b — it + k+ L v Wepkga)e), Vil

U(t + ]C, Vt+k‘t’ wt+k|t) =
{KoZ + 1 € R [KoZyypye + Upgpe]
<=0t +E, Viprge Wik }

where

Vit +k + 1, Ve g1y Wegkg1)e)
k

(30)
= | G ”M7§gﬂ“w@@0,

H(t+k, Vitklts thrk\t) = 2(Vt+k|t + vo)
k

XEZOawW”jﬁTSHwawO
+Z <|K0§

Vith—stWitk—s|t —{—HKO&(S)H)
(Vt-‘rk"t—'_ O)wt‘f'klt

NG
VAP)

ma:Fm,M@:{

_l’_

Fs~'B; fors#0,
0 xd for s = 0,
Fs~'B fors # 0,
Opnx1 for s =0,
Fs2B; fors=2,3,--- ,N—1,
0sxd for s =0,1,
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and (ji(s) (j = 1,2) denotes the ith row of (;(s).
The above modified constraints satisfy the following
important property.

Theorem 1: For the nominal model (27) with a given
x(t) € R", any feedforward control @, € R (k =
0,---, N — 1) satisfying

Toyppgre € XE+ k4 L vt Werkt1)e)
Kol ipye + Ukt € UL+ K, Vegkge, Werkge),
(32)
also ensures the robust constraint fulfillment for state
and control of the real system (23); i.e.,

z(t+k+1)€X,

. B (33)

K(9t+k|t)w(t + k) + ut+k‘t € U,
are guaranteed for all possible e(t + k) € F and d(t +
k) € D.

Proof: See Appendix D O

The above theorem shows the sufficient conditions for
u under which the MPC controller is able to guaran-
tee one of the control objectives; i.e., the original con-
straints (33) can be always satisfied by the feedfor-
ward control © which satisfies the modified ones (32).

Remark 4: The idea of restricting the original state
and control bounds by suitable quantities which
take into account the perturbations is not new. This
can be found in Chisci et al. [23] proposed for the
constrained discrete-time systems with persistent
bounded disturbances. However, it is crucial to
deal with state-dependent (possibly unbounded)
disturbances in order to incorporate the parameter
update mechanism, because the system parameter
uncertainty results in the form of state-dependent
disturbances as shown in (23). Therefore, we intro-
duce the robust MPC method proposed by Fukushima
and Bitmead [13] and extend it to handle the
state-dependent disturbance due to the time-varying
parameter estimation error.

The optimal feedforward control sequence ;s
fork=20,1,--- , N — 1 is determined during the on-
line operation by minimizing the objective function
such as

N-1

Z ut+k|tRUt+k\t (34)
k=0

J(x(t), tpqpye) :

where R > 0 is the weighting constant. Therefore,
the following optimization problem for the proposed
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adaptive-type MPC developed based on the above re-
sults and the given constant w (> max{V (zg),1}) is
solved on-line at each time instant ¢.

Finite horizon constrained optimization problem
for MPC:

mﬂin J(x(t), Uyyp)e) (35)
subject to (18), (27), (28), (32) and
thrk‘tSw? k:0>17"'7N—17 (36)

wep e < 1

The above optimization problem is referred to as
AMPC optimization problem throughout the paper.
The role of w and the conditions which w should sat-
isfy will be mentioned in detail in Section 5. Notice
that it is easily verified from Theorem 1 that, if the
above optimization problem is feasible at each sam-
pling instant, the original constraints (8) are satisfied
for all ¢ > 0. The proposed adaptive-type MPC al-
gorithm based on the above optimization problem and
the adaptive parameter estimation algorithm in Sec-
tion 3 is summarized as follows:

[Adaptive-type MPC algorithm]

Step 1: Measure the current state x(¢) and then set
i.t‘t =T (t)

Step 2: Update the parameter 6(t) based on the adap-
tive parameter estimation algorithm in Section 3.

Step 3: Calculate v, and ét+k|t using (18) and
(21).

Step 4: Determine 1 4, by solving AMPC optimiza-
tion problem.

Step 5: Apply the control u(t) =
K(0(t))x(t) + ) to the real system.

Step 6: At the next time instant, let £ <— ¢ + 1 and go
to Step 1.

ﬁt\t (:

In the following section, feasibility and stability issues
of the proposed MPC scheme are described.

Remark 5: The following constraint given in (28)

Wy gt 1)t = Qppkft Wikt T D0gr + 01|y gl
is a nonlinear with respect to ;. By introducing
a new variable x;; ¢, € R, we can modify the above

constraint to

Wit kg 1)t = Qeqk|tWerklt T bogk + 01X ¢4 k|ts

- 37
|Gy rie] < Xegrpes wye = V(2(2)),
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and the objective function J(z(t), U1 ) to

N-1
J(fﬂ(t),Xt+k\t) = Z XtT+k|tRXt+k\t-
k=0

(38)

Then, the AMPC optimization problem is modified as
follows:

m}in J(@(t), Xetrft)

subject to (18), (27), (32), (36) and (37). Notice that
the above optimization problem has only linear con-
straints and can be solved by the standard quadratic
programming (QP) method with free variables ;¢

and Xy gt

S Further study on feasibility and
stability

In the proposed AMPC optimization problem, we
introduced the additional constraint (36) for wy
in order to ensure the feasibility at all time in-
stants. The constant w is a number satisfying w >
max{V(xp),1} and, on the other hand, the termi-
nal constraint wyyn); < 1 is adopted to guarantee
x(t +T) € Xy for the real system. Although w is de-
sired to be as large as possible for the feasibility at the
current time instant, it should be bounded to guarantee
feasibility at the next time instant, which is described
in the following assumption [11, 12, 13].

Assumption 3: The given w (> max{V(xg),1}) in
(36) satisfies

wrCe < \/A(P) <Hlln¢Z — C<2> — 1,

wrg(dvpeg, + cg, +2) <
VAP) (n — dvoeg, — cgy) — ([ Kol

where

ce; = 200 168 loor e i= S0 16a(9) oo
ce = Yoy 1@, e = LI Ko (s)],
ce = Yo &), eer = 2050 1 Koka(s)]]

Notice that Assumption 3 is a sufficient condition for
Assumption 1 [11, 12, 13]. If Assumption 3 cannot
be satisfied for any w > max{V (xg), 1}, we need to
consider a smaller terminal set Xy or modify the term
K of the feedback gain in (26). It is also important to
notice that once the state is steered into the robustly
invariant constraint set X, the control law (26) is
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completely switched to the feedback law @ = K (0)z,
since it is the optimal control in X in terms of the
cost function in (35). That is, the control law of the
proposed method converges to the given feedback law
= K(0)z.

In the following, we describe the feasibility and sta-
bility issues of adaptive-type MPC method. The next
lemma is a key result to prove the ultimately bounded
stability (see Theorem 2 given later) and means that if
the proposed AMPC optimization problem is feasible
at time instant ¢, then it is also feasible at the next time
instant ¢ + 1.

Lemma 4: Assume that Assumption 3 is satisfied and
the AMPC optimization problem is feasible at the cur-
rent time instant ¢; i.e., there exists « which minimiz-
ing (35) subject to (18), (27), (28), (32) and (36) at
time ¢. Then, the following control sequence

- N ﬂ:—i—k\t’ k=1,2,--- N —1,
U kft4+1 =

39
0, k=N, 69

where @y Kt denotes the optimal solution determined
at time instant ¢, is one of the feasible solutions of the
AMPC optimization problem at the next time instant

t+ 1.
Proof. See Appendix E O

It is important to note that the feasible solution @ of
the AMPC optimization problem ensures that the con-
straints on state and control given in (8) are fulfilled,
since the condition (32) in Theorem 1 is always satis-
fied. Then, the following key result is obtained based
on the above lemma.

Theorem 2: Suppose that Assumption 3 is satisfied
and the AMPC optimization for MPC is feasible at
t = 0. Then, the proposed adaptive-type MPC strat-
egy has the following properties.

(i) The AMPC optimization problem is feasible at any
time instant ¢ > 0.

(ii) For any p satisfying

bo o AQ)
T~ TV T AE)

there exists ¢, which guarantees

,u
A(P)

o>

lz(t)|| < , YVt >t (40)

(i) It is guaranteed that z(t) € X and u(t) € U for
any t > 0.
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Time [sec]

Figure 1: Time trajectory of disturbance d(t)

Q
0.25 i Upper bound of parameter
‘.‘ estimation error at t=1 [sec]
02
Q =3 [sec]
0.15 Y t=5 [sec]
-]

t=15 [sec]

Time [sec]

Figure 2: Upper bound v, 1, over the prediction hori-
zon

Proof. See Appendix F O

It shows that the proposed adaptive-type MPC scheme
is feasible at all time instants, provided that it is feasi-
ble at t = 0, and is able to steer the state z into a ball
around the origin with radius of by /((1— 5p)\/A(P))
without violating the constraint (8). In case that the
disturbance term d(t) is zero, the state is steered to
the origin [12].

6 Simulation example

In this section, we present a numerical example that
illustrates the features of the proposed adaptive-type
MPC scheme. Consider the following discrete-time
linear time-invariant system in controllable canonical
form.
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0 5 10 15
Time [sec]

Figure 3: Time trajectory of the estimated parameter
0(t)

) (O ——

== Upper Bound
= @ = Predicted Control at t=0 [sec]
—#— Applied Control Input

-10
0

Time [sec]

Figure 4: Time trajectory of control input u(t)

ot +1) = [1 é]x(t)—l— [é]u(i)
o e

The initial state has been chosen equal to zg =
[—2 1.7]T. We denote the uncertain parameter vec-
tor as 0* = [1 4]7 and assume that the initial estimate
Ao and the estimation error bound 1/ are given as fol-
lows:

o = [0.8 4.15)7, vy = 0.251, (42)

which satisfy (6). The system (41) is affected by ran-
domly generated disturbance d(t) as shown in Fig 1
and the bound on the disturbance ||d(t)|| < 0.37 is
given as a priori information. The constraints on con-
trol and state are

u(t)] <9.35, |mi(t)] <2, i=12 @43
and the terminal constraint is

Xp={z(t) eR": V(z(t)) <1}. (44
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Terminal set

. \ .
Ultimate
:'(—,'7 bound |

State x;

Figure 5: Trajectory of system state x(t)

During the simulation, we have used K and P chosen
as
Ko=[-0.8445 —4.0418],

0.1026  —0.0051 (45)

P=1_0.0051 0202 |

We choose the length of prediction horizon as N =
20. For an adaptive parameter estimation algorithm,
we choose the estimation horizon as N, = 5 and other
design parameters as o = 0.3 and k = 1.2.

The simulation results illustrated hereafter were
performed on a Pentium IV 3.2GHz machine running
Matlab 7.0. The average time required to determine a
control u(t) was 0.04[sec]. Fig 2 shows that since
the decay rate 7 is minimized at each time instant
as shown in Section 3, the predicted error bound vy
based on (18) is minimized more rapidly than that
of the previous time instant, which has been men-
tioned in Lemma 2. The convergence of the esti-
mated parameters to their true values by the proposed
method in Section 3 is shown in Fig 3. In Fig 4,
the dotted line shows the upper bound for control
used at time instant ¢ = O[sec], which is calculated
based on the modified constraint set (30). Therefore,
at time instant ¢ = 0, the future control sequence
Koyt + Ugqr)e» which is denoted as the dashed
line, is predicted by solving the AMPC optimization
problem using the above modified upper bound. Then,
u(0) = K(0(0))x(0)+u(0) is applied to the plant and
the same procedure is repeated at the next time instant
as mentioned in Section 4. In this figure, the solid line
shows the control trajectory u(t) applied to the real
system and it verifies that the control input obtained
by the proposed adaptive-type MPC strategy satisfies
the given constraints. When this control is used, we
obtain the state trajectory as shown in Fig 5. It veri-
fies that the state trajectory goes into a set smaller than
the terminal set as mentioned in Section 5.
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7 Conclusion

In this paper, we have proposed a discrete-time
adaptive-type model predictive control algorithm for
a class of linear systems with uncertain parameters
subject to both state-dependent disturbances and hard
constraints on state and control input. It updates the
estimate of system parameters on-line and produces a
control input satisfying the given constraints. In order
to construct such an adaptive-type MPC scheme, we
first introduce a parameter update algorithm based on
the moving horizon estimation method. It allows to
predict the worst-case estimation error bound over the
given prediction horizon. We then have incorporated
the estimation algorithm with a robust MPC method
based on the modified comparison models which are
extended to be applicable to the time-varying case.
Furthermore, we have shown that the proposed algo-
rithm guarantees feasibility and stability of the closed-
loop system in the presence of input/state constraints,
state-dependent disturbances and parameter estima-
tion error. As a future work, the assumption on the
system description in canonical form should be re-
laxed. Also, it is important to extend the results to the
output feedback case, though it is a difficult problem
even in the existing robust MPC framework.
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APPENDIX

Appendix A: Proof of Lemma 1

We first define T},;, as
Thnin ==
arg min \/X(I — k2 ()7 (I — RFo(8)
(46)

Then, f1(t) in the proposed estimation algorithm im-
plies that

Tymin—Ne+1
a(s)a (s)
) = | — 5 o @
a+ Z 2T (s)x(s)
$=Tmin
which also means that
fi1(t) = fa(t)0™. (48)
Therefore, we have from (12)
0(t) = (I — kf2(t)0(t — 1). (49)
Then, for w(6(t)) := ||6(t)]|, we obtain

@ (6(t))

= ATt D)L K fo(O)T (L k fo(1)B(E— 1)

< \/X((In — & fo(D)T (I — £ f2(1))) 10t = D).
(50)
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It follows from (16), (46) and (50) that

@ (6(t)) <7(H)w(O(t — 1)). (51)
Thus, (17) is proved by induction.

Appendix B: Proof of Lemma 2

It follows from (18) that

Vitk1|t+1 — Vidk+1]t
_ =k =k
=7t + Dvegajerr — 7 (Ve

Also, from (18), we have

(52)

Vt-i—l‘t-f—l = W(a(t + 1)) S Vt+1|t' (53)
Since 7 (t + 1) < 7(t) from (16), it follows from (53)
and (52) that

Vitkiljt4l — Verks1e <0, k=0,1,--- N — 1.
(54)
Therefore, (19) is proved by (53) and (54).

Appendix C: Proof of Lemma 3

For T := Fa(t+k)+ By —Be(t+k)+Bad(t+k),
V(Z) = VZT P T as shown in (9). Then, the follow-
ing is satisfied.
V(@) =VvVazTPz
= ||P3(Fa(t + k) + Biiy gy — Be(t + k)
+Bad(t + k)|
< |PEFa(t+ k)| + | P2 Bd(t + k)|
1 1
1P Bad(t + B + P4 B g
(55)
Then, since e(t + k) € E, d(t + k) € D and
VA(P)|z|]| < V(x), the followings hold.

|P3Fa(t + k)| = \/aT(t + k)T PFa(t + k)

(
=\/2T(t+k)(P — Q)x(t + k)
_ \/VQ(:c(t k) — 2T (t + k)Qux(t + k)

<V(x(t+k)), /11— %,
(56)
|P2 Be(t + k)|| < 7(P2B)|le(t + k)|
< E(P% B)viygellz(t + k)|
< Ty el )
(57)
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|P% Byd(t + k)|
1
_ JIIP2 Baflld()], for k =0,
1
IIP2 By, for k=1,--- ,N—1.

(58)
Thus, it follows from (55), (56) (57) and (58) that

_ AQ) E(P%B)Vwku
V(z) < < 1- NP) + D) )

1 1 ~
xV(x(t + k) + [|1P2 Ballg. + || P2 B[4 x1¢]

= at-{—k\tv(x(t +k)) + bogr + b1|at+k|t|-
(59)
Therefore, (29) is shown from (28) and (59) by an in-
ductive method.

Appendix D: Proof of Theorem 1

From (23) and (27), we have

k
o(t+k+1)=Fla(t) - > F°Be(t+k - s)
k =
+ Z F*Bad(t + k — s) + Z F*Bily gt
s=0 s=0
(60)
k
Brypar = PP 2(t)+FFBad(t)+> | F*Bily gz
s=0
(61)
It follows from (24), (28) and Lemma 3 that
[zi(t +k+1) = &5 kg1l
k
< [Gu(s)e(t + k — 5)]
s=0
k-1
+ Y [Guls)d(t +k+1—s)|
s=0
b Vitk—s|tWttk—s|t =
<Y 1G] + ) l1Guls).
s=0 A(P) s=0
(62)

Therefore, from (30) and (62),

|z (t+k+ 1)
<|Zi kel Tt +E+1) = 25 g gyl

< &gkl + Qi+ E+ L vy, wy) < i
(63)
This implies that any @, |, which satisfies &y 1) €
X(t+Fk+1, V¢, w.y) also satisfies z(t + k + 1) €
X in the presence of all possible e(t + k) € E and
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d(t + k) € D. Similarly, from (22) and (26), the
following holds.

[tk =iy e < 1K Gpyne) (Ae(t+k)+Ad(t+k))]

(64)
where
k
Ae(t+k) ==Y F'Be(t+k—s),
s=0
k
Ad(t+k):=Y F*?Bud(t+k+1-s).
s=0

It follows from (24), (28) and Lemma 3 that

K (ét-i-k\t)Ae(t +5)|

< Zu« brow) F* 1 Bllle(t + k — s)]
<Z| 0L, o+ OV Bllle(t + k — 5)]

+Z|K0FS 'B|lle(t + k — s)|
s=0
k
< Wrwpe + ) IF Bl [le(t + k — 5|
s=0 N
+ > [KoF* ' Bllle(t + k — 5|
s=0

Vt+k—s\twt+k—s|t

< (Viskpe + Vo) Z 1€1(s

s=0 A(P)
k

Vitk—s[tWt+k—s|t

+ K s .
; | Ko&1(s)] D)
(65)
and
‘K(At+k|t)Ad(t + k)|

1K (Ope) P2 Ballld(t + k + 1 = s)

IN

M =1 =

S
S

(00 + 0572 Bal + | Ko F*~ By )

IN
= |

0

(I )
0

(ke + ) IF*2Ball + [ Ko P2 ] )
0

S

k k
< Wepnge +10) > 1&()] + D [1HKoéa(s)
s=0 s=0

(66)
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Therefore, from (31), (65) and (66), we have

u(t + k) < |aepppel + [ult + &)

< |ﬂt+k\t|
+3- (1w
+ Wty + 10 Z [€1(s
3;0

+ (Ve +10) D lla(s)

s=0

— gy g

Vt+k s|tWetk—s|t
+ HKO&(S)\I)
A(P)

t+k—s|twt+k—s\t
A(P)

(67)
Also, it follows from (26) that

|ty rpe] < [Kopppgettprne+[(— t+k|t+90 )¢kt
(68)
From (61) and Lemmas 1 and 3, the last term of (68)

can be written as follows

(= Hak‘t +00 )T okt
k

< (Vegkfe + 10) Z |z(t + k)|

s=0
k
FWerre +10) D NF T Blllle(t + k — )]
S;O
+(Vigr|e + 10) Z |FS=2By||||d(t + &k +1 — s)||
s=0
Wit k|t
< (Vg + 0) )\()D) + (Ve ke +10)
i A
Vigk—s[tWttk—s|t
X 1€ ()l +||£2(8)||> :
> e

(69)
Therefore, from (67), (68) and (69), it follows that

[u(t + k)| < [KoZeyp)e + Tegel
+2(Vt+k|t+’/0)

y t+k—s\twt+k—s|t s
Z (ng e >\|>

k
Vt+k—s|twt+k—s\t
+ K + [ Ko&2(s
Z <| 061 (s P 1Kol >\|>
Wikt
+(v + v
( t+k|t 0) P)
= |KoZyypppe + Uppppel + 00+ kv w) <
(70)

This implies that any w4, satisfying (32) also satis-
fies (33) for all possible d(t + k) € D.
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Appendix E: Proof of Lemma 4

In order to prove Lemma 4, we use the following two
facts, Lemmas 5 and 6.

Lemma 5: For a given trajectory uy A k
0,1,--- ,N — 1, and

Uppkfp1 = ﬂ;;rk‘t, k=1,2,--- ,N—1, (71)
the scalar system (28) satisfies

Wipk|i+1 < Weggys £=1,2,--- N —=1. (72)

Proof: From (28) and Lemma 2, it follows that

Apyflt41 S Ayt (73)
Therefore, we have
Wik 1(t4+1 — Wetk+1)t

= Qg ot 1 Wi k|t+1 — Otk |t Wit k|t (74)

< gt (Wi ft41 — Wekfe)

where k = 1,2,--- N — 1. Since wyqy)i41 =
V(z(t +1)) < wgpq) from (28) and Lemma 3, it
follows from (74) that

Wep ot 1)t41 — Wepkgife <0

where k =1,2,--- | N — 1. Thus (72) is proved. [

Lemma 6: Assume a predicted trajectory w.|; in (28)
satisfies

wt+k|tSw7 k:0717 7N (75)

under @y | at the current time ¢. Then, for the control
Upypltr1, B =1,2,--- , N —1,in (39), we have

< — it +k+1, V41> Weft41) (76)

and
ES i _ﬁ(t+k7 V-|t+17w-|t+1) (77)

at the next time instant ¢ + 1 where

e — wr(t)ee, .
y P i A(P) C2
AP
< ((w(t) + 1) (2v(t)ee, +1) +v(t)ee,)
—2(v(t) +vo)ce; — ce

(78)
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Proof: From (18), (75) and the definition of zﬁ, in (31),

Wy(t)cﬁ

P +cg,

(79)

min ¢; + i (t+k-+1, Ve w.pe) < i+
KA

which implies

P <y

Also, from (31) and Lemmas 2 and 5, it follows that

— it +k+ Ly, wy). (80)

it +k+1, V41 Wejtg1) < it +k+1, Vijts W.t)-
(81)
Thus (76) is proved by (80) and (81).

Similarly, from the definition of 7 in (31),

N+t + kv, wy) <n+ +cgy

\/—ﬁz

2u(t)w w
+ (V) + ) ( B T et (P)>
(82)
which implies
N <=t + kv, w)). (83)

Also, from (31), Lemmas 2 and 5, it follows that

N+ kv, W) <0+ kv, wye). (84)

Thus (77) is proved by (83) and (84). O

Based on the results above, we first prove the feasibil-
ity of Gy pjp4q for k=1,2,--- N —1in (39). From
(39) and (61), &4 g4 1)¢+1 1s described as

Tyy 1)t
= FFa(t+1)
k-1
+ 3 F*Biiy o sjps1 + F¥ ' Bad(t + 1)
s=0
= FFa(t+1)
k—1
+> FOBijyy g, + FY ' Bad(t + 1)
s=0
= F*& ),
k—1
+ Z FPBlg .o, + FRa(t 4+ 1) = &y110)
s=0
+FE=1Byd(t 4 1)

= Byppprp + FR @+ 1) — Z400)
+FE=1Byd(t 4 1).
(85)
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Thus, from (60) and (61), it follows that

Eipritjr1 = Berpsrp—F¥Be(t)+ FF ' Byd(t+1).
(86)
Therefore, from e(t) € F, d(t) € D and Lemma 3,

& 1] + Di(t +Ek + 10, W)
v(t)w(t)

VAP)

+|Gi(R)d(t + 1) + it + k + 1, vjppg, weep)
y(t)w(t
A(P)
1)

<& gyl + G (k)| —FF====

\_/

+ [|C2i (B

< |xz t+k+1\t| + |Clz

+ it k4 1Ly, w

) (87)

From the definition of %); in (31) and Lemmas 2 and
5,

&i(f +k+1Lvg, w-|t+1)
k—1
. A Vit k—s|t+1Witk—s|t+1 A
- pard (‘Cll(s)’ \/ﬁ + HCQZ(S)H>
- ’§ (\C | I/t+lc—s|twt+k—s\t N HC2‘(S)H>
a s=0 \% A(P) Z
=Pyt +k+1,v,wy)
PN A0 ( ) _
(88)

Therefore, from (87) and (88),

(i prfeen| + it +E+ L v, we)

i i (89)
<Zi kg1l + Vit +E+ 1 v w).
This implies that, if the solution u;, Kt satisfies
Tyypy1)e € X(t+k+1, Vijty W.|t) (90)

at the current time ¢, then @, ¢, in (39) satisfies

Ty pg1)e41 € X(t+k+1, Vsl W) O

where k = 1,2, --- , N — 1 at the next time step ¢ + 1.

Likewise, from (39) and (86), it follows that

Upyperr T Kooy ket
— ik 5, k—1
= i}y + Kot ans — KoF* ' Be(t)

+ KoFF=2Byd(t + 1)

92)
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Thus, from (30) and (92),

Uty gfer1 + Koermerr] + A+ kv, woegn)
- . v(t)w(t)
< |0 gy + KoZeprgel + |K051(k)|w
+ [Ko&2(k)d(t + 1) + 0t + k, v jry1, wopes1)
- . v(t)w(t)
< g gy + Kodpppye| + |K051(k)|w

+ [ Ko&(R)[| + 0t + k, ver1s weq1)-
93)
From the definition of 7 in (31), Lemmas 2 and 5,

ﬁ(t + K, V~|t+1aw-\t+1)
< 2(Vgyppet+ro)

Vigk—s[tWttk—s|t
X Z (II&(S)II ) +||£2(8)H>

+ Z <|K0€ Ak _7“(”;)’6 ok ||K052<s>||>
+ (Vegr)e + 10) wzr(l;t)
= ﬁ(t + /{?, V-|t7 w,|t)
~ s+ 0) <H§1 IR + o )H)
- (\Koﬁl(k)!% N HKosz(k)H> .
%94)

Therefore, from (93) and (94),

|4 oft41 + KoZpppperr| + 0+ K Vg1, Woegr)

< W:Jrku + KoZyppel + 0t + K, v, wpe)

v+ 0) <H§ ®)| (/(—()) T leat )H)

< ‘a:+]g|t + Ko'i't+k|t’ + ﬁ(t + k, Vts w-\t)'
(95)
Thus, if @}

k=0,1,--- ,N — 1, satisfies

t+k[t
7 g + Kodue € U+ kvppwy),  (96)

then wy g1, £ =1,2,--- N — 1, satisfies that
Upygftr1 T KoZogperr € U+, Vg1, wpg)-
7
Moreover, it is clear from Lemma 5 that if the con-
straint wyyp; < w, k= 0,1,--- | N — 1, is satisfied,
then

wt+k|t+1 S w, k= 152) e aN - 1, (98)
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which conclude the proof for the feasibility at k =
1,2,--- N — 1. Notice that, similarly to (98), it fol-
lows from wy vy < 1 and Lemma 5 that

Wiy N1 < 1 99)

Next, we prove

Wiy N1+l S 1 (100)

as follows: From (28) and Assumption 2, w;y ny1}¢41
is decreasing for @;; yj;41 = 0. Therefore, (100) is
obviously satisfied from (99). Note that for the same
w satisfying Assumption 3, the following conditions
are also satisfied.

C@) — 1,

wr(t)ee, < VAP) <miin P —

w((w(t) + 1) (2 (t)eg, +1) +v(t)ce,)
< /AP) (n— 2((t) + vo)eg, — ce,) — 1Kol
(101)
which are the sufficient conditions for Assumption 1
[11, 12]. It can be easily verified using the result of
Section 3; i.e., v(t) < vg is guaranteed for ¢ > 0.
Since the above condition (101) can be rewritten as

1 < \/A(P) and || Ko < ny/A(P) by using ¢ and

1 in Lemma 6, we have

xl < xr < S )
il < ol < = <0

Ko (102)
|Kox| < 0 <n, Vxe Xy

\P)

Since it is clear from (100) and Lemma 3 that
j\;t+N+1‘t+1 < Xf, we have

Ty Ny1e41 € X(t+k+1, V1> Weft41); (103)

Kooy ny1jee1 € U+ kv, )

from (102) and Njt+1 = 0. Therefore, (100) and
(103) prove the feasibility for & = N, which con-
cludes the proof.

Appendix F: Proof of Theorem 2

We show (i) by induction. The AMPC optimization
problem is feasible at ¢ = 0 by the assumption. As-
sume now it is feasible ateach ¢t =i (i = 1,--- k).
Then, from Lemma 4, the AMPC optimization prob-
lem is feasible at t = ¢ + 1. Therefore (i) is proved. In
order to prove (ii), we next show that the optimal cost
J(x(t),w*) is nonincreasing. At the time step ¢ + 1,
the feasible solution in Lemma 4 satisfies

J(@(t + 1), tpppperr) < J(@(t), Upyyye)  (104)

Volume 9, 2014



WSEAS TRANSACTIONS on SYSTEMS and CONTROL

since
J(@(t + 1), gy ppeg1) — J(x(t),ﬂamt)
N N-1
~T ~ ~xT ~ %
= Z“Hk\tﬂR“Hk\Hl - Z urJrkltRutJrk\t
k=1 k=0
_ ~xT 1~%
=~y Rut\t <0.
(105)
It also holds that
J(@(t+1), @y pypqq) < J(@(8), Gpgpyerr)  (106)
from the optimality of J(z(t + 1),@;‘%‘”1). From

(104)and (106), the optimal cost is nonincreasing; i.e.,

J(x(t + 1)7ﬁ:+k\t+1) < J(m(t),?l;k“).

Since the optimal cost is nonincreasing and bounded
by 0 from below, it satisfies J(z(t+1), ﬂ;‘+k|t+1) —c
as t — oo for a constant ¢ > 0. This implies that, for
each € > 0, there exists ¢, > 0 such that

(107)

0< J(m(t),zlLth) — J(z(t+ 1),21;*%““) <e€
(108)
for V¢t > t.. But, from (104), (105) and (106), we have
a:‘,{Rﬂ:‘t = J(Cﬂ(t), a;_]ﬂt) - J(x(t + 1)’ at+k|t+1)

= J(x(t)’a;;*kﬁ) —J(x(t + 1),ﬂi‘+k|t+1)-
(109)
Thus, (108) and (109) imply

ﬂ;t — 0ast— oo. (110)

On the other hand, v;; — 0 ast — oo from (18).
Hence, given ¢, and ¢, satisfying

b0+b1€c
1— By — Biey

for ;1 > by /(1 — Bo), we can choose t. such that

(111)

‘aat‘ < €u, Vgt < €, V2>t (112)
From (59), (112) and Lemma 2, it follows that
< (Bo + Bre,)V(x(t)) + bo + bre,  (113)

= aV(z(t)) +b

for Vt > t. where a := By + i€y and b := bo + biee.
Thus, it is satisfied that

k—1
V(x(te+ k) < atV(a(t)) + > a%h
5=0 (114)
b(1 — )
=gk te
a"Vv(z(te)) + 12
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and the right-hand side of (114) converges to b/(1—a)
as k — oo. Therefore, from (111) and (114), there
exists a finite time t. (> t.) satisfying

Via(t) < p, V>t (115)
Thus, (40) follows from (115). Finally, we prove (iii).
It is easily verified that the feasible solution ;41
of the AMPC optimization problem in Lemma 4 en-
sures that the constraints on state and control given in
(8) are fulfilled, since the condition (32) in Theorem 1
is always satisfied.
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