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Abstract: This paper deals with observer design for non-linear single output systems. When a classical observer
error linearization by output injection is not possible due to restrictive existence conditions, a simple approxima-
tion scheme is proposed. The method can be applied to a wider class of non-linear systems. Our approach is
constructive and can be implemented using computer algebra packages. The design procedure is carried out for

two example systems.

Key—Words: Differential geometry, non-linear differential equations, observers

1 Introduction

We consider the observer design problem for a non-
linear single output system

&= f(z), y=h) (1)

with smooth maps f : X - R*and h : X — R
defined on an open subset X C R™. During the
last decades, several different observer design meth-
ods have been developed and analyzed [1-3].

Observer design is often carried out in appropri-
ate coordinates. A very popular approach has been
suggested in [4, 5], where high gain observer de-
sign is carried out using the observability canonical
form [6, 7]. Similarly, the Byrnes-Isisodri normal
form [8, 9] can be employed to design unknown input
observers [10,11].

An especially suitable choice of the new coor-
dinates yields a system with linear output and lin-
ear dynamics driven by a non-linear output injec-
tion. This form is called observer canonical form
[12,13]. The associated observer called normal form
observer has linear error dynamics. Starting with sin-
gle output systems [12, 13], this approach has been
extended into several directions, e.g. to multi output
systems [14—16] and to adaptive observers [17-19].

However, the existence conditions of the trans-
formation into observer canonical form are quite re-
strictive due to a non-generic involutivity condition.
Several publications are aimed at relaxing these exis-
tence conditions, e.g. by system immersion [20, 21],
dynamic error linearization [22-24] and by time-
transformation [25,26]. Recent approaches do not as-
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sume that the output map of the transformed system is
linear, which results in significantly weaker existence
conditons [27-30].

When exact error linearization by output injec-
tion is not possible, many approaches have been de-
veloped to achieve an approximate observer error lin-
earization, e.g. by an extended Taylor linearization
of the error dynamics [12,31-33], higher order series
expansions [34-37], and with splines [38,39]. Other
methods are presented in [40,41].

In Section 2 we remind the reader of the exact
observer error linearization. Our approach to an ap-
proximate error linearization is explained in Section 3.
Computational issues are addressed in Section 4. The
developed observer design procedure is illustrated on
two example systems in Section 5.

2 Exact Observer Error Lineariza-
tion
First we recall observer design by exact error lin-

earization [12, 13]. The design methodology is
straightforward if there exists a diffeomorphism

z=T(x) with x=S5(2) ()
that transforms (1) into the form
2 = Az+al(clz2)
3
y = A(c2) &
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Figure 1: Observer canonical form
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The linear part described by (4) is in dual Brunovsky
form [42]. The map « is an output injection and
the map  describes an output transformation. The
form (3) is called observer canonical form [6,7] and
depicted in Fig. 1.
For a system in form (3), the observer

= Az+a(y'(y) +k(H(y) - c2)
- 8(2)

8 w-

5)
yields an observation error Z = z — 2 governed by the
linear time-invariant error dynamics

z=(A-kch)z (6)
Since the pair (4) is observable, the eigenvalues of the
linear error system (6) can be placed arbitrarily via the
observer gain k € R"™. More precisely, for a desired
characteristic polynomial

det(sI—(A~ke")) = po+pis+- - +pp_15" +s"

of the error dynamcis (6) we have to use the gain vec-
tork = (po, .- pn_1).

The difficulty of this approach is the transforma-
tion of system (1) into (3). The existence conditions
of (3) are given by the next theorem [13]. For Lie
derivatives and Lie brackets we use the same notation

as in [9,43].
Theorem 1 In a neighbourhood of g € X there ex-

ists a diffeomorphism (2) transforming (1) into (3) if
and only if
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1. dim (dh(:co),Lfdh(mo),...,L?’ldh(mo)) _

n,

2. [ad"fv,ad]}v](:c) =0for0<4i,57<n-—1and
all x in a neighbourhood of x,

where the vector field v is the solution of

k B 0 for k=0,....n—2
LoLgh(®) = { B(h(x)) for k=n-—1
(7
for an appropriate scalar-valued continuous func-
tion 3 with B(h(xp)) # 0.

The first condition is the well-known observability
rank condition. The vector field v is the last col-
umn of the inverse observability matrix scaled by 1/4.
In other words, v is the solution of Q(x)v(x) =
B(h(x)) 32 with the observability matrix

dh(x)

Qz) =
ALy h(x)

The construction of the transformation (2) is based
on the Simultaneous Rectification Theorem [43, The-
orem 2.36]:

Theorem 2 Consider r vector fields vi,...,v,
X — R". Assume that these vector fields are lin-
early independent at xo € X and that [v;,v;](x) =0
holds for 1 < 1,5 < r and all x in a neighbourhood
of xg. Then there exists a change of coordinates (2)
such that

0
T (z)vi(x) = o7 and wvi(x) = 5'(z) o7 (8)
holds for 1 < i < r in a neighbourhood of x.
Proof. There exists n —r vector fields v,41,..., v,

such that vy, ..., v, are linearly independent at x.
‘We construct the inverse transformation as follows

©)

x = S8(z) =7 opl o 0pl(xo),

where ;" denotes the flow! of vector field v; at
time t. By construction we have S(0) = xzo. The
first order series expansion of (9) has the form

x = S(z)

= wi(zo)z1 + -+ vn(@o)zn + O] 2]?).
(10)

"Recall that the flow ¢? of a vector field v : X — R™ is the
general solution of the associated ordinary differential equation

(1) = v(x(t)).
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The associated Jacobian matrix

S'(0) = (vi(=xo), v2(x0), - .., Vn

is regular since the vector fields occurring there are
linearly independent. Therefore, S is a local diffeo-
morphism.

Condition [v;, v;] = 0 implies that

)

v; v, v
Pz ©Pzj = Pzj

Ui
°®2

for 1 < 4,5 < r, see [43, Lemma 2.3.4]. Then, we
have

= 821‘ fgf o @Yo oL
0@z 00 @l (ao)
= vl 0o pl oo gt (o))
= vi(5(2)) = vi(x)
for 1 < ¢ < r. This implies (8). O
The proof of Theorem 1 is based on Theorem 2
with r = n and v; = ad’:flv fori =1,...,n. Many

systems of practical relevance fulfill the observability
rank condition of Theorem 1, but violate the integra-
bility condition 2. If the existence conditions in Theo-
rem 1 are fulfilled, there exists several different ways
for the symbolic computation of the normal form ob-
server (5), see [41,44-47].

3 Approximate Observer Error Lin-
earization

Our approximation of the observer form (5) is based
on a slightly modified version of Theorem 2:

Corollary 3 Consider n vector fields vq,...,v, :
X — R"™. Assume that these vector fields are lin-
early independent at xo € X and that [v;,v;](x) =0
holds for 1 < 1,5 < r and all x in a neighbourhood
of xg. Then there exists a change of coordinates (2)
such that

1. Eq. (8) holds for 1 < i < r in a neighbourhood
of xg, and

2. Eq. (8) holds for 1 <1 < n at the point x.

Proof. Consider the map (9). The locally exact rec-
tification of the first » vector fields follows immedi-
ately from the proof of Th. 2. The point-wise rectifi-
cation follows directly from the linearization (10). O

The rectification according to Theorem 2 and
Corollary 3 is sketchted in Fig. 2 for n = 2 as well
asr = 2 and r = 1, respectively.
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Now, we will discuss the transformation of sys-
tem (1) into an approximate observer form

2:f(z):
y = h

Az + alzy, . ..
A(zn)-

 Zn)

an

Due to the usage of the weaker form (11) instead of (3)
our approach belongs to the class of methods called
approximate observer error linearization [38, 40, 41].
Because the system linearized in the origin is in ob-
server canonical form, our design methodology is also
related to local approximations via series expansions
[12,31,35,36].

Sufficient existence conditions for (11) are given
in the following theorem:

Theorem 4 Assume that for a point oy € X there is
an integer v € {1,...,n} such that

1. dim (dh(xo),Lfdh(xo),...,L?}—ldh(wo)) _

n)

2. [ad"fv,ad]j‘w](a:) =0for0<i,5<r—1and
all x in a neighbourhood of x,

where the vector field v is the solution of (7) for
an appropriate scalar-valued continuous function (3
with 3(h(xg)) # 0. Then, the map

ad" 1o

v —
! O...OQOZ'VL d

z = 5(z) = ¥ ol (o) (12)

is a local diffeomorphism having the inverse z =
T (x) with T(xg) = 0. Under this change of coor-
dinates system (1) is transformed into the approxi-
mate observer form (11). Moreover, the linearization
of (11) at z = 0 is in observer canonical form.

The existence conditions in Theorem 4 are
weaker than these in Theorem 1 because the involu-
tivity condition must only hold for Lie brackets up to
order r — 1 instead of n — 1.

Proof. From the observability rank condition we
conclude that (7) has a unique solution v for a given
map 3. Moreover, Eq. (7) implies that matrix product

dh(iL‘o)
: ('u(azo), ce adﬁ}lv(wo)>
dL"; " h(zo)
0 B(ao)

B(xo) *
(13)
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Figure 2: Rectification of n = 2 vector fields: (a) originial flows, (b) rectification according to Theorem 2 for
r = 2, (c) partial rectification according to Corollary 3 for r = 1

is an lower trianglular matrix, see [9, Lemma 4.1.2].
The matrix is regular since 3(xg) # 0. Therefore,
the vectors v(xg), . . . ,adrj}lv(mo) are linearly inde-
pendent. Now we apply Corollary 3. The diffeomor-
phism (2) with (12) results in

T*adl;fv = for

i=0,....,r—1 (14)

Ri+1
in a neighbourhood of x(, where T, denotes the dif-
ferential of the diffeomorphism 7. The diffeomor-
phism transforms the maps of system (1) into

F2) = Tf@)lase
hz) = h(®)|gegz) -
Due to (13) we have
o 7 i
. <dh,ad_fv>
. 0 for ¢+=0,...,n—2,
N B(x) for i=mn—1.
_ (15)
Therefore, the output map h has the form given

in (11). Next we consider the vector field
r. r 0 r 0
f:flajl-l-----l-fn@-

Because of (14) we have

0 _ i
Dy T*ad_ffu {
= T.-f, adz__flv}
= P@@ﬂmﬁﬂ (16)

= s ((25)2)
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forts =1,...,r—1. Comparing both sides of (16) we
get 72 fj =0for1<j<m,j#i+1,1<i<r—1
and %ﬁ+1 = 1for1 < ¢ < r — 1. This implies
that the transformed vector field f has the form given
in (11) in a neighbourhood of z = 0 (see Fig 3(a)).

Finally, we consider the linearization of the trans-
formed system. The output map is already in the
appropriate form (cf. (15)). The diffeomorphism (2)
with (12) from Corollary 3 is such that

T*adi,fv: for ¢=0,...,n—1

Zi+1
holds in the point xy. Then, Eq. (16) is also valid
in the point x = x¢ (and z = 0, resp.) for i =

0,...,n—1. Therefore, we have a%fj(o) =0forl <
j<nj#i+1,1<i<n-—1land = fi11(0)=1

for1 < ¢ < n—1. Hence, the Jacobian ‘matrix has the
form sketched in Fig. 3(b), i.e., the system linearized
in the origin z = 0 is in observer canonical form. O

Assume that system (1) can be transformed into
the approximate observer form (11). We suggest an

observer of the form

o= Azt a7 (W)
+ k(7 () = 2n) 17
& = S(2)

with the constant gain vector £ € R"™. The error dy-

namics is given by
2= (A—kc"z + al(z,..
— &z, ..

<y Zn—1, Zn)
. 271717 Zn)-

(18)

The last argument z, of both non-linearities in (18)
is the same and obtained from the measured output:
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(b)

Figure 3: Jacobians of f: (a) in a neighbourhood of z = 0, (b) in the point z = 0

z, = A4 1(y). Otherwise, the error dynamics (18)
has the typical structure occurring in high gain de-
sign. Since f and h are assumed to be smooth, the
map ¢ is also smooth and at least locally Lipschitz. To
determine the observer gain vector k we can employ
several high gain design techniques [48-51]. Modern
approaches are also based on the concept of passiv-
ity [52,53].

4 Computational Issues

For the implementation of (17) we need the transfor-
mation (2) with (12). Using the chain rule we get

z = )j;|w:S(z)

)f(w)|a::5(z)
(8'(2) ™" F()laesio
= f(2).

In particular, to compute the form (3) we need the
map S, but we do not have to compute T symboli-
cally. The diffeomorphism .S results from a concate-
nation of flows according to (12). To obtain the flows
we have to find the general solution of ordinary dif-
ferential equations. Computer algebra packages such
as Mathematica and Maple have build-in functions as
well as additional libraries to solve ordinary differen-
tial equations (e.g., see [54]). Unfortunately, many
differential equations cannot be solved symbolically.
In this cases, one could basically use any approximate
solution. In the following, we recall two approxima-
tion methodes. We explain these methods for a given
vector field v : X — R". To compute (12), we
also have to apply these procedures to the vector fields
ad_yv, ... ,adﬁ}lv from Section 3.

T (x
T (x
(19)

Taylor expansion The initial value problem for the
vector field v reads as

z=v(x), z(0)=z1eX (20)

E-ISSN: 2224-2856

15

with ¢ € X. If v is analytic, the solution of (20) can
be expanded into an infinite series

tk

a(t) = of (xo) = ) Cr(o) 1 2D
k=0

with vector fields ¢, : X — R", k£ > 0. These vector
fields can be computed recursively by

Cep1(x) = Cip(@) -v(z) with (o(z) ==
The series (21) is called Lie series [55]. The function

values ¢ (o) of the vector fields can efficiently be
calculated with algorithmic differentiation [56-61].

Picard Iteration The initial value problem (20) is
equivalent to the integral equation

x(t) = xg +/0 v(x(7))dr.

In the proof of the existence and uniqueness theo-
rem of Picard-Lindel6ff for ordinary differential equa-
tions, this integral equation is solved by the recursion

€1 () = @0 + /0 w(€,(r)dr with £(t) = zo.

If the vector field v is Lipschitz continuous, we have
limy o0 &1 (t) = x(t), see [62].

S Example
We will illustrate our approach on two example sys-

tems. In both cases the transformation (12) can be
computed symbolically.
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5.1 Synchronous Motor
In [63], a synchronous motor is modelled by

T1 = T9

&9 = By — Aixe — Asxssinzy — 0.5Bysin(2z)
T3 = u— Dixg+ Docosx

y = I,

(22)
where x; denotes the rotor angle, x5 the speed devi-
ation and x3 the field flux linkage. The observability
matrix reads as

Q(x) =

1 0 0
0 1 0 .
—Asxzcosxy; — Bacos(2x1) —A; —Agsinag

Clearly, the observability matrix is singular for inte-
gral multiplicities of 7.

We compute the starting vector field v symbol-
ically without specifying the map 5. We obtain
[v,ad_gv] = [v,ad? ;v] = 0 and

od_pv.ad? o] = ) 5+ oe) g (23)
with
) = ST Ccos() ) = Bsinn) o)

and with a complicated function p. We will try to
choose 3 in such a way that the integrability condi-
tion of Theorem 1 is fulfilled. The second component
of (23) is identically zero if 3 satisfies the ordinary
differential equation

cos(z1)B(z1) — 3sin(z1)F (z1) = 0.

The general solution is 3(z1) = Cy(sin(z;))'/? with
the constant C;. Even with this choise of 3, the third
component of (23) is not the zero function. Hence,
system (22) cannot be transformed into the normal
form (3).

The aforementioned choice of (3 results in com-
plicated expressions for ad_ v and ad? ,v. As the
integrability condition cannot be fulfilled anyway, we
will use the degree of freedom in order to simplify
the vector fields 'v,ad_f'v,ad%ffv. With ((z1) =
—Assinz, we obtain the simplest possible vector
field v(x) = -2 in form of the 3rd unit vector. The

oxs
next vector fields are
d — Ao i 92 _ p,o

ad_gv(x) 28I 715 1923
ad2_f'v(:z:) = —Agsinz 8%1 - Ag(:gg COS 1

+ (Al + Dl) Slnxl)%

2 0
+ Dj RErR
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We have [v,ad_jv| = |[v, adQ_fv} = 0 but
lad_ v, ad* #v] # 0. Hence, the conditions of Theo-
rem 4 hold for r = 2 and z; # {7 with £ € Z. Using
xo = (7/2,0,0)7T, the transformation (12) becomes

r = S(2)
__oxp(Azzs)
. 2 arccos ( 1+exp(2A223)> (24)
= (A1 + D) sinh(Asz3)

2

With (24) we were able to compute the form (11)
of (22) symbolically. The vector field f is too com-
plicate to be shown here, but its linearization

~ 0 0 B9Di+ AyDo
fO)=(10 By—AD
01 —A1 — Dy

is in observer canonical form. In z-coordinates, the
output becomes

>

y = h(z)

. _ __exp(A2z3)
= 4(z3) = 2arccos (W) '

For the simulation we used the parameter values
A; = 0.2703, Ay = 12.01, B; = 39.19, By =
—48.04, D; = 0.3222 and Dy = 1.9. Moreover,
we used the initial values 2(0) = (0.8,0.1,10)7 and
#(0) = (0.8,0,0)” and the constant input v = 1.933.
The eigenvalues of the linear part of the error dynam-
ics were placed at —10 by k& = (1000, 300, 30)7".
Fig. 4 shows the simulated trajectories. We used black
solid lines for the original system (22), blue dashed
lines for the observer (17) and green dashed-dotted
lines for the extended Luenberger observer [12, 32].
Indeed, the new observer shows a good performance.
For the discussion of observer design for similar ap-
plications we refer to [64—66].

5.2 Lorenz System

As a further example we consider the Lorenz system

.it'l = 8(1’2 — 331)

To = pr1— T2 — T1T3 25)
.fg = T1X2 — bxg

y = o

with the parameters s, p, b > 0, see [67]. The observ-
ability matrix has the form

1 0 0
Qx) = -5 s 0
s+s(p—x3) —s—s —sz1
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3.0

Figure 4: Trajectories of the motor model (22) with
the observer (17) and an extended Luenberger ob-
server

Clearly, the observability rank condition is violated
forx1 = 0. Using B(x1) = —sx1 we getv(x) = 8%3,
ad_gv(xz) = —3713%2 - b%, and ad_pv(x) =
—sxla%l%—((l +b—s)x1 + sxa) 8%2—(() — 1) 8%3
With &y = (0,0,1)%, the transformation (12) be-
comes

r =

S(z)
exp(—sz3)
— exp(sz3)z + =5 sinh(s23) .

21+ bzz — bzy — 2—18(1 — exp(—2s23))

Again, the equations of the transformed system are
to complicated to be shown here, but can easily be
computed by (19) with computer algebra systems. Be-
cause of

[ad,fv,adz_f'v] = —233718%2 #0

the system cannot be transformed into observer
canonical form (3). Since [v,ad_fv] = 0 we have
r = 2, i.e., the map & of (11) depends on 23 and z3,
but not on z7.

The simulation was carried out with the param-
eter values s = 10, b = 8/3, p = 24, and the ini-
tial value z(0) = (8,11,23)7. In this setting, the
plane x; = 0 is not crossed, i.e., the observability rank
condition holds along the system’s trajectory. For the
observer we used the initial value &(0) = (1,0,0)7
and placed all three eigenvalues at —10. Fig. 5 shows
the simulation result. We used black solid lines for
the original system (25), blue dashed lines for the ob-
server (17) and green dashed-dotted lines for the high
gain observer suggested in [4,5]. Although we also
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Figure 5: Trajectories of the Lorenz system (25) with
the observer (17) and a high gain observer

designed an extended Luenberger observer, the sim-
ulation could not be carried out because the observer
trajectory went into a singularity of the observer gain.
However, the new observer (17) converges.

6 Conclusions

This paper outlined an observer design method for
single output systems. The procedure yields approx-
imately linear error dynamics. The design method
is constructive and can easily be implemented with
computer algebra packages such as Maple or Math-
ematica. Extensions to systems with inputs and multi-
output systems are straightforward.
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