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Abstract: - The mismatched perturbations and system chattering are the two main challenging problems in
sliding mode control. This paper tries to solve these problems by deriving the invariant sets created by the
sliding mode controller where the present work is devoted to a second order nonlinear affine system. If the state
started in these sets it will not leave it for all future time. The first invariant set is found function to the initial
condition only. Accordingly, the state bound is estimated and used when determining the gain of the sliding
mode controller. This step overcomes an arithmetic difficulty that consists of calculating suitable controller
gain value that ensures the attractiveness of the switching manifold with lower chattering behavior. Moreover
to eliminate system chattering and to attenuate the effects of the mismatched perturbations, the signum function
is replaced by an approximate form which yields a differentiable sliding mode controller. Therefore, the state
will converge to a second positively invariant set rather than the origin. The size of this set, as derived here, is
function to the parameters that can be chosen by the designer. This result enables us to control the size of the
steady state error which means also that the effect of mismatched perturbation is attenuated. The sliding mode
controller is then applied to the servo actuator system with friction based on the derived invariant sets. The
friction model is represented by the major friction components; Coulomb friction, the Stiction friction, and the
viscous friction. The simulation results demonstrate the rightness of the derived sets and the ability of the
differentiable sliding mode controller to attenuate the friction effect and regulate the state to the positively
invariant set with a prescribed steady state error.
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1 Introduction Barambones et al. [4]. Also the SMC was applied to
The Sliding mode control (SMC) is a well known active vehicle susp_en§ions_ t_)y Mi_lad Geravan_d et al.
robust technique, for its ability to reject the [5]. The fuzzy logic is utilized in [5] to adjust the
uncertainties in system model and to the external gains for the sliding mode control when applying it
disturbances that satisfying the matching condition to the physical model of semi-active quarter-car
[1]. When the perturbations satisfy the matching suspension. _

condition, it enters the state equation at the same In spite of the robustness of SMC against the
point as the control input [1]. The core idea of matched disturbances and ease of implementation,
designing SMC algorithms consists in two steps; the but it have two main disadvantages. The first is in
first is the selecting a manifold in state space such the case of mismatched disturbances. F. Castafios et
that when the state is confined to it the state reaches al. [1] suggests use the integral sliding mode to
asymptotically (slide) the origin unaffecting by the reject the matched disturbances and the H.
matched perturbations. This type of behavior is techniques to attenuate the unmatched one. The
known as sliding motion. While the second is to Integral Sliding Mode Control (ISMC) is also
designing a discontinuous control to enforce the applied for the nonlinear Systems with matched and
state to the manifold and stay there for all future mismatched perturbations by.Matteo Rubagottl_et al.
time. [2]. Due to its robustess and ease of [6]. The ISMC was alsq applied to the hydraulically
implementation, the sliding mode control algorithm actuated active suspension system, by Y. M. Sam et
has been applied to many engineering application in al. [7] in the presence o_f mismatched uncertainties.
the recent decade. Stephen J. Doddes et al. [3] The second problem is the chattering behavior
design a SMC for the permanent magnet which is frequently appears in sliding mode control
synchronous motor drives. The SMC law was system for many reasons such as the non ideality of
derived for a variable speed wind turbine by Oscar the switching process [2]. Methods for eliminating
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the chattering in sliding mode control system are
reported in [2,8], but the simplest method is
introduced by J. J. Sloten [9], where the signum
function is replaced by a saturation function. By
using saturation function the sliding mode controller
will introduce a positively invariant set around the
origin with a size determined by the design
parameters [10]. H. K. Khalil [10], derives the
invariant set created by the sliding mode controller
that uses the saturation function as suggested by J. J.
Sloten in reference [10]. The formulation of the
disadvantages in sliding mode control, as mentioned
above, is presented in the following section in terms
of the interconnected systems.

2 Problem Statement

Consider a dynamical system described by:

X1 = X

Xy = f1 (1, x2) + 81 (xq, %2)x3 + dy (%1, %3, 1) (@)
1-

(1-a)

X3 = fo(xq,%2,%3) + g2 (%1, %, x3)u +
dy(xq,%2,%3,t) (1-c)

y=x

where d;(x1,x2,t) and d,(xq,x,,x3,t) are the
mismatched and matched disturbances respectively.
Many dynamical engineering systems have models
similar to Eqg. (1), like in electromechanical system
where the upper subsystem (the model in Egs. (1-a)
and (1-b)) is the mechanical system and Eq. (1-c) is
the electrical system model where d; (xy,x,,t) may
represents the uncertainty in system model, the
friction force and external disturbances. This type of
system is also known as interconnected system [11].
The servo actuator system is an example of this type
of system, where the torque that actuates the
mechanical system is not the actual input (for a D.C.
motor the voltage is the signal which represents the
actual input). Later, the servo actuator system, as an
application example, will be selected to validate the
results of the present work.

From a control design point of view the system
cannot be linearized via successive differentiation of
the output y due to the unknown and may be
discontinuous  disturbance d; (x1,x;,t) The
Backstepping method, which regards x5 as a virtual
controller, cannot also be used since the mismatched
disturbance, generally, does not satisfy the linear
growth condition [10,11]. This type of disturbance
is known as a nonvanishing disturbance because
d;(0,0,t) # 0. The best that x3 can do it, if it's
regarded as a virtual controller, is to attenuate the
effects of d;(xq,x,,t) [10]. This task may be
accomplished via Heo controller. In all cases, and
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since that the wvirtual controller must be a
differentiable function to the state, the best that we
can do it is to regulate the state to a positively
invariant set including the origin and stay there for
all future time. Controlling the size of the invariant
set becomes the challenging task in this respect.

In the present work we suggest the use of the
sliding mode control theory in designing the virtual
controller to control the size of the positively
invariant set. The signum function that causes the
discontinuity in sliding mode controller is replaced
here by the arc tan function as an approximation.
Approximating the signum function will eliminate
the chattering and thus solve the chattering problem;
also will attenuate the effect of the mismatched
disturbance and that by regulating the state to a
specified region including the origin. That means we
can control the steady state error but of course
cannot eliminate it. Consequently, but with a
prescribed steady state error, the mismatched
disturbance problem is solved. To this end, it is
required to derive the invariant and the positively
invariant sets for the system uses the sliding mode
controller in order to implement the solutions
suggested above to the chattering and to the
mismatched disturbance problems. This will
represents the task of the present work.

The organization of this paper is as follows; the
concept of the invariant set and the positively
invariant set is introduced in section three. The
positively invariant sets created by the sliding mode
controller are derived in sections four and five,
while in section six the results of the present work
are demonstrated where the servo actuator system is
used as an application example.

3 Invariant Set

The invariant and positively invariant sets are
defined in this section, where we refer mainly to the
excellent reference [10].

Conceptually any successful controller try to
regulate the state to the origin or to a positively
invariant set includes the origin. Moreover the
controller will creates a region includes the origin
known as the area of attraction [10]. If the state
initiate inside the area of attraction the controller
will be able to regulate it. If the area of attraction is
the whole state space the controller is global,
otherwise the control system is local. As an example
the linear state feedback for a linearized nonlinear
system create an area of attraction around the
equilibrium point where the controller is generally
local (see p. 138 & 139 in [10]).
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The area of attraction forms the so called the
positively invariant set. The set notion appears in
control theory when we considered three aspects,
which are crucial in control systems design, these
are:  constraints, uncertainties, and design
specifications [12].

So, consider the second order autonomous
system

x = f(x)

where x € R%and f(x) is a locally Lipschitz map
from a domain D c R? into R?. Let x(t) be a
solution to the second order autonomous system in
Eq. (1) and also letx = 0 be an equilibrium point;
that is £(0) = 0. Now, the set M, with respect to
the system in Eq. (1), is said to be invariant set if

x(0)EM=>x(t)EM, VtER

It means that: if x(t) belongs to M at some time
instant, then it belongs to M for all past and future
time, i.e., it will never come from a region outside it
or leave it for all future time. A set M is said to be a
positively invariant set if

x(O)EM=>x(t)EM, Vt=0

In this case the state may be come from outside the
positively invariant set but will never leave for all
future time. We also say that x(t) approaches a set
M as t approaches infinity, if for each € > Othere is
T > 0 such that

dist(x(t),M) <&Vt >T

where dist(x(t), M) denotes the distance from a
point x(t) to a set M.The positive limit point is
defined as the limit for the solution x(t) when the
time approaches infinity. The set of all positive limit
points of x(t) is called the positive limit set of
x(t) . Accordingly, the asymptotically stable
equilibrium is the positive limit set of every solution
starting sufficiently near the equilibrium point,
while the stable limit cycle is the positive limit set
of every solution starting sufficiently near the limit
cycle. The solution approaches the limit cycle as
t — oo. The equilibrium point and the limit cycle are
invariant sets, since any solution starting in either
set remains in the set for vt € R. Moreover, let the
set of positively limit set for a point p denoted by
the w limit set of p, namely w(p), then some
properties of it are stated in the following fact [13]:
Let M be a compact, positively invariant set
and p e M, then w(p) satisfies the following
properties:
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1. w(p) # 0, that is, the w limit set of a point is not
empty.

2. w(p) is closed.

3. w(p) in a positively invariant set.

4. w(p) is connected.

This fact, in later sections, will be helpful in

determining the behavior of the state trajectory

when it is initiated in a positively invariant set.

4 The First Positively Invariant Set

In the following analysis, the first invariant set for a
second order system using a sliding mode controller
is estimated. Consider the following second order
affine system

.7'(,'1 =Xy

X =f)+gu, glx) >0 (2

Let the controller in Eq. (2) is the sliding mode
controller

u = —ksgn(s),s=x, +Ax;, A>0 (3)

where s is the switching function which it is
selected such that the system at the switching
manifold (s = 0) is attractive. The attractiveness of
the switching manifold is the main idea behind the
selection of the sliding mode controller gain k. To
calculate k we use the following nonsmooth
Lyapunov function

V=lsl| (4)

The switching manifold is guaranteed to be
attractive if the derivative of the Lyapunov function
is negative. Consequently,

V = $*sgn(s)
= {f(x) — g(x)k = sgn(s) + Ax,} * sgn(s)

= —{g()k — (f(x) + Ax;) * sgn(s)}  (5)
Now if k is chosen such that V <0, then the
switching manifold is attractive. Thus,
f)+Axy _
k > max T h (6)

When k satisfies the inequality (6), then the state
reaches s =0 in a finite time. In fact, satisfying
inequality (6) is the main calculation problem
during design process. Generally, we may use a
large gain value to ensure satisfying inequality (6),
and consequently the area of attraction becomes
large. But the gain cannot be chosen freely without
limit due to control saturation. As a result, the size
of the area of attraction is determined directly by the
gain value.
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In this work, we aim to find the invariant set for
a second order system that uses the sliding mode
controller as given in Eq. (3). When the state
initiated in it will never leave it for all future time.
Hence, the gain is calculated depending on the
invariant set size and the region of attraction will
include at least the invariant set. In the literatures,
the existence of the invariant set is assumed (by
assign the maximum state value) and accordingly
the sliding mode controller gain is calculated. In this
case the sliding controller will be able to force the
state toward the switching manifold at least when it
initiated in this invariant set. However, the gain
value may be large and again the saturation problem
arises. Other designer, uses a certain gain value in
the design of sliding controller and, may be, by
doing extensive simulations they prove that the area
of attraction will include the nominal initial
conditions for a certain application [14].

To find the invariant set, we need to derive its
bounds. The first bound on the invariant set is
derived by using the Lyapunov function given in
Eq. (4). Suppose that we use a certain value for the
gain k, then there is a certain basin of attraction
such that the time rate of change of the Lyapunov
function is less than zero, namely

V<0=2V(@)-V(t,)<0
or
s —Is(t,)] <0

Therefore the switching function level is bounded
by:

Is(®)] <Is(t,)], vt > t, ()
Of course the inequality (7) holds due to the action
of the sliding mode controller with gain k. Hence,
the inequality (7) shows that the state will lie in a
region bounded by

—s(t,) <s(t) <s(t,),vVt>t,

but without assign the equilibrium  point with
respect to the switching function. So we need to
show that, as it is known, that the switching
manifold is attractive manifold due to the sliding
mode controller. To prove the attractiveness of
s = 0, the time derivative of the switching function
is found first when k satisfy inequality (6), as
follows:

S=1x, +Ax; = f(x) — g(x)ksgn(s) + Ax;

=5 =—B(x)sgn(s) , 0<P(x)
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Now, we return to the Lyapunov function, Eq. (4),
to find its derivative

V(s) = s x sgn(s)
=>V(s)=—-B(x) <0

Since V(0)=0 and V(s)<0 in the set {x €
RZ:s # 0}, then s = 0 is a stable manifold (theorem
4-1 in reference [10]). Moreover, we must note that
the solution of the dynamical system at the
switching manifold does not exist [15]. This is due
to the discontinuity in sliding mode controller
formula. Indeed the state will reach s = 0 in a finite
time. Ideally the state will slide along the switching
manifold to the origin, i.e., the state trajectory will
identify the switching manifold until it reaches the
origin. Therefore, the bound given in the inequality
(7) becomes:

0 <[s(®] <Is(t,)l
= 0 < s(t) xsgn(s) <s(t,) * sgn(s,)
But in sliding mode control

sgn(s) = sgn(s,),Vt > t,

thus,
0 < s(t) * sgn(s) < s(t,) * sgn(s) (8)
Accordingly we have
0 <s(t)<s(t,)for s>0
0=>s(t) > s(t,) for s < 0} ©)

In words, inequality (9) shows that if the state
initiated in the positive side of the switching
manifold, then the state will stay in an open region
bounded by s =s(t,) and s=0,vt >t, . The
same thing is happened if the state initiated with
negative switching function level. Inequality (9) is
the first bound; while the second is derived here for
x; as follows:

.7'(,'1 +/1.X'1 = S(t)

= d{e’“xl (t)} = eMs(t)dt

or
t

etx, (t) —x,(t,) = Js(r)e“ dt

to

By taking the absolute for both sides and
considering the inequality (7), we obtain
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le?x, ()] — |e*tox; (¢,)]
< le?txy () — eMoxy (t,)]

= |ftz s(t)el dr| < ftils(r)le’“ drt
t Is (¢0)
<|s(¢,)l fta e’ dr = ST(e’“ —etho)

= |e/1tx1(t)| < |e“0x1(t0)|

+ @ (elt _ elta)

= |xy (O] < |y () |e=AEt0)
BN i)

s (O] < max{lx (t)], 582 (10)

The result in the inequality (10) is a consequence of
the convexity of the set

|s(t,)
A

‘P={X1(t):xl(t)=MIX1(to)|+(1—u) 0

SuSl}

In this case the maximum element of the set is at
u=0or at u=1. Therefore the invariant set is
bounded by the inequalities (9) and (10) in terms of
the initial condition only. Accordingly, the invariant
set is given by:

O =
{x € R?:0 < s(t)sgn(s) < s(t,)sgn(s),|x(t)| <
max (Jx (6)],=5220) - (12)

A

The figure below plot the invariant set in the phase
plane and one can find geometrically that the bound
for x, (t) inside W is

|2 (O] < max{|xz(t)1,1s(t) 1} (12)

e x

¥

Fig.1: Positively Invariant Set.
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5 The Second Positively Invariant Set

In classical sliding mode control theory, there exist
a trivial invariant set. This set is the origin of the
state space where the controller regulates the state to
it and kept the state there for all future time. The
sliding mode control that does the above task is a
discontinuous control and it may cause the
chattering problem. There are many solutions to the
chattering problem in the literatures (see references
[2], [8] and [16]). A simplest method to remove
chattering is by replacing the signum function,
which it used in sliding mode controller, by an
approximate form. This idea is first introduced by
J.J. Sloten in [9] using the saturation function
instead of the signum function. Later, many other
approximate signum functions are used to remove
chattering as found in reference [17]. However,
when replacing the signum function the state will
not be regulated to the origin, instead it will
regulated to a certain set around the origin known as
positively invariant set. The size of this set is
determined by the design parameters and the
approximation form. In the present work the signum
function is replaced by the arc tan function, namely

2 —_
S9N approx (S) = - tan™! (VS) (13)

where tan~1(ys) is a continuously differentiable,
odd, monotonically increasing function with the
properties:

tan™1(0) =0

limjso, tan™1(ys) = lim, tan~(ys) = %sgn(s)
and

sgn(s) = tan~(ys) = tan"1(y|s|) = 0

The sliding mode controller (Eg. (3)), using the
approximation in Eq.(13), becomes

2k _
uapprox =T . tan 1 (VS) (14)

Now, let us state the following:

When the sliding mode controller uses the
approximate signum function as given in Eq. (13),
and the controller gain satisfy the inequality (6),
then the state will be regulated to a positively
invariant set defined by

Ay ={reR%:Iml<2,Is<6}  (15)

To prove that Ag is positively invariant set for a
second order affine system (Eqg. (2)), we return to
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use the Lyapunov function as given in Eq. (4) which
has the time rate of change

. 2k
7 = {00 - g0 = tan~ (rs) + 2, fsgn(s)

= {900 Z tan 1 (yls]) = (F() + Axp) *
sgn(s)}

For the switching manifold to be attractive V must
be less than zero, namely

— {9 Ztan~1(ylsl) = (fGO) + Ax)

sgn(s)} <0
2k f(x) + Ax,
= —tan"L(y|s|) > max |————=| =
—tan (yls) o
or
mh
ke > 2tan~1(ylsl) (16)

Now, let [s| = & be the chosen boundary layer, then
inequality (16) for a certain y reveals that: for any
there is k, such that the state will be regulated to an
open region I' given by

I ={x € R?:|s| < 6} (17)
Accordingly, the gain k will be
_ amh
= St 105y ' * >1 (18)

In addition, to determine y, Eq. (18) may be written
as:

k=ahp, B>1 (19)
provided that;
— T
yd = tan 28 (20)

The next step in the determination of the invariant
set Ags is to found the boundary with respect to
xq inside T". This is done by using the following
Lyapunov function

1.2

V= Exl (21)
with the x; dynamics, from Egs. (2) and (3):
J'Cl = —/1x1 + S(t) (22)

Therefore the time rate of change for the Lyapunov
function is

V=x1=0x (—)lxl + s(t)) = —Ax1 |2 +x1 s(t)
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< —Axy 12+ g Is@)] < =Alxg 12 + |xq |6
= —|x; [(Alx1 | = 6)

Thus,V <0 forthe following unbounded interval:

o 1> (23)

Inequality (23) proves that the state x; will reach
and stay within the interval —% <x < % This ends

the proof that the set {x € R%: x| < %, Is| < 6} is

positively invariant for the system in Eq. (2) where
the sliding mode controller uses an approximate
signum function (Eq. (14)).

Note that the state inside A may or may not
reaches an equilibrium point; the situation depends
on system dynamics, i.e., the state, instead of that,
will reach a limit cycle inside As. Consequently,
and for the design purpose, § may be determined
according to a desired permissible steady state
deviation of the state x; and for a selected 4, as a
design parameter, as follows:

6= A% xlper. (24)
The set As is now written as:
As ={x € R?%:|x| < X1per s IS| < 5} (25)

It is also noted that for arbitrary small x;,,, the
positively invariant set As becomes arbitrary small
and it may lead, again, to the state chattering. This
situation may explain the chattering phenomena as
the state oscillation with a very small width, i.e., the
interval [x; | < xqp,,. is very small.

6 Sliding Mode Controller Design for

Servo Actuator with Friction
In this section the servo actuator system is adapted
as an application example used to validate the
results derived in this work. Consider the model for
the servo actuator with friction:
Jx=u—F—-T, (26)
where x is the actuator position, J is the moment of
inertia,u is the control input torque, F is the friction
torque, including the static and dynamic
components, and T; is the load torque. The friction
model taken here is a combination of Coulomb
friction F., Stiction friction F,, and the viscous
friction (for more details one can refer to the survey
papers [18] &[19]), namely
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F = Fse_<’3£s) * sgn(x) + F, (1 - e_<’3£s) )

* sgn(x) + ox
or
2

F= {Fse_(%) +F, (1 - e_(%f) + o'|jc|} *

sgn(x)  (27)

where x, is called the Stribeck velocity and o is the
viscous friction coefficient. In addition, the servo
actuator model in Eq. (26) is considered uncertain
with a bounded load torque. The uncertainty in the
model parameters is assumed here to reach 20% of
their nominal values. Note that the control inputu
in Eq. (26) can be regarded as the virtual control
when compared with Eq. (1).

Now, definee; =x —x,; ande, = x — x4, then
the system model in Eq. (26) in state space form (in
(e, e7) plane) is written as:

él =€
&, = (]1) (u—F—TL)—jéd} (28)

In this work the desired position and velocity are
taken as in reference [14]:

1, 1, 5
_—_ —_— < -
Xg = 16nsm(87rt) 247Tsm(121rt) = |xg4] < yr

Xg = sin(10mt) * sin(2wt) = |xy| <1
(29)

Also, the switching function and its derivative are

s=e; + ¢
. 1 . 30
s=(7)(u—F—TL)—xd+AeZ (30)

where

Xg = 107w * cos(10mt)sin(2mt) — 27 *
sin(10mt)cos(2mt)

and
[%4] < 12m.

Since the calculation of k as given in Eq. (19)
depends on the initial condition, so we will design
the sliding mode controller for two different loci of
initial condition (the position and the velocity at
time t = 0). The first initial condition lies in the
second positively invariant set (see (15)). While in
the second case the initial condition is taken in the
first positively invariant set and outside the second
positively invariant set. The controller parameters
are calculated for each case in appendices (A) and
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(B) using the following nominal parameters and
external load values [20]

Table 1: Nominal Servo Actuator Parameters and
the External Load values

Par. Definition ;/alu ;Jmt
A Moment of inertia. | 0.2 | kgm?
F, Stiction friction. 219 | Nm
F., Coulomb friction. | 16.69| Nm
. . . rad
Xso Stribeck velocity. | 0.01 /sec

. - Nm
viscous  friction
o, o 0.65 | - sec
coefficient
J/rad
Ty, External Torque 2 Nm

The simulation results and discussions are presented
in the following section.

7 Simulations Result and Discussions
For the first case the state is started from the rest,
which means e(0) = (0,0) (this is because x,; (0) =
%4(0) = 0). In this case the state is initiated inside
the positively invariant set As, and accordingly the
state will not leave it Vt > 0. The state after that
reaches an invariant set (it stills inside Ag) , namely
the w limit set of the point e(0). For the servo
actuator with non-smooth disturbance (the friction),
this set is a limit cycle lies inside the positively
invariant set Ag (the fact in section 2). Indeed, the
state will reach the w limit set if it is started at any
point in As. This behavior is confirmed by the
simulation results presented below.

The approximate sliding mode controller in this
case is (the details of the calculations is found in
Appendix (A))

Ugpprox = —(84/m) * tan™1 (141« s)
sip(jc—fcd)+25*(x—xd) } (1)

This controller will be able to maintain the state in
the following invariant set:

As ={x€722:|x—xd| <ﬁ,|s| S%} (32)
The response of the servo actuator system when
started at the origin is shown in Fig. 2. In this figure
the position response is plotted with time and it
appears very close to the desired position. This
result is verified when plotting the error and the
maximum error shown in the plot, where it does not
exceed 1.5 x 10~* radian. For the velocity, Fig. 3
plot the time response and again the maximum
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error, which it does not exceed 6.5 x 1073 radian A T Velocity ]
per second. This shows the closeness between the 08h i X Desired velocity | [ 1| |
velocity response and the desired velocity. The error
phase plot is found in Fig. 4 where the state reaches -
the w limit set of the origin point. The w limit set 8
forms here a non-smooth limit cycle and -
accordingly, the error state will oscillate for all =
future time within certain amplitude. The oscillation =
amplitude has an upper bound according to the =
earlier choice of the permissible error.
The positively invariant set formed by the sliding
mode controller, as it is given by (32), enables the 3 o = = =i Y
same controller to regulate the state when it is ' Time (sec.) '
started within this set. This situation is verified in (@)
Fig. 5 for two starting points where the state reaches
the wlimit set corresponding to each point.
[ T
g 0.005
0.04 -
Pasition 'E
Desired position =
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= >
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:*g -0.01
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] 02 0.4 0.6 0.8 1
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:_ 5 5 Fig. 3: a) Velocity and the desired velocity vs. time
0.045 02 oT4 ( o;s 08 1 (Eq. (29)). b) The velocity error for 5 second.
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i it (b)- it i Fig. 4: The phase plane plot when the error started
Fig. 2: a) Position and the desired position vs. time g. 4 phase plane plotw
(equation (29)). b) The position error for 5 second. at the origin.
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Fig. 5: The phase plane plot a) when the error

started at (e, Z—i) = (ﬁ 0) b) when the error

started at(e, Z—i) = (—ﬁ 2 %).

For the second case the sliding mode controller,
as calculated in appendix (B), is

u = —45 % sgn(s) } (33)

s=(x—%x3)+25* (x—xy)

The controller will be able to regulate the error to
the origin if it initiated in the following positively
invariant set:

Q= {x € R?:|s(t)| < 0.875,|x — x,| < 0.035}
(34)

The simulations result for the position and the
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velocity when the state starting at (x,x) =
(0.035,0) are shown in Fig. 6. In this figure the
position and the velocity track the desired response
after a period of time not exceeding 0.12 second.

0.04
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Desired Position f--ff--oooeen

0.03 }--omreneem ey
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Lo e T S aees’ At o SIS S (EERS
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B Y L Y S N
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—0.040

0.2 0.4 0.6 0.8 1
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(a)
1.5 :
— Velocity
—— Desired velocity
1 . T
n
&
5 05
©
=
2
8 o
]
>

0.5

i I
04 0.6
Time (sec.)

(b)

Fig. 6: Servo actuator response for the initial
condition (e, Z—i) = (0.035,0) a) The position vs.
time b) velocity vs. time.

0 0.2 0.8 1

As for the sliding mode controller in Eq. (31), the
sliding mode controller in Eqg. (33) will create a
positively invariant region (34) such that if the state
initiated inside this set, it will be regulated to the
origin. This situation is confirmed in Fig. 7 for three
different starting points including the case of Fig. 6.
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Fig. 7: Error phase plot for different initial

conditions a)(e, Z—i) = (0.035,0) b) (e, Z—i) =
(—0.035,1.75) c) (e, Z—j) = (0,—0.875).
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If it is required to remove the chattering that
exists in the system response for the second case, we
again replace the signum function by the arc tan
function. In this case we replace the gain k = 45 by
the following quantity:

k =45%125=57, B=125

Then, we get

u=- (%) tan~1(141* s) (35)

The sliding mode controller in Eq. (35) creates a
positively invariant set equal to the set given in (34),
but in this case the controller will not regulate the
error to the origin. Indeed, the controller will
regulate the error to the positively invariant set
given in (32). Mathematically, the sets in (34) and
(32) are two positively invariant sets created by the
sliding mode controller in Eq. (35), but with a
different set level (see reference [12] for the
definition of set level), namely A5 c Q.

As in Fig. 7, the phase plane plot for the initial
condition (e,i—i)=(0.035,0)is plotted in Fig. 8
but without chattering around the switching
manifold due to replacing the signum function in
Eq. (33) by the approximate form in Eq. (35).
Accordingly, the state will be regulated to a smaller
positively invariant set and then reach the w limit
set as in case one.
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0.7 - Tinitial condition: | 7
e=0.035, de/dt=0
08l T - 4
-0.
-(?.01 0 0.01 0.02 0.03 0.04
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(a)
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Fig. 2: the phase plane plot when using the
controller in Eq. (35) a) full phase plot, b) small plot
around the origin showing the oscillation behavior.

Finally, the chattering behavior is removed due
to a continuous control action, where the continuity
is shown in Fig. 9 with a magnitude lies between
+42 N.m after a period of time not exceeds 0.05
second.

60

Control u

-60

4] 0.z 0.4 0.6 0.8 1
Time (sec.)

@

40
30

10

-10

Control u

-30

T S S ——

-50 J
_600 0.02 0.;)4 0.06 0.;)8 0.1
Time (sec.)
(b)

Fig. 9: The control action vs. time a) plot for 1
second b) plot for 0.05 second.
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7 Conclusions

A solution to the mismatched perturbation and the
chattering problems in sliding mode control is
suggested in this work. The solution is based on
deriving the invariant set created by the sliding
mode controller. Thus, the invariant sets for a
second order affine system that uses a sliding mode
controller are derived in this work. The size of the
invariant sets is found functions to the initial
condition, the controller gain and design parameters.
The derived sets were used to calculate the sliding
mode controller gain for the servo actuator and to
attenuate the effects of the discontinuous
perturbation by adjusting the controller parameters
to control the size of the second positively invariant
set. The simulation results prove the invariant
property of the derived set and the effectiveness of
using them in the sliding mode control design. The
ability of the approximate sliding mode controller (a
continuously and differentiable controller) has been
verified when it used to attenuate the effect of a
nonsmooth disturbances (the friction) that acts on
the servo actuator system. The controller maintains
the maximum error (the difference between the
actual and the desired state) very close to zero and
according to the permissible error value specified
previously.
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Appendix (A)
To design the approximate sliding mode controller
we need first to calculate h as it is given in Eq. (6):

f(e) + 2e,
g(e)

h = max

—F—T,

)—id +/1e2|

min G)

= max|F| + max|T;| + (maxJ) * max|X | +
A* (maxJ) * max|e;| (A-1)

max|(

From the set As , the following bounds are
estimated:
max|e, | = 26

and,
max|x| = max|e,| + max|x;| =25 +1

The term max|x]| enables the estimation of max|F|
as follows:

2 2
max|F| = 1.2{Fsoe_<2fé—jl) +F,, (1 - e‘<221) )

+0,(26+1)

<1.2(F,+0,(25+ 1))

where F,,,F.,, and o, are the nominal friction
parameter values and we multiply by 1.2 to take
into account the uncertainty in system parameters as

assumed previously. In addition, we have
max|/| = 1.2%J,, and min|/| = 0.8 %],

where J, is the nominal moment of inertia value
and finally the load torque is bounded by
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|TL| S TLmax = 1'2TLO

Therefore, h in Eq. (A-1) is function to the slope of
the switching manifold 4 and the boundary layer §.
In sliding mode controller design, we mainly
concern in calculating suitable value for the gain k
after a proper selection to the switching function
s(x) (by proper we mean that the origin is an
asymptotically stable after the state reaches the
switching manifold s(x) = 0). Now, if we set the
permissible error and 4 as in the following

s
€per. = 0.05 deg. = 3600 rad, A=25
then from (24), we have
8
6 =/1*eper. =m:> |el | < eper.

Accordingly, to find the gain k, we first compute h
as follows:

max|F| < 1.2(F, + 0,(26 + 1)) = 20.84

=> h=20.84+24+0.24+12nr+ 0.24 % 25

2" 3255
E3 _—
144~ 0%

and then for § = 1.25, we get
k=ax125%3255=42, a>1
Also, from Eq. (20), y equal to

_l4 o
Ve s T

Finally, the sliding mode controller to the servo
actuator is

84, _
Uapprox . = — - tan 1141+ S)} (A-2)

s= (k—%x7)+25%(x—x4)

The sliding mode controller will be able to prevent
the state leaves the positively invariant set Ag,
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which means that the error (x — x;) is less than the
permissible limit that was specified earlier.

Appendix (B)

In this case we consider the same desired
position and velocity as in Eq. (29) with the
following initial condition

x = 0.035rad, x =0 rad/sec.

= e(0) = (e;,e;) = (0.035,0)

Also, consider the same switching function as in
case one (s = e, + 25¢;). Then, the invariant set is
given by

O ={x € R?:0 < s(t) <0.875,|e (t)| <0.035}

(B-1)
In addition we have

le; (t)] < 1.75
= max|x| = max|e,| + max|x;| =2.75rad/sec.
Then max|F| can be estimated as
max|F| < 1.2(F,, + 2.75*g,) = 22.2
As in the first case, h is equal to

h=222+24+0.24%12m+ 0.24*25% 1.75
= 44.15

The sliding mode controller gain k from Eq. (6) is
taken equal to
k=45>nh

Finally, the sliding mode controller for the second
case is given by

u = —45 * sgn(s)
s=(5c—5cd)+25*(x—xd)} (B-2)
If the state initiated inside the positively invariant
set as given in (B-1), the sliding mode controller
will regulate the error state to the origin irrespective
to the uncertainty and the non-smooth components
in the servo actuator model.
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