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Abstract: - Model selection is a process of choosing a model from a set of candidate models which will provide
the best balance between goodness of fit of the data and complexity of the model. Different criteria for
evaluation of competitive mathematical models for data fitting have become available. The main objectives of
this study are: (1) to generate artificial experimental data by known models; (2) to fit data with various models
with increasing complexity; (3) to verify if the model used to generate the data could be correctly identified
through the two commonly used criteria Akaike’s information criterion (AIC) and Bayesian information
criterion (BIC) and to assess and compare empirically their performance. The artificial experimental data
generating and the curve fitting is performed through using the GraphPad Prism software.
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1 Introduction does not take into account the tradeoff between
model complexity and estimation errors. Models of

In the past it was proposed different models, but increased complexity can better adapt to fit to data.
little work was done on c omparing of the models. However, additional parameters may fit to
Comparing least square errors between measured measurement noise and not describe any important
and modelled data, indicates the quality of fit of processes. Using solely the model that gives the
each model. However, the least squares statistic lowest mean square error will often just lead to the
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largest model being selected as “optimal”. The
“optimal” model should balance simplicity and
quality of fit.

Model selection is a process of choosing a model
from set of candidate models from different classes,
which will provide the best balance between
goodness of fitting of the data and complexity of the
model [1, 2,3]. There are different criteria for
evaluation of competitive mathematical models for
data fitting (approximation). Information -criteria
provide an attractive base for model selection [1, 3],
[4-11]. However, little is understood about their
relative performance in model selection.

This research has several specific objectives:

(1) to generate artificial experimental data by
known test models;

(2) to fitting data with various models with
increasing complexity;

(3) to verify if the class model used to generate
the data could be correctly identified through the
two commonly used criteria Akaike’s information
criterion (AIC) and Bayesian information criterion
(BIC) and to assess and compare their performance.

2 Problem Formulation

There are two main cases of models, which
concern experimental data analysis: distribution
fitting and curve fitting. Their approaches and
purposes lead to two different meanings of the term
model [3]. The distribution fitting follows the
behavior of a single variable and involves modeling
of its probability distribution. This model is in fact a
normalized probability density function. The
appropriate plot for the experimental data is a
histogram. The objective of the analysis of data like
these, is not to predict how the value of one variable
is related with a value of any other variable, but
rather to describe the full frequency distribution of
observed variable as a sample of data.

The second case modeling, titled curve fitting is
applied when we analyses the behavior of one
variable which depend on one or more independent
variables and the individual model could be
interpreted as a fitting function of the experimental
data. Thus, we obtain a curve to a set of points and
the appropriate plot for the data is an X-Y
scatterplot.

Mathematical models are commonly used in
biological sciences. We usually try to determine
whether the experimental data are consistent with a
particular theoretical relationship and find the model
in the class model M describing this relationship.
Suppose the experimental data consist of a set of n
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values of some measured variable y: Y, ..., Y,
corresponding to n associated values of some
independent variable X: Xy, ..., Xp. So we obtain data
points (X, i), for i = 1, ..., n, forming a set of points
of the experimental data A = {(X1, Y1), ..., (X, Yn)}-
The set of points A can be modeled by a
mathematical function y = f(x; py, ..., Pm), With a
variable x and parameters py, ..., Py, using fitting
approach [2, 6].

The best fit of the model to the experimental data
is quantitatively defined as the minimization of
some well described criteria with respect to the
parameters of the models. The selection of the
“optimal” model describing the experimental data is
a topical scientific problem beginning with careful
analysis of the experimental data available and
going through the following steps: (a) creating a
scatter plot of the data and checking whether there is
any trend in these data and whether there are among
obvious wrong data; if there are obvious erroneous
data, then we ignore them and doa gain the
measurements or observations; (b) when there is an
obvious trend in the set of data, we try to find the
class model, let us say polynomials of degree m:
Po(x,ps) =po+P1#x +ppxx?+ -t pp *
x™, fors =0, ..., m, polynomial with one variable
x and m + 1 parameters py, ..., Pp,, €Xpressing this
trend of interrelationships of the studied factors;
while observing the cloud with the experimental
data, we turn heuristically to classes of models M,
..., M, (quadratic, cubic, exponential, hyperbolic and
etc.), which describe the set of experimental data in
optimal way concerning to minimize the
approximation error; (c) after the selection of
classes of models, we use different fitting methods
for finding the best models in the given classes;
finding the individual model in the given classes is
usually made by various fitting methods, such as the
most widely used method of least squares fitting or
other such as robust fitting, minimax fitting etc. [2,
6]; and (d) the selected candidate “optimal” models
in each class mentioned above, are compared with
some commonly used criteria for the evaluation of
these models such as AIC [1, 3, 7, 8, 13] and BIC
[1, 3,7,8,13] . The values of these criteria are
calculated for each class model and an “optimal”
model is selected for each of the fitting methods
with respect to the criteria.

2.1 The generate of experimental data

We use the GraphPad Prism software for the
artificial experimental data generating and for curve
fitting. GraphPad Prism combines nonlinear
regression, basic biostatistics, and scientific
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graphing. (http://www.graphpad.com/scientific-
software/prism). To generate artificial experimental
data, we use class model - third order polynomial.
The individual member of this class is:

y =44 +99x —59x% +8x> +¢ (1)

e~Normal, SD =5,

where ¢ 1s random error with Gaussian
distribution and standard deviation (SD).

The graph of the third order polynomial:

a+ bx — cx? + dx3, a=44, b=99, c=-59, d=8 is
shown in Figure 1.

Plot a function
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Fig. 1. The individual member of third order
polynomial.

For our computational experiments were
generated samples with different sizes - small
sample (15 points), middle sample (31 points) and
large sample (101 points), following the
classification in [12].

2.2 Fitting experimental data

In this research we use different class models
(polynomials from first to sixth order) for fitting the
artificial experimental data. To find the individual
“optimal” models P*(M,-) in the classes M}, j =1, ...,
6, we use least squares fitting in GraphPad Prism
6.0. Least squares fitting criterion is defined as
follows:

F@=) i = fGua, e @
i=1
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The problem is to find a* = (aj, ...
that minimizes F(a).

,as), such

2.3 Criteria for selection of the optimal
model from different class models

2.3.1 Akaike’s information criterion

One of the most commonly used criterion for
model selection is AIC. The idea of AIC is to select
the model that minimizes the negative likelihood
penalizing by the number of parameters:

RSS n
nin (—) + 2k, — =40
n k

] (RSS)+2k+2k(k+1) n
M n—-k—-1" k

AIC = 3)

< 40,

where n is the number of data points; K is the
number of the fitting parameters by the regression
plus one (since regression is “an estimating” of the
sum-of-squares asw ell ast he values of the
parameters); RSS, or residual sum of squares, is the
sum of the squares of the vertical deviations from
each data point to the graph of a curve of the
“optimal” fitted model.

2.3.2 Bayesian information criterion

The other most commonly used criterion BIC has
the highest posterior probability. AIC and BIC
criteria differ only in that the coefficient multiplies
the number of parameters. In other words, the
criteria differ by how strongly they penalise large
models:

RSS
BIC =nin (T) + kin(n), 4)

with the same meaning of RSS, n and k, above.

In this situation, the model that minimizes BIC
has the highest posterior probability. BIC penalizes
the models more from AIC for increasing number of
parameters. AIC does not depend directly ont he
sample size. In general, models chosen by BIC will
be more parsimonious than those chosen by AIC.

2.3.3 Program for calculating the AIC and
BIC criteria

For calculation of the criteria values of AIC and
BIC according to formulas (3) and (4), we use a
program “Comparing Models” developed by us in
our previous research (see Figure 2), [8].
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chooses fifth order polynomial as the optimal model

: (false class model) (see Table 1).
Comparing Mode!
AC uump_ar; models with data by nonlinear regression T bl 1 R 1 . h 11 1 1 .
o - I‘ able 1. Result with small sample (15 points).
RSS (Residual Sum of Squares): 1637 RSS (Residual Sum of Squares). | 754 7 Number
N {number of data points): 1 N {number of data points): 1 Polynomial Number Of AlIC BIC
K {number of parameters fit by K {rumber of parameters it by Of data
nonlinear regression plus 1) * nonlinear regression plus 1) 5 CIaSS mOdeI ) t pal’amEtel’S Value VaIUe
points
AIC: 1325041 AC: 11136233 First order ) 91.99 91.93
[ Compare models | Second order 3 67.76 | 66.59
| Lo | Third order 4 60.00 | 56.87
Prefemed Model 15
I Fourth order 5 60.88 | 54.63
.
Fifth order 6 64.70 | 53.65
NOTE: The model with the lower AIC score is more likely fo be correct. Sixth order 7 74.66 56.32
© Radoslav Mavrevski
Simulated data and curves of the fitting models
(2) are shown in Figure 3.
Fitting models
0, Comparing Models = = i
BIC compares models with data by nanlinear regression — First order polynomial
Mode! 1 Model 2 — Second order polynomial
RSS (Residual Sum of Squares): |128,10 RSS (Residual Sum of Squares): |17 15 — Third order polynon'llial
N frumber of data points). 10 N frumber of data poirts): 10 i :;(;::th ;erer Tolyno_m‘lal
Ith oraer polynomia
K fnumber of fi K (pumber of f . ¢
g ) | rhimovem ) — Sixth order polynomial
BIC: 3701519 BIC: 1920964
| ETDORR0EE | 00 04 08 12 x1.s 20 24 28
| NewCompare ‘
IEEElE Fig. 3. Simulated data (15 points) and curves of the
fitting models (six fitted polynomial curves of
| increasing order, from 1 (straight line) to 6).
NOTE: The model with the lower BIC scare is mare likely to be correct.
© Radosloy Mavrerski 3.2 Case 2: generate 31 points

(b)

Fig. 2. Example for calculation of the AIC: (a)
dialogue box of the program “Comparing Models”
for calculating AIC; (b) dialogue box of the program
“Comparing Models” for calculating BIC.

For the second experiment we use 31 points
(middle sample), that are generated in interval from
0 to 3 with step 0.2. Here, both AIC and BIC criteria
correctly identified the third order polynomial (true
class model) as the optimal model (see Table 2).

Table 2. Result with middle sample (31 points).

; Number
3 Problem Solution Polynomial  dat Number of AlC BIC
of data
class model . parameters value value
3.1 Case 1: generate 15 points points

First order 181.15 184.57
132.50 136.70

2
3
Third order 31 4 111.36 | 116.13
5
6

For our first experiment we generate 15 points
(small sample) in the interval from 0 to 3 with step
0.2. In this case only AIC criterion correctly
identified the third order polynomial (true class Fourth order
model) as the optimal model, and BIC criterion Fifth order

Second order

114.46 | 119.56
116.35 | 121.52
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Sixth order 7

| 119.74 ‘ 124.67 |

Simulated data and curves of the fitting models
are shown in Figure 4.

Fitting models
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Fig. 4. Simulated data (31 points) and curves of the
fitting models (six fitted polynomial curves of
increasing order, from 1 (straight line) to 6).

3.3 Case 3: generate 101 points

In the last case we use 101 points (large sample)
generated in interval from 0 to 3 with step 0.2. The
obtained results showed that in this case only BIC
criterion correctly identified the third order
polynomial (true class model) as the optimal model,
while AIC criterion chooses fifth order polynomial
as the optimal model (false class model) (see Table
3).

Table 3. Result with large sample (101 points).

— Second order polynomial

. Number
Polynomial Number of AlIC BIC
of data
class model . parameters | value value
points
First order 2 569.67 | 577.26
Second order 3 348.03 | 358.07
Third order 101 4 303.72 | 316.16
Fourth order 5 305.04 | 319.84
Fifth order 6 300.47 | 317.57
Sixth order 7 302.01 321.95

Simulated data and curves of the fitting models
are shown in Figure 5.
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Fig. 5. Simulated data (101 points) and curves of the
fitting models (six fitted polynomials curves of
increasing order, from 1 (straight line) to 6).

In Figure 6 we show comparison of effectiveness
of AIC and BIC in the selection of the optimal
model (in all three cases) from the set of 6 class
polynomials that was used for fitting the data.
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(b)
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= AIC
- BIC

(c)

Fig. 6. Comparison of the effectiveness of AIC and
BIC: (a) 15 points generated, (b) 31 points
generated, (c) 101 points generated.

Figure 6(a) shows that AIC chooses the true class
model, and Figure 6(c) shows that BIC chooses the
true class model. In Figure 6(b) we can see that
both, AIC and BIC, choose the true class model.

3.4 Coefficient of determination

The coefficient of determination R” also can be
used to compare regression models. A model with a
larger R? value means that the independent variables
explain a larger percentage of the variation in the
independent variable. However, this may conflict
with parsimony. Assessment of models in all cases
with R* are shown in Table 4.

Table 4. Result for R* with different sample size.

R? value

Polynomial Number of
class model parameters 15 31 101
data data data

points | points | points

First order 2 0.22 0.35 0.34
Second order 3 0.88 0.88 0.93
Third order 4 0.95 0.94 0.95
Fourth order 5 0.96 0.94 0.95
Fifth order 6 0.97 0.95 0.96
Sixth order 7 0.97 0.95 0.96

How to be seen from Table 4 R* not a good
criterion. Always increase with model size
“optimal” is to take the biggest model and never
choose the true class model.

3.4 Hausdorff distance used to compare
regression models
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Hausdorff distance (HD) is a mathematical
construct to measure the proximity of two sets of
points that are subsets of a metric space and is
widely and successfully used in different areas. For
example, algorithms for efficiently computing the
HD are used for the so-called pattern recognition
[14, 15, 16]. An extensive family of applications for
the HD may also be found in visualisation, namely
in the case of surface remeshing [7, 18]. On the
other hand, some authors evaluate different
Hausdorff-based algorithms for measuring the
similarity between images as p lane sets [19, 20].
The HD is also used as a measure of similarity
between two trajectories, represented as sets of
points [21].

These findings provoked our interest to
investigate the possibility for application of the
Hausdorff distance as acr iterion for “optimal”
model selection its effectiveness, comparing it with
otzher model selection criteria such as AIC, BIC and
R".

In this work we applied an approach in which
HD can be applied as a criterion of model selection.
HD, between two non-empty sets A = {ay,...., an}

and B = {by,...., by} in a metric space is defined as
follows:
HD(4, B) = max(h(4,B),h(B,4)) (5)
where:
h(A,B) = max min|la — b||, (6)
acA beB

and || || is some underlying norm of A and B
(e.g., Euclidean norm). The function h(A, B) is
called the directed Hausdorff distance from A to B.

We use the HD as a criterion named Hausdorff
distance criterion (HDC) to compare the set of
points of the experimental data A and the set of
points B*(Mj), for j = 1, ..., k, received by the
individual “optimal” models P*(Mj), =1 ..,k We
are interested in finding B &{By, ..., By} such that
HDC(A, B)=min HD(A, B" (M), j =1, ..., k.

In this study was applied the following algorithm
for calculating the HD presented in pseudocode:
input: Set of points A, Set of points B*(Mj),j =1, ..,
k,i=1,..,6.

1. For any point a in A finding minimum distance to
any point b; in B'(M));

2. Finding the point a, in A with the largest
minimum distance to any point in B*(M,—);

3. For any point b in B*(M,-) finding minimum
distance to any point a; in A;

4. Finding the point b, in B*(M,—) with the largest
minimum distance to any point in A;

5. Finding the largest distance between directed
Hausdorff distance h(A, B’(M;) and directed
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Hausdorff distance h(B"(M;), A) (see formula (2)).
output: HD between A and B“(M;).

We have also developed a separate module for
the Comparing Models program, which calculates
the HDC (see Figure 7).

(™ Hausdert distance between becen el

A Breken line 2 (the se2 points

5 :

A 1 e\ ol fitting model]
50

a0 .

A
- f |

|'|!i |
j

.JII A Save he chit
Bt mage

42 0 02 04 06 08 1 12 18 18 W8 1 2 M W 13

Hausdorff detarce betwean Broken ine 1 and Broken ine 2is: 478 Clear Ragute.

© Radoolay Mavrevsks

Fig. 7. Example for calculation of the HDC:
dialogue box of the program “Comparing Models”
for calculating HDC.

As input of the module for calculating the HDC
is given the set of points of the experimental data
and the set of points, received by the according
model (see Figure 8).

| Curvelist..| = B = MqurveZtrt...I.‘:' =l ﬁ_]
File Edit Format View File Edit Format View
Help Help

0,00 47,7 - 0,00 50,18 -
0,03 54,16 0,03 52,30

0,06 52,11 = 0,06 54,40 =
0,09 57,14 1 0,09 56,46 1
0,12 58,7 i 0,12 58,48 B
0,15 69,47 0,15 80,47

0,18 60,49 0,18 62,42

0,21 67,65 0,21 64,33

0,24 61,82 0,24 66,19

0,27 63,56 0,27 68,01

0,30 68,62 0,30 69,78

0,33 66,10 0,33 71,50

0,36 77,7 0,36 73,16

0,39 74,7 0,39 74,77

0,42 70,02 0,42 76,32

0,45 B4,08 0,45 77,81

0,48 82,23 0,48 79,24

0,51 81,44 0,51 80,61

0,54 88,03 it 0,54 81,91 i

(a) (b)

Figure 8. Both input files (101 points) of the
module for calculating the HDC: (a) the set of
points of the experimental data; (b) the set of points,
received by the sixth order polynomial.

This module of the program works only with two
text files, containing the two sets of points
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respectively the A and B and have possibility to
display graphically the two sets of points A and B
and to constructs the polylines between points, as
and ability to export a graph in TIFF format (see
Figure 9).

120 Broken line 1 (the set points
- of experimental datz)

10 — Broken ling 2 (the st points
‘” offitting model)

100 '

%0 1

80 M

) i et

60

50 H

40

0.47 0.97 147 197 247 297

Figure 9. Graph of the sixth order polynomial (101
points), including the value of HD, in TIFF format.

Assessment of models in all cases (15, 31 and
101 points) with HDC are shown in Table 5.

Table 5. Result for HDC with different sample size.

HDC
Polynomial Number of
class model parameters 15 31 101
data data data
points | points | points
First order 2 20.26 2498 34.48
Second order 3 8.06 6.56 12.82
Third order 4 6.28 6.30 10.04
Fourth order 5 4.76 6.38 10.18
Fifth order 6 6.22 8.42 8.93
Sixth order 7 6.42 8.20 8.97

Results from Table 5. show that HDC correctly
identified the third order polynomial (true class
model) as the optimal model in case with middle
sample (31 points) and not identified the optimal
model, when we have small and large sample.

Usually, in optimization packages, the
algorithms for finding the optimal solution are of
gradient type and there is not always a guarantee
that we have found the global minimum. That is
why we solve the fitting problem many times, by
starting the gradient method with points which are
far or very close to the solution found at the
beginning. If the application of this procedure leads
us in the solution initially found, then it can be
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argued with a high probability that the solution
found (in respective case of the parameters of the
polynomials function) is the global minimum [8].

4 Conclusion

The obtained results from the computational
experiments suggested that AIC performs relatively
well for small samples but is inconsistent and does
not improve performance for large samples. The
BIC criterion appears to perform relatively poorly
for small samples but is consistent and improves its
performance with increasing the sample size. This is
consistent with previous studies [4, 13], which
demonstrated that BIC is consistent (that is, it tends
to choose the true model with a probability equal to
1) in large samples. In our experiments BIC also
outperforms AIC when there is a large sample (101
data points) in identification the true class model.
As aw hole, the current results suggest that
generally AIC should be preferred in smaller
samples whilst BIC should be preferred in larger
samples.

In the general case if you want to select the
"optimal" model with the smallest mean square
error, the AIC and / or BIC criteria are very
appropriate. They will choose the optimal model
that has the relatively same error for each point in
the experimental data point. These criteria report a
compromise between the complexity of the model
(number of parameters) and the accuracy [1, 3, 7].

The comparison of interpolation utility of
regression models with a different number of
parameters cannot be done by simple comparison of
R’. At least the adjusted R* must be used, but more
sophisticated measures like an AIC, BIC are
strongly advised.

The HD was successfully applied as a cr iterion
for optimal model selection. An efficient algorithm
was presented in this study to compute the HD
between set of points of the experimental data and
set of points of the fitting model. The numerical
results obtained in this research are so encouraging
that we believe that it may be used in other
applications, as well. For checking if the introduced
by us criterion for model selection HDC fulfills its
intended purpose, we made a comparison of the
results obtained by this criterion with the results of
the other commonly used criteria for optimality
models such as AIC and BIC.

However, there is one problem that may arise
when using Hausdorff distance for determining the
proximity between two polylines A and B. In this
case the two polylines A and B are represented as
two sets of points {a;, .., a,} and {by, ..., bn},
respectively and the HD yields a distance which is
not indicative for the two polylines in general. One
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approach to mitigate this problem, proposed in [17]
is for the sampling rate of the polylines to be
greater, i.e two sets A and B to contain a greater
number of points. In our case, when we incrase
sample from 15t o 31 points HDC correctly
identified the third order polynomial (true class
model). However, with continued increase in sample
to 101 points HDC not identified the optimal model.
This is probably due to the fact that it does not
include punishment to increase the number of
parameters in the model In contrast to AIC and BIC.

A disadvantage of the used polynomial models is
that in many cases they are not suitable for the
biological interpretation and are worthless outside
the range of observed data, i.e. cannot be used to
predictions beyond this range.
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