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Abstract: - Fuzzy semantics comprehension and fuzzy inference are two of the central abilities of human brains
that play a crucial role in thinking, perception, and problem solving. A formal methodology for rigorously
describing and manipulating fuzzy semantics and fuzzy concepts is sought for bridging the gap between
humans and cognitive fuzzy systems. A mathematical model of fuzzy concepts is created based on concept
algebra as the basic unit of fuzzy semantics for denoting languages entities in semantic analyses. The semantic
operations of fuzzy modifiers and qualifiers on fuzzy concepts are introduced to deal with complex fuzzy
concepts. On the basis the fuzzy semantic models, fuzzy causations and fuzzy causal inferences are formally
elaborated by algebraic operations. The denotational mathematical structure of fuzzy semantics and fuzzy
inferences not only explains the fuzzy nature of linguistic semantics and its comprehension, but also enables
cognitive machines and fuzzy systems to mimic the human fuzzy inference mechanisms in cognitive
informatics, cognitive linguistics, cognitive computing, and computational intelligence.
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1 Introduction of to-be, to-have, and to-do semantics [28]. A to-be
semantics infers the meaning of an equivalent
Fuzzy semantic comprehension and fuzzy inference relation between an unknown and a known entity or
are central abilities of human brains that play a concept. A to-have semantics denotes the meaning
crucial role in thinking, perception, and problem of a possessive structure or a composite entity. A to-
solving [1, 2, 4, 12, 13, 15, 18, 19, 24, 25, 26, 27, do semantics embodies the process of a behavior or
29, 30, 33, 35, 36, 39, 40]. Semantics in linguistics an action in a 5-dimensional behavioral space [23,
represents the meaning or the intension and 28].
extension of a language entity [3, 7, 9, 10, 14]. The fuzzy nature of linguistic semantics as well
Formal semantics [8, 9, 11, 20, 23, 28] focus on as its cognition stems from inherent semantic
mathematical models for denoting meanings of ambiguity, context variability, and individual
symbols, concepts, functions, and behaviors, as well perceptions influenced by heterogeneous knowledge
as their relations, which can be deduced onto a set bases. Almost all problems in natural language
of known concepts and behavioral processes in processing and semantic analyses are constrained by
cognitive linguistics [5, 6, 29]. Causal inference is a these fundamental issues. Lotfi A. Zadeh extended
cognitive process that deduces a proposition, the methodologies for inferences by fuzzy sets and
particularly a causation, based on logical relations. fuzzy logic [34, 37, 41], which provide a
The taxonomy of semantics in natural languages mathematical means for dealing with uncertainty
can be classified into three categories [3, 9, 14, 29, and imprecision in reasoning, qualification, and
36] known as those of entities (noun and noun quantification, particularly where vague linguistic
phrases), behaviors (verbs and verb phrases), and variables are involved. Fuzzy inferences based on
modifiers (adjectives, adverbs, and related phrases). fuzzy sets are novel denotational mathematical
Semantics can also be classified into the categories means for rigorously dealing with degrees of

E-ISSN: 2224-2872 430 Volume 13, 2014



WSEAS TRANSACTIONS on COMPUTERS

matters, uncertainties, and vague semantics of
linguistic entities, as well as for precisely reasoning
the semantics of fuzzy causations. Typical fuzzy
inference rules are those of fuzzy argument,
implication, deduction, induction, abduction, and
analogy [23, 27, 36, 41].

This paper presents a theory of fuzzy concepts
and fuzzy semantics for formal semantic
manipulation and fuzzy casual inference in
cognitive systems and cognitive linguistics. The
mathematical model of abstract fuzzy concepts is
introduced in Section 2, which serves as the basic
unit of fuzzy semantics in natural languages. A
fuzzy concept is modeled as a fuzzy hyperstructure
encompassing the fuzzy sets of attributes, objects,
relations, and qualifications. Based on the
mathematical model of fuzzy concepts, fuzzy
semantic comprehension is reduced to a deduction
process by algebraic operations on the fuzzy
semantics. The mathematical model of fuzzy
concept is extended to complex forms in Section 3
where fuzzy qualifiers are involved to modify fuzzy
concepts. Fuzzy causal inference deduces a series of
fuzzy semantics to determined implications. The
denotational mathematical structures of fuzzy causal
inferences are formally described in Section 4 by
algebraic operations towards applications in
cognitive linguistics, fuzzy systems, cognitive
computing, and computational intelligence [6, 8, 12,
17, 21, 22].

2 The Fuzzy Discourse of Fuzzy
Semanticsand Fuzzy Inference

It is found that, although logical inferences may be
carried out on the basis of classic sets and predicate
logic, more inference mechanisms and rules such as
those of intuitive, empirical, heuristic, perceptive,
and semantic inferences, are fuzzy and uncertain
[27, 31, 32, 33, 35, 38]. Lotfi A. Zadeh extends the
classic set theory to fuzzy sets [34] and fuzzy logic
[37]. Fuzzy set theory is one of the significant
advances since George Boole's work on "The Laws
of Thought" in 1854 and Cantor’s classic set theory
in 1874.

Fuzzy set theory is a suitable mathematical
means for dealing with uncertainty and imprecision
in reasoning, qualification, quantification, cognitive
semantics, cognitive informatics, computational
intelligence, cognitive computing, and denotational
mathematics [13, 17, 19, 26, 30, 33].
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Definition 1. The discourse of fuzzy sets, g, is
a universal enclosure of a finite set of elements &

and a finite set of associated weights of membership
27, 1.e.

U E{(F W) |, X —-1=[01]} (1)

where I = [0, 1] is the unit interval in R.

On the basis of the discourse of fuzzy sets as the
universal context, a fuzzy set can be derived as
follows.

Definition 2. A fuzzy set § in 4 is a pair of a
classic set S and a set of associate weights Wb of its

elements € , known as the degrees of membership

s (e),1.e.

{
={(ew)leeSCxw eW,C W} (2
{

(e (@) [ () = fre =T, ' = (0.1]}

where QZ is determined by the membership function
15 (¢) in the open unit interval I' = (0, 1], and s(c)

is case dependent.

According to Definition 2, a fuzzy set can be
perceived as a classic crisp set of elements plus an
associated set of weights of the elements’
memberships. From another perspective, a fuzzy set
is perceived as a set of pairs of elements and
weights of membership with respect to the fuzzy set.
It is obvious that a fuzzy set is two-dimensional,
while a crisp set is one-dimensional.

Example 1. An abstract fuzzy set g is as

follows:

Sl = {(eiaﬂgl(ei)) ‘ 1<i< 3}
— {(6,,0.6),(6,.1.0).(6,0.2)}

It is noteworthy that, as expressed in Definition
2, a potential element ¢ in S with zero membership

is logically not considered as a member of S .
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3 Fuzzy Semantics of Concepts in
Fuzzy Inferences

The semantics of an entity in natural languages is
used to be vaguely represented by a noun or noun
phrase. In order to rigorously express the intension
and extension of an entity expressed by a word, the
noun entities can be formally described by an
abstract concept in concept algebra [20] and
semantic algebra [28]. An abstract concept is a
cognitive unit to identify and model a concrete
entity in the physical world or an abstract object in
the perceived world, which can be formally
described as follows.

Definition 3. Let © denote a finite fuzzy set of
objects, and £ be a finite fuzzy set of attributes.

The semantic discourse of cognitive linguistics, e,
is a triple, i.e.:

Uy 2(0, 2, 97)
=R 959|104 -> 90|14 ->2

(©)

where 27 is a fuzzy set of relations between £ and &.

On the basis of the semantic discourse, a formal
fuzzy concept can be defined as a certain
composition of subsets of the three kinds of
elements known as the objects, attributes, and
relations.

Definition 4. A fuzzy concept Cin g is a

hyperstructure of language entities denoted by a 5-
tuple encompassing the fuzzy sets of attributes 4,

objects O, internal relations R' , external relations

R°, and qualifications Q , i.e.:

C2(A0,R,R,Q) “

where

o Aisa fuzzy set of attributes as the intension of
the concept C' :

A= {(app’i(al)x(G‘gv/jﬁ(ag))v"'v(;";v:U‘A((’]‘;))} cpA (5)

where P2( denotes a power set of & .

¢ Oisa fuzzy set of objects as the extension of

the concept C:

0 = {(0,,115(0)): (05, 115(03))-+: (0, 15,(0,,))} € PO (6)
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e R'is a fuzzy set of internal relations between

the fuzzy sets of objects O and attributes A :
1,‘5; = 5 X ;1 C bR
ol 14l -

= R R((Oj’ai)v ,LLa(Oi) ° M;(a].))

j=1 i=1

(7

where the big-R notation [19, 26] expresses the
Cartesian product of a series of repeated cross
operations between 0jand a;, 1 < j<mand 1 <i<n,

and || $ || the number of elements in the fuzzy set.

e R’ is afuzzy set of external relations between

the fuzzy concept C and all potential ones C'ina
knowledge base in Lg:

R*=CxC'CPR,C'=CAC'C 4,
ol

~ ~ ()
= ]E{(C’Ck)’ :LLE,(RL”) = 0')}

where C"' is a fuzzy set of external concepts in g,
and the membership po (ﬁk) is determined by the
conceptual equivalency o between the sets of fuzzy
attributes from each fuzzy concepts, i.e.:

|AnA']]
0 =—

22 )
AU Al

) C~2 is a fuzzy set of qualifications that modifies
the concept C by weights in (0, 1] as a special part

of the external relations R° :

Q = {(a,9(8)))(0,(8,)) -+ (g,,(a,)))} € PR (10)

where () is initially empty when the concept is
created as an independent one. However, it obtains
qualified properties and weights when the fuzzy
concept is modified by an adjective or adjective
phrase, or it is comparatively evaluated with other
fuzzy concepts.

In the fuzzy concept model, Egs. 7 and 8 denote
general internal and external relations, respectively.
A concrete fuzzy relation in a specific fuzzy concept
will be an instantiation of the general relations
tailored by a given characteristic matrix on the
Cartesian products.

As described in Definition 4, the important
properties of a formal fuzzy concept are the fuzzy
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set of essential attributes as its intension; the fuzzy
set of instantiated objects as its extension; and the
adaptive capability to autonomously interrelate the
concept to other concepts in an existing knowledge
base in ig.

Example 2. A fuzzy concept ‘pen’, 5(pen) , can

be formally described according to Definition 4 as
follows:

C(pen)

2 C(A0,R',R",Q)
= pen((4, 110 (4)), (0, 1 (0), B, B, Q)

A = {(a, lay)),(ay, play), (ag, plag ), (ay, pay) }
= {(writing _tool, 1.0), (ink, 0.9), (nib, 0.9),
(ink_container, 0.8)}
= {(0}, 11(0,)), (04, 11(03), (03, 11(03) (0, pul0y) }
= {(ballpoint, 1.0), (fountain, 1.0),
(pencil, 0.9), (brush, 0.7)}

R —0xA4
R = CxC'
0=0

Example 3. A fuzzy concept ‘man’, 5(man),

can be formally described based on Definition 4 as
follows:

sqoire
= mﬂm((/wc( )OO, B 7. Q)
A= {(human_being, 1.0), (male, 1.0), (adult, 0.9)}

5 = {(American, 1.0), (Australia, 1.0),

(business man, 10), ...}

R =0xA

E:éxﬁ
Q=2

Applying the fuzzy concept model as a basic unit
of semantic knowledge in ilg, the fuzzy semantics in

natural languages can be expressed as a mapping
from a fuzzy language entity to a determined fuzzy
concept where its sets of fuzzy attributes, objects,
relations, and qualifications are specified.

Definition 5. The fuzzy semantics of an entity e,

O(e) , is an equivalent fuzzy concept C.in He, 1.€.:

Oe) 2 6 =C) -

A=C) (an
=C e(Ae’Oe ’Ré’R:’Qe)
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where C, is denoted according to the generic model
of fuzzy concepts as given in Definition 4.

Example 4. The fuzzy semantics of a language

denoted by @(5(pen)), can be

formally derived according to Definition 5 and
Example 2 as follows:

entity ‘pen’,

©,(pen) L

©e = C(pen))

pen((A, ,U’;l(A))’ (07 :ub(o)vRiv R, Q)
A=

{(writing tool, 1.0), (ink, 0.9), (nib, 0.9),
(ink_container, 0.8)}

6 = {(ballpoint, 1.0), (fountain, 1.0),

(pencil, 0.9), (brush, 0.7)}

Ri

—OxA
R":g’xg'
Q=0

Example 5. Similarly, the fuzzy semantics of a

language entity ‘man’, denoted by & C (man)), can

be formally derived based on Definition 5 and
Example 3 as follows:

©,(man) = ©(e = C(man))

= man((A, NZ(A))a(O: :U‘(')(O)wRH: RU'? Q)

;1 = {(human_being, 1.0), (male, 1.0),
(adult, 0.9)}

5 = {(American, 1.0), (Australia, 1.0),

= (business man, 1.0), ...}
R'=0x4
R =Cx(C!
Q=0

Therefore, on the basis of the formal fuzzy
concept model (Definition 4) and fuzzy semantic
model (Definition 5), fuzzy semantic analyses and
comprehension in natural languages can be formally
described as a deductive process from a fuzzy entity
to a determined fuzzy concept.

Corollary 1. The rule of semantic deduction
states that the semantics of a given fuzzy entity is
comprehended in semantic analysis, iff its fuzzy
semantics is reduced onto a known fuzzy concept
with determined membership and weight values.
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4 Fuzzy Semantics of Modifiers
on Concepts in Fuzzy
Inferences

The semantics of fuzzy concepts is usually modified
by an adjective or an adjective phrase in language
expressions in order to fine tune its qualification
such as degree, scope, quality, constraint, purpose,
and etc. Therefore, the fuzzy semantics of fuzzy
concepts as developed in Section 3 can be extended
to deal with composite semantics of noun phrases
modified by determiners and degree words [20, 28,
29, 35, 36, 38].

The modifier in cognitive linguistics is words or
phrases that elaborate, limit, and qualify a noun or
noun phrase in the categories of determiners,
qualifiers, degrees, and negations [6, 29]. A fuzzy
modifier can be represented as a fuzzy set with
certain weights of memberships [35, 36, 38]. For
instance, Zadeh considered the fuzzy effects of
some special adverbs on adjectives such as ‘very,
very’, ‘very little’, ‘positive’, and ‘negative’ in
1975, which were modeled as nonlinear exponential
weights on the target adjectives [34]. However, the
general semantics relations between a fuzzy
linguistic entity (noun) and its fuzzy modifier
(adverb-adjective phrase) are yet to be studied.

Definition 6. A fuzzy modifier 7 is a special
fuzzy set that represents an adjective or adjective
phrase in natural languages where its memberships
are replaced by intentional weights of the modifier,

W;(Tk)a 1<k <z andzis a constant, i.c.:

T_{Rka; N} w- (7)€ (0,1]
—{(pr(ﬂ))v( Ty, w(Ty))5eoes

(12)
(7, w(7,)}

where the weights of 7is normalized in the open

unit interval I’= (0, 1].

Example 6. A fuzzy modifier ‘good’ on the
quality of a fuzzy entity can be formally described

as a fuzzy set 7(good)according to Definition 6 as

follows:
- 4
T(good) = R (quality), p-(7,))}
k=
{(neutml 0.1), (ok, 0.6), (13)
(excellent, 0.8), (perfect, 1.0)}
E-ISSN: 2224-2872
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Example 7. A fuzzy modifier ‘old’ on the fuzzy
entity ages can be formally described as a fuzzy set

;(old) as follows:

old (age),

{R w-(7,))}

= {([1 20], 0), ([21-30], 0.1), ([31-50], 0.4),
([51-65], 0.7), (166-80], 0.9), ([>80], 1.0)}

(14)

Definition 7. A fuzzy qualifier § is a special
fuzzy set of degree adverbs or adverb phrases to

modify 7 in natural languages where their
memberships are replaced by intentional weights of
degree and extends, w=(8,),
1<1<q, and q is a constant | i.e.:
~ p
§&{ 6,) 8) € (0,3
(R 6D} sy e+ o
— (6, (7)): (6 (8,) o (8,6}

where the weights of 6 is constrained in the domain
+[1,3] corresponding to the neutral (1), comparative
(2), and superlative (3) degrees of adverbs and
adjectives in natural languages.

Example 8. A typical fuzzy set of qualifiers, 5 ,
can be described according to Definition 7 as
follows:

5={

—_

definitely not, -3.0), (imperfectly, -1.5),
neutral negative, -1.0), (somewhat, 0.5),
fairly, 1.2), (quite, 1.5), (excellently, 2.0),
eatremely, 3.0)}, w:(6) € H0,3]

(16)

_ o~

Definition 8. A composite fuzzy modifier 6 e 7 is
a product of a fuzzy qualifier 6 and a fuzzy

modifier . The value of the composite modifiers is
determined by the product of their weights, i.e.:

A8 e 1) 2 O(5(y) o 7(x)
=wi(y)ew-(z), 0 <w-(z) <1,

3 <wi(y) <3 wi(y) =0
(17)

where the combined domain of composite modifiers
is+(0,3] in order to be consistent with the modifiers

in real-world languages.
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In case a weight of the fuzzy qualifiers is less
than zero, the composite modifier represents a
negative intention. For instance,
SoT= 25(neutmlfnegative) ) ;(good) implies a weight
of  qualification the
w(é(neutmlfnegatz’ve)) o w(;( good)) =—10.6 =—0.6.

On the basis of the formal semantics of fuzzy

in semantics as

modifiers 7, qualifiers ¢, and composite modifiers
7' = 67, the composite fuzzy semantics of language

entities modified by 47 can be quantitatively
expressed.

Definition 9. The composite fuzzy semantic of a

fuzzy concept C qualified by a fuzzy modifier ;,

quahﬁer 45 and/or a composite fuzzy modifier

7' =61 , denoted by @(C = C:)(;' . 5), is a
complex semantics of the fuzzy concept C qualified
by a certain weight of the composite modifier, i.e.:

o(r'eC)2 0 C\Q’—(ST)

o
C(4,0,R',R",Q" \Q'—(ST)
O((A i (4),(0, JIO) RLR,(Q' = 67))

= C(A7O7Rl7Ro7 ‘)

(18)

where the fuzzy set of composite modifiers imposes
a specific set of weights of intentional qualifications

a' in the modified semantics of the target fuzzy
concept, and § =1 ifit s absent.

Example 9. Given a fuzzy concept 5(pen) as
obtained in Example 2, the composite semantics

O(r o C) = Oeacellent_pen) qualified by the fuzzy

modifier ;(good) can be determined according to
Definition 9, i.e.:

é(g; . 5) = O(7(good) e pen)
= cacellent pen((4, 3 (4).(0.115(0). R', R,
(a‘ =7, |7, = T(excellent) = 0.8))

/~1 = {(writing, 1.0), (ink, 0.9), (nib, 0.9),
(ink_container, 0.8)}
0= {(ballpoint, 1.0), (fountain, 1.0), (pencil, 0.9),
(brush, 0.7)}
R =0xA4
—CxC'
@(ezcellent) =

0.8
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10. The of
C(excellent pen)obtained in Example 9 may be

Example fuzzy semantics

further modified by a qualifier §(eztremely) that

results in C(extremely_excellent pen) as follows:

o6 e C)
_ ctremely cacellent pen((h e (A).(0,p 0). o
(a‘ = T:) \ T;J = <~5(emtremely) o 7(excellent) = 3.0 0 0.8))

= é(;ﬁ(e:ptremely) . ;(good) . ;;7/1)

A= = {(writing _tool, 1.0), (ink, 0.9), (nib, 0.9),
(ink_container, 0.8)}
O = {(ballpoint, 1.0), (fountain, 1.0), (pencil, 0.9),

= (brush, 0.7)}
R =0xA
R =CxC'

24

C?‘(extremely excellent) =

Example 11. Given a fuzzy concept 5(man) as
described in Example 3, the composite semantics
O(1 o C) = ©(old_ man) the

qualified by fuzzy

modifier ;(Old) can be determined according to
Definition 9 as follows:

O o C) = O(r(old)  man), 7, =7(60) = 0.7

= old man((A,1(4),(0.115(0), B, (@ = 7,)

A = {(human_ being, 1.0), (male, 1.0),
(adult, 0.9)}

0= {(American, 1.0), (Australia, 1.0),

- (business man, 19), ..}
lr‘t; = O A
R = old manxC"
Qold) = 0.7

Example 11 indicates that, against the fuzzy
qualifier 7(old), a man in the age of 60 is 0.7 (quite

likely) as an old man. Similarly, other instantiations
modified by the qualifiers may denote that a man in
the age of 25 is 0.1 (unlikely) as an old man; and a
man in the age of 85 is 1.0 (definitely) as an old
man.

12.  The of
C(old_man) obtained in Example 11 may be further

Example fuzzy semantics
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modified by a qualifier 8(quite) that results in

C(a_quite old man) as follows:

O(67 8 C) = &(8(quite) » (old) & man)
— a_quite old man((4,1(4),(0.11-(0), R .,
@'= '0 | 7';) = 8(quite) ® T(60) = 1.500.7))
A = {(human_being, 1.0), (male, 1.0), (adult, 0.9)}
O = {(American, 1.0), (Australia, 1.0),
(business_man, 10), ..}
R —0xA
/Rvo =old man x 5 !

Q'(quite_old) =1.05

The fuzzy nature of language semantics and their
comprehension is formally explained by the
mathematical models of fuzzy concepts and fuzzy
semantics qualified by fuzzy modifiers.

5 Fuzzy Causal Inferences

Logical causations are a semantic relation between
serial events, states, phenomena, and behaviors.
Inference is a cognitive process that reasons a
possible causation from given premises between a
pair of cause and effect where reasoning is a
synonym of inference as an action to think,
understand, and form judgments logically. Causal
inference is one of the central capabilities of the
human brain that plays a crucial role in thinking,
perception, reasoning, and problem solving [2, 15,
22, 31]. A causal inference can be conducted based
on empirical observations, formal reasoning, and
statistical norms[1,24,27,31].

5.1 Fuzzy Causations and Fuzzy Inferences

On the basis of fuzzy set theory and fuzzy logic [32,
35], traditional logical inferences can be extended to
fuzzy inferences where the premises of reasoning
become fuzzy expressions in fuzzy logic rather than
those of Boolean expressions in traditional logical
inferences.

Definition 10. The discourse of fuzzy causality
4 is a triple:

4 2 (E €, ) (19)
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where Z denotes a finite set of fuzzy states
(Definition 11), ¢ a finite set of fuzzy events
(Definition 12), and # a finite set of fuzzy relations
(Definition 13).

1]

Definition 11. The fuzzy set of fuzzy states = in
Z{ is a set of dynamic states s: e = of entities and/or

causations constrained by associated degrees of
membership z_(s,) , i.€.:

E2 {5 ()5 €Enp(5) €' =(0,1]} (20)

Definition 12. The fuzzy set of fuzzy events ¢ in
f{ is a fuzzy set of changes of states in= , i.e.:

~ ,dE

&

__it@it'
dt t-t'
={(6.1;(8))] € €€ CEDE CE,

Hz(&) €I'=(0,1]}

11>

oy =Et®Er

2D

Definition 13. The fuzzy set of relations 9 in &

is a Cartesian product between the fuzzy sets of
states and/or events, i.e.:

R=Ex

| € x B

[

(22)

On the basis of the fuzzy causal discourse i, a

fuzzy causation is a fuzzy relation of a logical
consequence between a sole or multiple fuzzy
causes and a single or multiple fuzzy effects.

Definition 14. A fuzzy causation £, £ € R, in
4 is a relation that maps a nonempty fuzzy set of

causes ¢ into a nonempty fuzzy set of effects £ ,
ie.

ELF:CoE ERC

UEECE (23)

[11?

The fuzzy causal relations may be 1-1, 1-n, n-1,
and n-m, where n and m are integers greater than one
that represent multiple relations. The fuzzy cause
() in a fuzzy causation in Z{ is a premise state
such as an event, phenomenon, action, behavior, or
existence. Equivalent to a fuzzy cause, a fuzzy
reason is a premise of an argument in support of a
belief or causation. However, the fuzzy effect ( Z") in
a fuzzy causation in 4/ is a consequent or conclusive
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state such as an event,
behavior, or existence.

Based on the formal models of fuzzy semantics,
fuzzy inferences and fuzzy causal analyses can be
rigorously manipulated by humans as well as fuzzy
cognitive systems.

phenomenon, action,

5.2 Rules of Fuzzy Causal Inferences
Fuzzy causal inference is a denotational
mathematical methodology for rigorously dealing
with degrees of matters, uncertainties, and vague
semantics of linguistic variables, as well as for
precisely reasoning the semantics of fuzzy
causations. Fuzzy causal inference enables
qualitative and/or quantitative evaluation of the
degree of a given causation on the basis of fuzzy
expressions [27, 32, 33, 34, 35, 36]. The fuzzy
expressions in fuzzy inferences are a qualification or
quantification of linguistic variables [37, 38]
formalized by fuzzy concepts, fuzzy semantics, and
fuzzy causations as described in preceding sections.

According to Definitions 10, 13, and 14, there
are two types of fuzzy causal inferences known as
the fuzzy relational inference and fuzzy behavioral
inference. The former is a “to be” type fuzzy causal
relation between a pair of fuzzy cause and effect;
while the latter is a “to-do” type fuzzy causal
relation between a pair of fuzzy event and fuzzy
behavior.

Definition 15. A fuzzy relational causal
inference, x K is a process that deduces a wvalid

causation C'F ¢ between a set of fuzzy causes

C'cc and a fuzzy effect ge# by qualitative
causal differential on a set of potential fuzzy causes

C=R(g1.,pp Z)),&;E' with  respect to ¢,
i=1
L<i<na'=|c
I{—{R Cee}l—e

MC(C) ~T) e} ke

<7‘)—>e)/\
(M(Z.)_
RIE1(e) — el e

(24)

T) =€) U

=C(Re)Fe C'CC
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where t is a given threshold of the confidential

level, and }”2 p_is the big-R notation that denotes an
i=1

iterative behavior or a recurring structure Pi [16].
Fuzzy causal inference extends the logical

premises of conventional causations to fuzzy

expressions constructed with fuzzy set and fuzzy

semantics. A fuzzy causal inference can be carried

out according to Definition 15 as follows.

Example 13. Assume a fuzzy causal set C that
specifies the extents of potential causes for the
effect  wet_road estimated as  follows:

Ol (1))={ (rained,0.95), (sprinkied, 0.6),(flooded, 0.1),
(high temperature,0.05)} . A validated set of

fuzzy causes C'C ¢ can be deduced by fuzzy
relational causal inference according to Eq. 24:

fo = C'(Re) Fe
k=1
4

={R i {(rained, 0.95), (sprinkled, 0.5),(flooded,0.1),
i-1 0c,

(high_temperature,0)} — é} Fwet _road

~7=09)) — e)} F wet _road

_{R

_{R | (4(6) < 0.9) — ) A ((1e) = 09) — I A

,u(cl.) — e]} F wet _road
= {rained} - wet_road

The fuzzy inference process as illustrated in
Example 13 shows that, although there are multiple
potential causes for the effect of wet_road in various
extents, the fuzzy cause rained is the only reason
when the fuzzy confidential level t is given as 0.9
according to the specific set of fuzzy empirical
rules. However, when the threshold is 7 = 0.5,
the inference result will become
{rained, sprinkled} Fwet road .

The methodology for fuzzy relational causal
inferences can be classified into the categories of
deduction, induction, abduction, and analogy as
summarized in Table 1. In Table 1, § is an arbitrary
finite nonempty fuzzy set in the universal discourse

i€, ie,SC 17(, and p(x) a proposition where a

specific conclusion on Jaes, p(a) is true.
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Table 1. Mathematical Models of Fuzzy Inferences

No. Method Operator Fuzzy inference rules
1 |Fuzzy ~ ~ ~
deduction I V‘T € S(I Mg (z )) ( ) q(x)

I 3a € S(a, 1)), pla) - gla)

|30 € Sapg(a), pla) A

2.1 |Monotonic

Yingxu Wang

_fuzzy ) I - - ~
induction % succ( )€ S(( ] ( ), (succ(k) u(succ(k))),
) ]z(k) F~p(succ( )
Vi € 800,15 () )
2 oy o |30e S ue).p@ o)
induction A3 e S(b, p5(6)), p(b) F q(b)
A3z € S(z15(2)),p(2) F g(2)
N3k & (k. g (1), p(k)F a(k)
T Vo € S(z, ug(z)), p(z) - qlz)
D iion | 4| Yo € S@ug(@),p@) - a@) A (@) g(a)
< 3Ja € S(a,,ug(a)),(p(a) Vr(a)) F qla
b oy x  |VoeS@u @) @)k aa)
Ada € S(a, pug(a)), pla) F gla)
o 3b € S(b, Mg(b)) Aa = b,p(b) F q(b)

The second type of causal inferences is the
behavioral fuzzy causal inference, which extends
the relational fuzzy causal inference between two
fuzzy predicates to the pair of a fuzzy event and a
fuzzy behavior.

Definition 16. A fuzzy behavioral causal
inference o is a dispatch structure that represents a

reflexive causation E'“- B between a set of

identified fuzzy events E' and a set of fuzzy
behaviors B by qualitative causal differential on the

n

set of potential fuzzy causal events E= R (c;7 145(e;))
i=1

with respect to e, 1 < i < n'= HEV‘

<n=

S R [iE’ [N B]
i=1 862.
I R CA))
= Rle e, €E Nb €B
k=1
E-ISSN: 2224-2872
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where the fuzzy events can be classified into the
categories of trigger events (external) and
perceptive events (internal) in cognitive computing
and fuzzy systems.

All rule-based inferences in the form of if-then-
else structure are typical instances of fuzzy
behavioral causal inferences. Fuzzy finite-state
machines and fuzzy automata can also be modeled
based on the mathematical model of fuzzy
behavioral causal inferences.

Example 14. Human eyes possess three types of
visual functions known as saccade (b, ), tracking

(Z;; ), and gaze (I;; ) stimulated by corresponding
events identified as a still object (b: ), a passing
object (5;), and an approaching object (5;),
respectively. Therefore, the eye mechanisms can be

modeled by a pair of fuzzy sets of events E and

behaviors B as follows:
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B = {{e, mple)s (e, 15(6)), (e 15(e)))

= {(0,, 1:(0,)), (0, 1(0,)), (O, 11(0,))}

B = (b, pz(0), (by, 15(8)), (b, 15(0))}

A fuzzy behavioral causal inference for the
dispatch functions of eye’s movements can be
formally described according to Definition 16 as
follows:

(65 s s ((3: >0.9) & El(saccade)
0 15 (6; >0.9) 52 (traking)
(0,>0.9) & B,(gaze)

!

=10,
(O, p

=

where the weight of membership for each fuzzy
event is determined by the attention capture
mechanisms of the brain, and each of the dispatched
behaviors can be described as a fuzzy process of eye
muscle control and visual information acquisition.

On the basis of the formal causal inference
theory, fuzzy semantic inferences can be rigorously
manipulated to deal with fuzzy degrees of matters,
uncertainties, vague semantics, and fuzzy causality,
which enable cognitive machines, cognitive robots,
and fuzzy systems to mimic the human intelligent
ability and the cognitive processes in cognitive
linguistics, fuzzy inferences, cognitive computing,
and computational intelligence.

6 Conclusion

This paper has presented a formal theory of fuzzy
concepts and fuzzy semantics for formal semantic
manipulation and fuzzy causal inferences in
cognitive systems and cognitive linguistics. The
mathematical models of fuzzy concepts and fuzzy
semantics have provided a formal explanation for
the fuzzy nature of human language processing and
real-time semantics interpretation. It has been
identified that the basic unit of linguistic entities that
carries unique semantics is a fuzzy concept, which
can be modeled as a fuzzy hyperstructure
encompassing fuzzy sets of attributes, objects,
relations, and qualifications. Complex fuzzy

E-ISSN: 2224-2872
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concepts in natural languages have been modeled as
a composite fuzzy concept where fuzzy qualifiers
are involved to modify the fuzzy semantics of the
fuzzy concept by algebraic operations. Two types of
fuzzy causal analysis methodologies have been
formally modeled known as the relational and
behavioral causal inferences between fuzzy cause
and effect as well as fuzzy event and behaviors.

This work has demonstrated that fuzzy semantic
comprehension is a deductive process, where
complex fuzzy semantics can be formally expressed
by algebraic operations on elementary ones with
fuzzy modifiers. The denotational mathematical
structure of fuzzy semantics and fuzzy causal
inferences have not only explained the fuzzy nature
of linguistic semantics and its comprehension, but
also enabled cognitive machines and fuzzy systems
to mimic the human fuzzy inference mechanisms in
cognitive linguistics, cognitive computing, and
computational intelligence.
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