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Abstract:Binary sequences such as chaotic-binary (CB) sequences derived from an iterative chaotic equation have
been used in selected mapping (SLM) methods to reduce the peak-to-average power ratio (PAPR) in orthogonal
frequency division multiplexing (OFDM) systems. Though CB sequences have been shown to produce good PAPR
reduction performance, their implementation requires a significant number of complex computations which may
increase both design costs and energy requirements. This paper presents an alternative form of binary sequences
derived from a Fibonacci series and referred to as Fibonacci-Binary (FB) sequences. Simulations show that al-
though CB sequences produce slightly improved PAPR reduction performance over the proposed FB sequences
for larger numbers of applied SLM vectors, both forms of binary sequences produce similar bit-error-rate (BER)
performance even in the presence of non-linear power amplifier distortion. In terms of computational complexity
however, it is shown that FB sequences have significantly reduced computational requirements over CB sequences
and thus may be considered as preferred option for reducing PAPR in SLM based OFDM systems.

Key–Words:Fibonacci series, Fibonacci-Binary, Chaotic-Binary, OFDM, PAPR reduction, Selected mapping.

1 Introduction

Orthogonal frequency division multiplexing (OFDM)
is a well known multi-carrier modulation technique
and it is a key technology in high speed communi-
cation systems including 4G-Long Term Evolution
(4G-LTE) [1–3]. OFDM is the chosen technology
because it offers immunity to multipath fading, high
spectral efficiency and very high data rate trans-
mission [1–4]. However, one of the major issues in
OFDM is its inherently high peak-to-average-power
ratio (PAPR). This problem exists at time instants in
the OFDM signal transmission when coherent addi-
tion of subcarrier symbols exist, thereby producing
signals with high peak amplitudes [4, 5]. Occurrence
of high PAPR increases the dynamic range of OFDM
signals and results in the need for higher precision
analogue-to-digital (A/D) and digital-to-analogue
(D/A) converters [6, 7], thus increasing design costs.
In addition, the presence of large PAPR values may
lead to signal distortion due to the non-linear opera-
tion of power amplifiers (PA) [8]. This may result in
severe degradation of system performance such as an
increase in bit-error-rate (BER). To prevent non-linear
PA distortion, the input back off (IBO) setting of a PA
must be large. However, a large IBO level increases
power consumption which increases heat dissipation

and reduces battery life of mobile devices. It is
therefore important to try and reduce the occurrence
of high PAPR in order to avoid degradation of system
performance and assist in reducing system design
complexities [9].

Comprehensive discussions on various PAPR
reduction techniques have been presented in the
literature [10–12]. These techniques include constel-
lation shaping [13], signal clipping [14–16], selected
mapping (SLM) [17] and partial transmit sequences
(PTS) [18]. Amongst these techniques, SLM has
been considered as an effective method as it offers
improved PAPR reduction performance compared to
other PAPR reduction schemes [19–21].

In SLM, multiple OFDM signals are nor-
mally constructed by modifying the phases of each
complex-valued OFDM subcarrier symbol to produce
a number of modified OFDM signals with different
PAPR values. The modified OFDM signal which
has the lowest PAPR value is then selected for
transmission. The corresponding phase sequences
that produce this selected signal may be termed the
optimum SLM sequence (OSLMS). The OSLMS
must then be transmitted as side information (SI) and
recovered error free in order to achieve successful
data reception [22, 23]. Unfortunately, transmission
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Figure 1: Pilot-aided SLM based OFDM system model

of SI is an overhead on the data and thus reduces data
throughput. Furthermore, successful detection of SI
may add to the design complexity of the receiver.
In the literature, some methods which perform SI
estimation without the need for SI transmission have
been proposed, however they require increased com-
plexity of implementation and also rely on statistical
methods of detection [20,21,24,25].

In contrast to randomly generated sequences
chosen from{±1, ±j} as suggested in [17], binary
sequences chosen from the set{±1} were shown to
be adequate for reducing PAPR and are recommended
in [26] for SLM based OFDM systems because they
offer simpler implementation. Binary sequences
have two unique phases i.e.0 and π. Chaotic-
Binary (CB) [27], Shapiro-Rudin (SR) [28] and
Hadamard [29] sequences are common examples of
binary sequences. Discussions in both [27] and [30]
suggest that CB sequences have improved PAPR re-
duction capability over SR and Hadamard sequences.
However, construction of CB sequences requires a
significant number of Digital Signal Processor (DSP)
computations. As a consequence, CB sequences
therefore consume more power and may actually
cancel the quantity of power saved as a result of
reducing PAPR.

In an attempt to create alternative binary
sequences with relatively lower computational com-
plexity, this paper presents a form of binary sequences
called Fibonacci-Binary sequences which are derived

from a Fibonacci series. In this paper simulations
are undertaken to compare CB and Fibonacci-Binary
sequences in terms of computational complexity,
PAPR reduction performance and in the presence of
some pre-defined levels of non-linear PA distortion,
the BER performance in a multipath fading channel
condition.

The paper is structured as follows. Section 2
describes the SLM based OFDM system model used
for the simulation investigations within this paper.
Section 3 presents the method for constructing CB
sequences and section 4 describes the construction of
the proposed Fibonacci-Binary sequences. Section
5 presents the results and discussions related PAPR
reduction, BER performance and computational
complexity between both forms of binary sequences.
Finally, conclusions based on the outcomes of the
paper are presented in section 6.

2 System Model: SLM Based OFDM
This section provides a brief description of the SLM
based OFDM system used in the investigations. The
block diagram of the SLM based OFDM system is
shown in Figure 1.

Let xn represent an OFDM signal for
0 ≤ n ≤ (N − 1) where N is the size of an
inverse fast Fourier transform (IFFT). The PAPR of
xn is defined by the ratio
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PAPR{xn} =
max{|xn|2}
E{|xn|2}

(1)

whereE{·} represents the expectation function and
xn is expressed by

xn =
1√
N

Nv−1
∑

k=0

X[k]exp(j2πnk/N)

= IFFT{X[k]} (2)

In (2), k represents the subcarrier index for
0 ≤ k ≤ (Nv − 1), Nv is the number of sub-
carriers in the OFDM sequenceX[k] and IFFT is
the IFFT function. NormallyNv < N and the value
of N is usually a power of 2 to permit a radix-2 [31] or
split-radix [32] IFFT implementation. Hence, when
N > Nv, a zero padded IFFT may be used. LetX[k]
represent a pilot-aided OFDM sequence consisting of
Np pilot andNd data subcarrier components such that
Nv = Np +Nd. Let l represent an arbitrary index for
the allocation of each subcarrier symbol within the
range0 ≤ l ≤ (L − 1), whereL is defined as the
pilot spacing i.e. the number of subcarriers separating
two consecutive pilot symbols. Then, according
to the data-pilot arrangement depicted in Figure 2,
each subcarrier elementX[k] may be represented as
follows:

X[k] = X[mL+ l] for 0 ≤ m ≤ Np − 1

=

{

Xp[m], l = 0

Xd[mL+ l], otherwise
(3)

where m represents an arbitrary index for pilot
allocation, andXp[m] andXd[mL + l] respectively
denote each individual pilot and data subcarrier
symbol.

Let U equal the number of SLM sequence
vectors or modified OFDM signals. In addition,
let Bu[k] represent each SLM sequence vector for
0 ≤ u ≤ (U − 1), where the superscriptu represents
the sequence vector index. SLM thus creates multiple
OFDM signalsxun as represented by

xun = IFFT{Xu[k]} whereXu[k] = X[k] ·Bu[k]
(4)

One of the SLM sequence vectors, denoted byBū[k],

Figure 2: Representation of the data-pilot allocation
within multi subcarrier OFDM symbol transmissions

will be the optimum sequence vector that produces the
selected signalxūn with the lowest PAPR. The value
ū is often termed the SI which must be accurately
known at the receiver for successful identification
of the relevant SLM vector sequence that produces
the transmitted signal. Hence, accurate knowledge
of ū is important to achieve successful data recovery.
Similar toX[k], data and pilot components ofBū[k]
are denoted byBū

d [mL+ l] andBū
p [m] respectively.

As is normal in OFDM systems, the length of
xūn is further extended by cyclic prefixing (CP) as
described in [33]. CP provides a guard interval (GI)
between consecutive OFDM transmissions and in
order to prevent poor data recovery due to channel in-
duced inter-symbol interference (ISI), the GI duration
must be greater than the maximum delayτmax of the
transmission channel.

At the receiver, CP samples are first removed
before transforming the received OFDM time domain
signal into the OFDM frequency domain sequence,
denoted byȲ [k], through application of the fast
Fourier transform (FFT). After the FFT stage, the
OFDM sequencēY [k] is expressed by

Ȳ [k] = H[k]X[k]Bū[k] + V [k] (5)

whereH[k] andV [k] represent the channel gain and
additive white Gaussian noise (AWGN) of thekth

subcarrier symbol. Similar toX[k], pilot components
of H[k] and Ȳ [k] are respectively represented by
Hp[m] and Ȳp[m] while the data components are
denoted byHd[mL + l] and Ȳd[mL + l]. For data
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recovery, letû represents the SI estimate. Assuming
perfect SI detection i.e.̂u = ū, then data decoding can
be obtained using a form of Maximum-Likelihood
(ML) detection represented as follows:

X̂d[mL+ l] = min
Q[q]∈Q

|Yd[mL+ l]−Ĥd[mL+ l]Q[q]|2

(6)

whereYd[mL + l] = Ȳd[mL + l]Bû
d [mL + l]∗, Q

is a set ofQ constellation points of the chosen data
modulation scheme,̂Xd[mL + l] ∈ Q, 1 ≤ q ≤ Q,
and Ĥd[mL + l] is the data sub-channel estimate
obtained by linear interpolation between values of the
pilot sub-channel estimateŝHp[m], given by

Ĥp[m] = Yp[m]/Xp[m] (7)

whereYp[m] = Ȳp[m]Bû
p [m]∗.

3 Chaotic-Binary Sequences
This section describes the method of constructing CB
sequences from a chaotic system normally described
by a logistic map i.e. an iterative equation, as outlined
in [27]. The state or the point at which a chaotic
system becomes chaotic is highly sensitive to the
initial conditions of the system. Examples of practical
applications where chaotic sequences have been used
include compressive sensing [34] and direct-sequence
spread spectrum for multiple access schemes [35,36].

CB sequences are derived from an iterative equa-
tion and then transformed into a binary sequence with
elements chosen from the set{±1}. These produce
0 andπ phase shifts which are applied in SLM to
each subcarrier symbol for reducing PAPR. A form
of chaotic sequences which consists of real-valued el-
ements has also been suggested and applied to reduce
PAPR [37, 38]. However, this form of real-valued
chaotic sequences usually results in depreciated BER
degradation since real-valued sequences modify both
amplitudes and phases of subcarrier symbols when
applied in SLM schemes. As a result, CB sequences
applied to the phases of OFDM symbols are preferred
in SLM schemes as demonstrated in [27].

As outlined in [27], CB sequences can be con-
structed from an iterative equation defined by

ci+1 = 1− 2c2i (8)

wherec0 6∈ (±0.5) andc0 ∈ (-1, 1). In this paper,c0
is set to 0.1. For0 ≤ i ≤ (Nv − 1), an (Nv × 1) CB
vector is formed by transformation ofci i.e.

Ci = sgn(ci) (9)

wheresgn(·) is the signum function andCi ∈ {±1}.
The requiredU CB sequence vectors are then formed
by circular shifting ofCi.

4 Proposed: Fibonacci Binary Poly-
nomial Sequences

This section presents the method of constructing
an alternative set of binary sequences referred to as
Fibonacci-Binary (FB) sequences using the numbers
in a Fibonacci series. The Fibonacci series was first
introduced in 1202 by Leonardo Fibonacci [39] and
has been applied in various subject areas including
geometry [39], mathematics, art, architectural designs
and search algorithms [40] [41].

The Fibonacci series is a sequence of integers
given by

Fn = Fn−1 + Fn−2

= 0, 1, 1, 2, 3, 5, 8, 13, 21, 34 . . . (10)

whereF0 = 0, F1 = 1 andFn = 0 for n < 0. Using
the numbers obtained from (10), the proposed FB
sequences are constructed as follows:

Step 1: First, define the required number of terms
W to be selected fromFn to form FW . As an
example, ifW = 9, then

FW = [0, 1, 1, 2, 3, 5, 8, 13, 21] (11)

Step 2: Re-arrange the selected numbers in descend-
ing order to formF̄W . As an example, ifW =
9, then

F̄W = [21, 13, 8, 5, 3, 2, 1, 1, 0] (12)

Step 3: Let the numbers in̄FW represent coefficients
of what may be called a Fibonacci polynomial,
then by removing one of the 1s since each
coefficient of a polynomial must be unique,F̄W

is reduced to

F̄W = [21, 13, 8, 5, 3, 2, 1, 0]

= x21 + x13 + x8 + x5 + x3 + x2 + x+ 1
(13)
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Table 1: Resulting binary vectors for CB and FB sequences (from step 4) forW set to 8, 9 and 10

Terms Polynomial Binary Vector (step 4)

F̄8 x13 + x8 + x5 + x3 + x2 + x + 1 −11111 − 111 − 11− 1− 1− 1− 1

F̄9 x21 + x13 + x8 + x5 + x3 + x2 + x + 1 −11111111 − 11111 − 111− 11− 1− 1− 1− 1

F̄10 x34 + x21 + x13 + x8 + x5 + x3 + x2 + x + 1 −1111111111111 − 11111111 − 11111 − 111 . . .
−11− 1− 1− 1− 1

Step 4: The bit representation of̄FW in (13) can be
written as

F̄W = [1000000010000100101111] (14)

By replacing 0s and 1s in (14) with+1 and−1
respectively, a binary vector is formed. Table 1
shows resulting Fibonacci polynomial and corre-
sponding binary vector whenW is set to 8, 9 and
10.

Step 5: To obtain FB sequences of size (Nv×U ), the
resulting binary vector from step 4 is repeatedly
cyclic shifted until the number of elements is≥
(Nv × U )

5 Simulation Results and Compari-
son of Computational Complexity

The first aspect of results are obtained from Matlab
simulations carried out to evaluate and compare the
PAPR reduction and BER performance of the pilot-
aided SLM based OFDM system. The second part
presents a comparison of computational complexity
associated with the construction of CB sequences and
the proposed FB sequences. These FB sequences are
constructed withW set to 9.

The well known complementary cumulative
distribution function (CCDF) is the chosen metric for
evaluating the PAPR reduction performance. CCDF
gives the probability of a calculated PAPR value
PAPR (dB) exceeding a certain thresholdγ dB
level. The CCDF is thus defined [11] as

CCDF{γ} = Prob(PAPR > γ) (15)

After transmission over a multipath fading channel
and assuming the SI is known, the BER is evaluated
in the presence of some pre-defined levels of PA
distortion defined by the IBO parameter. The IBO

(expressed in dB) is represented by

IBO(dB) = 10 log10

(

Psat

Pavg

)

(16)

wherePsat andPavg denote the PA input saturation
power and mean power of the input signal respec-
tively.

Simulations consider a solid state PA (SSPA),
often used in mobile communication systems [42]
with AM/AM conversion (with unity gain) described
by Rapp’s model [43], i.e.

y(t) =
x(t)

[

1 +
(

|x(t)|
Asat

)2ρ
]1/2ρ

(17)

wherex(t) represents the input signal into the SSPA,
y(t) is the output signal from the SSPA,Asat is
the SSPA output saturation magnitude andρ is the
smoothing factor which controls the PA’s transition
from linear to saturation region.

5.1 Results and Discussion
Simulations consider OFDM transmission over
the well known 6-tap COST 207 rural-area
(cost207RA) [44] multipath fading channel with
τmax = 500 ns for an OFDM system with subcarrier
spacing of 15 KHz, sampling frequency of 7.68 MHz,
guard interval of 5.21µs and [N , Nv, Np andL] set
to [1024, 600, 100 and 6] respectively. The data is
modulated using 16-QAM and the pilots modulated
using QPSK Gold code sequences. For each SNR
value, the number of transmitted OFDM symbols
is 40,000. All CCDF curves are evaluated using
(360,000) transmitted OFDM symbols.

Figure 3 shows the resulting CCDF curves as
a function of γ (dB) from the application of CB
sequences and the proposed FB sequences whenU
is set to 8 and 32. Results in Figure 3 show that
when compared to CB sequences, the proposed FB
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Figure 3: Comparison of CCDF curves for SLM based OFDM system using CB and FB sequences withU = 8
and 32

sequences produce slightly less but comparable PAPR
reduction performance whenU = 32 and produce
similar PAPR reduction whenU = 8 at higher CCDF
level e.g.10−3. This is because a slightly higher level
of randomness of elements from CB sequences exist
whenU is large. Numerically, comparison of PAPR
reduction performance between the considered forms
of binary sequences may be determined by evaluating
∆γ which represents an estimated PAPR reduction
gain i.e. the difference between the PAPR values of
the original OFDM signal and the SLM based OFDM
signal at a given CCDF probability level. Thus,∆γ
(dB) may be calculated as

∆γ = γOFDM − γūSLM (18)

whereγOFDM andγūSLM are the PAPR values of the
original OFDM signals and SLM-OFDM signals re-
spectively at the same CCDF probability level. Ta-
ble 2 displays the calculated values of∆γ for CB se-
quences and FB sequences at CCDF probability levels
of 10−4 and10−3. These CCDF values were evalu-
ated using simple linear interpolation between the two
determined CCDF curve points encompassing the rel-
evant CCDF probability level. This table shows that

Table 2: Comparison of∆γ (dB) between CB and FB
SLM sequences forW = 9.

CCDF Level ∆γ (dB)
and U

CB Proposed: FB

10−3
U = 8 2.600 2.600

U = 32 3.300 3.201

10−4
U = 8 3.200 3.100

U = 32 4.000 3.900

for U = 32, CB sequences produce a slightly im-
proved PAPR reduction i.e.≈ 0.1 dB gain over FB
sequences but both produce very similar PAPR reduc-
tion performance whenU = 8 and at slightly higher
CCDF level of10−3. This difference though measur-
able, is to all intents and purposes a very small PAPR
difference.

With IBO set to pre-define values of [2 dB, 4 dB
and 6 dB], Figures 4 and 5 show comparison of BER
curves withρ set to 2 and 3 respectively whenU =
32. Results in Figures 4 and 5 show that despite the
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Figure 4: Comparison of BER as a function of IBO for standard OFDM, CB and FB SLM sequences withρ = 2
andU = 32
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Figure 5: Comparison of BER as a function of IBO for standard OFDM, CB and FB SLM sequences withρ = 3
andU = 32
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Figure 6: DSP complexity (clock cycles) vs.Nv for implementation of CB and FB SLM sequences

small difference in the PAPR reduction performance
of CB and the proposed FB sequences forU = 32,
both types of sequences produce the same data recov-
ery performance even when some pre-defined levels
of non-linear distortion are considered. These results
indicate that a small difference in the PAPR reduc-
tion performance does not translate to BER degrada-
tion for each of the IBO levels considered.

5.2 Comparison of Computational Complex-
ity

In this section, the computational complexity involved
in the construction of CB and FB sequences are dis-
cussed to demonstrate one of the key advantages of
the proposed FB sequences when implemented on a
DSP.

From the discussions in section 3, the construc-
tion of CB sequences through the expressions in (8)
and (9) require 2Nv floating point multiplications,
2(U − 1) bit-level operations andNv floating point
additions and compare operations. From section
4, assuming the binary vector̄FW in (14) is pre-
determined, then construction of FB sequences i.e.
step 5 will require 2(UNv)/(Cmax+1) bit-level
operations whereCmax represents the value of the

maximum coefficient in the selected polynomialF̄W

in (13) i.e the degree of polynomial̄FW . As an
example, whenW = 9, the value ofCmax is 21.

Consider an implementation of both forms
of binary sequences on a Texas Instruments (TI)
TMS320C67x DSP [45] device. On this platform
single precision (32-bit) floating point addition,
subtraction and multiplication operations each take
5 clock cycles while floating point compare, fixed
point unsigned integer addition and bit-wise logical
operations are single cycle operations. Figure 6
shows graphs of the estimated number of total DSP
clock cycles for CB and FB sequences (withW set to
9) as a function of various values ofNv whenU =
32. Figure 6 indicates that FB sequences require
significantly less DSP resources even for large values
of Nv when compared to CB sequences.

6 Conclusions
A new form of binary SLM sequences obtained from
a Fibonacci series and referred to as Fibonacci-Binary
(FB) sequences has been proposed. Both CB and the
proposed FB sequences have similar PAPR reduction
performance whenU is small and at higher CCDF
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probability level. AsU becomes larger and at lower
CCDF level, CB sequences appear to produce slightly
improved, but near comparable PAPR reduction
performance, when compared to FB sequences. In
the presence of some non-linear PA distortion i.e.
IBO levels, both CB and the proposed FB sequences
produce very similar BER performance forU = 32
despite the apparent small difference in their PAPR
reduction performance. In terms of computational
complexity, the construction of the proposed FB
sequences requires significantly reduced numbers
of DSP computations compared to CB sequences.
Therefore, if the level of computational complexity
is used as a criterion for SLM sequence selection, as
may often be the case for practical systems, then the
proposed FB sequences may be the preferred choice
over CB sequences.
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