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Abstract: Continuous Markov processes widely used as a tool for modeling random phenomena in
numerous applications, can be defined as solutions of generally nonlinear stochastic differential
equations (SDEs) with certain drift and diffusion coefficients which together governs the process’
probability density and correlation functions. Usually it is assumed that the diffusion coefficient
does not depend on the process' current value. Sometimes, in particular for presentation of non-
Gaussian real processes this assumption becomes undesirable, leads generally to complexity of the
correlation function estimation. We consider its analysis for the process with arbitrary pair of the
drift and diffusion coefficients providing the given stationary probability distribution of the

considered process.
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1 Introduction

There is a wide range of phenomena in
economics (stock prices) [1, 2], biology
(population, epidemics) [3, 4], paauo physics
[5] that can be modeled as diffusion
(continuous-time) Markov processes, which
in turn, are represented by solutions of
certain first-order stochastic differential
equations (SDEs) characterized by the drift
K,(xand diffusion K, (x)coefficients. For

some of them, those coefficients depend on
their current values, and for such diffusion
Markov process their generating SDE is
written as [6]

x=K,(x)+ [K(x) £(t) (1)

where &(t) is White Gaussian Noise (WGN)
with correlation function

<&t +7)>= (7). (2)

Our purpose is to find an approximate
method of calculation the correlation
function for the continuous Markov process
with the given stationary probability density
and arbitrary diffusion coefficient. The paper
is organized as follows: some preliminary
results are presented in Section 2. Exact
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solution, i.e. spectrum of eigenvalues and
expression for eigenfunctions of the Fokker-
Planck equation (FKE) corresponding to
SDE (1), known only for some particular
pairs of functions K;(x) and K,(x), is
considered in Section 3. Section 4 is devoted
to n application of the Galerkin method for
analysis of the correlation properties of the
process with arbitrary pair of aforementioned
functions.

2 Preliminary results

Using the Stratonovich definition of
stochastic integral [6] we can express the
drift coefficient K,(x)as a function of the

process X(t) stationary density fy(x) and
K, (X)

K100 = £ ()~ K54 3)

and the density fq4(x) depends on K,(x) and
K,(x) as

C t K,(2)
fa(x):WeXpIZ jw K_z(@dz]. (4)

For a given fq(x), solving (4) with respect to
K,(x) we obtain
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o] Kz(x)%ln fo(x)+ s
2 KLk

According to (4) the prescribed stationary
density fq(x)can be obtained for SDE with

any diffusion coefficient.

To find the correlation function of a
stationary continuous Markov process the
parabolic type Fokker-Planck equation
(FKE) for the probability density f[x,t]of
the process has to be solved. One of the
methods of the FKE solution [4, 6] is based
on the presentation of this density as

fIxt1=Y(X)T(t). (6)
Substituting (6) in the FKE [6]

0 0
= f(xt)= —&[Kl(x)f(x,t)H

18° ™

EW[Kz (x)f(xt)=0
we obtain the following transformation

1 0
e
0 1 o (8)
- &[Kl (v (x)1 + 567“(2 (v (x)]
=0
Y(x)

which, in turn, is equivalent to the system of
two ordinary differential equations

%%T(t):—i, 120, 9)
1 d?
E?[Kz(x)Y(x)]— 10

K Y]+ 2¥()=0

and the solution of the FKE may be written
as

f(x0)= D %060 Aol 2). (1)

Here 4, and Y,(x) are real eigenvalues and
eigenfunctions of (10) corresponding to the
boundary conditions
Y,(0)=Y,(:0)=0 (12)
or
Yn(—oo):Yn(oo):O, (13)
depending on the process range.
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The eigenvalue 1,=0 is related to the
stationary solution of the FKE fg(x). If the
initial value of the process is fixed, i.e.

pxt=0)=5(x-x,), (14)
the transitional density of the process is

written in the following form [5]
7(x,t/%,ty )=

5 Yo (X)¥a (%) . (19
Y 0 expl- At -t
L fst (X) p[ ( 0 )]
while the correlation function is expressed as

B)=Y el 2l (16)
n=0
where

h, = J.xYn(x)fst(x). (17)

3 Correlation function of the
continuous Markov process with
particular pair of the drift and
diffusion coefficients

As is clear from (16) the correlation
function of the diffusion Markov process is
monotonically decreasing but its
convergence to an approximately exponential
function depends on the set of functions

{¥.(x)} and on the spectrum of eigenvalues

{/1,1} of the equation (10) considering (5) can
be rewritten as
d2y,(x) L din fg (x) dY,(x) )

dx? dx dx
24,  dinK,(x)dInfg(x)
K, (x) dx dx v, (x)=0
d?1n fg(x)

dx
(18)
The closed form solution of (18) may be
obtained only for special pair of K,(x) and

f¢(x). In the case of the process with

constant diffusion it is available for the
Gaussian or the Nakagami-m density [7]
(generalizing Rayleigh, Weibull, Maxwell,
the  single-sided normal and  the
multidimensional vector modulus
distributions)
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fe(x)={2m™ x*™"!
F(m) sz

(19)
For the Gaussian process generated by SDE
with linear drift and constant diffusion all
eigenvalues except the first are equal to zero
and the correlation function is exactly
exponential [5]. For densities of the group
(19), the solution of (18) may be found in [7]

n X2rrF1
Y, =2 -
4L F(m+n)r(m) o2

(20)
expl - ™ Lm)[ﬂ)
0_2 " 0_2
zn:ZNgmn, n=0,1,2,., 1)
O

where L(nm"l)(z) is the generalized Laguerre

polynomial [9]. The correlation function of
such processes is represented by the row [8]
B(r)= o’ I'*(m+0.5)
4ma
ma(m) 22)

irz(n—o.s)eXp ~ 2N0mn|T| '
r(m+n)n! o2

n=1

In the case of Gamma distribution [10]
generalizing Pearson, Erlang, Laplace,
exponential power distributions

fo(x)=

0, —oo<x<0
{Lﬂexp(— 1], X>0,a>-1,>0
£ T(a+1) V]

(23)
and constant diffusion coefficient,
eigenfunctions of equation (18) cannot be
expressed with the help of known functions,
but this can be done if

K,(x)= Ngx. (24)
In this case its eigenfunctions are

Y,

”(X):\/r(a+1)rr(]&+1+n)

(25)
X exp[— lj L(n“)(lJ
s B
and the only nonzero eigenvalue is
_No
= (26)

h =-BJT(a+1), 27
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while the correlation function of the Gamma
distributed Markov process with linear
diffusion coefficient is

B(r)= g (a+ l)exp(—;\l—/(;kg , (28)

which is identical to that of the Gaussian
Markov process [6].

4 Corrélation function of the
continuous Markov process with
arbitrary pair of the drift and
diffusion coefficients
In [8] it was shown that for a process with
constant diffusion and symmetrical density
close to Gaussian the correlation function
may be approximately presented by an
exponential form

B(r)~ M, expl-(a +asb)e]],  (29)
where

alz[fst(x)+% Kz(x)} (30)

X=0

1| d? 1 d?
3325{?“9()(%5? Kz(X):Ixzoa 31
M,
= 4x 32
b ™ (32)

To find correlation function of the process
generated by SDE (1) with arbitrary pair of
drift and diffusion we consider here the
Galerkin method [11] for the solution of
equation (18). The important feature of this
method is that it provides uniform
convergence to the exact solution that is
being looked in the form

Y=Y =Y apx),  (33)

where {ak, k=12,.., p}
are undetermined coefficients and {p, (x)} is

the complete system of chosen beforehand
mutually independent functions satisfying the
boundary conditions (12) or (13). In the first
case, these functions may be polynomials

Lo(x)= E,ak[ﬁ]k .34

and for the case of the boundary conditions
(13) polynomials
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=pzlan[ X J (35)

X% +1

Multiplying ¢, (X) in (34) by and

?, (X) in (35) by 21 r instead of (34) we
X"+
obtain
p —1
N=Ya X, (36)
=) x+1
5) A%

and instead of (3 e obtam

k=1

Za m (37

The systems of functions
k-1

cok(x)=(xx+ Fooe
and
2(k-1)
o ()= (39
(x2+1)

are complete, i.e. for any function Y(P)(x)

continuous with its derivative and satisfying
(12) or (13) the following linear form exists

3 a0 (%), (40)
that -
P) x)—iak(pk(x*<g, (41)
and -

v o] —iaw'k(x)( <e, (42)

where ¢ is an arbitrary small positive
number.

Denoting
X
2= (43)
or
< (44)
I

we obtain the system complete at the interval
[0, 1] and common for both cases of bounded
conditions

oc(2)=(1-2)2". (45)
Let us write, conforming to [9], the system of
linear equations for coefficients a,
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p

Z(akl + 70 )ac=0,1=1,2,...,p, (46)

k=1
where the term in brackets are

d2p(x) J{_ K, x)} dey (X)
dx? dx  fge(x)| dx
d dfe (x)]_
3 :T {d_l K o
s i1nK (g3t
o o ok ()
d?
d71n fo (i (%)
o1 (x)dx

47)
and

Y = 21%&@@. (48)

Substituting in (47) and (48) expressions for
¢, (x) and its first and second derivatives,

do(x)  x*2(k-x-1) (49)

dx (X+l)k+1
and
d’pp (x) _ xk’3(—4kx+ 2x% +4x+k? —3k)
dx? (x+1)<2
(50)
or
dey (x) _ 2x2k’3(k—x2 —1) (51)
dx (Xz +1)k+1
and
d*py (x) _
dx?
2
2x%4(2k2 - Tk — 5K+ 3x* + 6x2 +3) (52)
( 2 Kk+2
X+ 1)

we obtain for the boundary conditions (12)
the following expressions for the coefficients
ay and yy
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ak|:

xk’3(— 4kx+2X° + 4x+ k> —3k)+ 2

(X+ 1)k-¢—2
J{iln KZ(X):| X2 (k- x—1)
dx f (X) (x + 1)k+1

b e—3

2 k-1
{iln K, ()L n f(x)+%ln f(x):I X
X

dx dx (x + l)k
-1
dx X B
x+1)
(53)
and
< Xk+l—2 54
) [ S—

0
For the bounded conditions (13) we have

242k — Tl — 5k + 3% + 65 +3)
(x2 + 1)<+2
. {iln Kz(X):| 2x2k‘3(k - —1)
(x2 + I)M
2

dx  f(x)

—_ 2k-1

=[], Ky (-t £ ()+ -1 £ (x)|-2X

-0 | | dx dx dx? (x2 n J(

X2|71
dx
(x2 + 1)
(55)

and

0
X2(k+l—2)

For a given diffusion K,(x) and stationary

dx. (56)

density f,(x) we can write the determinant
of the p —th order

Detley +74f. (k1<p), kl<p.(57)
If it equals zero we obtain the equation of the
p —th order regarding A with p positive

roots /12"], ﬂ,[zp], AP

(p] ;
A representing

approximate values of eigenvalues, and the
approximation of eigenfunctions may be
written as

P
vlPl(x)= > clPlalg, (x), (58)
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where constant values {C,[P]} can be found
with the help of normalization condition

2 Ci[p]Yi[p] P
_L J—Lﬁ & dx=1. (59)
Calculating for any i< p

hel = J' P[] (x)xax (60)
and substituting the resulting expression in
(15), we obtain the approximate expression
of the correlation function of the continuous-
time Markov process with the given
stationary density and diffusion coefficient

8°lc)= 3 (WP f expl- A7) (61)

i=1

5 Conclusions

Continuous Markov process may be
presented as a solution of a generally
nonlinear stochastic differential equation
(SDE). The process' properties, including
stationary ~ probability  distribution and
correlation function, depend on its drift and
diffusion forming the operator of SDE. The
required process' density may be obtained
with the help of their different pairs, while
the correlation function appears as an infinite
sum of exponents with the decays to be
found from the corresponding Fokker-Planck
equation with certain boundary conditions.
Its closed form solution may be obtained In
this paper we have consider analysis of the
correlation function of the continuous
Markov process, which consists in trying to
solve the corresponding Fokker-Planck
equation at certain boundary conditions,
while its closed form solution rarely occurs.
We consider process with arbitrary pair of
drift and diffusion assuring its required
density, and apply the approximate Galerkin
method which guaranties uniform
convergence to the exact expression of
correlation function
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