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Abstract: It is important to understand the leakage flux distributions of toroidal core under the condition of the
coil is wound partially on the surface of the core, and the magnetic permeability is not very large. In this paper,
formulas of the electrical field intensity and magnetic field intensity in toroidal core with circular cross section are
derived, as the leakage fluxes to be considered. The formula of eddy-current power losses are also derived based
on the electrical field intensity formula. The calculated results of the eddy-current power losses are in good
agreement with the formula which is derived from the self impedance of coil. Effects of frequency, magnetic
permeability and distribution of windings on leakage fluxes are analyzed. The results show the formulas
accurately predicted the case when magnetic permeability of the core is very large or the coil is wound densely
and uniformly on the surface of the core, the leakage fluxes are very small and can be neglected. Magnetic fluxes
decreases with frequency increasing , while the proportion of leakage fluxes increase with frequency increasing. It
has been shown that leakage fluxes limit the upper frequency of operation.
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1 Introduction permeability of the core is very large ( when
The toroidal core has been widely used in

electronic circuits [1-2]. Power losses and leakage
fluxes in the core become more pronounced with  wound densely and uniformly on the surface of the

energised frequency increasing. Therefore the core, neglecting the leakage fluxes.
knowledge of power losses and leakage fluxes at high y

frequencies becomes more and more important in
the design of magnetic components, such as
transformers and inductors. Electromagnetic field

5=100S-m™, f =1MHz, 4 >10°) or the coil is

distribution and power losses in toroidal core have coil

attracted considerable attentions [3-8]. Ying Baiqing (a) Coil on toroidal core

investigated magnetic  field distributions  and % Lteh“gth Ofl
e core

eddy-current power losses in toroidal core with an
arbitrary cross section by using FEM ( finite element
method) [4]. KV Namjoshi et al performed researches W
on magnetic field distributions and eddy-current
power losses in toroidal core with rectangular cross C“’Sosf Sccocitli"“
section, and then they gave analytical solutions [5-6]. Crosi SeC;lion
o . . . t AN
Electromagnetic distributions and iron loss in toroidal . . e A
oY ] ] (b) Cross-section of toroidal core and coil
core with circular cross section were also studied by .
| and th wtical solLt and coordinates system
S_aotome H et al, and the ana ytlc.a o) uthns were Fig.1 Toroidal core under study
given [7-8]. Whereas all the previous studies have . . .
) ) In this paper, the diagram of the toroidal core
been mainly focused on the case of magnetic
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under study is shown in Fig.1, where coil is wound
partially on the surface of the core and magnetic
permeability of the core is not very large

(when §=100S-m™, f =1IMHz , &, <10°). In this

case, leakage fluxes can’t be neglected. Therefore, the
aim of this study is to present an analytical method for
the electrical field and magnetic field distributions in
toroidal core with circular cross section, as the leakage
fluxes to be considered. Based on the formula of
electrical field intensity, a closed-form expression is
also derived for the eddy-current power losses.

2 Deduction of formula for the calculation of
electrical field in toroidal core
2.1 Afilamentary turn on an infinite core

The physical arrangement under study is shown in
Fig.2. The core, taken to be infinitely long, is treated
as a homogeneous isotropic linear medium of

conductivity o and magnetic permeability s, . The

core radius is b. A filamentary turn of radius a
encircles the core at z=0, and carries a sinusoidal

current i(p, i.e. iwzlwej“", where @ is the angular

frequency.
Cylinder coordinatesr , ¢, Z are utilized here. The
following identities apply on the ground of symmetry:

Er:O' EZZO, 6E/ =0
op
— oH, _ oH,/ _
", =0 Afﬂ_o’ Aco_o
z

<
<%

P

N i
z=0"
energising turn
Fig.2 Filamentary turn on infinite cores
Formula of electrical field intensity in the core is

derived in Ref. [9], where it is shown as

1,(Ir)
*I,(CD) apK,(pa) M
L1 (TB){1,(B0)K, (Ab) + 1, (BB)K, (Sb)}

A4 11, (Tb)K, (Bb) + BK, (Bb)1,(Ib)
H,

A

E;l =—jaul
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where
I, Ky, I, K,—the modified Bessel functions.

r=JF
m’ = jou,o
L, —magnetic permeability of medium outside
the core( u, ~ p4,=4nx107).
E;l indicate Fourier integral transform function
of E,
[ — the transform parameter.
Solution of E ; is obtained by Fourier transform

inversion.
_ o), o= 1,(T'r)1,(Bb)
=T 0 [ ak.(pa) I,(Tb) o
PLACOIPINTD
Ki(BD) ™ L,(BD) iy
5 Kol0) gy - 1,(T)

Ky(Bb) p, 1,(I'b)
with the auxiliary functions defined by:

9(p) + () ©)

D(B) =
9(B)+ 4 £ (D)
(x) = x1o(xD) 4)
1, (xb)
_ Ko(Xb) 5
g(x) = XiKl(xb) ®)

Writing the formula of Egn.2 as
joul ) oo
E, = —ijfw ak,(fa)

LODLBD) o
Ly P

For writing convenience, the formula of Eqn.6 was
written as

E,.=[ H@rpe"dp ()

2.2 A filamentary turn on toroidal core

In many magnetic components, the core will form
a closed magnetic circuit, usually rectangular or
toroidal, as shown in Fig.1. The issue of shape is
sidestepped by imagining the core to have been cut
open and straightened out to its length | (noting that
in practice 1/b > 25for toroidal core ™!, thus
neglecting the difference between the inner diameter
and outer diameter). A return flux path of zero
reluctance is then provide by placing the

straightened-out core between two infinite plates of
perfect magnetic material (=, 6=0 ) P as

(6)

shown in Fig.2(a). Let the energizing turn be located
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halfway along the straightened core (by choosing to
open the actual core at the location most remote from
the turn involved), the field is then symmetrical about
the planez =0.

(b) Images
Fig.3 Simulation of toroidal core and image turns
Since the plates are infinitely permeable and

non-conducting, the lines of flux enter or leave the
plates at right angles. Furthermore, a line of flux
leaving at the right-hand plate may be legitimately

considered to immediately re-enter from the

corresponding position on the left-hand plate.
According to mirror image method, the required

boundary condition will be equivalently satisfied,

relative to —1/2<z<1/2, if the boundary plates

are removed and an infinite number of images
introduced along an infinite core in the manner shown
in Fig.3(b) (the solid circle indicate actual energizing
turn at z =0, the dotted circles indicate image turns).
Thus, on the basis of Egn.7 writing the corresponding
electrical field intensity formula for the closed core is
simply

E,.= J'j: H(a,r, j) i eleifrgp 8

Noting that

Ser <205 o(p-20)
k=—o0 k=—0

Eqgn.8 immediately reduces to

2 -+00 a3
E, =|—n > H(ar, g ©
k=—o0
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where
g, = 2Kn (10)
On the basis of Eqn.6
jwMI +00
E,=—""2) aK/(5a)
v I kz;o s (11)

L(C.b) (B)e

T, =gl +m* (12)

Thus, the closed-core case formally converts the

integrals of the infinite-core case to straightforward

summations. Noting that single-sided summation is
justified, then we have

E,2 =E 0+ E, x (13)

where

where

__ja)’tlllfﬂ /qull(mr) 14
271 mly(mb) (4

ja) I +00
E¢;2k == lllll - |:ZZ aKl(ﬂka)
k=1

LDL(8,b)
1,(T,b)

(15)
() cos(p, Z)}

Uy = H2 — relative permeability of the core
H
2.3 A coil on toroidal core
Coil is composed of many turns. We specialize on
the usual case of rectangle cross-section of coil as
illustrated in Fig.1. The number of turnsis N . Then,

Fig.4 Simulation of toroidal cores and image coils

in a similar manner as shown in Section 2.2, the
filamentary turns are replaced by coils, as shown in
Fig.4. Neglecting gap among turns, then the number
of turns in per unit area of cross section of the coil is

N The formula of electrical field intensity can be

hw

obtained by integrating sz over the cross-section

of the coil per unit area. It is shown below:
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_ja)ll'lll(pl
" 1 hw
J. J‘ lu2r|1(mr) ZiaK (ﬂ a)
a5 ml ( b) k=1 n
COLB, b) 16
) D(B,)cos B, (z— r)}drda (16)

The internal integrals are readily evaluated to give the
formula:

E,=E,+E, (17)
where
- jouNI, gy, 1, (mr) (18)
o0 I ml,(mb)
_ _JowNl T2 &
Ex= B [hwéﬂ(ﬂkaz,ﬂkai)ﬁ(ﬁkw) (19)
1,(T,N1L(Bb)
XW(‘D(ﬂk)COS(ﬂkZ)}
where
1
P.(5X, By) = 7[pl(ﬁx) - pu(AY)]
p.(a) —f[K (@)Ly (@) + Ly (@)K, ()]
L,(x), L (x) —the modified Struve functions
R (BX) = sm %

InEqn.17 E,
It is noted that E
constant value along the axial direction.

is decomposed into E ;andE
ie. it is a
BUtE, is a

is unrelated to z,

function of z.

3 Magnetic field intensity in the core

On the basis of Maxwell’s equation
H--_1 yyxg andEqn.17, we have
jou
2NI,
Z R (B2, Ba)R (B W)
" i hw (20)
1(T, N1, (Bb .
X%Q(ﬁk)ﬂksm(ﬂkz)
HZ:HZO+HZk (21)
where
H, =N lo(mr) (22)
I 1,(mb)
S R(Aa AR (AW
* = I,UZ, ~ ﬂk Z'ﬂkai R1 ﬁk (23)
r.1,(r,.nl b
el 05, cos()
1 k
H, is the component of the magnetic field

intensity in the radius direction and H, is the
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component of the magnetic field intensity in the axial
direction. Similar to E(p, H,is also decomposed into

H,, and H, .H,, is unrelated toz, indicating it

is a constant value along the axial direction. But
H, isafunctionof z.

4 Eddy-current power losses in the core
Formula about electrical field intensity E and

average power P in isotropic linear medium is
written as follows:

P=| olE[dv (24)
Substituting Eqn.17 into Eqn.24, eddy-current power
losses in the toroidal core can be obtained as
P, = 2a[ [ o], 'rdrz

_ 211:(ajyll(pN)20' 1y, b

[ ml, (mb)| m? —m? (25)
x[ml, (i) I, (mb) — ml, (mb) I, (Mib) ]

1,(Bb)
I, (z,b)

[ LEDLED) B L5 ED)]

23 R(Ba IR (AO)D(A,)
@ ka

x
Tk

5 Verification
The real part of impedance give the eddy-current

losses in the core in the form of a series resistance [11].
Therefore, in order to validate accuracy of Eqn.25
another formula of eddy-current power losses is given
herein

I:)Z = I(j Re(zmm) (26)
where Z__ is self- impedance which is given in
Ref.[9]:

7 - jounb? NZ(Z,uZ,Il(mb) _lj
| mbl, (mb)
TS Bpn AT
1,(5b)

QUBW ) oy F (A

where
(B + 2 1(D)
F(p)=———
g(B)+=—+ ()
/12
Qu(fw) = (1-c0s p,w)
B

Where function f(x) and g(x) are defined by
Eqgn.4 and Eqgn.5.
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Tab.1 Dimensions and properties of core and coil

Core radius b =10.8mm
Number of turns N =25

Coil inside radius a, =15mm
Coil outside radius a, =25mm
Coil width w=10mm
Magnetic path length | = 250mm
Relative permeability  £,, =75

Core conductivity o=100S-m™*

For the comparison, calculations were carried out
on a Micrometals T400-26 10cm O.D. powdered core
with a distributed gap. Full details of the core and coil
are given in Tab.1, which are the same as those used in
Ref.[10].

In the following, we use Egn.25 and Eqn.26 to
calculate eddy-current power losses at different

frequency, respectively. The results are shown in Tab.2.

It is found that the calculated results agree well with
each other, validating the accuracy of Eqn.25. Thus
the accuracy of Eqn.17, 20 and 21 have also been
verified.
Tab.2 Comparison of results from
Eqgn.25 and Egn. 26
f(Hz2) P(W) P, (W)
10° 4.684x10* 4.675x10°*

10"  4.683x107% 4.674x107
10° 4.621 4.612
10°  204.113 203.743

6 Results and discussion
6.1 Electromagnetic field distributions

For magnetic component in section 5, electrical
field intensity and magnetic field intensity are

calculated for wvarious position of the core

Fig.5 Amplitude of E at f =100KHz
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z-axis,m 0 0 r-axis,m

Fig.6 Amplitude of H, at f =100KHz

z

z-axis,m 0 0

Fig.7 Amplitude of H at f =100KHz
at f =100KHz. The calculated results are shown in
Figs.5-7.

From the curve shown in Fig.5 and Fig.6, it is

found that with the increasing of z, both \E(,,\ and
H,| decrease pronouncedly. This result is due to the

fact that there are relatively large leakage fluxes in the

core. With the increasing of T,

Ew‘ and \Hz\ both

increase too. This result is due to skin effect. H is

normal component of magnetic field intensity.

Magnetic fluxes which arise from H_ are leakage

fluxes. Fig.6 and Fig.7 indicate that |Hr| is much

smaller than|H,|. Whenz is zero, |H,| is zero too.

Then it has a substantial increase and reaches the
maximal value at about z =15mm . Thereafter it has a
substantial decrease. At z=120mm
approximately decrease to zero. It has been shown that
normal leakage flux effects are concentrated mainly

its value
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around the windings.
6.2 Leakage flux analysis

On the basis of Eqn.21, formula of magnetic
fluxes in homogeneous linear isotropic medium can be
obtained as follows

D :IyZHZdS :IobyzHZZerr

2nN1 1,0 1 (mb)  4nNI 1 &
= P y
Im |0(mb)+ Ihw kZ:;, (B, feay) 27)

xR, (Bw)bl, (Bb)D (5 ) B, cos(B,2)
6.2.1 Effect of frequency on leakage fluxes
For magnetic component shown in Fig.1, except

magnetic permeability £, , the rest parameters are the
same as those given in Tab.1l. Magnetic fluxes are
calculated at 4, =10° for different frequency. The
calculated results are shown in Tab.3.

@, is defined as magnetic fluxes at z=0

and @, is magnetic fluxes at z=120mm. Thus

leakage fluxes at z=120mm can be defined

asA® = O, — @, . The proportion of leakage fluxes

can be defined as A®/® . The calculated results of

the leakage fluxes and the proportion of leakage
fluxes are shown in Tab.4.
Tab.3 Magnetic fluxes for different

frequency at , =10°

( VV% 10° 10* 10° 10° 107

0 4.83x10° 4.79x10° 2.99x10° 1.11x10° 4.81x10°°
40 4.64x10° 459x10° 2.83x10° 9.51x10° 3.23x10°
80 453x10° 4.48x10° 2.74x10° 8.73x10° 2.53x10°
120 | 4.50x10° 4.44x10° 2.71x10° 8.48x10° 2.31x10°

Tab.4 leakage fluxes and the proportion of
leakage fluxes at ,, =10°

f(Hz) 10° 10* 10° 10° 10’
AD 33x10° 35x10° 2.8x10° 2.62x10° 2.50x10°
AD/D, 6.8% 7.3% 9.6% 23.6% 52.0%

Tab.3 and Tab.4 indicate that the proportion of
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leakage fluxes increase with the increasing of
frequency, while magnetic fluxes decrease. At higher
frequencies this phenomenon becomes more obvious.

For example, as f =10’Hz the value of magnetic
fluxes is only 10% comparing to the frequency
is f =10°Hz , the proportion of leakage fluxes

reaches 52%. The deterioration in performance,

accurately predicted by the formula, explain why the

manufacturers deem the core unsuitable for operation
above 50KHz

6.2.2 Effect of magnetic permeability on leakage
fluxes

For magnetic component shown in Fig.1, except

magnetic permeability s, , the rest parameters are the
same as those given in Tab.1l. Magnetic permeability

is varied. Magnetic fluxes are calculated at f =1MHz

for different magnetic permeability. The calculated
results are shown in Tab.5.

Definition of ®,. @, . AD . AD/D, issame

as above. The calculated results of leakage fluxes and
the proportion of leakage fluxes are shown in Tab.6.

Tab.5 Magnetic fluxes for different magnetic
permeability at f =1MHz
z(mm)
o Meg) | 0 40 80 120

102 4.67x10° 3.03x10° 2.30x10° 2.07x10°°
10° 1.11x10° 9.51x10° 8.73x10° 8.48x10°
10* 3.17x10° 3.02x10° 2.95x10° 2.92x10°

10° 9.73x10° 9.58x10° 9.51x10° 9.48x10°

Tab.6 leakage fluxes and the proportion of
leakage fluxes at f =1MHz

w,  10° 10° 10* 10°
AD 2.60x10° 2.62x10° 250x10° 250x10°°
AD/D, 55.6%  23.6% 7.9% 2.5%

Tab.5 and Tab.6 indicate when magnetic
permeability is small magnetic fluxes are small,
the proportion of leakage fluxes are large. For
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example, at 4, =10° the proportion of leakage

fluxes reaches 55.6%, more than half of the
magnetic fluxes. With the increasing of magnetic
permeability magnetic fluxes increase, while the
proportion of leakage fluxes decrease. At

1, =10° leakage fluxes are small, the

proportion of leakage fluxes reduce to 2.5%,
indicating when magnetic permeability of the core
is very large, leakage fluxes are very small and can
be neglected, as referred to before. On this
occasion, electrical field intensity and magnetic
field intensity are calculated atr =10mm. The

calculated results are shown in Tab.7 and Tab.8.

Tab.7 Amplitude of electrical field intensity
at f =1MHz, y, =10°,r =10mm

z(mm) |E,o|(V/m) |E,|(V/m) |E,|(A/m)

0 60.4 1.49 61.4
40 60.4 0.22 60.5
80 60.4 0.45 60.3
120 60.4 0.69 60.0

Tab.8 Amplitude of magnetic field intensity
at f =1MHz, y, =10°,r =10mm

z(mm)  [Hy|(Am)  [H,[(Am) [H,|[(A/m) |H,|(A/m)

0 0.68 0.017 0.69 0

40 0.68 0.003 0.68 3.1x10°
80 0.68 0.005 0.68  1.4x10°
120 0.68 0.008 0.68 1.5x10°°
From Tab.7 and Tab.8 it is found that

|E¢| ~ |E¢>°|

|E¢k| << |E¢0|

[H.|~[H,|

|sz| ~0

H,[~0

It has been shown that in this caseE ,, H, and

H_ can be neglected. Thus magnetic field only has

r
axial direction component. Both E_ and H,are
constant value along the axial direction.

6.2.3 Effect of windings distribution on leakage

fluxes
For magnetic component Fig.1,
parameters of the core are the same as those given in

Tab.1, while parameters of the coil are varied. Here

Magnetic fluxes are calculated only for a particular

shown in
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case when the coil is wound densely and uniformly on
the surface of the core. Parameters of the coil are

given as follows: NI, =25A , w=I=250mm ,

a, ~b=10.8mm , h=1mm thus a, =11.8mm

Magnetic fluxes are calculated at f =1MHz . The
calculated results are shown in Tab.9.
Tab.9 Magnetic fluxes when the coil is wound
densely and uniformly on the surface of the

coreat f =IMHz» , =75

z(mm) 0 40 80 120
@ (Web)

455%x10° 455x10° 4.55x10° 455x10°

From Tab.9 it is found that when the coil is
wound densely and uniformly on the surface of the
core , even if magnetic permeability is small (in this

numerical example z, =75) and frequency is high,

leakage fluxes are very small, therefore they can be
neglected. On this occasion, electrical field intensity
and magnetic field intensity are calculated at
r =10mm. Calculated results are shown in Tab.10
and Tab.11.
Tab.10 Amplitude of electrical field intensity
when the coil is wound densely and
uniformly on the surface of the core at

f =IMHz, u, =75, r=10mm

z(mm) [E,o|(V/m) |E,,|(V/m) |E,|(A/m)

0 2006  4.4x10°  200.6
40 2006  3.5x10°  200.6
80 2006  24x10°  200.6

120 2006  1.2x10°  200.6
Tab.11 Amplitude of magnetic field intensity
when the coil is wound densely and
uniformly on the surface of the core

at f =1MHz, 4, =75,r =10mm

z(mm) - [Hy| () [H,[(Am) - [H,[(A/m) [H, |(A/m)

0 91.1 2.0x10° 911 0
40 91.1 1.6x107° 91.1 9.1x1077
80 91.1 1.0x10°° 911  2.3x10°
120 91.1 5.1x10° 911  15x10°

From Tab.10 and 11 it is found that
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|Ew|z|E¢0|
|E¢k|z0
[H.[=[H,|
|sz|“0
|Hr ~0

Similar to the case when magnetic permeability is
very large, E, , H, and H, can also be
neglected. Thus magnetic field only has axial direction
component. Both E and H, are constant value

along the axial direction.

7 Conclusion

In this paper, toroidal core with circular cross
section is considered. An Analytic method is used
for  electromagnetic  field distributions  and
eddy-current power losses for toroidal core, in which
the field variables are expressed as a single series in
terms of Bessel functions and trigonometric functions.
It is not only applicable to the case when coil is
wound partially on the surface of the core, with taking
into account leakage fluxes, but also applicable to the
case when magnetic permeability of the core is very
large or the coil is wound densely and uniformly on
the surface of the core,with neglecting leakage fluxes.

Results presented in the study show a classical
separation of formulas of electrical field intensity and
magnetic field intensity into two components

respectively, one component (E, H,,) is constant

along the axial direction, whereas the other

component (E(pk , H,, ) is variable. The proportion of

the variable component decreases with increasing of
magnetic permeability. When magnetic permeability
of the core is very large (in the numerical example of

this paper ,, >10°) or the coil is wound densely and

uniformly on the surface of the core, the variable
component is so small that it can be neglected.
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