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Abstract: This paper investigates the problem of global stabilization by state feedback for a class of uncertain
nonholonomic systems in chained form with partial inputs saturation. By using input-state-scaling technique and
backstepping recursive approach, a state feedback control strategy is presented. With the help of a switching
control strategy, the designed controller renders that the states of closed-loop system are globally asymptotically
regulated to zero. A simulation example is provided to illustrate the effectiveness of the proposed approach.
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1 Introduction robots in different types. For the so-called standard
chained form system, the saturated asymptotic stabi-
lizers were constructed in [27,28]. Nevertheless, the

In the past decades, there has been a rapidly growing above-mentioned control methods are unavailable for

research interest in nonholonomic systems, which can .
be found frequently in the real world, such as mobile the general nonholonomic systems.

robots, car-like vehicle, under-actuated satellites, the Motivated by the example presented in Section
knife-edge and so on. As pointed out in [1], such a 2.1, this paper addresses the global stabilization by
class of nonlinear systems cannot be asymptotically state feedback for a class of uncertain nonholonomic
stabilized at the origin by only using continuous state Systems in chained form with partial inputs saturation.
feedback control signal. In order to overcome this A constructive method in designing global stabiliz-
obstruction, several approaches have been proposeding controller for such uncertain systems is proposed.
for the problem, such as discontinuous feedback [4, The contributions of this paper are listed as follows:(i)
8], time-varying feedback [2, 5, 9] and hybrid stabi- by uing the nested saturation to handle the technical
lization [3, 6, 7]. Using these valid approaches, the problem of input saturation, and based on a combined
asymptotic stabilization or exponential regulation for application of tthe input-state-scaling technique and
nonholonomic systems has been extensively studied backstepping recursive approach, a systematic control
[10-20] design procedure is developed for all plants in the con-

However, no matter the system is precisely known sidere_c_i class, including the ideal chainc_ed f_orm Sys-
or with the parametric (and non-parametric) uncer- tem; (ii) the saturated control based switching strat-

tainty, a common characteristic of these designs of €9Y iS adopted to handle the technical problem of un-
controllers above is that the bounds of control in- controllability atzy(0) = 0, which prevents the fi-
puts were not considered. As a matter of fact, any nite escape of system and guarantees tha_tthe states of
actuator always has a limitation of the physical in- Closeéd-loop system are globally asymptotically regu-
puts and its existence often severely limits system at€d to zero.

performance, giving rise to undesirable inaccuracy or
leading to instability[21,22]. Hence, from a practi-

The remainder of this paper is organized as fol-
lows. Section 2 presents a motivating example and
cal point of view, it is more interesting and impor-  describes the systems to be studied and formulates the
tant to design a saturated controller for nonholonomic control problem. Section 3 presents the input-state-
systems. In this regard, some interesting results have scaling technique and the backstepping design proce-
also been reported for some specific systems. For ex- dure, the switching control strategy and the main re-
ample, the saturated feedback controllers were con- sults. Section 4 gives the simulation of the motivating
structed in [23-26] for nonholonomic wheeled mobile example to illustrate the theoretical finding of this pa-
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per. Finally, concluding remarks are proposed in Sec-
tion 5.

2 Motivating example and problem

formulation
21 Motivating example

Consider a tricycle-type mobile robot with nonholo-
nomic constraints on the linear velocity, which has of-

ten been used as a benchmark example in the literature

on nonholonomic control systems design. The kine-
matics of the robot can be modeled by the following
differential equation [9]:

T, = vcosh
Yo =vsinf

1)

0=w

where (z.,y.) denotes the position of the center of
mass of the robotd is the heading angle of the robet,
is the forward velocity whilev is the angular velocity
of the robot.

For system (1), by taking the following state and
input transformation

o =0, r1 = x.sinf — y.cosb, )
Lo = T.Ccos0 4+ yesinb, ug =w, uy = v
one obtains

To = ug

il — TUQ

T = u1 — T1up

(3)

It is evident that, system (3) is a third-order
chained form system which has been extensively stud-
ied in the literature when the inputs saturation was
not taken into consideration. However, in the pro-
cess of actual movement, the unbounded angular ve-
locity of the robot is impermissible. That is because
the overquick rotation will result in robot overturned.
Therefore, it is more practical to consider the stabi-
lization problem of the nonholonomic mobile robot
subject to saturated angular velocity, that is, consider
the stabilization problem of the nonholonomic sys-
tem (3) with inputug saturation. The presence of in-
put uy saturation and nonlinear termxug leads to
the existing unsaturated control methods [10-20] and
saturated control methods [23-28] are inapplicable to
nonholonomic system (3). This motivates us to in-
vestigates the global stabilization of a broad class of
uncertain nonholonomic systems with input satu-
ration.
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2.2 Problem formulation

Considering that many nonlinear mechanical systems
with nonholonomic constraints can be transformed,
either locally or globally, to a nonholonomic system in
the so-called chained form[10], in this paper we focus
our attention on the global state feedback stabilization
for the following class of nonholonomic systems in
chain form:

io = Up
Ty = i 1u0 + ¢i(wo, T, up),
m.n = Uz + ¢n($0>$>uo)

i=1,---,n—1

(4)
wherezg € Randz = (x1,---,z,)T € R™ are sys-
temstatesug € R andu; € R are control inputs; and
¢;'s denote the input and states driven uncertainties,
which are called as the nonlinear drifts of the system
(4).

The objective of this paper is to design a state
feedback controller of the form
luop(zo)| < M, wuy = uy(zg,x)

(5)
whereM is a known bound ofi, such that the states
of closed-loop system are globally asymptotically reg-
ulated to zero.

To this end, the following assumption is imposed
on system (4).

Assumption 1. Fori = 1,---,n, there are
nonnegative smooth functiogs(xo, x1, - - -, ;) such
that

ug = uo(xo),

|6i(x0, 2, u0)| < (J21] + -+~ + |zi])pi(-)

Remark 1. Assumption is common and similar to
the one usually imposed on the nonholonimic systems
[10,17,18]. It implies that the origin is the equilibrium
point of system (4).

The following definitions and lemmas will serve
as the basis of the coming control design and perfor-
mance analysis.

3 Robust controller design

In this section, we proceed to design a robust con-
troller based on backstepping technique. For clarity,
the case that(ty) # 0 is considered first. Then
the case where the initialy(tp) = 0 is dealt later.
The inherently structure of system (4) suggests that
we should design the control inpuig andu, in two
separate stages.
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3.1 Design ug for zo-subsystem

For xg-subsystem, we take the following control law

uo(zo) = —koo (o) (6)
whereky > 0 is a design constant and
O’(I‘ ) — Sig’l’L($0), |$0| > € (7)
0 x, |zo| < e

for a small constard > 0 to be determined later.

Remark 2. From (6) and (7), it can clearly be
seen that the control lawy is bounded by a constant
koe, this is, by choosing design parametégsand
askoe < M, the control lawjug(zo)| < M is guar-
anteed.

Under (6), the first result of this paper is es-
tablished, which is crucial for the input-state-scaling
transformation in what follows.

Lemmal. For any initial conditionzq(ty) # 0,
wherety > 0, the corresponding solutior (¢) exists
ard globally asymptotically converges to zero. Fur-
thermore, the contraly given by (4) also exists and
does not cross zero.

Proof. Taking the Lyapunov functiob = 23,2,

a simple computation gives

- —kolzol, |zol > ¢
<
VO - { —kol‘%, ’1‘0‘ <e
f 12 (8)
< —KoVy' ‘x()’ > €
o _2k0‘/07 |3§‘0| <e

from which, we can conclude thay(t) exists and
zo(t) — 0 ast — oo.

Next, we will show that:,(¢) does not cross zero.
Obviously, it suffices to prove the statement in the case
where|zy(t)| < . In this case, under the control law
(6), thexy-subsystem becomes

(9)

Therefore, the solution ofry- subsystem can be ex-
pressed as

o = —koxo

zo(tg)e Mo 10)

zo(t) =
Consequently,xy can be zero only at = ty, when
x(tp) = 0 ort = oco. Sincexy(ty) # 0 is assumed,
it is concluded thai, does not cross zero for dlle
(to, 00) provided thatry(ty) # 0. Furthermore, we
can see from (6) that the, exists, does not cross zero
for all t € (t9,00) independent of the-subsystem
and satisfie$im; o, ug(t) = 0. Thus, the proof of
Lemma 1 is completed.
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3.2 Input-state-scaling transfor mation

From Lemma 1, we can see thg-state in (4) can be
globally regulated to zero viag in (6) ast — oo.
However, in the limit caseyy will converge to the
origin, which will cause serious trouble in controlling
the z-subsystem via the control input. This diffi-
culty can be well addressed by utilizing the following
discontinuous input-state scaling transformation:
T

n—i
Ug

Zi =

1,---.n

(10)

Under the news-coordinates, the-subsystem is
transformed into

% = zit1 + fi(xo, 2)

Zn = u1 + fn(wOa Z) (11)
where
fieg, 2) = D0 TU0) gy B0 g
Uy Uop

By Assumption 1 and transformation (10), we
easily obtain the following estimation for nonlinear
function f;.

Lemma?2. Fori = 1,---,n, there are nonnega-
tive smooth functions; such that

- 2)
13

| fi(zo, 2)| < (lza] + - -+ + |zi])vi (2o, 21,
Proof. In view of (10) and (12), we have

ol

21| o+ | .

< S + (= Dl
(lzauf ™+ + zud ')

?lo‘
u

i)

’Z—g, \xol >
8], fop| < =

i)

|ug

+(n — i)z x {

(lzrug ™+ + zug ™)
lug ™"

. 0, |xo|>e

n ”””X{Am 20| <&

< (Jza] + -+ |zi)vi(zo, 21, -+ -5 2:)

(14

3.3 Backstepping Design for u;

In this subsection, the controller will be recursively
corstructed by applying backstepping technique to
system (11).

Step 1. Consider the Lyapunov functioi
22 /2. From (11) and (13), it follows that

(19

Vi < 2129 + 2391 (w0, 21)
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With the choice of the virtual controller

—2181 (20, 21)
(16)

z3 = —z1(n+ 7 (zo, 21)) =
we have
17

Step i (¢ 2,---,n). Suppose at step— 1,
we have designed a set of smooth virtual controllers

Vl < —nz% + 21(22 — 23)

z{,---,z; defined by
Z{ =0 51 = Z1 — Zik
z o= =&pi() §o = 20— 25 (18)
zi = —&aBia() & = zi— 2]
with 51(1'0751) > 07 e >ﬁi—1($07£17 T 767)—1) >0
being smooth, such that
Vz’—l S_(n_i+2)(§%+’”+§i2—1) (19)

+&i1(z — 2F)

We intend to establish a similar property for
(21, -, z;)-subsystem. Consider the Lyapunov func-
tion

Vit -, &) =Viea (&, &) + %5,2 (20)

Clearly
Vi< —(n—i+2)(§+ - +&) + &1z —2)
0z 20z
+fz<zz‘+1 + fi — a—xouo — ; a—zj(ZjH + fj))

(21)

Now we estimate each term on the right-hand side

of (21). First, it follows (18) that
1
Eim1(zi —2f) < 1522_1 +&aop (22)

where g, is a positive constant.

Noting thatz; = &_13;—1, itimplies thatz} sat-
isfies

2 (20,0, ++,0) =0, g;io(:co,o,---,o) —0
(23)

from (23), (13) and (18), after lengthy but simple cal-

culations based on the completion of squares, there is

a smooth nonnegative functian, such that

dzF = zF
&i (fi - 8w0u0 - Z_; 5, (zj+1 + fj))
3 i—1 = (24)
S Z §j2'+5220i2(w07§17"’7§i)
j=1
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Substituting(22) and (24) into (21) gives

Vi<—(n—i+ 1+ + &)

+&izip1 + £ (001 + 042) 23

Now, it easy to see that the smooth virtual con-
troller

zig = —&in—i+1+0u +o0:2)
= —=&iBi(wo, &1, &)

renders

(26)

Vi<—(n—i+ 1)+ -+ &) + &z — 2)
(27)
As i = n, the last step, we can construct explic-
itly a change of coordinate&;, - - -, &, ), a positive-
definite and proper Lyapunov functiowi, (&1 - - -, &)
anda smooth controlle; . ; of form (26) such that

Vi < — (G4 + &)+ &(u — Zni1) (29

Therefore, choosing the smooth actual contrphs

uyp = Z;kH-l = fnﬂn(wOa §1--- 7§n) (29)

sweh that

Vo <=+ +&) (30)
which implieslim; ., z2(t) = 0. According to the
input-state-scaling transformation(10), we conclude
thatlim; ., z(t) = 0.

The above analysis is summarized into the follow-
ing theorem:

Theorem 1. For system (4), under Assumption 1,
if control law (6) and the full feedback control law(29)
are applied, the globally asymptotic regulation of the
closed-loop system is achieved fay(ty) # 0.

3.4 Switching controller and main results

Without loss of generality, we assume thgt= 0.
When the initial statery(0) # 0, we have given con-
troller (6) and (29) fory andwu; of system (4). Now,
we dscuss how to select the control lawg and u;
whenz,(0) = 0. In the absence of disturbances, the
most commonly used control strategy is using con-
stant control,y = g # 0 in time interval[0, ¢,). In
this paper, we also use this method wheyi0) = 0,
with ug chosen as

Ug = ug (31)

where 0 < uj < M is a constant.
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Figure 1: System states.
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Since zo(0) = 0, under (31), the solution of-
stbsystem can be expressed as

zo(t) = ujt (32

Obviously, we have;, does not escape andt;) # 0,

for given any finitet, > 0. Thus, input-state-scaling
transformation for the control design can be carried
out.

During the time periodo, ¢, ), usingu, defined in
(31, new control lawu; = uj(x, z) can be obtained
by applying the procedure described in Section 3.3 to
the originalz-subsystem in (4). Then we can conclude
that thex-state of (4) cannot blow up during the time
period[0, ts). Sincex(ts) # 0 atts, we can switch the
control inputug andu, to (6) and (29), respectively.

We ae now ready to state the main theorem of
our paper.

Theorem 2. Under Assumption 1, if the proposed
saturated control design procedure together with the
above switching control strategy is applied to sys-
tem (4), then the states of closed-loop system globally
asymptotically regulated to zero.

4 Simulation example

In this section, we illustrate the proposed control de-
sign method by means of motivating example in Sec-
tion 2.1.

Consider the tricycle-type mobile robot subject to
saturated angular velocity(see Section 2.1), which is
described by

1"0 = Up
il — TUQ (33)
T = u1 — T1up

For illustration purpose, in what follows we assume
that the boundedness of is 0.5.

If 2¢(0) = 0, controlsug ard u; are set as in Sec-
tion 3.4 ininterval, t5), such that:(¢s) # 0, then we
can adopt the controls developed below. Therefore,
without loss of generality, we assume thg{0) # 0.

For the xo-subsystem, we can choose the control law

[ —sign(zo), |zo| > 0.5
and introduce the input-state-scaling transformation
x1
21 =—, 22 =22 (35)
U

In new z-coordinates, the:,z2)-subsystem of (33)
isrewritten as
. U
TR (36)
i’g = Uy — zlu%
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Figure 2: Control inputs.

Using (34), itis easy to verify that Lemma 2 holds
with v, = o = 1. By applying the design procedure
shown in Section 3.3 to system (36), we can obtain the
following controller

uy = —2(22 + Br21) (37

where (5; 2.1 and (; 23.45.  When
(20(0),21(0), 22(0))= (2,—1,1), the simulation re-
sults are shown in Figs. 1 and 2, from which, it can
be seen that the system states are asymptotically regu-
lated to zero and the amplitude of the control inpyit

is bounded by 0.5.

5 Conclusion

This paper has solved the problem of global stabiliza-
tion by state feedback for a class of uncertain nonholo-
nomic systems in chained form with partial inputs sat-
uration. With the help of the input-state-scaling trans-
formation and backstepping technique, a constructive
design procedure for global state feedback control is
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given. Together with a novel switching control strat-
egy, the designed controller can guarantee that the
closed-loop system states are globally asymptotically
regulated to zero and the amplitude of the control in-
put ug is bounded.

There are some related problems to investigate,
e.g., how to design a state feedback stabilizing con-
troller for nonholonomic systems when both input
and inputu, are bounded. Furthermore, if only partial
stae vector being measurable, how to design an out-
put feedback stabilizing controller for nonholonomic
systems with inputs saturation.
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